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Abstract

Survivability is one of the most important requirements in the design of telecom-

munication networks, as we are increasingly relying on the Internet and service

interruptions are very costly. Unfortunately, unpredictable disasters, such as earth-

quakes and nuclear explosions, pose significant large-scale threats to the cables of

telecommunication networks. In addition, other modern infrastructures, such as fuel

or gas pipelines, electric power lines, roads and railway tracks, can also be adversely

affected by various of disasters with grave and costly consequences. Therefore,

achieving a low probability of “cable” or “network” damage is important for the

proper operations of modern infrastructure.

This thesis addresses the important problem of how to optimize cabling between

a given set of nodes positioned in a 2-dimensional plane under geographically cor-

related failures. We aim to either minimize cost subject to maintaining a required

network survival probability, or alternatively, maximize the network survival prob-

ability subject to a given cost budget, in an event of a disaster. Our approach is

to develop tractable disaster models based on the probability distributions of the

disaster location and the disaster effects on the cables. Then, we consider various sets

of network topology (or single cable shape) alternatives. For each set of alternatives,

we either derive explicit expressions for the network survival probability and the cost

based on the disaster models, or rely on simulations to evaluate them. For a given set

of nodes, we aim to provide a cost effective and survivable cabling design solution.



As a first step, we start with the fundamental problem of how to connect two

nodes with a single cable that crosses an earthquake fault line. We formulate a

multi-objective optimization problem, with cost and cable break probability as the

two objectives. We consider two important and meaningful alternatives of cable

shape and provide intuitive justifications for choosing them. For each alternative of

cable shape, we determine the Pareto front for the two objectives.

Next, we consider the problem of how to lay multiple cables between a pair of

nodes in order to maintain network survivability under major disasters. We formulate

a multi-objective optimization problem, with total cable cost and network survival

probability as the two objectives. Three alternatives of network topologies are

considered in order to reduce the probability that all the cables are simultaneously

damaged in a single disaster. For each alternative network topology, we provide the

Pareto front for the two objectives. We also discuss various scenarios for different

disasters and cable break probability functions.

Finally, we extend the discussion to a network with multiple nodes. We first

design a survivable topology for N nodes where the N nodes can form a convex

polygon. Then we present a heuristic algorithm for designing cable topologies of a

general N-node network and illustrate the algorithm with two numerical examples.

This thesis provides a methodology for discussing and solving a real world problem

of how to lay cables.
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Chapter 1

Introduction

1.1 Background

In many applications, engineers are faced with the challenge of how to lay optical

fiber cables, fuel or gas pipelines, electric power lines, roads or railway tracks. Sur-

vivability is one of the most important issues in design of such wide-area “cable”

networks. In practice, engineers design the geographical layouts of cables using soft-

ware packages (e.g., MakaiPlan [2]) and may consider potential disaster hazards by

introducing ad hoc adjustments. In this thesis, we develop mathematical expressions

and related numerical results for cable cost and network survival probability that will

provide new insights into how to lay cables.

The Internet plays an increasingly important role in modern society. With rapid

progress in fiber optic technologies such as EDFA [3] and DWDM [4], today’s

optical fiber cables handle more than 95% of international and intercontinental

voice, data and Internet traffic [5, 6], because they provide high capacity and good

security at low cost [7, 8]. Unfortunately, optical fiber cables are vulnerable to

nature disasters (e.g., earthquakes, tsunamis, floods) and human-made disasters (e.g.,

nuclear explosions, electromagnetic pulse (EMP) attacks [9, 10]), thereby posing

serious threats to today’s global networks [11, 12]. Disruptions to Internet services
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Introduction

can cause significant economic losses. It is estimated that Internet blackout for one

week would cause more than 1% damage to GDP of a developed country [13].

It has become apparent that optical fiber cables have become the Achilles’ heel of

the Internet in several recent disasters. For example, an earthquake of 7.1-magnitude

on 26th December 2006 at Hengchun, south of Taiwan, caused unprecedented

damage to seven submarine communication cables which were knocked out of

service (see Fig. 1.1). This incident disrupted Internet and phone services in

Taiwan, China, Hong Kong, Korea, Japan, Singapore and other South East Asia

countries for several weeks [1]. Similar multiple-cable breaks happened twice in the

Mediterranean sea in 2008, where the submarine cables connecting Europe, North

Africa and Asia are concentrated in a small area [14]. A massive earthquake of

9.0-magnitude followed by a tsunami occurred near the east coast of Honshu, Japan

in March 2011, which severely damaged telecommunication facilities including

nine main transmission lines, 2700km of cables, 4900 mobile base stations and

28 telecommunications exchange buildings, making it perhaps the fourth strongest

earthquake ever [15, 16].

In addition to communication networks, other infrastructures have also been

adversely affected by a series of disasters with grave and costly consequences over

the last century. In 1971, an earthquake in San Fernando caused about 1,400 breaks

in various piping systems, which resulted in the temporary disruption of water, gas

and sewage services in the city [17]. In 1987, an earthquake in the Colombia-Ecuador

border region destroyed or badly damaged about 27 km of the oil pipeline in Ecuador,

which may represent the largest single pipeline loss in history [18]. The 2011 Japan

earthquake, mentioned earlier, destroyed or damaged at least 2,126 roads and 26

railway tracks[19]. Many other strong and destructive disasters have occurred in the

past, and are likely to occur in the future.

In many places, such as Taiwan and Japan, that have a large spatial density

of hosts [20, 21], cables are situated in close proximity of each other and are laid

2



1.1 Background

in earthquake-prone zones [6], making them collectively vulnerable to a potential

disaster. Fig. 1.1 shows the epicenter of the 2006 Hengchun earthquake and the

topology of submarine cables in the relevant area. As evidenced by the figure, bundles

of cables that as a consequence of the earthquake led to very costly disruptions in

the Internet services. It is therefore crucial to develop appropriate cabling design

methodologies that guarantee cable survivability with high probability.

Fig. 1.1 Effect of the 2006 Taiwan earthquake on submarine cables [1] (Source:
TeleGeography, URL: www.telegeography.com) 1.

1A permission to use this figure was granted by TeleGeography (URL: www.telegeography.com)
on 16th September, 2015.
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Introduction

1.2 Overview

This thesis deals with the topology design problem of where best to lay cables,

considering cost and network survivability as two important design objectives, under

major disasters such as earthquakes, nuclear explosions and meteor collisions, etc.

We consider a range of problems from the simple case of laying a single cable to

topology design of a network with multiple nodes. Although the work is written in

the context of cabling, it has many other applications, such as designing fuel or gas

pipelines, roads, railway tracks and power lines. The organization of this thesis is

presented next.

Chapter 2 reviews related literatures in the field of disaster survivability. Many

early publications on network survivability has focused mainly on a small number

of isolated failures or on large-scale failures in logical network topologies. It is

not until recently that researchers have paid attention to disaster scenarios, where

multiple network components within a specific geographical region are affected

simultaneously by a common disaster. We firstly review publications that study

certain past disasters to understand their effects and assess the vulnerability of

current infrastructure systems in specific places. Next, we review publications that

rely on computational geometric methods, which can significantly contribute to

understanding network resilience against disasters. After that several commonly

used disaster models are presented. Deterministic and probabilistic failure models

are two categories of disaster models adopted in many studies. In a deterministic

failure model, the probability that a network component within a disaster region

fails is assumed to be 1, while in a probabilistic failure model, such probability

depends on various factors. Another classification of disaster models is based on the

geometric shapes of disaster regions. We discuss three geometric disaster models,

namely line segment failure, circular disk failure and elliptical failure, and their

relevant work.

4



1.2 Overview

Chapter 3 considers the fundamental problem of how to lay a single cable to

connect two nodes across an earthquake fault line. We aim to minimize cable cost to

maintain a required cable survival probability, or to minimize cable break probability

for a given cost budget, in an earthquake event. We develop a probabilistic model of

earthquake effects under the assumptions of elliptical cable failures. We formulate a

multi-objective optimization problem considering cost and cable break probability

as the two objectives. We start with the least cost case (i.e., the straight line cable

between the two nodes) and gain certain insights into how to lay cables with low

break probabilities. Then we consider two important and meaningful sets of cable

shape alternatives, which are Three Connected Segment (TCS) and Hook with Right

Angles (HRA), and provide intuitive justifications of the cable shape alternatives.

For each set of the cable shape alternatives, we derive the explicit mathematical

expressions of the two objectives by probabilistic analysis. We establish the relevant

monotonicity properties of the expressions with respect to the key attributes that

affect both the cost and the cable break probability, and further provide the Pareto

fronts for these two objectives. All the analytical results are verified by simulations

through a numerical example.

Chapter 4 focuses on topology designs of multiple cables, including both under-

sea and inland extensions, between two nodes. An important measure in this chapter

is the network survival probability defined as the probability that the network remains

connected in a disaster event. We consider a network of two nodes located on two

isolated islands and develop a model of disaster effects under the assumptions of

circular disk failures. We assume that the average cost per unit length of undersea ca-

bles is higher than that of inland cables. We formulate a multi-objective optimization

problem with cost and network survival probability as the two objectives. We study

three set of network topology alternatives, which are rectangular, rounded-corner

rectangular and rhombus topologies. For each set of network topology alternative,

we derive explicit expressions of the two objectives by probabilistic analysis. After
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establishing the relevant monotonicity properties of the expressions with respect to

the key attributes that affect both the cost and the network survival probability, we

provide and compare the Pareto fronts for these two objectives in the three sets of

network topology alternatives. Moreover, we consider various generalized scenar-

ios for different cable break probability functions and disaster probability density

functions.

Chapter 5 continues the discussion of cable topology designs and further extends

2-node cases to N-node cases. As it is difficult to obtain the analytical results of

network survival probability in an N-node case, we rely on simulations. With certain

insights gained from the 2-node cases, we first design a survivable topology for N

nodes where the N nodes can form a convex polygon. We also provide the simulation

time required to compute the network survival probability for different cases. Since

the optimization problem of minimizing the cost under a survivability constraint for

a network with a general topology of multiple nodes is computationally prohibitive,

we present a heuristic algorithm that can apply to a general mesh network. Two

numerical examples are presented to illustrate our heuristic algorithm.

Chapter 6 concludes this thesis by summarizing the contributions and highlighting

important results obtained in this thesis.

1.3 Contributions

The main contributions of this thesis are listed in the following in order of appearance,

with corresponding section numbers.

• Investigation of the straight line cable case, where certain insights are gained

into how to lay cables with low break probabilities (see Section 3.3).
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• Proposal of a novel cable shape alternative, namely Three Connected Segment,

for a single cable between a pair of nodes across an earthquake fault line (see

Section 3.4).

• Proposal of a novel cable shape alternative, namely Hook with Right Angles,

for a single cable between a pair of nodes across an earthquake fault line (see

Section 3.5).

• Proposal of a novel cable topology, namely Rectangular Topology, for a 2-node

network (see Section 4.2).

• Proposal of a novel cable topology, namely Rounded-corner Rectangular

Topology, for a 2-node network (see Section 4.3).

• Proposal of a novel cable topology, namely Rhombus Topology, for a 2-node

network (see Section 4.4).

• Analysis of further generalized scenarios for a 2-node network, where the

cable break probability within a disaster is probabilistic and the probability

density function of a disaster epicenter is nonuniform. (see Section 4.6)

• Proposal of a novel cable topology, namely N-Node Convex Polygon Topology,

for a N-node network where N nodes can form a convex polygon (see Section

5.1).

• Proposal of a novel heuristic algorithm for the cable topology design of a

network with a general topology of multiple nodes (see Section 5.2).

1.4 Publications

The publications and submissions due to the work presented in this thesis are listed

as follows.
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• C. Cao, M. Zukerman, W. Wu, J. Manton, and B. Moran, “Survivable topology

design of submarine networks,” Journal of Lightwave Technology, vol. 31, no.

5, pp. 715-730, March 2013.

• C. Cao, Z. Wang, M. Zukerman, J. Manton, A. Bensoussan, and Y. Wang,

“Optimal cable laying across an earthquake fault line considering elliptical

failures,” submitted for publication.
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Chapter 2

Disaster Survivability

Network survivability has been extensively studied in the past (e.g., [22–30] and

references therein). However, much of the early work focused mainly on scenarios

involving a single or a small number of isolated (independent) link or node failures.

Single line or node failures, as the most common failure type, are the dominant forms

of failures in optical networks [31]. Network protection [32–34] and restoration

[35–42] against isolated failures are important as most submarine cables are laid

unprotected on the ocean floor, so they are susceptible to damage by fishing nets,

ship anchors which scrape the ocean bottom, or by even shark bites. As the scale

of networks increasing, more researchers are working on how to maintain higher

network survivability in the event of multiple isolated (uncorrelated) failures (e.g.,

[43–45]). Multiple isolated failures represent scenarios where multiple network

elements (e.g., links and nodes) go down and there is no common reason behind these

failures. References [46–49] focused on random dual-failure events with isolated link

failures, a case which is more tractable than multi-failure events. Many protection

and restoration methods associated with single link failures can be extended and

applied to multiple isolated failure scenarios. The concept of Shared Risk Link Group

(SRLG) has been proposed in [50], and systematically addresses the simultaneous

failures of a set of links sharing a common physical resource (e.g., a cable, conduit,
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etc.), hence sharing the same risk [51–53]. A related concept is Shared Risk Group

(SRG) that includes both links and nodes being susceptible to a common failure [54].

However, most of these studies focused only on network survivability at the logical

connection level under small-scale failures and neglected the real geographical and

physical layout of links.

The architecture of today’s telecommunication networks is multi-layered. Large-

scaled failures in logical (i.e., IP) network topologies have been widely investigated

(e.g., [28–30, 55–59]). These publications modeled network topologies as random

graphs and studied the effects of random failures of links and nodes using percolation

theory. There have been many other publications on the topologies of telecommuni-

cation networks (e.g., [39, 40, 42, 60–72]). Most of these publications focused on

the logical topology rather than on the physical topology. However, failure modeling

in logical topology can not model disaster failures, because the logical topology

as an upper layer topology is only a logical representation of the physical (lower

layer) topology. Knowledge of the physical topology, which defines how network

components are connected physically and represents their placement, is required

to model disaster failures [73]. Therefore, many of these earlier studies can not be

applied to disaster scenarios.

As the occurrence of large-scale failures is rising, increasing attention has recently

been drawn to the impact of disaster scenarios where multiple physical network

components (i.e., links and nodes) within a specific geographical region (e.g., [74])

may be simultaneously affected due to a common disaster, such as earthquake,

tsunami, flood, hurricane, etc. Several examples of network damages caused by past

disasters are shown in [1, 14–16, 75]. Such disaster failures are usually spatially

correlated and are known as geographically correlated failures. The impact of

geographically correlated failures is more severe than single or dual link failures.

A survey study shows that the range of a disaster can be more than 105 miles [76].

Therefore, the geographical layout of the network components has a critical impact
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on network survivability in the case of geographically correlated failures. It is

necessary to understand the disaster effects on both a network’s physical (fiber) layer

and its logical (network) topology. Maintaining critical network connectivity and

services during or after a disaster event is the goal of disaster survivability research

[77]. To the best of my knowledge, geographically correlated failures were firstly

considered in [78, 79]. There have been many publications in this emerging field of

disaster survivability (e.g., [80–107]).

Network survivability against major disasters is also considered important by

equipment vendors and operators. See for example [108–110], where mesh-based

network protection is studied in order to achieve automated network restoration that

routes traffic rapidly around a disaster area with multiple simultaneous failures.

In this chapter, we review related research work that considers disaster surviv-

ability in communication networks and other modern infrastructures. We present a

general classification of these publications and list several commonly used disaster

models.

The remainder of the chapter is organized as follows. In Section 2.1, we review

the related publications that study past disasters to understand their effects, and

assess the vulnerability of current infrastructure systems in certain places. In Section

2.2, we review the related publications that use computational geometric methods

to assess network resilience in the events of disasters. In Section 2.3, we discuss

deterministic and probabilistic failure models together with their relevant work. In

Section 2.4, we present a classification of geometric disaster models and discuss

three commonly used models together with their relevant work.

2.1 Related Publications That Study Disaster Effects

Disasters are usually unpredictable as they can occur anytime anywhere, and the

impact level can vary as well. Many research publications aim to understand the
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effect of disasters and improve the survivability of modern infrastructure systems

(e.g., [111–113]).

Several researchers have studied past disasters in order to understand their ef-

fects and evaluate their potential damages on current infrastructure. For example,

[114] summarized the main factors that impact submarine cables, based on their

performances in three past earthquakes, namely the Hengchun earthquake (2006),

the Sumatra earthquake (2004) and the Grand Banks earthquake (1929). The author

further proposed a method of analysis to determine cable performance under seabed

fault movement using the Hengchun earthquake (2006) as a case study. References

[115, 116] investigated the potential damage to current networks of natural gas and

water pipelines in Taichung City, Taiwan from the 1999 Chi-Chi earthquake (also

called Ji-Ji earthquake). In [75], the authors reported on a succession of telecommu-

nication cable damage events caused by past disasters, including Typhoon Morakot

(2009) and the Pingtung earthquake (2006), which disrupted a key part of the modern

fiber-optic networks in Taiwan. The work presented in [15] studied the infrastructure

damages caused by the Great East Japan Earthquake (2011), the fourth strongest

earthquake ever in the world’s history, and reviewed the recovery efforts of Nip-

pon Telegraph and Telephone (NTT) services. Similar work has been done in [16]

which discussed the restoration measures of telecom power damages by the same

earthquake.

Other researchers have focused on the modeling and analysis of the vulnerability

of current infrastructure systems in specific places. For example, [111] evaluated

the seismic risk of the water supply pipeline networks in Los Angeles city. The

work presented in [117] considered power and gas pipeline networks of a city in

China as an example and proposed a methodological framework for analyzing the

vulnerability of interdependent infrastructure systems. A case study in suburb of

Algiers (the capital of Algeria) has been presented in [118] for a method based on

the identification of parameters to assess the seismic vulnerability of water pipeline
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network. The work in [119] developed a Geographic Information Systems (GIS)

based probabilistic reliability model to assess the seismic vulnerability of European

gas and electricity networks in terms of various performance measures.

It is important to study past disaster events in order to understand how disasters

influence modern infrastructure at many different levels. Different disasters affect the

networks differently and at different scales. Experiences and insights gained from

the past can be used to predict future scenarios. On the other hand, investigation

on network survivability and resilience in different places is also important as

circumstances alter cases.

2.2 Related Publications Using Computational Geo-

metric Methods

The emerging field of geographically correlated failures has started to gain attention

only recently. Many researchers have developed computational geometric methods

to understand network resilience in the event of geographically correlated failures

[78–87, 93–100, 105, 106]. Computational geometry [120] is devoted to the study

of efficient algorithms which can be stated in terms of geometry. Such algorithms

may contribute to assessing network vulnerability.

To the best of my knowledge, [79, 80] are the first to use computational geometric

methods in order to identify the “worst-case” location in a given network, where a

disaster can have the maximum disruptive effect in terms of capacity, connectivity

and flow criterions. Using bipartite graphs to model network layouts, they designed

polynomial time algorithms and evaluated the vulnerability of the U.S. backbone

network. In [79], the authors only considered a potential disaster as a line-cut,

while in [80], they extended the model by further considering a circular disk-cut.

References [86, 87] also used geometric methods to deal with the probabilistic
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nature of a disaster failure. They developed approximation algorithms to identify

locations which require additional protection efforts under multiple simultaneous

disaster scenarios. In [86], the authors focused on circular disk disasters with a

fixed radius, while in [86] the authors considered different probabilistic disasters.

Reference [121] proposed efficient algorithms to analyze failures caused by both

targeted (fixed-point) and non-targeted (random) attacks and to determine the most

disruptive impact location in a network.

The work presented in [122–124] developed a series of near-linear approximation

algorithms for computing the “worst-case” location of a network, considering the

union of geometric objects [125]. References [95, 96] assessed network vulnerability

by adopting a grid partition-based scheme, where the network plane is evenly parti-

tioned into multiple square grid cells with a particular side length. They assessed

the vulnerability of a randomly selected point in each cell and took this value as an

estimation of the cell. The work presented in [97] further applied this grid partition-

based scheme to wireless mesh networks, and estimated flow capacity degradation

from a failure. Reference [93] presented a framework to evaluate network surviv-

ability against large-scale disasters, and simulated it using Computational Geometry

Algorithms Library (CGAL) [126], which is an open source library with efficient

geometric algorithms implemented in C++ language.

A characteristic of geographically correlated failures is that such failures always

occur in a specific geographical region. Hence, many researchers use computational

geometric methods to model disasters. The geographical regions of disasters in a

2-dimensional plane can be modeled as geometric objects with closed shapes. We

will present a general classification of geometric disaster models and discuss their

relevant work in Section 2.4.
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2.3 Disaster Modeling

To deal with geographically correlated failures due to a disaster, a tractable model

is needed. However, it is difficult to develop a realistic disaster model that can be

efficiently analyzed in a reasonable amount of time. Many researchers have used

computational geometric methods and ideas from probability theory to develop

disaster models [78–87, 93–100, 105, 106]. In terms of the failure probability of

a network component within a disaster region, disaster models can be divided in

two categories, namely deterministic failure models and probabilistic failure models

(see Fig. 2.1). Both the deterministic and probabilistic failure models are widely

investigated, as they provide significant insights into network survivability in the

case of disasters.

Disaster Models 

Deterministic Failure Models Probabilistic Failure Models 

Fig. 2.1 Classification of disaster models in terms of the failure probability of a
network component within a disaster region.

2.3.1 Deterministic Failure Models

In a deterministic failure model, any network components (e.g., links, nodes, etc.)

located within the geographical region of a disaster fail with a specific probability

(typically assumed to be 1). Deterministic failure models simplify the network

vulnerability analysis.

There have been many publications considering disaster survivability under

deterministic failure models (e.g., [79, 80, 84, 90, 92, 101, 102, 127–130]). In a
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deterministic failure model, all the network components in the disaster region can

usually be considered as a Shared Risk Group (SRG) [50, 54]. Therefore, a SRG

disjoint pair of primary and backup paths is the most prevalent strategy to maintain

network connectivity. The survey study [76] showed how far is enough for the

distance between the primary and the backup facilities to provide protection against

different types of disasters; this is helpful in designing routes of primary and backup

paths to protect against a specific disaster.

2.3.2 Probabilistic Failure Models

In real disaster scenarios, such as earthquakes, floods, EMP attacks, etc., network

components has a probability to survive. In a probabilistic failure model, the failure

probability of a network component located within the geographical region of a

disaster usually depends on various factors, such as the distance from the disaster

epicenter to the component, the topography of the component’s surrounding area,

the component’s dimension (e.g., length of a link) and the type (or specification) of

the component, etc.

Many publications have considered disaster survivability under probabilistic

failure models (e.g., [86, 87, 95–97, 104, 107, 121, 131–133]). In [95], the authors

listed two general behaviors for a disaster. First, they observed that the damage area

is usually confined within a geographical region, and that the damage beyond the

region can be neglected. Second, they observed that the energy intensity of a disaster

at a location monotonously attenuates as the distance from the disaster epicenter

increases. They proposed a probabilistic failure model, where a failure region is

divided into a set of consecutive annuluses with an equal width by concentric circles,

and introduced a grid-partition-based scheme for estimating various vulnerability

metrics to measure the vulnerability of a network. The work presented in [86, 87]

considered the failure probability of a network component to be a decreasing function
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of the distance between the disaster epicenter and the component. Under their

probabilistic failure models, the authors assessed network vulnerability by means

using efficient approximation algorithms. In reality, the failure probability of a

network component as a result of a disaster is also disaster dependent. Different

types of disasters affect the networks differently and at different scales, and should

be dealt with different countermeasure [77]. Reference [104] proposed a disaster-

risk-aware provisioning to minimize loss to a network operator in case of a disaster,

under three types of disasters: Two natural disasters (earthquake and tornado) and

one human-made disaster (weapon of mass destruction (WMD) attack). The authors

observed that both the probability of a disaster and the failure probability of a

network component by the disaster can be different for different types of disasters,

and showed possible ways to collect these data. For example, the probability that an

earthquake is strong enough to damage network components in a specific location

can be evaluated from seismic hazard maps. In [133], the authors developed a

probabilistic model, and a simulation tool to generate and analyze correlated link

failures due to multiple stochastic geographic stresses in communication networks.

Their model considered various scenarios of external events ranging from totally

random locations to spatially correlated event occurrences.

In many publications, such as [78, 81–83, 85], although the failure probability of

a network component within a disaster region is assumed deterministic, the location

of the disaster is random. The random locations of disasters can model situations

where the failures are not from targeted attacks. The work presented in [78, 85]

further assumed the region size of a disaster to be random. In [83], the authors

assumed a failure in interconnected power-communication networks to consist of

two components, namely a deterministic initial failure and a probabilistic cascading

failure. All these assumptions generalize the basic deterministic failure models and

characterize certain properties of the realistic disasters.
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2.4 Geometric Disaster Models

As mentioned earlier, multiple network component failures within a specific geo-

graphical region due to a common disaster are known as the geographically correlated

failures. Since different types of disasters affect the networks differently and at dif-

ferent scales [77], geographically correlated failures caused by different types of

disasters should be modeled differently. In many publications that use computational

geometry [78–87, 93–100, 105, 106], the 2-dimensional region affected by a disaster

is usually modeled as geometric objects with closed shapes, such as line segments,

circular disks, ellipses, etc. Fig. 2.2 shows another classification of disaster models

based on the geometric shapes of disaster regions. In the following, we discuss three

commonly used geometric models together with their relevant work.

Disaster Models 

Line Segment  

Failure Models 

Circular Disk 

Failure Models 

Elliptical 

Failure Models 
Other Models 

Fig. 2.2 Classification of disaster models according to the geometric shapes of
disaster regions.

2.4.1 Line Segment Failure Models

In a line segment failure model, the disaster region is defined as a line segment, as

illustrated in Fig. 2.3. In this 3-node example, the links AC and BC are affected by a

common line segment cut. In a deterministic line segment failure model, all links

intersected by the line segment cut are completely removed from the network, while

in a probabilistic model those links fail with some probabilities (typically less than

1).
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A 

B 

C 

Fig. 2.3 Line segment failure model.

Line segment failure models capture the general behavior of many moving

disasters, such as tornados, hurricanes and floods, etc. Failures caused by such

disasters are confined within a geographical region which is usually much smaller

than that of overall backbone networks.

Many publications have adopted line segment failure models (e.g., [79–81, 96]).

To the best of my knowledge, [79, 80] were the first publications to model regional

failures at specific locations as the line segment cuts, where all the links intersected

by the line segments are removed from the network. They also developed efficient

algorithms to identify the most vulnerable locations in a network. In [81], the

authors assumed line segment cuts to be randomly located in a plane and developed

approaches to assess the impact of such random cuts on a given network. They

studied both line segment cuts and circular disk cuts (which will be discussed in

Section 2.4.2). Reference [96] proposed a probabilistic line segment failure model

and used a grid-partition-based scheme to assess the network vulnerability.
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2.4.2 Circular Disk Failure Models

In a circular disk failure model, the failure region of a disaster is defined as a closed

circular disk, as illustrated in Fig. 2.4. Usually, there are two key attributes in a

circular disk failure model: the epicenter and the radius. The epicenter gives the

location of the disaster, while the radius represents the scale of the disaster. In Fig.

2.4, the links AB, AC and BC are intersected by a circular disk with epicenter S, and

are therefore affected by the disaster.

A 

B 

C 
S 

Fig. 2.4 Circular disk failure model.

The circular disk failure model is one of the most popular disaster models, as it

reflects key properties of many nature disasters, such as volcanos, meteor collisions

and small-scale earthquakes etc., and human-made disasters, such as nuclear/bomb

explosions, weapons of mass destruction (WMD) and electromagnetic pulse (EMP)

attacks, etc. A common characteristic of such disaster scenarios is that the energy is

first released at a specified position (i.e., epicenter or hypocenter) and then spreads

along all directions, hence for simplicity, the disaster region can be considered as a

circular disk.

There have been many publications adopting circular disk failure models (e.g.,

[78, 80, 82–87, 92, 94, 95, 97, 101, 102, 121]). The work in [78] is one of the first
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publications that modeled a disaster as a circle and proposed a rectangle topology of

cables. Reference [121] presented experimental results for assessing the impact of

circular disasters on the U.S. backbone network. The work presented in [101, 102]

focused on path restoration and network recovery issues after a major disruption

caused by a circular disaster. References [84, 94] considered a generalization of the

min-cut and max-flow problems under a circular disk failure model, and presented

algorithms to solve the problem of finding the minimum number of circular disk

failures to disconnect a pair of nodes and the maximum number of failure disjoint

paths between pairs of nodes. The work presented in [86] proposed a probabilistic

circular disk failure model in which an attack induces a spatial probability distribution

on the plane that specifies the damage probability at each location. The authors

assumed the failure probability function of a network component to be decreasing

with its distance from the disaster epicenter, and provided polynomial time algorithms

to evaluate the effect of several simultaneous disaster events. Another probabilistic

circular disk failure model was proposed in [95, 97]. In these papers, the authors used

a set of concentric circles to divide a failure region into a set of annuluses of equal

width which represent different levels of disaster impact. Any network component

in an annulus closer to the disaster epicenter has a higher probability to fail. This

model is justified by the fact that the energy intensity of a disaster attenuates from

the disaster epicenter.

In Chapters 4 and 5, we adopt the circular disk failure model and design cable

topologies between a given set of nodes. Unlike many of the survivability pub-

lications, a unique feature of the work presented in Chapters 4 and 5 is that we

aim to optimize the geographical layout of multiple cables between a given set of

nodes, including both the undersea and inland cable parts, considering both cost and

network survivability as objectives.

In our circular disk failure model, although the break probability of a cable

within the disaster region is deterministic, the location and the size of the disaster
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are probabilistic. In particular, we assume that the disaster epicenter to be uniformly

distributed on the plane and the disaster radius to be exponentially distributed with a

given parameter. Although these assumptions are made for simplicity of exposition,

the model does capture certain properties of hazards caused by unpredictable disas-

ters. Furthermore, in Section 4.6 we discuss various generalized scenarios where we

assume that the cable break probability within a disaster region is probabilistic and

that the probability density function of a disaster epicenter is nonuniform.

2.4.3 Elliptical Failure Models

Although the circular disk failure model is popular [78, 80, 82–87, 92, 94, 95, 97,

101, 102], its generalization, the elliptical failure model, is more suitable for many

especially strong earthquakes. An elliptical earthquake model is usually associated

with an earthquake fault line, where the major (long) axis of the ellipse is located.

Fig. 2.5 illustrates an example where the links AB, AC and BC are affected by a

common disaster, as they are intersected by the elliptical region.

A 

B 

C 

S 

Fault line 

Fig. 2.5 Elliptical failure model.

The elliptical failure model properly incorporates the direction dependent effects

of earthquakes. Observations from many past earthquakes, such as the Charlevoix-
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Kamouraska earthquake (1925) [134], the New Zealand earthquake (1929) [135], the

Koyna earthquake (1967) [136], the Tonghai earthquake (1970) [137], the Tangshan

earthquake (1976) [138], and the Kocaeli earthquake (1999) [139], have shown

that the earthquake effects are indeed direction dependent and that the shape of the

isoseismals is elliptical. Although an earthquake epicenter is frequently visualized as

a point, the fault rupture inside the Earth’s crust that causes the earthquake, in fact,

occurs along a 3D plane and often propagates as an intermittent series of fault ruptures

or slips within the ruptured zone. Along the parallel direction of fault ruptures,

the earthquake effect tends to accumulate and becomes growingly significant as

the intermittent series of fault ruptures occurs and propagates. In contrast, along

the normal direction of fault ruptures, the accumulation of earthquake effect is

less significant. This fault rupture mechanism leads to the common observation

of elliptical isoseismals in many past earthquakes [140]. When the earthquake

magnitude is small, the fault rupture zone is small and the earthquake epicenter may

be well approximated as a point (i.e., no intermittent series of fault ruptures, but

just a single event of fault rupture at a point). Therefore, the direction dependent

effect is not significant and the elliptical isoseismals gradually converge to circular

isoseismals [140]. When developing a general earthquake effect model without

reference to specific fault systems or specific sites, an elliptical failure model is

able to properly capture the direction-dependent effects of earthquakes. Clearly, the

circular disk failure is a special case of the elliptical failure when the eccentricity of

the ellipse is equal to 0.

In seismology, elliptical models are extensively investigated by seismologists

in order to analyze and assess seismic hazard (e.g., [140–144]). However, to the

best of my knowledge, in the field of communication network survivability, elliptical

failure models have been considered only in a few publications (e.g., [99, 100,

105, 106]). Reference [105] proposed a polynomial-time algorithm for detecting

critical regions in a network including circles, ellipses, triangles and rectangles, etc.,
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where geographical failures may occur. Based on the work in [105], the authors

further proposed a polynomial-time heuristic path selection algorithm to find the

region-disjoint paths [106]. Reference [99] proposed an algorithm for evaluating

the probability of disconnecting a given pair of nodes under a probabilistic failure

model, where the disaster area can be modeled as an ellipse, square, rectangle and

equilateral triangle. In [100], the author further extended the work in[99] to any

finite convex disaster areas.

In Chapter 3, we aim to solve the fundamental problem of how to lay a single

cable between a given pair of nodes across an earthquake fault line. The unique

feature of the work is that we aim to optimize the shape of a single cable and to derive

convenient expressions by probabilistic analysis. In addition to cable survivability,

we also consider cost minimization problem, which has not been done by any of the

previous publications.

Earthquake is the only type of disasters considered in Chapter 3. We adopt the

elliptical failure model and assume that earthquakes only occur on the earthquake

fault line, i.e., the epicenters of earthquakes are located on the fault line. We further

assume that the conditional probability of a cable break for a given earthquake

epicenter is an arbitrary decaying function of a certain measure of the cable position

and the location of the epicenter.

These assumptions are made for simplicity of exposition, but the model is

sufficiently versatile and can be extended to suit particular situations. For example,

if a multiplicity of earthquake fault lines exists between the two nodes of interest, the

single earthquake fault line considered in our model may approximate the aggregate

of multiple relevant earthquake fault lines (e.g., by a linear regression line). This

approximation is potentially enabled by a general cable break probability function,

and allows this versatile model to capture hazards caused by multiple fault lines.
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Chapter 3

Optimal Laying of a Single Cable

Across an Earthquake Fault Line

In this chapter, we consider the fundamental problem of how to lay a single cable

between two nodes across an earthquake fault line assuming that the earthquake

epicenter only occurs on the earthquake fault line. We develop the mathematical

expressions and the related numerical results for the cable cost and the risk of cable

break that will provide new insights into how to lay a cable.

As discussed in Section 2.4.3, when developing a general earthquake effect

model without reference to specific fault systems or specific sites, an elliptical failure

model is best able to properly capture the direction-dependent effects of earthquakes.

Therefore, we adopt the elliptical failure model [99, 100, 105, 106] where the shapes

of an earthquake’s isoseismals are ellipses with the major axes on the earthquake

fault line. In addition to the elliptical failure assumption, we further assume that

the conditional probability of a cable break (for a given earthquake epicenter) is

an arbitrary decreasing function of a certain measure of the cable position and the

epicenter location.

There are many pairs of cities in the world that are directly connected by at least

one cable that crosses at least one earthquake fault. Examples include: Lanzhou and
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Optimal Laying of a Single Cable Across an Earthquake Fault Line

Chengdu [145], San Jose and Los Angeles [146–148], etc. It is important to develop

appropriate cabling methodologies that reduce the cable break probability.

The unique feature of the work presented in this chapter is that we aim to optimize

the shape of a single cable and to derive convenient expressions by probabilistic

analysis. This has not been done by any of the previous publications. In many cases,

infrastructure vendors and operators focus on the problem of laying a single cable

and it is therefore an important problem in its own. A key performance measure is

the cable break probability, a probability that a cable breaks following an earthquake.

A related concept is the cable survival probability, which is one minus the cable

break probability. Meeting the cable survivability requirement is an important design

objective in addition to cost. We consider the problem of how to minimize the

cost of laying a cable across an earthquake fault line, to maintain a required cable

survivability probability in an earthquake event, or alternatively to minimize the cable

break probability for a given budget. To this end, we formulate a multi-objective

optimization problem with cost and cable break probability as the two objectives. We

consider a model of earthquake effects under the assumptions of elliptical failures

and study two important and meaningful sets of cable shape alternatives. For each

set of alternatives, we derive explicit expressions for the cable break probability and

the cost based on the earthquake model, and provide solutions of the Pareto front

for the two objectives. For tractability, in order to obtain the analytical results, we

rely on simplifications to a far more complex real world problem. Nevertheless, our

solutions provide certain insights and useful guidance for cable laying. Although the

work here is presented in the context of cabling, it has many other applications, such

as designing fuel or gas pipelines, roads, railway tracks and power lines.

The remainder of the chapter is organized as follows. In Section 3.1, we describe

the problem and develop a model of earthquake effects. In Section 3.2, we provide

a brief description and the intuitive justification of the cable shape alternatives. In

Section 3.3, we start with the simple case where the cable forms a straight line
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3.1 Problem Description

between the two points. Then, we rotate the straight line cable around one of

its endpoints (changing the position of its other endpoint) and show that laying a

cable perpendicular to the earthquake fault line reduces the cable break probability.

Leveraging the insights gained from the cable rotation, we consider two important

and meaningful sets of cable shape alternatives in Sections 3.4 and 3.5, respectively.

For the two set of cable shape alternatives, we seek explicit expressions for the cost

and the cable break probability. After identifying the key attributes and establishing

the relevant monotonicity properties of the expressions, we provide the Pareto fronts

for the cost and the cable break probability of the two alternatives. The chapter is

summarized in Section 3.6.

3.1 Problem Description

The problem is defined in a 2-dimensional Euclidean space R2. We assume that only

one destructive earthquake occurs at one time. This is justified by the low frequency

of earthquakes and by the relatively short time cables that are being repaired. Let

D ⊂R2 be a set of points on the earthquake fault line where an earthquake epicenter

may occur. A coordinate system is constructed so that the origin is at the midpoint

between the two endpoints of the earthquake fault line: A and B. We assume for

simplicity that the set D is a segment of a straight line y = 0. Let D̂ be the length of

the earthquake fault line. Thus A and B are positioned at the x-axis points (−D̂/2,0)

and (D̂/2,0), respectively.

Let N1 and N2 be the two nodes to be connected with a cable. Let e1, e2 denote

the slope and the intercept of the straight line
←−→
N1N2. Without loss of generality, we

assume that e1 > 0. The coordinates of N1 and N2 are (xN1,yN1) and (xN2,yN2), where

xN1 < xN2 , yN1 = e1xN1 + e2 and yN2 = e1xN2 + e2. We further assume, without loss

of generality, that N1 is closer to the earthquake fault line than N2 (i.e., |yN1|< |yN2 |).
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Optimal Laying of a Single Cable Across an Earthquake Fault Line

The distance between N1 and N2 is

d̂ = |xN2− xN1|
√

1+ e2
1.

A cable is defined as a continuous curve that connects N1 and N2 in R2. Let L

be the set of points on the cable. Let L̂ be the length of the cable and C be the cost

of the cable. The cable cost is assumed to be a linear function of its length. Thus,

C = cL̂ , where c is the cost per unit length.

Earthquake Fault
1

N

2
N

0 x

y

A B

Fig. 3.1 The locations of the two points and the earthquake fault line.

We further assume that

−D̂

2
< xN1 < xN2 <

D̂

2
,

yN1yN2 < 0,

and

D̂ ≫ d̂.

These assumptions are made to ensure that the two points of the cable are located on

each side of the earthquake fault line and the length of the earthquake fault line is

sufficiently longer than the distance between the two points so that laying a cable

between the two points without crossing the fault line is too costly to be considered

as the optimal solution. This is a reasonable assumption because the length of some
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3.1 Problem Description

earthquake faults is many hundreds of kilometers and crossing them is unavoidable.

An example of the earthquake fault line and the two points is illustrated in Fig. 3.1.

In this chapter, we assume that the effect distribution of an earthquake is de-

scribed by a series of concentric elliptical isoseismals, whose major axes are on

the earthquake fault line. They have a common eccentricity denoted by e, which

is assumed fixed for every possible epicenter on the earthquake fault line. There-

fore, throughout the chapter, all the ellipses we analyze and discuss have the same

eccentricity e. The equation of an ellipse given that the epicenter occurs at S is

(x− xS)
2

a2 +
y2

b2 = 1,

where a and b are the semi-major axis and the semi-minor axis, and b2 = (1− e2)a2.

Let the parameter ε be the ratio of b to a, so that

ε
2 = 1− e2.

Fig. 3.2 illustrates an earthquake with elliptical isoseismals. For every point on a

common elliptical isoseismal, the earthquake effect is the same.

Earthquake 

Fault 

S 
P1 

P2 

Fig. 3.2 A visual description of an elliptical earthquake.

For any point S ∈D and a point M ∈ R2, we define the equivalent distance from

S to M to be

d(M,S) =
√

(M−S)T Q(M−S), (3.1)

29



Optimal Laying of a Single Cable Across an Earthquake Fault Line

where Q =

1 0

0 1/ε2

. In fact, the equivalent distance d(M,S) is the length of the

semi-major axis of the elliptical isoseismal (whose epicenter is S and eccentricity

is e) on which the point M is located. For example, in Fig. 3.2, P1 and P2 share the

same equivalent distance to S which is |SP1|. Furthermore, the equivalent distance

from S to the cable is defined as

d(S) = min
M∈L

d(M,S), (3.2)

i.e., d(S) is equal to the length of the shortest semi-major axis of the ellipses (whose

epicenter is S and eccentricity is e) that intersect with the cable. Because strong

motions and effects of an earthquake tend to attenuate as the distance increases

between the earthquake epicenter and the locations considered, we assume that all

the points on a given ellipse have the same earthquake effect, and that a point closer

to the epicenter in terms of the equivalent distance than another implies stronger

motions and higher cable break probability. Therefore, the shorter the equivalent

distance is from the epicenter to the cable, the more likely the cable is to break in

a case of an earthquake. Accordingly, we assume that the conditional cable break

probability function, given that an earthquake epicenter is S and the eccentricity of

the elliptical isoseismals is e, is a monotonically decreasing differentiable function

of d(S), say

P(break | S) = q(d(S)).

Throughout the chapter, we use q(·) as a generalized conditional cable break proba-

bility function to derive explicit expressions by probabilistic analysis. Let p(S) be

the probability density function of an earthquake epicenter occurring at S uniformly

distributed on D . Therefore,

p(S) =
1
D̂
.
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3.2 Description and Intuitive Justification of the Cable Shape Alternatives

The cable break probability is therefore given by

P(break) =
∫

S∈D
P(break | S)p(S)dS.

As discussed earlier, we consider tradeoffs between the two objectives: the

cable cost and the cable break probability. To obtain the Pareto front for these two

objectives, we shall provide proofs for their monotonicity with respect to the key

attributes that affect both the objectives. Having the Pareto front enables us to solve

two single-objective optimization problems of minimizing cost subject to a constraint

on the cable break probability, and of minimizing cable break probability subject to

a constraint on the cable cost, in a case of an earthquake.

3.2 Description and Intuitive Justification of the Ca-

ble Shape Alternatives

The straight line is the least cost option for laying the cable. The insight that will be

gained from Section 3.3 points out to the benefit of positioning the cable vertically

to the earthquake fault line which intuitively reduces the length of the cable in

the “danger zone” that may be affected by an earthquake. The term “danger zone”

is loosely defined to mean the area close to the earthquake fault line where the

probability of cable break is significant. Note that the earthquake epicenter can

occur anywhere on the earthquake fault line and cable breaks occur according to

the model we have described. If the conditional cable break probability function

q(·) is characterized by, for example, an exponential distribution, it is difficult to

assess where exactly the probability of cable break is “significant” and where it is not.

Despite the fact that the “danger zone” definition is somewhat loose, it is adequate

for intuitive explanations.
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1N

2
N

0 x

y

A BC

D

E

θ

Fig. 3.3 A visual description of a cable under TCS.

Generally speaking, and ignoring third dimensional considerations such as the

earth curvature or the topography, laying a cable in a straight line or in a sequence

of a few straight line segments is a common industry practice [149]. Observing

the map in [150], for example, it is clear that cables, even if they are thousands of

kilometers long, can be viewed as a sequence of straight lines. When there is no

risk or third dimensional considerations can be ignored, laying a cable in a straight

line is cheaper and simpler. In our case, no more than three straight line segments

are considered between N1 and N2: two lines whose endpoint is either N1 and N2

and a third line that connects these two lines and crosses the earthquake fault line

through the “danger zone” (see Fig. 3.3). We call such a cable shape that comprises

three segments: Three Connected Segments (TCS). Based on the insight that will be

gained from Section 3.3, having the middle segment vertical to the earthquake fault

line will give the lowest risk in terms of cable break probability and this is indeed

the option used in practice by cable surveyors [149]. On the other hand, a straight

line between N1 and N2 will give the lowest cost. Accordingly, TCS provides a wide

range of practical cable shape alternatives for which tradeoffs between cost and risk

can be assessed. TCS is a generalization of the straight line cable shape, because the

straight line is the special case of TCS when the length of the middle segment is 0,

in which case the remaining two segments are on the straight line N1N2.
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1
N

2
N

0 x

y

A B

D

C

E

H
∆

F

Fig. 3.4 A visual description of a cable under HRA.

Further significant cable break probability reduction, for an additional cable

length cost, can be achieved by another cable shape, namely Hook with Right Angle

(HRA), where we position a segment of cable parallel to the earthquake fault line and

use two vertical segments to connect it to the two endpoints (see Fig. 3.4). Both the

benefit in cable break probability reduction and cable cost depends on the distance

between the parallel segment and the earthquake fault line. Therefore in Section 3.5,

we vary this distance and study its effect on the cost and the risk. HRA is especially

applicable when endpoints are located far from each other but their distance to the

earthquake fault line is not too large. Consider the limit where their distance to the

earthquake fault line is fixed, but the distance between the two endpoints is arbitrarily

large. In such a limit, it is clear that the main part of the cable under HRA is the

segment that is parallel to the earthquake fault line. HRA keeps the cable parallel to

the earthquake fault line for a sufficiently long distance. In the limit, the cost of HRA

approaches the cost of the straight line but if the distance of the parallel segment

from the earthquake fault line is far enough (this has negligible cost implication in

this case), HRA can achieve a very low risk of cable break. Generally, HRA has

lower risks than TCS which is demonstrated numerically in Section 3.5. The two sets

(TCS and HRA) of cable alternatives cover a wide range of cable break probability

variations from the least cost straight line case to the low risk case of HRA.
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3.3 Straight Line Cable

In this section we only consider the cases where the two points are connected by a

straight line cable. First we derive the cable break probability of such a cable, and

then, we consider various angles between the cable and the earthquake fault line to

study their effects on the cable break probability. The straight line cable between

N1 and N2 has important applications throughout the chapter. This is also used in

Sections 3.4 and 3.5 where we study cables of different shapes.

3.3.1 Line Segment Between N1 and N2

The function that describes the straight line cable is y= e1x+e2, where xN1 ≤ x≤ xN2,

as shown in Fig. 3.5. Hereinafter, we use the notations d(S) and d(x) interchangeably

for the equivalent distance from disaster epicenter S = (x,0) to the cable. Recall the

equivalent distance definition equations (3.1) and (3.2).

Cable

1
N

2
N

0 x

y

A B1
S

2
S

Fig. 3.5 A visual description of a straight line shape cable

Define the following three candidates for d(S):

1. d1(S)
def
= the equivalent distance from S to N1;

2. d2(S)
def
= the equivalent distance from S to

←−→
N1N2;

3. d3(S)
def
= the equivalent distance from S to N2.

Let S1,S2 ∈ D be the epicenters of the two ellipses (whose eccentricity is e) such

that N1N2 is the tangent at N1 and N2 to the two ellipses, respectively (see Fig. 3.5).
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3.3 Straight Line Cable

According to Fig. 3.5, we have

d(S) =


d1(S), S ∈ AS1,

d2(S), S ∈ S1S2,

d3(S), S ∈ S2B.

Then the cable break probability (with the assumptions xA < xS1 and xB > xS2) is

P(break) =
1
D̂

(∫ S1

A
q(d1(S))dS+

∫ S2

S1

q(d2(S))dS+
∫ B

S2

q(d3(S))dS
)
.

Next, we derive the expressions of d1(S) - d3(S) and the coordinates of S1, S2.

Proposition 1. Let M = (xM,yM) be a point on the ellipse whose epicenter is (xS,0)

with eccentricity e (where e2 = 1− ε2). Let m̂ be the slope of the tangent to the

ellipse at the point M. Then, we have

m̂ =−ε
2 · (xM− xS)

yM
,

and

xS = xM +
m̂yM

ε2 .

Proof. Let the graph of this ellipse be

(x− xS)
2

a2 +
y2

ε2a2 = 1,

where a2 = (xM−xS)
2+y2

M/ε2. Differentiating the both sides of the ellipse equation

with respect to x, we have

2(x− xS)

a2 +
2yy′

ε2a2 = 0

⇒ y′ =−ε
2 · x− xS

y
.
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Therefore, according to the definition of slope (i.e., m = dy/dx = y′), the slope of

the tangent at the given point (xM,yM) to the ellipse is

m̂ =−ε
2 · xM− xS

yM
,

or equivalently,

xS = xM +
m̂yM

ε2 .

�

Proposition 2. The equivalent distance from S = (x,0) to a point M = (xM,yM) is

d(M,S) =

√
(x− xM)2 +

y2
M

ε2 .

Proof. The equivalent distance d(M,S) is the length of the semi-major axis of the

ellipse (whose epicenter S and eccentricity e) on which the point M is located.

Therefore, the graph of this ellipse is

(xM− x)2

d(M,S)2 +
y2

M

ε2d(M,S)2 = 1.

Thus, we have

d(M,S) =

√
(x− xM)2 +

y2
M

ε2 .

�

Proposition 3. The equivalent distance from S = (x,0) to a line (denoted by F )

y = ax+b is

d(F ,S) =
|ax+b|√
a2 + ε2

.

Proof. Let M = (xM,yM) be the point on the line y = ax + b with the shortest

equivalent distance from S. Then, the line y = ax+b is the tangent at M to the ellipse
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3.3 Straight Line Cable

with epicenter S, eccentricity e and semi-major axis length d(M,S). We have



− ε
2 · xM− x

yM
= a,

yM = axM +b,

(xM− x)2

d(M,S)2 +
y2

M

ε2d(M,S)2 = 1.

Solving the above equations, we obtain

d(F ,S) = d(M,S) =
|ax+b|√
a2 + ε2

.

�

According to Proposition 1, we obtain the x-coordinates of S1 and S2 as

xS1 = xN1 +
e1

ε2 yN1,

xS2 = xN2 +
e1

ε2 yN2.

For any point S = (x,0) on the earthquake fault line, according to Propositions 2 and

3, we obtain that

d1(x) =

√
(xN1− x)2 +

y2
N1

ε2 ,

d2(x) =
| e1x+ e2 |√

e2
1 + ε2

,

and

d3(x) =

√
(xN2− x)2 +

y2
N2

ε2 .

The cable break probability is then obtained by

P(break) =
1
D̂

∫ xN1+e1yN1/ε2

−D̂/2
q

√(xN1− x)2 +
y2

N1

ε2

dx
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+
∫ xN2+e1yN2/ε2

xN1+e1yN1/ε2
q

 | e1x+ e2 |√
e2

1 + ε2

dx+
∫ D̂/2

xN2+e1yN2/ε2
q

√(xN2− x)2 +
y2

N2

ε2

dx

 .

For simple cable shapes, such as the straight line cable case, the geometric

method is convenient and intuitive to find the cable break probability expressions.

An alternative method to solve this problem is to obtain the expression of d(M,S)

and find its minimum by mathematical derivation. In this case, the function that

describes the cable L is y = e1x+ e2. For any point S = (x,0) on the earthquake

fault line, we have

d(S) = min
M∈L

d(M,S) = min
M∈L

√
(xM− x)2 +

(e1xM + e2)2

ε2 .

Taking the partial derivative of d(M,S) with respect to xM, we find

∂d(xM,x)
∂xM

=
2
(
(1+ e2

1/ε2)xM− x+ e1e2/ε2)√
(xM− x)2 +(e1xM + e2)2/ε2

.

As we set this derivative of d(xM,x) to 0, we obtain that

x = xM +
e1(e1xM + e2)

ε2 = xM +
e1yM

ε2 .

When xM = xN1 , we have

xS1 = xN1 +
e1yN1

ε2 ,

and when xM = xN2 , we have

xS2 = xN2 +
e1yN2

ε2 .
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3.3 Straight Line Cable

It now follows that

d(x) =



d1(x) =

√
(xN1− x)2 +

y2
N1

ε2 , x≤ xS1,

d2(x) =
| e1x+ e2 |√

e2
1 + ε2

, xS1 < x < xS2,

d3(x) =

√
(xN2− x)2 +

y2
N2

ε2 , x≥ xS2.

The expressions for d1(x) - d3(x) and xS1 , xS2 are identical to those expressions

previously obtained by the geometric method.

As discussed earlier, we are using q(·) as a generalized conditional cable break

probability function (for a given earthquake epicenter) to derive the convenient ex-

pressions. However, to illustrate the cable break probability in a numerical example,

an explicit q(·) function is required. In seismology, exponential distributions are

commonly used for seismic hazard assessments [151–153]. Thus, for simplicity of

exposition, we consider a negative exponential function as the q(·) function to obtain

the numerical results throughout this chapter, namely

P(break | S) = q(d(S)) = e−λd(S), (3.3)

where λ is a given parameter representing the exponential decay rate of the condi-

tional cable break probability.

The expression of cable break probability for the straight line cable case now

becomes

P(break) =
1
D̂

(∫ xN1+e1yN1/ε2

−D̂/2
e
−λ

√
(xN1−x)2+y2

N1
/ε2

dx

+
∫ xN2+e1yN2/ε2

e1yN1/ε2
e−λ |e1x+e2|/

√
e2

1+ε2
dx+

∫ D̂/2

xN2+e1yN2/ε2
e
−λ

√
(xN2−x)2+y2

N2
/ε2

dx

)
.
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We study an example based on the parameters described in Table 3.1. For this

example, the cable break probability is 0.3379 and the cable cost is 492.7038.

Table 3.1 Parameters of a numerical example used for Chapter 3.

(xN1 ,yN1) (xN2,yN2) e λ e1 e2 D̂ c

(−216,−27) (270,54) 2
3

1
54

1
6 9 1080 1

3.3.2 Rotated Straight Line Cable Around N1

Let the angle between the earthquake fault line and the straight line cable be α (see

Fig. 3.6). Here we rotate the straight line cable around N1 to observe how α affects

cable break probability.

1
N

2
N

0 x

y

A B

N
α

α
1
S 2

S

Fig. 3.6 The rotation of the straight line cable

We fix N1 and keep the cable length unchanged, the cable length is given by

d̂ = |xN2 − xN1 |
√

1+ e2
1. We rotate the cable around N1 and increase the angle α

until α = 90◦. The new endpoint of the cable is denoted by Nα . We redefine d2(S) as

the equivalent distance from S to
←−→
N1Nα , and redefine d3(S) as the equivalent distance

from S to Nα . Let a be the slope of N1Nα . Then, the linear function that describes

the cable N1Nα is given by

y = a(x− xN1)+ yN1,
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3.3 Straight Line Cable

where a = tanα and a≥ e1. The coordinates of Nα are now given by


xNα

= xN1 +
d̂√

1+a2
,

yNα
= yN1 +

ad̂√
1+a2

.

For any point S = (x,0) on the earthquake fault line, according to Propositions 2

and 3, the three possible candidates for d(S) are

d1(x) =
√
(x− xN1)

2 + y2
N1
/ε2, (3.4)

d2(x,a) =
| a(x− xN1)+ yN1 |√

a2 + ε2
, (3.5)

and

d3(x,a) =
√

(x− xNα
)2 + y2

Nα
/ε2

=

√√√√(x− xN1−
d̂√

1+a2

)2

+
1
ε2

(
yN1 +

ad̂√
1+a2

)2

. (3.6)

Let S1,S2 ∈D be the epicenters of the two ellipses (with eccentricity e) such that

N1Nα is the tangent at N1 and Nα to the two ellipses, respectively (see Fig. 3.6).

According to Proposition 1, we obtain that

xS1(a) = xN1 +
a
ε2 yN1, (3.7)

and

xS2(a) = xNα
+

a
ε2 yNα

=xN1 +
d̂√

1+a2
+

a
ε2

(
yN1 +

ad̂√
1+a2

)
. (3.8)
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There are four cases for the cable break probability:

1) When xS1 ≥−D̂/2 and xS2 ≤ D̂/2:

P(break) =
1
D̂

(∫ xS1

−D̂/2
q(d1(x))dx+

∫ xS2

xS1

q(d2(x,a))dx+
∫ D̂/2

xS2

q(d3(x,a))dx

)
,

2) When xS1 ≥−D̂/2 and xS2 > D̂/2:

P(break) =
1
D̂

(∫ xS1

−D̂/2
q(d1(x))dx+

∫ D̂/2

xS1

q(d2(x,a))dx

)
,

3) When xS1 <−D̂/2 and xS2 ≤ D̂/2:

P(break) =
1
D̂

(∫ xS2

−D̂/2
q(d2(x,a))dx+

∫ D̂/2

xS2

q(d3(x,a))dx

)
,

4) When xS1 <−D̂/2 and xS2 > D̂/2:

P(break) =
1
D̂

∫ D̂/2

−D̂/2
q(d2(x,a))dx,

where d1(x), d2(x,a), d3(x,a) are given by (3.4)-(3.6), and xS1 , xS2 are given by (3.7),

(3.8), respectively.

We again consider (3.3) as the explicit q(·) function and use the parameters

in Table 3.1 to illustrate how the parameter a affects the cable break probability.

The numerical results are shown in Fig. 3.7. We observe that the cable break

probability decreases as the parameter a increases. Since a is monotone in α , the

cable break probability is a decreasing function of α on the range 0◦ < α ≤ 90◦. The

cable break probability reaches its minimum when the cable is laid perpendicular

to the earthquake fault line. This can be explained intuitively by observing that if

we position the cable perpendicular to the earthquake fault line, we minimize the
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Fig. 3.7 Cable break probability versus a for rotated straight line cables.

number of points on the cable that may be affected by an earthquake. This insight is

useful in designing cable shapes with low break probabilities.

3.4 Three Connected Segments

In the previous section, we consider the straight line cable which costs the least.

However its cable break probability is high. In this section, we consider a cable

shape called Three Connected Segments (TCS). First we derive the expressions of

the cable break probability and the cost for a TCS cable. Then, we consider a special

case of TCS, where we position the middle cable segment vertical to the earthquake

fault line.
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Optimal Laying of a Single Cable Across an Earthquake Fault Line

3.4.1 General Cases

We restrict the set of candidate cables to a shape described in Fig. 3.3. Each cable

consists of three segments: N1D, DE and EN2. The middle segment DE always

passes through the point C, where C is the crossing point of N1N2 and the earthquake

fault line. The coordinates of C are (−e2/e1,0). Let θ be the angle between the

middle segment DE and the y-axis, as shown in Fig. 3.3. Let m be the slope of DE.

Then the linear function that describes DE is given by

y = m(x+
e2

e1
),

where m = tan(90◦−θ). We assume that

m≥ e1, (3.9)

otherwise the cable will not provide a lower cable break probability than the straight

line cable case. We define the parameter ∆T to be equal to length of the middle

segment DE. There is a one-to-one correspondence between the value of ∆T and the

set of cable functions under TCS. For each value of ∆T , we ensure that the triangles

N1CD and N2CE are two similar triangles, so that

|N1C|
|CN2|

=
|DC|
|CE|

=
|N1D|
|EN2|

.

We obtain the coordinates of D and E, which are


xD =

yN1∆T

(yN2− yN1)
√

1+m2
− e2

e1
,

yD =
myN1∆T

(yN2− yN1)
√

1+m2
,
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3.4 Three Connected Segments

and 
xE =

yN2∆T

(yN2− yN1)
√

1+m2
− e2

e1
,

yE =
myN2∆T

(yN2− yN1)
√

1+m2
.

Since N1CD and N2CE are similar triangles, N1D and N2E are always parallel.

Denote the slope of N1D and N2E by k. Its value is given by

k(∆T ,m) =
yD− yN1

xD− xN1

= e1 +
(m− e1)∆T

∆T − (xN2− xN1)
√

1+m2
. (3.10)

The functions that describe the cable segments N1D, DE and EN2 are then given by

y = kx+ kxN1 + yN1, xN1 ≤ x≤ xD,

y = mx+me2/e1, xD ≤ x≤ xE ,

y = kx+ kxN2 + yN2, xE ≤ x≤ xN2,

respectively. Define the following five candidates for d(S):

1. dT 1(S)
def
= the equivalent distance from S to N1;

2. dT 2(S)
def
= the equivalent distance from S to

←−→
DN1;

3. dT 3(S)
def
= the equivalent distance from S to

←→
DE;

4. dT 4(S)
def
= the equivalent distance from S to

←→
EN2;

5. dT 5(S)
def
= the equivalent distance between S and N2.

Recall the equivalent distance definition equations (3.1) and (3.2).

For any point S = (x,0) on the earthquake fault line, according to Propositions 2

and 3, the expressions of these five candidates for d(S) can be obtained. They are

dT 1(S) = dT 1(x) =
√

(x− xN1)
2 + y2

N1
/ε2, (3.11)
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dT 2(S) = dT 2(x,∆T ,m) =
| kx− kxN1 + yN1 |√

k2 + ε2
, (3.12)

dT 3(S) = dT 3(x,m) =
| mx+me2/e1 |√

m2 + ε2
, (3.13)

dT 4(S) = dT 4(x,∆T ,m) =
| kx− kxN2 + yN2 |√

k2 + ε2
, (3.14)

and

dT 5(S) = dT 5(x) =
√

(x− xN2)
2 + y2

N2
/ε2, (3.15)

respectively, where k is given by (3.10). We see that only dT 2(x,∆T ,m) and

dT 4(x,∆T ,m) depend on ∆T . This implies that, for a given value of m, the value of

∆T can determine which is d(S) among the five candidates. Therefore, according to

the value of ∆T , the problem is further divided into two scenarios as shown in Fig.

3.8. Next, we find the interval of ∆T for each of the two scenarios.
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Fig. 3.8 Two scenarios of the cables under TCS.
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Let ST 5 ∈ AC be the epicenter of the ellipse (with eccentricity e) such that DE

is the tangent to the ellipse and N1 is on the ellipse. Similarly, let ST 6 ∈ CB be

the epicenter of another ellipse (with eccentricity e) such that DE is the tangent to

the ellipse and N2 is on the ellipse. Then, we have d(ST 5) = dT 1(ST 5) = dT 3(ST 5)

and d(ST 6) = dT 3(ST 6) = dT 5(ST 6). Solving these two equations, we obtain the

x-coordinates of ST 5 and ST 6. They are

xST 5(m) = xN1 +

(
m2−

√
(m2 + ε2)(m2− e2

1)

)
yN1

e1ε2 , (3.16)

and

xST 6(m) = xN2 +

(
m2−

√
(m2 + ε2)(m2− e2

1)

)
yN2

e1ε2 . (3.17)

There is a value of ∆T such that N1D is the tangent at N1 to the first ellipse with

epicenter ST 5, and N2E is the tangent at N2 to the other ellipse with epicenter ST 6,

respectively. Solving the equation −ε2(xN1− xST 5)/yN1 = k(∆T _bound,m), we obtain

this boundary value of ∆T , which is

∆T _bound(m) =

√
1+m2(xN2− xN1)(m

2− e2
1−
√

(m2 + ε2)(m2− e2
1))

m2− e1m−
√
(m2 + ε2)(m2− e2

1)
. (3.18)

The scenario described in Fig. 3.8(a) corresponds to the case 0≤∆T ≤∆T _bound(m).

Let ST 1 ∈ AC be the epicenter of the ellipse (with eccentricity e) such that N1D is

the tangent at N1 to the ellipse. Then, we have d(ST 1) = dT 1(ST 1) = dT 2(ST 1).

According to Proposition 2, we obtain that

xST 1(∆T ,m) = xN1 + kyN1/ε
2. (3.19)

Let ST 2 ∈ ST 1C be the epicenter of the ellipse (with eccentricity e) such that DE is

the tangent to the ellipse and N1D is the tangent at F to the ellipse, where F ∈ N1D.
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Then, we have d(ST 2) = dT 2(ST 2) = dT 3(ST 2). Solving this equation, we obtain that

xST 2(∆T ,m) =
(kxN1− yN1)

√
m2 + ε2 +me2

√
k2 + ε2/e1

k
√

m2 + ε2−m
√

k2 + ε2
. (3.20)

Similarly, let ST 3 ∈CST 4 be the epicenter of another ellipse (with eccentricity e) such

that DE is the tangent to the ellipse and N2E is the tangent at G to the ellipse, where

G ∈ N2E. Then, we have d(ST 3) = dT 3(ST 3) = dT 4(ST 3). Solving this equation, we

obtain that

xST 3(∆T ,m) =
(kxN2− yN2)

√
m2 + ε2 +me2

√
k2 + ε2/e1

k
√

m2 + ε2−m
√

k2 + ε2
. (3.21)

Let ST 4 ∈CB be the epicenter of another ellipse (with eccentricity e) such that N2E

is the tangent at N2 to the ellipse. Then, we have d(ST 4) = dT 4(ST 4) = dT 5(ST 4).

According to Proposition 2, we obtain that

xST 4(∆T ,m) = xN2 + kyN2/ε
2. (3.22)

The variable k in (3.19) - (3.22) is given by (3.10).

In this scenario, we have

d(S) =



dT 1(S), S ∈ AST 1,

dT 2(S), S ∈ ST 1ST 2,

dT 3(S), S ∈ ST 2ST 3,

dT 4(S), S ∈ ST 3ST 4,

dT 5(S), S ∈ ST 4B.

The cable break probability is then given by

P(break) =
1
D̂

(∫ xST 1

−D̂/2
q(dT 1(x))dx+

∫ xST 2

xST 1

q(dT 2(x,∆T ,m))dx
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3.4 Three Connected Segments

+
∫ xST 3

xST 2

q(dT 3(x,m))dx+
∫ xST 4

xST 3

q(dT 4(x,∆T ,m))dx+
∫ D̂/2

xST 4

q(dT 5(x))dx

)
,

(3.23)

where dT 1(x) - dT 5(x) are given by (3.11) - (3.15) and xST 1 - xST 4 are given by (3.19)

- (3.22), respectively.

Proposition 4. The function P(break) given by (3.23) is monotonically decreasing

in ∆T for ∆T ∈ (0,∆T _bound(m)).

Proof. Differentiating the function P(break) with respect to ∆T , we have

dP(break)
d∆T

=
1
D̂

(
q(dT 1(xST 1))

dxST 1

d∆T
−q(dT 2(xST 1,∆T ,m))

dxST 1

d∆T

+q(dT 2(xST 2,∆T ,m))
dxST 2

d∆T
−q(dT 3(xST 2,m))

dxST 2

d∆T

+q(dT 3(xST 3,m))
dxST 3

d∆T
−q(dT 4(xST 3,∆T ,m))

dxST 3

d∆T

+q(dT 4(xST 4,∆T ,m))
dxST 4

d∆T
−q(dT 5(xST 4))

dxST 4

d∆T

+
∫ xST 2

xST 1

∂q(dT 2(x,∆T ,m))

∂∆T
dx+

∫ xST 4

xST 3

∂q(dT 4(x,∆T ,m))

∂∆T
dx

)
.

In the scenario described in Fig. 3.8(a), we have

dT 1(xST 1) = dT 2(xST 1,∆T ,m),

dT 2(xST 2,∆T ,m) = dT 3(xST 2,m),

dT 3(xST 3,m) = dT 4(xST 3,∆T ,m),

and

dT 4(xST 4,∆T ,m) = dT 5(xST 4).
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Thus, we have

dP(break)
d∆T

=
1
D̂

(∫ xST 2

xST 1

∂q(dT 2(x,∆T ,m))

∂∆T
dx+

∫ xST 4

xST 3

∂q(dT 4(x,∆T ,m))

∂∆T
dx

)

=
1
D̂

(∫ xST 2

xST 1

q′(dT 2(x,∆T ,m))
∂dT 2(x,∆T ,m)

∂∆T
dx

+
∫ xST 4

xST 3

q′(dT 4(x,∆T ,m))
∂dT 4(x,∆T ,m)

∂∆T
dx

)
.

Since q(·) is assumed to be a monotonically decreasing differentiable function, we

have q′(dT 2(x,∆T ,m))< 0 and q′(dT 4(x,∆T ,m))< 0. We further obtain that

∂dT 2(x,∆T )

∂∆T
=

ε2(x− xST 1)(m− e1)(xN2− xN1)
√

1+m2(
∆T − (xN2− xN1)

√
1+m2

)2
(k2 + ε2)

3/2
,

and

∂dT 4(x,∆T )

∂∆T
=

ε2(xST 4− x)(m− e1)(xN2− xN1)
√

1+m2(
∆T − (xN2− xN1)

√
1+m2

)2
(k2 + ε2)

3/2
.

Recall that we assume m > e1 (see equation (3.9)). Thus, for x ∈ (xST 1,xST 2), we

have
∂dT 2(x,∆T )

∂∆T
> 0.

Similarly, for x ∈ (xST 3 ,xST 4), we have

∂dT 4(x,∆T )

∂∆T
> 0.

Therefore we have
dP(break)

d∆T
< 0.

The function P(break) given by (3.23) is monotonically decreasing in ∆T for ∆T ∈

(0,∆T _bound(m)). �
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The scenario described in Fig. 3.8(b) corresponds to the case ∆T ≥ ∆T _bound(m).

In this scenario, we have

d(S) =


dT 1(S), S ∈ AST 5,

dT 3(S), S ∈ ST 5ST 6,

dT 5(S), S ∈ ST 6B.

The cable break probability is obtained by

P(break) =

1
D̂

(∫ xST 5

−D̂/2
q(dT 1(x))dx+

∫ xST 6

xST 5

q(dT 3(x,m))dx+
∫ D̂/2

xST 6

q(dT 5(x))dx

)
, (3.24)

where dT 1(x), dT 3(x,m), dT 5(x) are given by (3.11), (3.13), (3.15), and xST 5 , xST 6 are

given by (3.16), (3.17), respectively. The cable break probability given by (3.24) is

independent of ∆T .

In the first scenario (0 ≤ ∆T < ∆T _boud), the cable break probability given by

(3.23) decreases as ∆T increases. In the second scenario (∆T ≥ ∆T _boud), the cable

break probability given by (3.24) is independent of ∆T . Hence, for a given value of

m, the cable break probability is monotonically non-increasing in ∆T and reaches its

minimum when ∆T = ∆T _boud(m), and then stays constant at the minimum value for

the range ∆T ≥ ∆T _boud(m). Recall that ∆T _boud(m) is given by (3.18).

Intuitively, for a given value of m, when increasing the length of the middle

segment (i.e., ∆T ), the length of the entire cable increases. The cost of the cable is

obtained by

C(∆T ,m) = c
(

xN2− xN1−
∆T√

1+m2

)√
1+ k2 + c∆T ,

where k is given by (3.10). This cost function is monotonically increasing in ∆T .
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3.4.2 Vertical Middle Segment

Fig. 3.9 illustrates a special case of TCS, where the middle cable segment of a cable

is positioned vertically to the earthquake fault line at the point C. Note that, C is the

cross point of N1N2 and the earthquake fault line. Then, we have θ = 0◦ and m = ∞.
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Fig. 3.9 A special case of TCS (θ = 0◦).

In this case, the slope of N1D and N2E is

k(∆T ) =
∆T

xN1− xN2

+ e1.

The five possible candidates for d(S) are

dT 1(S) = dT 1(x) =
√
(x− xN1)

2 + y2
N1
/ε2, (3.25)

dT 2(S) = dT 2(x,∆T ) =
|
(

∆T
xN1−xN2

+ e1

)
x− ∆T xN1

xN1−xN2
+ e2 |√(

∆T
xN1−xN2

+ e1

)2
+ ε2

, (3.26)

dT 3(S) = dT 3(x) =| x+ e2/e1 |, (3.27)

dT 4(S) = dT 4(x,∆T ) =
|
(

∆T
xN1−xN2

+ e1

)
x− ∆T xN2

xN1−xN2
+ e2 |√(

∆T
xN1−xN2

+ e1

)2
+ ε2

, (3.28)
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and

dT 5(S) = dT 5(x) =
√

(x− xN2)
2 + y2

N2
/ε2. (3.29)
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Fig. 3.10 Two scenarios of the cables under the TCS (the vertical middle segment
case).

According to the value of ∆T , there are two scenarios for this vertical segment

case, as shown in Fig. 3.10. The boundary value of ∆T for these two scenarios is

obtained by

∆T _bound =
1

2e1
(xN2− xN1)(ε

2 + e2
1). (3.30)

The x-coordinates of ST 1 - ST 6 are

xST 1(∆T ) = xN1 +

(
∆T

xN1− xN2

+ e1

)
yN1

ε2 , (3.31)

xST 2(∆T ) =

(
∆T

xN1−xN2
+ e1

)
xN1− yN1 +

e2
e1

√(
∆T

xN1−xN2
+ e1

)2
+ ε2

(
∆T

xN1−xN2
+ e1

)
−
√(

∆T
xN1−xN2

+ e1

)2
+ ε2

, (3.32)
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xST 3(∆T ) =

(
∆T

xN1−xN2
+ e1

)
xN2− yN2 +

e2
e1

√(
∆T

xN1−xN2
+ e1

)2
+ ε2

(
∆T

xN1−xN2
+ e1

)
−
√(

∆T
xN1−xN2

+ e1

)2
+ ε2

, (3.33)

xST 4(∆T ) = xN2 +

(
∆T

xN1− xN2

+ e1

)
yN2

ε2 , (3.34)

xST 5 =
1
2

(
xN1−

e2

e1

)
+

e1yN1

2ε2 , (3.35)

and

xST 6 =
1
2

(
xN2−

e2

e1

)
+

e1yN2

2ε2 . (3.36)

The scenario described in Fig. 3.10(a) corresponds to the case 0≤ ∆T < ∆T _bound .

The expression of the cable break probability is equivalent to (3.23), where dT 1(x) -

dT 5(x) are given by (3.25) - (3.29) and xST 1 - xST 4 are given by (3.31) - (3.34), respec-

tively. This cable break probability is a decreasing function of ∆T (see Proposition

4).

The scenario described in Fig. 3.10(b) corresponds to the case ∆T ≥ ∆T _bound .

The expression of the cable break probability is equivalent to (3.24), where dT 1(x),

dT 3(x), dT 5(x) are given by (3.25), (3.27), (3.29), and xST 5 , xST 6 are given by (3.35),

(3.36), respectively. This cable break probability is independent of ∆T .

In the first scenario (0≤ ∆T < ∆T _boud), the cable break probability decreases as

∆T increases. In the second scenario (∆T ≥ ∆T _boud), the cable break probability is

independent of ∆T . Hence, for the entire range of ∆T , the cable break probability is

monotonically non-increasing in ∆T and reaches its minimum when ∆T = ∆T _boud ,

and then stays constant at the minimum value for the range ∆T ≥ ∆T _boud . Recall

that ∆T _boud is given by (3.30).
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The cost function of this special case is

C(∆T ) = c

∆T +(xN2− xN1)

√
1+
(

∆T

xN1− xN2

+ e1

)2
 ,

which is monotonically increasing in ∆T .

3.4.3 Numerical Results and Pareto Fronts

To illustrate the monotonicity of the cable break probability with respect to ∆T , we

again use (3.3) as the explicit q(·) function to obtain the numerical results. Then, the

cable break probability expressions (3.23) and (3.24) become

P(break) =
1
D̂

(∫ xST 1

−D̂/2
e−λdT 1(x)dx+

∫ xST 2

xST 1

e−λdT 2(x,∆T ,m)dx

+
∫ xST 3

xST 2

e−λdT 3(x,m)dx+
∫ xST 4

xST 3

e−λdT 4(x,∆T ,m)dx+
∫ D̂/2

xST 4

e−λdT 5(x)dx

)
,

and

P(break) =
1
D̂

(∫ xST 5

−D̂/2
e−λdT 1(x)dx+

∫ xST 6

xST 5

e−λdT 3(x,m)dx+
∫ D̂/2

xST 6

e−λdT 5(x)dx

)
,

where dT 1(x) - dT 5(x) are given by (3.11) - (3.15) and xST 1 - xST 6 are given by

(3.19) - (3.22), (3.16), (3.17), respectively. We study the numerical example with

the parameters in Table 3.1, and verify the cable break probability expressions by

simulations which are shown in Fig. 3.11. For each of the curves, the cable break

probability decreases and reaches a plateau, as ∆T increases. The analytical results

are always within the confidence intervals of the simulation results.

Having established the monotonicity of both the cable break probability and the

cable cost functions with respect to ∆T , we generate the Pareto fronts (see Fig. 3.12)

for these two objectives of the cables under TCS using the parameters in Table 3.1.
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Fig. 3.11 Cable break probability versus ∆T for the cables under TCS.

In each of the curves the angle is fixed as indicated. Then the curves in the figure

are obtained by varying the length of the middle segment (i.e., ∆T ) for each curve.

The vertical dashed lines correspond to a range of costs for which the cable break

probability does not change, and therefore they do not belong to the Pareto front

curves. With the Pareto fronts, we have solutions for the optimization problems

of minimizing cost subject to a constraint on the cable break probability, and of

minimizing cable break probability subject to a constraint on the cable cost. In

Fig. 3.12, all the curves meet at the point where the middle segment has a zero

length. Then they all represent the straight line between N1 and N2. At that point

we obtain the minimal cost to be equal to 492.7038 and the cable break probability

to be equal to 0.3379. This is the case of the straight line cable, which we studied

in Section 3.3.1. We observe that for every θ value there is a minimum cable break

probability that can be reached by extending the length of the middle cable. Then

further reductions in cable break probability are not achievable because any further
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3.5 Hook with Right Angles

extension is already out of the “danger zone”. We also observe that lower θ values

give lower minimum values of cable break probability, with the case θ = 0 giving

the lowest minimum value of cable break probability. This is consistent with the

examples presented in Section 3.3.2 and the intuitive explanation that the vertical

line has minimal exposure to the “danger zone”. It is also consistent with the practice

used by cable surveyors [149].
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Fig. 3.12 Pareto fronts for the cable break probability and the cost of the cables under
TCS.

3.5 Hook with Right Angles

Based on the insight gained from the discussion of the cable rotation example in

Section 3.3, another option to reduce the cable break probability is to position a cable

segment perpendicular to the earthquake fault line from the starting point (i.e., N1) to

minimize the number of points on the cable that may be affected by an earthquake,

and continue in a straight line to move away from the fault as fast as possible until
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Optimal Laying of a Single Cable Across an Earthquake Fault Line

reaching a safe ground on the other side. Then, lay another cable segment in parallel

to the earthquake fault line for a sufficiently long distance and finally return to the

destination (i.e., N2). The effectiveness of this approach depends on the length of the

cable laid on the safe ground in parallel to the earthquake fault line. Recall that we

assume without loss of generality that N1 is closer to the earthquake fault line than

N2. Otherwise, this cables shape will start at N2 and end at N1.

This gives rise to another three-segment cable shape called Hook with Right

Angles (HRA), where we restrict the set of candidate cables to a shape described in

Fig. 3.4. Each one of the cables we consider consists of three segments: N1D, DE

and EN2. We position the first cable segment N1D perpendicular to the earthquake

fault line. The crossing point of N1D and the earthquake fault line is denoted by

C. We position the middle segment DE parallel to the earthquake fault line and

position the last cable segment EN2 perpendicular to DE. The shape of the entire

cable resembles a hook with three segments and two right angles. We define the

parameter ∆H to be equal to the length of the cable segment EN2. There is a one-to-

one correspondence between the value of ∆H and the set of cable functions under

HRA.

The coordinates of D and E are (xN1,yN2 +∆H) and (xN2,yN2 +∆H). The func-

tions that describe the three cable segments N1D, DE and EN2 are

x = xN1, yN1 ≤ y≤ yN2 +∆H ,

y = yN2−∆H , xN1 ≤ x≤ xN2,

x = xN2, yN2 ≤ y≤ yN2 +∆H ,

respectively. We define the following three candidates for d(S) as follows:

1. dH1(S)
def
= the equivalent distance from S to C;

2. dH2(S)
def
= the equivalent distance from S to

←→
DE;
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3.5 Hook with Right Angles

3. dH3(S)
def
= the equivalent distance from S to N2.

For any point S = (x,0) on the earthquake fault line, according to Propositions 2 and

3, we obtain the expressions of these three candidates for d(S). They are

dH1(S) = dH1(x) = |x− xN1|, (3.37)

dH2(S) = dH2(∆H) = (yN2 +∆H)/ε, (3.38)

and

dH3(S) = dH3(x) =
√

(x− xN2)
2 + y2

N2
/ε2. (3.39)

Among these three candidates, only dH2(S) depends on ∆H . Let F be the orthogonal

projection of N2 on the earthquake fault line. Then, the equivalent distance d(S) here

is

d(S) =


dH1(S), S ∈ AC,

min{dH1(S),dH2(S),dH3(s)}, S ∈CF ,

min{dH1(S),dH3(S)}, S ∈ FB.

When |CF | ≤ |FN2|/ε , for any S ∈CF , the equivalent distance d(S) is always

dH1(S). In this scenario, the cable break probability is not a function of ∆H . Increas-

ing ∆H does not help reduce the cable break probability. However, in the scenario

that |CF |> |FN2|/ε , increasing ∆H reduces the cable break probability. Therefore,

in the following, we only consider the scenario that |CF |> |FN2|/ε , or equivalently,

xN2− xN1 > yN2/ε. (3.40)

Equation (3.40) ensures the effectiveness of HRA, and as mentioned before, it is

related to having sufficient distance parallel to the earthquake fault line in the "safe

ground".
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With a fixed value of ∆H , the function dH2(∆H) is constant for any S ∈D , and

we see that only dH2(∆H) depends on ∆H . This implies that the value of ∆H can

dictate which is the smallest distance among the three candidates for d(S). Therefore,

according to the value of ∆H , the problem is further divided into two scenarios as

shown in Fig. 3.13.
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Fig. 3.13 Two scenarios of the cables under HRA.

Let SH0 ∈CF be the epicenter of the ellipse (with eccentricity e) such that the

points C and N2 are on the ellipse. Thus, we have dH1(SH0) = dH3(SH0). Solving

this equation, we obtain the x-coordinate of SH0, which is

xSH0 =
x2

N2
− x2

N1
+ y2

N2
/ε2

2(xN2− xN1)
. (3.41)

There is a value of ∆H such that DE is the tangent to the mentioned ellipse with

epicenter SH0. Solving the equation dH2(∆H) = dH1(SH0) (or dH2(∆H) = dH3(SH0)),
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3.5 Hook with Right Angles

we obtain this boundary value of ∆H , as

∆H_bound =
ε(xN2− xN1)

2 + y2
N2
/ε

2(xN2− xN1)
− yN2. (3.42)

The scenario described in Fig. 3.13(a) corresponds to the case ∆H ≥ ∆H_bound .

In this scenario, we have dH2(∆H)≥ dH1(SH0) = dH3(SH0), and we conclude

d(S) =


dH1(S), S ∈ ASH0,

dH3(S), S ∈ SH0B.

The cable break probability is then given by

P(break) =
1
D̂

(∫ xSH0

−D̂/2
q(dH1(x))dx+

∫ D̂/2

xSH0

q(dH3(x))dx

)
, (3.43)

where dH1(x), dH3(x) are given by (3.37), (3.39), and xSH0 is given by (3.41), respec-

tively. The cable break probability in (3.43) is independent of ∆H .

The scenario described in Fig. 3.13(b) corresponds to the case 0≤∆H <∆H_bound .

In this scenario, we have dH2(∆H)< dH1(SH0) = dH3(SH0). Let SH1 ∈CSH0 be the

epicenter of the ellipse (with eccentricity e) such that the point C is on the ellipse and

DE is the tangent to the ellipse. Similarly, let SH2 ∈ SH0F be the epicenter of another

ellipse (with eccentricity e) such that the point N2 is on the ellipse and DE is the

tangent to the ellipse. Thus, dH1(SH1)= dH2(∆H)= dH3(SH2). Solving the equations

dH1(SH1) = dH2(∆H) and dH2(∆H) = dH3(SH2), we obtain the x-coordinates of SH1

and SH2. They are

xSH1(∆H) = xN1 +(yN2 +∆H)/ε, (3.44)

and

xSH2(∆H) = xN2−
1
ε

√
∆2

H +2yN2∆H . (3.45)
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In this scenario, we have

d(S) =


dH1(S), S ∈ ASH1,

dH2(∆H), S ∈ SH1SH2,

dH3(S), S ∈ SH2B.

The cable break probability is then given by

P(break) =

1
D̂

(∫ xSH1

−D̂/2
q(dH1(x))dx+q(dH2(∆H))(xSH2− xSH1)+

∫ D̂/2

xSH2

q(dH3(x))dx

)
,

(3.46)

where dH1(x) - dH3(x) are given by (3.37) - (3.39), and xSH1 , xSH2 are given by (3.44),

(3.45), respectively.

Proposition 5. The function P(break) given by (3.46) is monotonically decreasing

in ∆H for ∆H ∈ (0,∆H_bound).

Proof. Differentiating the function P(break) with respect to ∆H , we have

dP(break)
d∆H

=
1
D̂

(
q(dH1(xSH1))

dxSH1

d∆H

+q(dH2(∆H))

(
dxSH2

d∆H
− dxSH1

d∆H

)
+

dq(dH2(∆H))

d∆H
(xSH2− xSH1)

−q(dH3(xSH2))
dxSH2

d∆H

)
.

In the scenario described in Fig. 3.13(b), we have

dH1(xSH1) = dH2(∆H) = dH3(xSH2).
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It follows that

dP(break)
d∆H

=
1
D̂

(
dq(dH2(∆H))

d∆H
(xSH2− xSH1)

)
=

1
D̂

(
q′(dH2(∆H))

ddH2(∆H)

d∆H
(xSH2− xSH1)

)
.

=
1

D̂ε

(
q′(dH2(∆H))(xSH2− xSH1)

)
.

Since q(·) is assumed to be a monotonically decreasing differentiable function, we

have q′(dH2(∆H))< 0. Therefore, we have

dP(break)
d∆H

< 0.

The function P(break) given by (3.46) is monotonically decreasing in ∆H for ∆H ∈

(0,∆H_bound). �

In the first scenario (∆H ≥ ∆H_bound), the cable break probability given by (3.43)

is independent of ∆H . In the second scenario (0≤ ∆H < ∆H_bound), the cable break

probability given by (3.46) decreases as ∆H increases. Hence, for the entire range of

∆H , the cable break probability is monotonically non-increasing in ∆H and reaches

its minimum when ∆H = ∆H_bound , and then stays constant at the minimum value

for the range ∆H ≥ ∆H_bound. Recall that ∆H_boud is given by (3.42).

The cost of a HRA cable is obtained by

C(∆H) = c(yN2− yN1 + xN2− xN1 +2∆H) ,

which is monotonically increasing in ∆H .

To illustrate the monotonicity of the cable break probability with respect to ∆H ,

we again use (3.3) as the explicit q(·) function to obtain the numerical results. Then,
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the cable break probability expressions (3.43) and (3.46) become

P(break) =
1
D̂

(∫ xSH0

−D̂/2
e−λdH1(x)dx+

∫ D̂/2

xSH0

e−λdH3(x)dx

)
,

and

P(break) =

1
D̂

(∫ xSH1

−D̂/2
e−λdH1(x)dx+ e−λdH2(∆H) (xSH2− xSH1)+

∫ D̂/2

xSH2

e−λdH3(x)dx

)
,

where dH1(x) - dH3(x) are given by (3.37) - (3.39), and xSH0 , xSH1 , xSH2 are given

by (3.41), (3.44), (3.45), respectively. We study the numerical example with the

parameters in Table 3.1, and verify the cable break probability expressions by

simulations which are shown in Fig. 3.14. Note that the parameters in Table

3.1 satisfy the condition of (3.40). We observe that the cable break probability

decreases and reaches a plateau, as ∆H increases. The analytical results are within

the confidence intervals of the simulation results.

Finally, we discuss the special cases illustrated in Fig. 3.15, where the middle

segment of a cable still has the right angles with
←−→
N1D and

←→
FN2, but the cable does

not have a hook shape, because its middle segment is located between the earthquake

fault line and N2 (see Fig. 3.15). For consistency with the earlier ∆H definition, we

define ∆H to be negative in such cases, and in particular, we consider the values

of ∆H in the range −|FN2| ≤ ∆H < 0. In such cases, the cable cost does not vary

with ∆H , but the cable break probability increases as the middle segment approaches

the earthquake fault line and reaches its maximum value when ∆H =−|FN2|. This

maximum value is obtained by

P(break) =
1
D̂

(∫ xN1

−D̂/2
q(|x− xN1|)dx+(xN2− xN1)q(0)+

∫ D̂/2

xN2

q(|x− xN2|)dx

)
.

64



3.5 Hook with Right Angles

0 25 50 75 100 125 150 175 200

0.15

0.16

0.17

0.18

0.19

0.2

0.21

0.22

∆
H

C
ab

le
 B

re
ak

 P
ro

ba
bi

lit
y

 

 

Simulation Results
Analytical Results

Fig. 3.14 Cable break probability versus ∆H for the cables under HRA.

Using (3.3) and the parameters in Table 3.1, we obtain the value of this maximum

cable break probability, which is 0.5495.
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Fig. 3.15 A visual description of the special cases with negative ∆H values.

Having established the monotonicity of both the cable break probability and

the cable cost functions with respect to ∆H , we generate the Pareto front for these

two objectives of the cables under HRA and compare it with the Pareto front of

the cables under TCS (the vertical middle segment case). The two Pareto fronts

are shown in Fig. 3.16. The vertical dashed lines correspond to a range of costs
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for which the cable break probability does not change. The horizontal dashed line

corresponds to a range of cable break probabilities for which the costs does not

change. Therefore, the dashed lines do not belong to the Pareto front curves, based

on the Pareto front definition (i.e., it is impossible to make one objective better off

without making the other objective worse off). The Pareto front curves enable us

to solve the optimization problems of minimizing cost subject to a constraint on

the cable break probability, and of minimizing cable break probability subject to

a constraint on the cable cost, for cables under TCS and HRA. We observe that,

under the condition of (3.40), HRA is applicable to scenarios with strict cable break

probability requirements, while TCS is applicable to scenarios with limited budget.
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Fig. 3.16 Pareto fronts for the cable break probability and the cost of the cables under
TCS and HRA.
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3.6 Summary

In this chapter, we have considered the problem of how to lay a single cable to

connect two nodes across an earthquake fault line, assuming the earthquake effect

regions are elliptical and the earthquake epicenters only occur on the earthquake

fault line. We have formulated a multi-objective optimization problem on the plane

with cable cost and cable break probability as objectives. We have gained insights

from the rotation of a straight-line cable. We further considered two important and

meaningful sets of cable shape alternatives, namely TCS and HRA. For each set of

alternatives, we have identified the key attributes which affect both the cable cost

and the cable break probability. We have derived the convenient expressions that

have led to the Pareto fronts for the two objectives, which enable us to solve two

single objective optimization problems of minimizing cost subject to a constraint on

the cable break probability, and of minimizing cable break probability subject to a

constraint on the cable cost.
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Chapter 4

Survivable Topology Designs of

2-Node Networks

In Chapters 4 and 5, we consider the topological design problem of where to best

lay multiple cables, including the undersea and inland extensions, to maintain the

network survivability under a major disaster. In this chapter, we focus on a simple

example of a network with two nodes located on two different islands, and propose

three sets of network topology alternatives to reduce the probability that all the

cables are simultaneously damaged by a disaster. Later in Chapter 5, we extend the

discussion to N-node networks.

A network design that can cope with the disaster scenarios must take into consid-

eration the fact that sets of nodes and links share the risk of being simultaneously

affected by a single disaster [154]. Unlike many of the survivability publications

(e.g., [39, 62, 66, 68, 70, 155–159] and references therein) that consider isolated

failures of nodes or links, we consider the geographically correlated failure scenarios

where multiple cables simultaneously break within a geographical region, as a result

of a disaster. The work in Chapter 3 only considered earthquakes that occur on an

earthquake fault line, while in this chapter we consider all types of disasters and

adopt the circular disk failure model [78, 80, 82–87, 92, 94, 95, 97, 101, 102], where
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the disaster regions are shaped by a circular disk. Although cables invariably will

be damaged, a good design can still ensure the connectivity between geographical

regions outside the disaster zone itself.

Unlike the work in the previous chapter that focuses on laying a single cable, a

unique feature of the work in this chapter is that we aim to optimize the topology

of multiple cables, including their undersea and inland parts, between two nodes.

A key performance measure in this work is the network survival probability. It

represents the probability that all nodes in the network remain connected under

a disaster. A related concept is the network disconnection probability, which is

one minus the network survival probability. Meeting the network survivability

requirement is an important design objective in addition to cost. Reference [78] first

considered this problem and proposed a rectangle cable topology. However, [78]

didn’t provide the explicit disaster probability density functions and hence didn’t

obtain numerical results or Pareto front for the cable cost and the network survival

probability. We first consider a model of disaster effects under the assumptions of

circular disk failures, and distinguish between the two costs of laying inland and

undersea cables. Then, we formulate a multi-objective optimization problem with

cost and network survival probability as its two objectives. In this chapter, three

sets of network topology alternatives are considered. For each set of alternatives,

we derive explicit expressions of both the cost and the network survival probability

based on the disaster model, and obtain the Pareto front for the two objectives. The

general problem of how to optimize the topology of the cables on a sphere (the

globe), given the various probabilities of damage and disasters, and cost of laying

cables on the various surfaces, is the ultimate goal. We consider the simpler case

of the problem on a 2-dimensional plane, which is important in its own, as in many

cases the destinations of the network are close enough to justify the planar version

of the problem.
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The remainder of the chapter is organized as follows. In Section 4.1, we describe

the problem and develop a disaster model. In Section 4.2 - 4.4, we study three

important network topology alternatives and in each case provide the explicit expres-

sions of the cost and the network survival probability. In Section 4.5, we compare

the three network topology alternatives and provide their Pareto fronts for the two

objectives (the cost and the network survival probability). In Section 4.6, we discuss

two generalized scenarios. The chapter is summarized in Section 4.7.

4.1 Problem Description

Throughout the chapter, we use the terms nodes and cities interchangeably. The

problem is defined in the 2-dimensional Euclidean space R2. We assume that

destructive disasters occur only one at one time. This is justified by the low frequency

of disasters and by the relatively short time cables being repaired.

We consider a planar world, a subset of R2, denoted by Ω, to be a closed circular

disk with a radius r0. Let Island A and Island B be two mutually exclusive subsets

of Ω, that are disk-shaped with the radii r1 and r2, respectively. Without loss of

generality, we assume

r1 ≥ r2.

There are two cities (nodes), namely A and B, that are located at the centers of Islands

A and B, respectively. The distance between the two cities is d. We also assume that

the world is centered at the midpoint between the two cities, so that the distances

between each city and the epicenter of the world are equal. The world area that is

not covered by the islands is called the ocean.

A coordinate system is constructed as shown in Fig. 4.1. The origin O is at the

center of the world Ω and both the cities are located on the x-axis. The origin O is at

the middle of A and B. We assume that O is not located on any of the islands. Island

71



Survivable Topology Designs of 2-Node Networks

Fig. 4.1 The location of the two cities in the world.

A and Island B are mutually exclusive subsets of Ω, and

d/2 > r1 ≥ r2.

d > r1 + r2,

and

r0 ≥ d/2+ r1.

To connect the two cities, cables are laid between them. In order to avoid that

all the cables are being simultaneously destroyed in a case of a disaster, e.g., an

earthquake, cable topologies are usually designed in rings or meshes [160], i.e., two

or more cables are required. A survey study shows that the range of a disaster can

be more than 105 miles [76]. The distance between cables should be sufficient, to

reduce the probability that all cables are affected by the disaster. Keeping the cables

far apart improves network survivability, but also implies longer cables and higher

cost. For simplicity, we assume that the cables are not forked. Let C be the total cost

of the cables. We assume that the average undersea cable cost per unit length cs, is
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higher than that for inland cables cl (i.e., cs > cl) [161]. Thus, C = llcl + lscs, where

ll is the total length of the inland cables and ls is the total length of the undersea

cables.

In this chapter, we assume that the effect region of a disaster is a closed disk.

A probability function fS,R(S,r) is defined to indicate the probability density of a

disaster to occur at any given point S in the world, and that any cable will be ruptured

if it is situated in a closed disk centered at S with the radius r. In particular,

fS,R(S,r) = fS(S) fR(r),

where S∈Ω and r ∈R≥0. Here, fS(S) is the probability density function of a disaster

epicenter occurring at S, and fR(r) is the probability density function of the disaster

radius r. We assume that the disaster epicenter S is uniformly distributed in the world

Ω, whence

fS(S) =
1

πr2
0
.

We further assume that the disaster radius r is exponentially distributed with a

parameter λs, so that

fR(r) = λse−λsr.

The mean disaster radius is 1/λs. This exponential assumption is consistent with the

empirical data collected in [153, 162, 163].

Assume that the two cities are connected by K cables and let di(S) (i = 1, . . . ,K)

be the distance from the disaster epicenter S to the ith cable. When a disaster occurs,

if the disaster radius r is larger than max(d1(S), . . . ,dK(S)), which is the worst case,

all the cables break and the network is disconnected. Thus, the probability that the

network survives a disaster is given by

P(survival) = 1−P(disconnection),
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where the network disconnection probability function is given by

P(disconnection) =
∫

S∈Ω

[∫
∞

max(d1(S),...,dK(S))
fS(S) fR(r)dr

]
dS. (4.1)

As we can see in (4.1), the size of the world Ω affects the network survival

probability. It is intuitively clear that in a larger world we have more events that will

not cause a disconnection, and therefore a larger world will imply higher network

survival probability in our model.

As discussed, we consider tradeoffs between the two objectives of cable cost and

network survival probability. To obtain the Pareto front for these two objectives, we

identify the key attributes that affect both the objectives, and provide the monotonicity

property of each objective. Having the Pareto front enables us to solve two single-

objective optimization problems of minimizing cost subject to a constraint on the

network survival probability, and of maximizing network survival probability subject

to a constraint on the cable cost, in a case of a disaster.

4.2 Rectangular Network Topology

In this section, we present a rectangular topology with K cables between two cities,

where cables are laid in lines and the two cities are located at the middle of the two

opposite sides of the rectangles as illustrated in Fig. 4.2 for the case K = 5. We begin

with the case K = 2 and then extend the discussion to a arbitrary number of cables.

4.2.1 Two Cables

We first consider the case of two cables (K = 2). As will be seen in the sequel,

significant insights can be gained from this special case. With K = 2, the choice of

a rectangular topology rather than other quadrilaterals is explained as follows. To

minimize the probability that both cables are damaged by a disaster, the cables are
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Fig. 4.2 The case K = 5 of rectangular topology.

laid with sufficient distance between them, normally twice the radius of the disaster.

We assume that the distance between the two cities is significantly longer than the

radius of a disaster. As a result, in order to minimize cable cost, the main part of a

cable, henceforth called the main segment, is laid in parallel to the line that connects

the two cities.

Fig. 4.3 Main segment, city segment and city side in a rectangular topology.

The consideration then becomes how to link the main segments of the two cables

to the cities. We use the term city segment for the part of the cable that connects the

main segment to a city. In the rectangular case, there are two city segments for each

city that are connected to the main segment of each of the two cables. These two

city segments have the same length and lie on the same line. They together form a

side of the rectangle which we call city side. See Fig. 4.3 for an illustration of these

terms for a two-cable case, in a rectangular topology, between cities A and B. In
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Fig. 4.4, we illustrate that having a 90◦ angle between the main segment and the city

segment of a cable, namely creating a rectangular shape for two cables, will use a

shorter cable than all trapezoids linking the main segments of the cables to the two

cities. The rectangular topology can be further improved by considering rounded

corners as discussed in Section 4.3.

Fig. 4.4 Rectangular versus trapezoid topologies.

Let the distance between the main segment of a cable and the line AB be a. Note

that, for a rectangular topology, the parameter a also represents the length of the

city segment (half the city side). Hereinafter, we shall use S = (x,y) to represent the

location of a disaster epicenter. We divide the world Ω into four identical quadrants

I, II, III, IV . For the case K = 2, the cable located in the quadrants I and II is called

the first cable, and the cable located in the quadrants III and IV is called the second

cable. The network disconnection probability function in (4.1) now becomes

P(disconnection) =
∫∫

Ω

[∫
∞

max(d1(x,y),d2(x,y))
fS(x,y) fR(r)dr

]
dydx.

We first focuses on the scenario when the disaster epicenter S is in the quadrant I.

Equivalent results for the other three quadrants can be obtained in a similar way.

Next, we discuss the value of max(d1(x,y),d2(x,y)) for S = (x,y) in the quadrant I.

We divide the locations of a disaster epicenter S into four cases, as shown in Fig.

4.5. For each case, we provide expressions d1(x,y) and d2(x,y), respectively.
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Fig. 4.5 Four cases of a disaster epicenter’s location in the quadrant I.

1. When 0≤ x≤ d/2 and 0≤ y≤ a in Fig. 4.5(a):

d1(x,y) = min
(

a− y,
d
2
− x
)
,

d2(x,y) = min

a+ y,

√(
d
2
− x
)2

+ y2

.

2. When x > d/2 and 0≤ y≤ a in Fig. 4.5(b):

d1(x,y) = x− d
2
,

d2(x,y) =

√(
x− d

2

)2

+ y2.

3. When 0≤ x≤ d/2 and y > a in Fig. 4.5(c):

d1(x,y) = y−a,

d2(x,y) = min

y+a,

√(
d
2
− x
)2

+ y2

.
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4. When x > d/2 and y > a, in Fig. 4.5(d):

d1(x,y) =

√(
x− d

2

)2

+(y−a)2,

d2(x,y) =

√(
d
2
− x
)2

+ y2.

In each case, we see that d1(x,y)≤ d2(x,y), so that for S = (x,y) in the quadrant I,

we have

max(d1(x,y),d2(x,y)) = min

√(x− d
2

)2

+ y2,y+a

. (4.2)

According to the value of a, the rectangular topology is further divided into two

scenarios as shown in Fig. 4.6. The equation of the curve in Fig. 4.6 is

(
x− d

2

)2

= a2 +2ay,

which can help us determine the minimum between
√
(x−d/2)2 + y2 and y+ a.

The curve passes through the point (d/2−a,0).

Fig. 4.6 Two scenarios of the rectangular topology: (a) a≥ d/2, (b) a < d/2.
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The scenario described in Fig. 4.6(a) corresponds to the case a ≥ d/2. In this

scenario, the curve does not pass through the quadrant I. Therefore, we have

max(d1(x,y),d2(x,y)) =
√

(x−d/2)2 + y2, and the network disconnection proba-

bility in the case that S ∈ I is given by

PI(disconnection) =
∫∫

I

[∫
∞√
(x− d

2 )
2+y2

fS(x,y) fR(r)dr

]
dydx. (4.3)

The scenario described in Fig. 4.6(b) corresponds to the case 0 < a < d/2. In this

scenario, the curve divided the quadrant I into two areas, namely I1 and I2, where I1

is the area {(x,y) | 0≤ x≤ d/2−a,(x−d/2)2 ≥ a2 +2ay} and I2 is the remaining

area of the quadrant I. For (x,y) ∈ I1, we have max(d1(x,y),d2(x,y)) = y+a, while

for (x,y) ∈ I2, we have max(d1(x,y),d2(x,y)) =
√
(x−d/2)2 + y2. The network

disconnection probability in the case that S ∈ I is now given by

PI(disconnection)

=PI1(disconnection)+PI2(disconnection)

=
∫∫

I1

[∫
∞

y+a
fS(x,y) fR(r)dr

]
dydx+

∫∫
I2

[∫
∞√
(x− d

2 )
2+y2

fS(x,y) fR(r)dr

]
dydx

=
∫∫

I

[∫
∞√
(x− d

2 )
2+y2

fS(x,y) fR(r)dr

]
dydx

+
∫∫

I1

∫ √(x− d
2 )

2+y2

y+a
fS(x,y) fR(r)dr

dydx. (4.4)

The first term in (4.4) is equal to (4.3) and independent of a. The second term

in (4.4) decreases as a increases. Hence, for the entire range of a, the function

PI(disconnection) is a monotonically non-increasing function of a and reaches its

minimum when a = d/2, and then stays constant at the minimum value for the range

a≥ d/2.
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As mentioned earlier, the other three quadrants II, III, IV can be analyzed by the

same method. By symmetry, we have

PI(disconnection)=PII(disconnection)=PIII(disconnection)=PIV (disconnection),

and the network survival probability for S ∈Ω is given by

P(survival) = 1−
IV

∑
i=I

Pi(disconnection) = 1−4PI(disconnection).

When a≥ d/2, the network survival probability is given by

P(survival) = 1− 4
πr2

0

∫ r0

0

∫ √r2
0−x2

0

[∫
∞√
(x− d

2 )
2+y2

λse−λsrdr

]
dydx. (4.5)

When 0 < a < d/2, the network survival probability is given by

P(survival) =1− 4
πr2

0

∫ r0

0

∫ √r2
0−x2

0

[∫
∞√
(x− d

2 )
2+y2

λse−λsrdr

]
dydx

− 4
πr2

0

∫ d
2−a

0

∫ (x−d/2)2−a2
2a

0

∫ √(x− d
2 )

2+y2

y+a
λse−λsrdr

dydx. (4.6)

The function P(survival) is a monotonically non-decreasing function of a and reaches

its maximum value when a = d/2, and then stays constant at the maximum value for

the range a≥ d/2.

Now we discuss the cost of a rectangular topology. Recall that C = llcl + lscs,

where ll is the total length of the inland cables and ls is the total length of the undersea

cables. As shown in Fig. 4.7, the following three cases need to be considered,

1. When r2 ≤ r1 ≤ a in Fig. 4.7(a), we have

C(a) = 4acs−2(r1 + r2)(cs− cl)+2dcs. (4.7)
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4.2 Rectangular Network Topology

Fig. 4.7 Three cases of the rectangular topology.

2. When r2 ≤ a≤ r1 in Fig. 4.7(b), we have

C(a) = 2a(cl + cs)−2
√

r2
1−a2 (cs− cl)−2r2(cs− cl)+2dcs. (4.8)

3. When 0≤ a≤ r2 ≤ r1 in Fig. 4.7(c), we have

C(a) = 4acl +2dcs−2
(√

r2
1−a2 +

√
r2

2−a2
)
(cs− cl). (4.9)

In each case, the cost function C(a) is monotonically increasing with the length of

the city segment a since cl < cs.

After establishing the monotonicity properties of both the network survival

probability and the cost, the optimization problem of minimizing cost subject to a

constraint on network survival probability, reduces to that of finding the smallest a

that satisfies the network survival probability constraint. Given a network survival

probability ρ and a stopping criterion η , let al and au be the running lower and upper

estimate of a respectively. Set al = 0 and au = d/2. The optimal solution can be

obtained by the Bisection Algorithm (for details Algorithm 1).
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Algorithm 1 Bisection Algorithm
Input: Network survival probability ρ , stopping criterion η .
Output: The optimal value of the cable city segment length, or half length of the

city side, a∗ and optimal cost C(a∗).

1: If P(au)< ρ , the problem is infeasible; go to step 6.
2: If P(al)≥ ρ , the optimal solution is a∗ = al; go to step 5.
3: Let b = (al +au)/2, if P(b)≥ ρ , au = b. Otherwise al = b.
4: If au−al < η , let a∗ = au and go to step 5. Otherwise go to step 3.
5: The optimal cost C(a∗) can be obtained using the appropriate (4.7) - (4.9).
6: Stop.

4.2.2 Numerical Results

To check and illustrate the monotonicity of the network survival probability, we

consider here a numerical example with two islands. The parameters of the example

are described in Table 4.1 The distance unit is kilometer. We verify the expressions

(4.5) and (4.6) for the network survival probability by simulations which are shown

in Fig. 4.8. The simulated network survival probability is obtained using a total

of 24 million simulation runs (24 batches, each of which comprises one million

independent simulations). We derive confidence intervals based on Student’s t-

distribution.

Table 4.1 Parameters of a numerical example used for Chapter 4.

r0 r1 r2 d λs cs cl

1000 120 60 400 1
100 1.5 1

Fig. 4.8 indicates that the network survival probability increases and reaches

a plateau, as the city segment length a increases. The analytical results are within

the confidence intervals of the simulation results. The estimated maximum of

network survival probability is achieved when the city segment length a is within the

160−220 km range. This range, associated with the network survival probability

achieving its maximum, is closely related to the condition a≥ d/2 (where d = 400

km). This can be intuitively justified by the fact that when the distance between the
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Fig. 4.8 Network survival probability versus the city segment length a for the
rectangular topology.

two main segments (i.e., 2a) reaches a certain level (i.e., d/2), the main factor that

affects the network survival probability becomes the distance between the two city

sides.

4.2.3 More Cables

The rectangular topology solution can easily be extended to a situation involving

more than two cables connecting the two cities. Let C2(a) indicate the cost functions

(4.7)-(4.9) and let P2(survival) indicate the network survival probability functions

(4.5) and (4.6), for the 2-cable case. If K ≥ 2 cables are laid between the two cities,

we define 2a as the city side length of the largest rectangle in the network (see Fig.

4.9).

Case 1: K = 2n+1 (n = 1,2, . . .).
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Fig. 4.9 Cases of more than two cables: (a) K = 2n+1, (b) K = 2n.

The network topology is shown in Fig. 4.9(a). Since no cable forks are

assumed to be laid, the total cost for this K-cable network is

CK(a) =C2(a)+C2

(
n−1

n
a
)
+ · · ·+C2

(
1
n

a
)
− (cs− cl)(r1 + r2)+ csd

=
n−1

∑
i=0

C2

(
n− i

n
a
)
− (cs− cl)(r1 + r2)+ csd. (4.10)

Case 2: K = 2n (n = 1,2, . . .).

The network topology is shown in Fig. 4.9(b). The total cost for this K-cable

network is

CK(a) =C2(a)+C2

(
2n−3
2n−1

a
)
+ · · ·+C2

(
a

2n−1

)
=

n

∑
i=1

C2

(
2i−1
2n−1

a
)
. (4.11)

In each case, the cost function is the sum of non-decreasing functions of a and so

it is also non-decreasing.

As mentioned in Section 4.1, we assume that only one major disaster occurs at

a time. Therefore, in considering the network survival probability for the K-cable

case, denoted by PK(survival), we observe that the probability that all K cables are

disrupted by a serious disaster, is equivalent to the probability that this disaster

destroys both the cables of the largest rectangle. In other words, if both the cables of
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4.2 Rectangular Network Topology

the largest rectangle are within a disaster region, all K cables are within the region

and therefore the network is disconnected. Thus, for all K ≥ 2, we have

PK(survival) = P2(survival),

where P2(survival) is the network survival probability when only the two most distant

cables, out of the K cables, are used. The function PK(survival) is a non-decreasing

function of a and stays constant for a ≥ d/2, and Algorithm 1 can be adopted

to obtain the optimal city segment length a for the K-cable rectangular topology

solution.

We remind the reader that the focus of this work is on the optimal shape of the

cables in the vicinity of the cities and the minimal cost of cable topology subject to

maintaining survivability under a major single disaster. For this problem under its

specific assumptions, no more cables beyond the two that form the largest rectangle

will improve network survivability. However, in practice more cables can lead to

higher survivability, upon considering the following.

1. We assume that only one major disaster occurs at a time. If two or more

disasters occur simultaneously, the use of more than two cables may increase

the network survival probability.

2. We focus on a major disaster and do not consider individual link failures

caused, e.g., by anchors, fishing trawlers or shark bites. If such events are

considered, the network survival probability again increases by using more

than two cables.

3. We assume that all cables located in the disaster area break. If this is not

the case, as discussed in Section 4.6, more cables will improve the network

survival probability.
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4.3 Rounded-Corner Rectangular Network Topology

In the previous section, we considered a rectangular topology where the cable

segments are laid in straight lines. However, the network survival probability can

be further improved if the cables are laid in more conventional curved lines. The

rectangular solution of Section 4.2 can lead to a solution involving rounded corners

with reduced cost in practice. Given a rectangular topology with city segment

length a, we replace the four right-angle corners with four quadrant circular sectors

with a common radius rc, where rc < d/2 and rc < a. We call this topology the

rounded-corner rectangular topology.

Fig. 4.10 A case of the rounded-corner rectangular topology where a disaster occurs
in the quadrant I.

We take the 2-cable case as an example. To obtain the network survival probabil-

ity of this topology, we still consider the worst case when the disaster radius is larger

than max(d1(x,y),d2(x,y)), given a disaster epicenter S = (x,y). By symmetry, we

focus on the case where the disaster epicenter S is located in the quadrant I (see

Fig. 4.10). In this scenario, we have d1(x,y)≤ d2(x,y). There are three cases for the

value of d2(x,y):

1. The distance from S to the bottom main segment DF . If 0 < x < d/2− rc, this

distance is |SE|, while if x≥ d/2− rc, this distance is |SF |.

2. The distance from S to the right city segment BG, which is |SB|.
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4.3 Rounded-Corner Rectangular Network Topology

3. The distance from S to the rounded corner curve (curve FG) given by min(|SF |, |SG|).

We observe from the figure that |SE|< |SF | and |SB|< |SG|, whence we have

max(d1(x,y),d2(x,y)) = min(|SE|, |SB|) = min

y+a,

√(
x− d

2

)2

+ y2

,

which is the same as (4.2). Therefore, the network survival probability of the

rounded-corner rectangular topology is the same as that calculated in Section 4.2.1.

For a ≥ d/2 (see Fig. 4.11(a)), the network survival probability is given by (4.5),

and for 0 < a < d/2 (see Fig. 4.11(b)), the network survival probability is given by

(4.6).

Fig. 4.11 Two scenarios of the rounded-corner rectangular topology: (a) a≥ d/2,
(b) a < d/2.

Now we discuss the cost of the rounded-corner rectangular topology. Let C2(a)

be the cost function of the 2-cable rectangular topology (see (4.7)-(4.9)). The cost of

the 2-cable rounded-corner rectangular topology becomes

C′2(a) =C2(a)−8rc +2πrc. (4.12)
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We see that, for a given city segment length a, the cost of the rounded-corner

rectangular topology is always lower than that of the rectangular topology, while the

network survival probability is unchanged.

4.4 Rhombus Network Topology

When the network topology is a rectangle, we say that each of the angles between

the two cables at City A and B are 180◦, which is the maximum value considered

for these angles. In this section, we propose another topology in which the angles

between the two cables are not 180◦. As shown in Fig. 4.12, the network topology

becomes a rhombus. We investigate the relationship between the network survival

probability and the angle between the two cables at each city, denoted by α .

Fig. 4.12 A rhombus topology where the angles between two cables are not 180◦.

One diagonal of the rhombus is the line that connects A and B. Its length is d.

Let the length of the other diagonal of the rhombus be 2a. In the rhombus topology

case, each of the cables only consists of two city segments. We say that the length

of main segment is 0. The variable a still represents the distance between the main

segment and the line AB, and we have

a =
d
2

tan
(

α

2

)
. (4.13)
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Fig. 4.13 Two divided areas in quadrant I for the rhombus topology.

For instance, consider the case when a disaster epicenter S = (x,y) is located in

the quadrant I. In this case, we have d1(x,y) ≤ d2(x,y). We divide the quadrant I

into two areas, namely I1 and I2, by using a line of the form

dx+2ay− 1
2

d2 = 0,

as shown in Fig. 4.13. This line is perpendicular to DB at B. Here, I1 is the area

{(x,y) | 0≤ x≤ d/2,dx+2ay− d2

2 ≤ 0} and I2 is the remaining area of the quadrant

I. For (x,y) ∈ I1, we have

max(d1(x,y),d2(x,y)) = d2(x,y) =
−2ax+dy+ad√

d2 +4a2
.

Taking the partial derivative of d2(x,y) with respect to a, we get

∂d2(x,y)
∂a

=
−2d(dx+2ay−d2/2)

(d2 +4a2)
3
2

≥ 0.

Thus, d2(x,y) is a monotonically increasing function of a, and the network discon-

nection probability in the case that S ∈ I1 is given by

PI1(disconnection) =
∫∫

I1

∫ ∞

−2ax+dy+ad√
d2+4a2

fS(x,y) fR(r)dr

dydx.
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For (x,y) ∈ I2, we have

max(d1(x,y),d2(x,y)) = d2(x,y) =

√(
x− d

2

)2

+ y2,

and the network disconnection probability in the case that S ∈ I2 is given by

PI2(disconnection) =
∫∫

I2

[∫
∞√
(x− d

2 )
2+y2

fS(x,y) fR(r)dr

]
dydx.

Therefore, we obtain

PI(disconnection) =PI1(disconnection)+PI2(disconnection)

=
∫∫

I

[∫
∞√
(x− d

2 )
2+y2

fS(x,y) fR(r)dr

]
dydx

+
∫∫

I1

∫ √(x− d
2 )

2+y2

−2ax+dy+ad√
d2+(2a)2

fS(x,y) fR(r)dr

dydx. (4.14)

The first term in (4.14) is independent of a, and the second term in (4.14) decreases

as a increases, since (−2ax+dy+ad)/
√

d2 +(2a)2 is a non-decreasing function of

a when S ∈ I1. Hence, the function PI(disconnection) is a monotonically decreasing

function of a.

The other three quadrants II, III, IV can be analyzed by the same method. By

symmetry, we have

PI(disconnection)=PII(disconnection)=PIII(disconnection)=PIV (disconnection),

and the network survival probability for S ∈Ω is given by

P(survival) =1−
IV

∑
i=I

Pi(disconnection) = 1−4PI(disconnection).

=1− 4
πr2

0

∫ r0

0

∫ √r2
0−x2

0

[∫
∞√
(x− d

2 )
2+y2

λse−λsrdr

]
dydx
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− 4
πr2

0

∫ d
2

0

∫ d2/2−dx
2a

0

∫ √(x− d
2 )

2+y2

−2ax+dy+ad√
d2+(2a)2

λse−λsrdr

dydx. (4.15)

The function P(survival) is a monotonically increasing function of a. Since a is

monotone in angle α (see equation (4.13)), the function P(survival) is a increasing

function of α , for the range 0 < α < 180◦.

Under the assumption that d/2 > r1 ≥ r2 in Section 4.1, the total cost of the

rhombus topology is

C(a) = 4cs

√
a2 +

1
4

d2−2(r1 + r2)(cs− cl), (4.16)

which is again a monotonically increasing function of a, and the total cost is an

increasing function of the angle α for 0 < α < 180◦.
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Simulation Results

Anaytical Results

Fig. 4.14 Network survival probability versus the angle α for the rhombus topology.

To check and illustrate the monotonicity of the network survival probability for

the rhombus topology case, we again consider the example with the parameters in
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Table 4.1 and verify the expression (4.15) by simulations (see Fig. 4.14). The simu-

lated network survival probability is obtained using a total of 24 million simulation

runs (24 batches, each of which comprises one million independent simulations).

We derive confidence intervals based on Student’s t-distribution.

Fig. 4.14 indicates that the analytical results are within the confidence intervals of

the simulations. Because (4.15) is monotonically increasing in α (the angle between

the two cables) as illustrated in Fig. 4.14 and the cost increases with α , minimizing

cost subject to a given network survival probability constraint reduces to finding the

minimal value of α that satisfies the network survival probability constraint.

4.5 Comparison of the Three Topologies

In Section 4.2 - 4.4, we considered three sets of network topology alternatives,

namely rectangular, rounded-corner rectangular and rhombus topologies. In this

section, we compare the three topologies and provide their Pareto fronts for the two

objectives, network survival probability and cost.

As discussed in Section 4.2.3, the network survival probability of the K-cable

case is equal to that of the 2-cable case when the two cables are the two most

distant ones, out of the K cables. Therefore, we need to only consider the 2-cable

cases. From the cost functions ((4.7)-(4.9), (4.12), (4.16)), we see that the cable cost

depends on the variable a, as well as on the other parameters r1, r2, cs, cl and d. We

study the example with parameters in Table 4.1 to illustrate the numerical results of

the network survival probability and the cost for each of the three network topologies.

In this example, we set r0 = 1000 km, d = 400 km, r1 = 120 km, r2 = 60 km,

cs = 1.5 and cl = 1. We also set λs = 1/100 to quantify the mean disaster radius as

100 km. We further set the rounded corner radius of the rounded-corner rectangular

topology (denoted by rc in (4.12)) as 20 km.
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Fig. 4.15 Pareto fronts for the network survival probability and the cost of the three
topologies.

The Pareto fronts for the network survival probability and the cost of the three

topologies are shown in Fig. 4.15. The vertical dashed lines correspond to a range

of costs for which the network survival probability does not change, in which case

they do not belong to the Pareto front curves. As expected, we see that the cost

of the rectangular topology with rounded corners is always less than that of the

rectangular topology under the same network survival probability. However, for high

survivability requirements, they become indistinguishably close. It is also intuitively

clear that as the distance between the cities increases, the benefit of rounding the

corners becomes less and less significant relative to the total cost. This is consistent

with common industry practice, that laying a cable in a straight line or a sequence of

few straight line segments, used by cable surveyors [149]. For a low requirement

of network survival probability, the cost of the rhombus topology is the lowest

among the three alternatives, because the rhombus topology saves costs associated

with cable length when the angle between the two cables (i.e., α) of the rhombus
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topology is small. However, it becomes the most expensive one as the survivability

requirement increases. This is because the α angle is required to be extremely large

in order to achieve a very high network survival probability, and a large value of the

α angle results in high costs associated with cable length.

An overall important observation is that if the network survival probability

requirement is high, the cost of the rectangular topology is very close to that of

the rectangular topology with rounded corners and lower than that of the rhombus

topology for high level of survival.

With the Pareto fronts, we are able to solve the two single-objective optimization

problems of minimizing cost subject to a constraint on the network survival probabil-

ity, and of maximizing network survival probability subject to a constraint on the

cost.

4.6 Further Generalization

The main focus of this chapter is on the scenarios where all cables within a disaster

region break and the probability density function of a disaster epicenter is uniform.

These are conservative (pessimistic) assumptions which are made for simplicity and

analytical tractability. In a real disaster scenario, there may be a positive probability

that certain cables somewhere within disaster area do not break, and the occurrence

of a disaster in the vicinity of an earthquake fault, for example, may have a higher

probability than in other areas. In this section, we consider and discuss the scenarios

where the cable break probability within the disaster area is not equal to one, and the

probability density function of a disaster epicenter is nonuniform.
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4.6.1 Cables That May Not Break in a Disaster Region

Here we consider the cases where it may be possible that one cable will break while

another cable closer to the epicenter of the disaster will not break. Namely, the break

probability of a single cable within the disaster area is less than unity. It is expected

that the survival probability of the network in such scenarios will be higher than

that obtained for an equivalent scenario based on our conservative model. It is also

expected that while based on our conservative model, adding cables between the most

two distant cables does not improve the network survival probability, while in these

new scenarios we can observe higher survival probability with the addition of cables.

We will provide in this section numerical results that quantitatively demonstrate

such differences between models for various cable break probability functions.

Given that it is difficult to obtain accurate cable break probability functions, the

conservative models are useful because they do not require such functions. However,

it is important to have estimates of how much our conservative model underestimate

the network survival probability in various cases.

We begin with a 2-cable rectangular scenario, with an numerical example equiv-

alent to the one illustrated in Section 4.2.2. The parameters of the example are

described in Table 4.1. Then, to gain insights into the benefit of additional cables if

the break probability of a cable within a disaster is not equal to one, we also present

simulation results for a 3-cable case to assess such benefit.

For the 2-cable scenario, we consider three cases representing different proba-

bility functions for a single cable break within a disaster region. The cable break

probability functions Pb for the three cases are:

1. Pb = 0.5.

2. Pb = 1−d(S)/r.

3. Pb = e−λd(S),λ = 0.01,
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where r is the disaster radius and d(S) is the distance from the disaster epicenter S to

the cable. The first case represents an extreme and somewhat unrealistic situation

where the distance from the epicenter within the disaster area does not affect the

break probability. However, such an extreme case helps us assess the maximum

difference between the two models. The third case is equivalent to the case of (3.3)

discussed in Chapter 3.

Then we add a third cable that connects the two cities in a straight line and

consider two cases based on the first and the third cable probability functions where

Pb = 0.5 and Pb = e−λd(S),λ = 0.01, respectively. Under our previous conservative

model, the middle cable will always break in a disaster where both the other cables

break, so it does not help increase the network survival probability, but in the present

cases the middle cable has a positive probability to survive the disaster, resulting in

an improvement of survival probability of the entire network.
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Fig. 4.16 Result comparison for the 2-cable cases and the 3-cable cases with different
cable break probabilities.
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The results for all five cases are presented in Fig. 4.16. An important observation

that we can make is that in all the cases the network survival probability increases

and reaches a plateau, as the parameter a increases. The result shows that as expected,

the models that allow some cables within the disaster area not to break lead to higher

network survival probabilities, but the behavior of the network survival probability

curves are similar to the previous results presented in Fig. 4.8. One particular

importance is the indication that in the results presented in both Fig. 4.8 and 4.16,

we obtain the similar ranges of the city segment length a values associated with the

plateau of the network survival probability. This implies that if we choose a based

on reaching the plateau where there is diminishing return of additional marginal cost,

and we choose, for example, to design the cable based on a = 190 km (recall that

160 - 200 is the plateau range for the previous model in Fig. 4.8), it will also lead to

attainment of a similar objective in the more complex models based on cable break

probability functions.

Another observation from the results presented in Fig. 4.16 is that, as expected,

the case where the cable break probability is independent of the distance from

the epicenter (Pb = 0.5) to the cable clearly gives a greater survivability benefit to

adding the 3rd cable over the case with Pb = e−λd,λ = 0.01. However, we should

also realize that if the network survival probability is already close to 1 for certain

“plateau” values of a adding cables will not provide significant survivability benefits.

Finally, we remind the reader that we have only considered certain special cases

here, and that the observations made are true for these special cases. Although the

special cases provide certain valuable insights, far more work is required to make

general observations on what are the best models and topologies we should consider

in optimizing cable laying under disaster survivability constraints.
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4.6.2 Nonuniform Probability Function of a Disaster Epicenter

So far in this chapter, we have only considered the scenarios where the disaster

probabilities are uniformly distributed in the world Ω. In a real scenario, there may

be some regions where a disaster is more likely to occur. In Chapter 3, we considered

the case where earthquakes occur on an earthquake fault, but we only studied the

problem of laying a single cable. Here we reconsider the equivalent example of the

2-node rectangular topology of Section 4.2.2 and add the assumption that 90% of

the disasters occur on the straight-line between the two nodes and that the other 10%

of the disasters occur uniformly distributed in the world Ω. The parameters of the

example are described in Table 4.1.
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Fig. 4.17 Simulation results for a 2-node rectangular topology scenario with a
nonuniform probability function of a disaster.

The simulation results for different a values are presented in Fig. 4.17. We

observe that the curve of the network survival probability as a function of a is

similar to our previous results presented in Fig. 4.8. However, the variation range
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of the network survival probability is much larger. The reason is that, in this case,

the majority of the disasters now occur inside the rectangular topology, which may

increase the disconnection probability of the entire network. Therefore, the parameter

a becomes much more significant in affecting the network survival probability. This

somewhat extreme example illustrates the importance of considering optimizing the

parameter a which is a key parameter in this work.

4.7 Summary

In this chapter, we have considered the problem of laying multiple cables (including

the undersea and the inland parts) between two nodes, under a disaster scenario

where correlated cable failures occur in the disaster region. We have formulated a

multi-objective optimization problem on the plane with cost and network survival

probability as the two objectives. We have considered three sets of network topol-

ogy alternatives, namely the rectangular, rounded-corner rectangular and rhombus

topologies. For each set of alternatives, we have identified key attributes that affects

both the cost and the network survival probability, and illustrated their effects on

several examples. Although it is difficult to obtain the general rules that can describe

these effects, it is important to be aware of them as they can be significant for certain

topologies. We have provided the Pareto fronts for the two objectives, which enable

us to solve two single objective optimization problems of minimizing cost subject to

a constraint on the network survival probability, and of maximizing network survival

probability subject to a constraint on the cost.
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Chapter 5

Survivable Topology Designs of

N-Node Networks

In Chapter 4, we have considered the network topologies for two nodes. In this

chapter, we extend the discussion to a network with a general topology of multiple

nodes.

We still adopt the circular disk failure model [78–80, 82–87, 94], where the

disaster regions have the shape of a circular disk and all cables within the disaster

regions break. We retain the assumptions of Chapter 4 that the disaster epicenter

is uniformly distributed and the disaster radius is exponentially distributed. In this

chapter, we seek to solve the problem of minimizing the total cable cost under a

certain survivability constraint for an N-node network. As it is difficult to obtain

analytical results of the network survival probability for an N-node network, we

resort to simulations. We start with an N-node convex polygon topology where the

N nodes can form a convex polygon. We then provide a heuristic algorithm for cable

topology design of a general N-node network.

The remainder of the chapter is organized as follows. In Section 5.1, we propose

an N-node convex polygon topology and present the simulation time required to

compute the network survival probability for different cases. In Section 5.2, we
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consider a general topology of N nodes and provide a heuristic algorithm which is

illustrated by two examples. The chapter is summarized in Section 5.3.

5.1 An N-node Convex Polygon Topology

In this section, we consider N-node topologies that are convex polygons. Later

in Section 5.2, we further extend our discussion to a general N-node network. In

extending the optimization from the 2-node to an N-node convex polygon, we use

certain attributes of our 2-node cases because of their favorable cost results when a

high network survival probability constraint is imposed, as illustrated in Fig. 4.15.

5.1.1 Designing a Survivable Network Topology

Beginning with a 3-node network, we assume that there are three cities, namely

City A, B and C, that are located on the corners of a triangle. All other assumptions

remain as described in Section 4.1 except that for simplicity, we consider the special

situation where we assume that there is only one surface, or alternatively cable laying

cost in land and sea are the same. This assumption is made here for simplicity of

presentation as the principles of the solution also apply to the two-surface situations

with some added complexity. In Section 5.2, we will extend the discussion to

consider land and sea surfaces.

For the case of the three cities positioned at the three corners of a triangle, we

consider a hexagon-shaped cable topology (see Fig. 5.1 for an equilateral triangle

example). We retain the assumption of Section 4.1 that the distance between any pair

of cities is significantly longer than the radius of the disaster area. Notice that in our

design of the 2-node rectangular network topology, the main segments of the cables

are laid in parallel to the line that connects the two cities (see Section 4.2). Similarly,

for this 3-node case, the three lines representing the main segment (we adopt here
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5.1 An N-node Convex Polygon Topology

Fig. 5.1 A network topology for a 3-node equilateral triangle.

the term main segment used for the 2-node case in the same context) are laid parallel

to the corresponding edge of the triangle at some distance, say a. Next, we use

three additional city sides (each of which is formed by two city segments) that pass

through each of the cities, to link the cities to the main segments. We again use the

terms city sides and city segment as they were used in the 2-node case. Accordingly,

each cable between a pair of the cities is composed of one main segment and two

city segments.

Our aim is to find the cable topology with the minimum perimeter of the hexagon

in order to achieve the least cable cost subject to meeting the network survival

probability requirement.

To find this optimal cable topology, we first focus on each corner (i.e., city) of

the triangle. For City A, let the angle between the city side of City A and AC be α

as shown in Fig. 5.2. Accordingly, the parameters that need to be optimized are the

α-angle associated with each city and the a distance which we assume to be fixed

for all main segments of the cables. In Fig. 5.2, the angle between the city side of

City A and AC at City A is 180◦−∠BAC−α .
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Fig. 5.2 The angle α for City A.

As the overall cost function is monotonically increasing with a, we can use again

the Bisection Algorithm to obtain the optimal value of a. In the following, we explain

how to optimize the value of α for each city.

In the case of the equilateral triangle topology depicted in Fig. 5.1, the range of

α is from 0◦ to 60◦ because of the symmetry. When α = 60◦, the city side cable is

represented by the horizontal line in Fig. 5.2. Comparing other cases of various α

values to the case α = 60◦, we obtain that the total cable length achieves its minimum

when α = 60◦ (the symmetric case). When this scenario is applied to every corner of

the triangle, the hexagon topology with α = 60◦ at each city (see Fig. 5.1) minimizes

the perimeter, and is therefore the optimal topology.

We also consider the scenarios with general triangles where ∠BAC is different

from 60◦. The range of α becomes

0◦ < α ≤ (180◦−∠BAC)/2.

In such cases, the least cable length is always achieved when

α = (180◦−∠BAC)/2. (5.1)
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Fig. 5.3 Cable length difference versus α for different ∠BAC .

This is illustrated in Fig. 5.3 where we show simulation results represented by five

curves, each corresponding to a different value for ∠BAC. Each curve provides

the difference between the total cable length resulted when using α (given at the

x-axis) and α = (180◦−∠BAC)/2 . As shown in Fig. 5.3, this difference is always

non-negative and the optimal value of α is always achieved when α satisfies (5.1). It

follows that the minimum cable length is achieved when the cable is laid in such a

way that the city side is perpendicular to the interior bisector of ∠BAC. Applying

this principle to every city (i.e., corner of the triangle), we obtain the desired hexagon

topology for an arbitrary triangle. This is illustrated in Fig. 5.4, where cities A, B

and C are at the corners of a general triangle. In this case, the cable segments DE,

FG and HI are laid parallel to their corresponding edge of the triangle at the distance

a, and the cable segments DI, EF and GH are laid to be perpendicular to the interior

bisector of ∠BAC, ∠ABC and ∠ACB, respectively.

105



Survivable Topology Designs of N-Node Networks

Fig. 5.4 The hexagon topology for a general triangle.

For an N-node case (where N > 3), if the N nodes can form a convex polygon,

the same approach can be applied, based on having the main segments laid parallel

to the corresponding edge of the convex polygon at the distance a, and having the

city sides laid perpendicular to the interior bisector of the corresponding angle of

the convex polygon. The optimal value of a subject to meeting the network survival

probability requirement can be obtained by the Bisection Algorithm.

Fig. 5.5 A network topology for a 5-node convex polygon with a = 0.8.
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5.1 An N-node Convex Polygon Topology

To illustrate our approach for an N-node network (where N > 3), we consider a

topology of five nodes (A, B, C, D and E), as shown in Fig. 5.5. A coordinate system

is constructed and its origin (0,0) is at the center of a disk-shaped world. We set

the radius of the world as 10 and the mean disaster radius as 1. The coordinates for

the five nodes are (1,5), (4,3), (2,−3), (−1,−4) and (−4,2). The network survival

probability requirement is set at 0.93. For this requirement, using the Bisection

Algorithm we obtain a = 0.8. The decagon topology of the cables for a = 0.8 is

depicted in Fig. 5.5. Interestingly, the main segment between C and D turns out to

be somewhat short. However, even if the main segment between two nodes that are

close to each other turns out to be of zero length, and the two city segments that

comprise the cable are destroyed by a disaster, the consequence of such event is not

so severe because their break does not cause a disconnection of any node.

We remind the reader that the focus of this work is on a single major disaster, and

does not consider individual link failures or multiple disasters occurring simultane-

ously. In such cases, the network survivability will benefit from adding more cables

as discussed in Section 4.2.3. More cables will also improve the network survival

probability if we assume that some cables may have a probability to survive in the

disaster area as discussed in Section 4.6.1.

Also note that as in the 2-node case, the network topology can be further improved

by considering rounded corners. However, as discussed in Section 4.5, when the

distance between the cities increases, the benefit of rounded corners diminishes.

Therefore, we only consider laying cables in straight lines or sequences of straight

line segments for N-node cases.

5.1.2 Simulation Time

For the 2-node network topologies (such as the rectangular and rhombus topologies),

we have provided both the analytical and the simulation results. However, for the
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cases with more than 2 nodes, we resort to simulations to obtain the network survival

probability and the cost whenever they are achievable within reasonable time. All

the results are obtained using MATLAB software executed on a desktop PC with an

Intelr CoreTM 2 Quad @ 3 GHz CPU, a 4 GHz RAM and a 32-bit operating system.

In the following, we present the simulation time required to compute the network

survival probability for each given value of N and a, for the three network topologies

(2-node, 4-node and 5-node).These three network topologies are illustrated in Fig.

5.6(a), Fig. 5.6(b) and Fig. 5.5, respectively. The radius of the world is set as 10

and the mean disaster radius is set as 1. When we simulate the survival probability

associated with each value of variable a, for each of the three network topologies,

we generate events of disasters based on the disaster probability function. Recall that

in our disaster model, the disaster epicenter is assumed to be uniformly distributed

and the disaster radius to be exponentially distributed. For each event, we compute

the distance from the disaster epicenter to each cable to identify cable break, and

check if the network is disconnected or not. The number of events is sufficiently

large to ensure that the total length of the confidence interval based on the Student’s

t-distribution is below 0.04% of the mean result (the network survival probability in

this case). The simulation time of the three topologies is listed in Table 5.1.

As observed from Table 5.1, the network topologies with more nodes require

more simulation time. This is explained by the fact that, for each event generation,

more individual cable break computations are required to check if the network is

disconnected. We also observe that the number of events required to achieve the

target length of confidence interval increases with N.

We also observe from Table 5.1 that, for a given N-node topology, the running

time of the simulations is not very sensitive to the variable a. This is not surprising

in view of the fact that the same is true of the time for checking individual cable

breaks. We also observe that the number of events required to achieve the target

length of the confidence interval does not significantly vary with a.
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Fig. 5.6 The 2-node and 4-node network topologies.

Table 5.1 Simulation time required to compute the network survival probability for
three network topologies.

N
Simulation Time

a = 0.2 a = 0.5 a = 0.8

2-Node 20−22 mins 21−23 mins 20−23 mins

4-Node 38−44 mins 39−44 mins 39−43 mins

5-Node 59−63 mins 57−62 mins 53−60 mins

As our optimization problem is to minimize the total cost under certain survivabil-

ity constraints, we need to run simulations for different values of a. Therefore, the

total simulation running time for a given network topology depends on the number

of values of a required to solve the optimization with the required accuracy.

5.2 A General N-Node Topology

In this section, we consider a general topology of N nodes. We relax the assumptions

of having a single node for each island and of having the islands disk shaped. We

allow multiple nodes per island, and islands to have arbitrary closed-contour shapes.
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We also distinguish between the two costs of laying inland cables and undersea

cables. However, we still retain the assumptions of single disaster, unlimited cable

capacity and a two-dimensional world. In a general N-node model, even if all

the cables between any pair of two nodes are laid in straight lines, the number of

possible topologies is 2N(N−1)/2. In our case, we allow cables between individual

pairs of nodes not to be straight lines. Furthermore, because it is difficult to obtain

analytical results of the network survival probability for a general network, we rely

on simulations. In Section 5.1.2, we observed that computations by simulations of

individual network survival probabilities require considerable computation time, so

that the optimization problem (i.e., where simulations are used to compute the value

of the objective function) is computationally prohibitive. Instead, we resort to a

heuristic algorithm. Notice that in practice, for the problem of designing submarine

cables, running times of days or weeks are acceptable.

5.2.1 The Heuristic Algorithm

We first divide the N nodes into two sets. The nodes that belong to the first set are

called external nodes. The set of external nodes is defined as the maximal set of

nodes that form a convex polygon such that all the remaining nodes are inside this

polygon. The set of nodes that are excluded from the set of external nodes are called

internal nodes. Let Nout be the number of external nodes and let Nin = N−Nout be

the number of the internal nodes. A link that connects two external nodes is called an

external link, and a link with at least one endpoint being an internal node is called an

internal link. As in the previous section, a key optimization variable is the parameter

a which represents for each pair of adjacent nodes the distance between the main

segment of the cable and the straight line that connects the two adjacent nodes. In

principle, we have the flexibility to optimize the parameter a for each link between

adjacent nodes, allowing them to be all different. However, because of the “curse of
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dimensionality” in our examples we either use a one-size-fits-all approach where all

pairs of adjacent nodes have the same value of a, or we consider this parameter to be

equal to ain for all internal links and a different value aout for all external links. In

certain unique circumstances with short distances between adjacent nodes, we allow

different parameter values for a for different nodes as described below.

The process of designing the cables that connect the N nodes is comprised of

three stages as follows.

Stage 1: Connecting the external nodes

At this initial stage, we ignore the internal nodes and adopt the approach

developed in Section 5.1 to lay cables that connect the Nout external nodes.

Specifically, we lay the main segment of each cable parallel at distance a (or

aout) to the corresponding edge of the convex polygon formed by the Nout

external nodes, and lay the city side perpendicular to the interior bisector of

the corresponding angle of the convex polygon.

Unlike the cases in Section 5.1 where for simplicity we assume that cable

laying costs are the same for the land and the sea, here we distinguish between

the two. We allow arbitrary shaped islands that may contain an arbitrarily

number of nodes. Notice that these generalizations only affect the total cable

cost, but do not affect network survivability. At this stage, we minimize

the cost of connecting the Nout external nodes. Specifically, we find the

smallest value of a (or aout) such that the survival probability of the network

containing all external nodes meets a pre-specified requirement of network

survival probability. Then we proceed to Stage 2.

Stage 2: Connecting the internal nodes by straight lines

To connect the internal nodes to the already connected set of nodes, we

use a greedy algorithm where we successively connect each of the isolated
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nodes using two links to two different nodes that are already connected. At

this stage these connections are based on straight lines where each link is

composed of a single straight line cable. The choice of using two links is made

to maintain consistency with the survivability level achieved in our convex

polygon topology. If the given network survival probability requirement is

high and the computer power is allowed, more links can be used for connecting

each internal node to the network. The explicit number of the links for each

internal node can be adjusted further by human sense.

The successive order of connecting the isolated nodes is based on minimizing

cost while maintaining the required network survival probability. At each step

we choose the isolated node that incurs the minimal cost to connect it to the

already connected nodes.

Then if the network survival probability constraint is not met, we consider the

next least cost option, using either the same isolated internal node, or another

one. Given that the number of options is large (i.e., Nc choose 2, where Nc is

the number of already connected nodes), in each step we limit the number of

attempts to M, where M is based on available computing power.

At each step, for each topology being considered, it is desirable to avoid having

an excessive number of links which result in excessive costs. With this in mind,

for each topology we may consider removing a link whose two end-nodes have

a degree larger than three. In these cases, there is an opportunity to remove

such a link only if removing it reduces the network survival probability by less

than a pre-assigned percentage.

The process continues until the steps of connecting all the nodes are completed.

Then we have a collection of alternatives to connect all the nodes with or

without meeting the survival constraint. Then we proceed to Stage 3.
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Stage 3: Improvement by multiple segments per link

We now have a set of cheap instances based on straight lines generated in Stage

2. At this stage, based on the Stage 2 instances, we consider new instances

associated with multiple segments per link. In particular, for each Stage 2

instance, we consider each link (internal or external) to be comprised of two

city segments and one main segment for various values of the parameter a

(equal for all nodes), or alternatively, when the number of nodes is small we

can allow the flexibility to consider the parameters ain and aout for the internals

and externals links, respectively.

The purpose of Stage 3 is to find cases that meet the survivability constraint

when the search limited to straight-line internal links in Stage 2 has found no

feasible solution, or to improve on feasible solutions found in Stage 2. We be-

gin with the cases of low cost that do not meet the survivability constraints and

test various values of the parameter a (or ain or aout), so that an improvement is

achieved. We use a branch and bound approach. We increase the parameter a

for a Stage 2 instance until we meet the network survival probability constraint.

Then, we repeat the process for other instances until either the network survival

probability constraint is met or the cost exceeds the cost already achieved in

another feasible instance.

It is not likely that for a realistic size problem we will have sufficient computing

resources to optimize the angles between the city segment of a link and the

straight line that connects the two endpoints of the link (i.e., the angle α

discussed in Section 5.1). Recall that the computation of the network survival

probability by simulations consumes significant amount of computing power.

Therefore using the lessons of Section 5.1, for each not-yet-connected internal

node X that we aim to connect to two already connected nodes Y and Z, we

lay the city side at X perpendicular to the interior bisector of ∠YXZ, and lay
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the two main segments parallel to the edge XY and XZ with a distance a (or

ain), as illustrated in Fig. 5.7. The other two city segments at Y and Z are laid

perpendicular to the interior bisector of ∠XYZ and ∠XZY, respectively. The

angle between two city segments of two different links may be small which

implies that they are prone to break simultaneously in a case of a disaster, but

generally this will not lead to disconnection of the entire network. We can

further adjust such angles by human sense.

In certain cases, as we increase the parameter a (ain or aout), we may reach a

point that for some links, the parameter cannot be further increased. Then it is

frozen for that link, but we may continue to increase this parameter for other

links to achieve the required survival probability. In such unique cases, we

may allow various parameter values for a for different links.

a 

Y 

Z 

X 
a 

Fig. 5.7 An illustration of multiple segments per link in Stage 3 of the heuristic
algorithm.

As mentioned before, obtaining the optimal solution for a general N-node net-

work is computationally prohibitive. Our heuristic algorithm can obtain feasible

solutions. If the computing time and power is abundant, we can consider more

instances in each of the stages. In particular, we allow different values for a for

different links, or we optimize the angles between the city segment of a link and the
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straight line that connects the two nodes of the link. These measures will make the

feasible solutions closer to the optimal one.

Recall that we focus on the scenario of a single major disaster. In our heuristic

algorithm, generally we use two links to connect each internal nodes to the network in

each step and limit the degree of each nodes to three. These measures are considered

in order to avoid having an excessive number of links which result in excessive costs.

If two or more disasters occur simultaneously, or a major disaster occurs together

with other individual link failures (caused by, e.g., anchors, fishing trawlers or shark

bites), we may consider more instances where the number of links for each node is

larger than two and the degree of each node is allowed to be unlimited, since more

cables are likely to result in a higher network survival probability. This is consistent

with the discussion in Section 4.2.3.

5.2.2 A 5-Node Example

To illustrate our approach, we start with an example of 5 nodes (four external nodes

and one internal node), namely A, B, C, D and E, as shown in Fig. 5.8. As we

observe in the figure, the geography is of a general nature with realistic sea shore

lines. A coordinate system is constructed with its origin (0,0) at the center of a

disk-shaped world. The parameters of the example are listed in Table 5.2. We set the

radius of the world as 10 and set the mean disaster radius as 1. We further set the

cost per unit length of the undersea cables to be 1.5 and the cost per unit length of

the inland cables to be 1. The coordinates for the five nodes A, B, C, D and E are

(4,3), (2,−3), (−1,−4), (−4,2) and (1,1), respectively. In this scenario, the four

external nodes can form a convex quadrilateral inside which the internal Node E is

located. We aim to minimize the cable cost of the network subject to achieving a

network survival probability of 0.93. We design the cable topology according to the

three stages of the heuristic algorithm as described in Section 5.2.1.
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Fig. 5.8 The map of a 5-node example with one internal nodes and four external
nodes.

Table 5.2 Parameters of an example used for illustrating the heuristic algorithm.

World radius Mean disaster radius
Cable cost per unit

Undersea Inland

10 1 1.5 1

In Stage 1, we connect the four external nodes using the approach of the N-node

convex polygon topology discussed in Section 5.1. In this example, we find aout = 0,

namely having a quadrilateral-shaped topology network that connects the external

nodes A, B, C and D, as illustrated in Fig. 5.9, gives a network survival probability of

0.936 (obtained by simulations) which already meets the required network survival

probability of 0.93.

Moving on to Stage 2, there are six different choices to connect the internal node

E to two of the already connected nodes by straight lines. We start by connecting

E to A and B which incurs the least cost (see Fig. 5.10). In this case, the network

survival probability is 0.9288 (obtained by simulations) which does not meet the

required 0.93 threshold. The computing time budget in this small example allows to
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Fig. 5.9 A cable topology for 4 external nodes (total 5 nodes) in Stage 1 with aout = 0.

compute the network survival probabilities for all six cases in Stage 2 if required.

Then, we obtain a list of six cases in a sequence of cost, as presented in Table 5.3. We

observe that none of them meet the 0.93 network survival probability requirement.

All these six cases are next considered in Stage 3.

Table 5.3 Simulation results for the network survival probability (NSP) and the cost
of the six cases in Stage 2.

AE BE AE DE AE CE BE DE BE CE CE DE

NSP 0.9288 0.9290 0.9291 0.9289 0.9267 0.9283

Cost 43.09 44.31 44.50 44.63 44.82 46.04

While in Stage 2, the node E is connected to two external nodes by two straight

lines, in Stage 3 we replace the two straight lines by two cables, each of which

comprises two city segments and one main segment. We start with the first case

in Table 5.3 (AE and BE). We lay the city side at E perpendicular to the interior

bisector of ∠AEB, and lay the two main segments parallel to the edge AE and BE

with a distance ain. The other two city segments at A and B are laid perpendicular to

the interior bisectors of ∠EAB and ∠EBA, respectively. The entire cable topology
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Fig. 5.10 A cable topology for 5 nodes in Stage 2 where E is connected to A and B
by the straight lines.

is illustrated in Fig. 5.11. Then we compute by simulations the network survival

probability and the cost for increasing values of ain and aout. The results are presented

in Table 5.4. We observe that when ain = 0.1 and aout = 0.1, the network survival

probability meets the 0.93 requirement at the minimal cost achieved, and this cost

is lower than other cases with different values of ain and aout that meet the network

survival probability constraint. Larger values for the ain and aout presented in Table

5.4 will not produce better solutions than the one obtained ain = 0.1 and aout = 0.1,

as larger values always imply higher costs. Therefore, in Table 5.4, we do not need

to consider the other cases involving ain > 0.1 or aout > 0.1.

We also observe that the cost of this case is lower than the costs of the remaining

five cases considered in Stage 2 (see Table 5.3), hence, we do not need to consider

these five cases in Stage 3 as they will only incur higher costs if the parameters ain

and aout increase to meet the network survival probability constraint.

Therefore, the case where we connect E to A and B with ain = 0.1 and aout = 0.1

is considered the solution of the topology design in this 5-node example based on

our heuristic algorithm.
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Fig. 5.11 A cable topology for 5 nodes in Stage 3 where E is connected to A and B
by the segmented cables.

Table 5.4 Simulation results for the network survival probability (NSP) and the cost
of the cable topology (in Fig. 5.11) in Stage 3 with different values of ain and aout.

ain = 0 ain = 0.1 ain = 0.2 ain = 0.3

aout = 0
NSP 0.9288 0.9289 0.929 0.9291

Cost 43.09 43.35 43.61 43.94

aout = 0.1
NSP 0.9297 0.93

Cost 43.67 43.93

aout = 0.2
NSP 0.9303

Cost 44.31

In Fig. 5.11, we see that the angle between the city segments at A is small which

implies that they are prone to break simultaneously in a case of a disaster. This cable

topology can be further adjusted by human sense. Fig. 5.12 is an example of such

adjustments where straight lines are used to replace parts of the segmented cables.
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Fig. 5.12 A cable topology for 5 nodes which is further adjusted by human sense.

5.2.3 A 7-Node Example

Now we consider a 7-node example with four external nodes and three internal nodes.

In this example, we keep the same five nodes A, B, C, D and E of the previous 5-node

case, and further add two internal nodes F and G with the coordinates (0,−2) and

(−1.5,1), as shown in Fig. 5.13. In total, we have four external nodes (A, B, C and

D) and three internal nodes (E, F and G). As shown in the figure, we consider here a

more general geography where two nodes (C and F) are located on the same island.

We aim to minimize cost subject to meeting a network survival probability of 0.92 in

this example. All the other parameters are identical to the previous 5-node example,

as listed in Table 5.2.

Since all the external nodes are unchanged, the result of Stage 1 for this 7-node

example is the same as the one for the 5-node example. When aout = 0, the network

topology containing A, B, C and D gives a network survival probability of 0.936

which already meets the required network survival probability of 0.92, as illustrated

in Fig. 5.14.
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Fig. 5.13 The map of a 7-node example with three internal nodes and four external
nodes.

Fig. 5.14 A cable topology for 4 external nodes (total 7 nodes) in Stage 1 with
aout = 0.

In Stage 2, we connect each of the three internal nodes to two of the already

connected nodes using straight-line cables one by one. Due to the limited computing

power, we can not compute by simulations the network survival probability of all the

possible alternatives. Note that, for the first internal node, there are 6 choices (i.e.,
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4 choose 2), for the second one, there are 10 choices (i.e., 5 choose 2), and for the

third one, there are 15 choices (i.e., 6 choose 2). For simplicity of exposition, we

only consider the following three least cost cases.

Case 1: Node F is connected to B and C. Node G is connected to D and F . Node E

is connected to F and G.

Case 2: Node F is connected to B and C. Node E is connected to A and F . Node G

is connected to D and E.

Case 3: Node F is connected to B and C. Node G is connected to D and F . Node E

is connected to A and G.

Fig. 5.15 illustrates Case 1 which is also the least cost case. The results of the

network survival probability and the cost (obtained by simulations) are presented

in Table 5.5. We find that none of the three cases meet the 0.92 network survival

probability requirement. Then we proceed to stage 3.

Fig. 5.15 A cable topology for 7 nodes in Stage 2 where F is connected to B and C,
G is connected to D and F , E is connected to F and G, by the straight lines.

In Stage 3, we connect each of the three internal nodes to two of the already

connected nodes using segmented cables one by one. Because of limited computing
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Table 5.5 Simulation results for the network survival probability (NSP) and the cost
of the three cases in Stage 2.

Case 1 Case 2 Case 3

NSP 0.9191 0.9197 0.9198

Cost 52.89 53.14 53.43

power, we only consider the three cases in Stage 2. Instead of straight-line cables,

we now use segmented cables each of which has two city segments and one main

segment. Although the angles between the city segments at some nodes may be

small, this will not lead to disconnection of the entire network.

Fig. 5.16 A cable topology for 7 nodes in Stage 3 where F is connected to B and C,
G is connected to D and F , E is connected to F and G, by the segmented cables with
ain = 0 and aout = 0.1.

We compute the network survival probability and the cost for increasing the

values of ain and aout in each of the three cases. The results of Case 1, 2 and 3 are

presented in Table 5.6, 5.7 and 5.8, respectively. We observe in Table 5.6 that when

ain = 0 and aout = 0.1, the network survival probability of Case 1 (0.9202) meets the

0.92 requirement at the minimal cost achieved. This cost is 53.33 and is lower than

all the costs of Cases 2 and 3 involving different values of ain and aout that meet the
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Table 5.6 Simulation results for the network survival probability (NSP) and the cost
of Case 1 in Stage 3 with different values of ain and aout.

ain = 0 ain = 0.1 ain = 0.2

aout = 0
NSP 0.9191 0.9193 0.9195

Cost 52.89 53.73 54.58

aout = 0.1
NSP 0.9202 0.9207 0.9207

Cost 53.33 54.17 55.01

aout = 0.2
NSP 0.9204 0.9209 0.9210

Cost 53.77 54.61 55.45

Table 5.7 Simulation results for the network survival probability (NSP) and the cost
of Case 2 in Stage 3 with different values of ain and aout.

ain = 0 ain = 0.1 ain = 0.2

aout = 0
NSP 0.9197 0.9201 0.9201

Cost 53.14 53.95 54.76

aout = 0.1
NSP 0.9207 0.9209 0.9208

Cost 53.58 54.39 55.20

aout = 0.2
NSP 0.9209 0.9211 0.9212

Cost 54.02 54.83 55.64

Table 5.8 Simulation results for the network survival probability (NSP) and the cost
of Case 3 in Stage 3 with different values of ain and aout.

ain = 0 ain = 0.1 ain = 0.2

aout = 0
NSP 0.9198 0.9197 0.9195

Cost 53.43 54.24 55.06

aout = 0.1
NSP 0.9209 0.9209 0.9208

Cost 53.87 54.68 55.50

aout = 0.2
NSP 0.9211 0.9211 0.9212

Cost 54.31 55.12 55.94
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0.92 constraint (see Table 5.7 and 5.8). Therefore, we consider the case, where F is

connected to B and C, G is connected to D and F , and E is connected to F and G by

the segmented cables with ain = 0 and aout = 0.1, is the best topology design among

all the three cases we investigated in this 7-node example based on our heuristic

algorithm. This case is plotted in Fig. 5.16.

5.3 Summary

In this chapter, we have considered the cable topology design of a network with

multiple nodes. We have proposed an N-node convex polygon topology, where the

N nodes can form a convex polygon, and provided the simulation time required

to compute the network survival probability for the different cases. We also have

considered a general topology of N nodes. Since the optimization problem of

minimizing cost under a certain survivability constraint for a general N-node network

is computationally prohibitive, a heuristic algorithm has been developed. We have

illustrated our approach with a 5-node example and a 7-node example. For each of

the examples, we have provided a feasible solution of cable topology design based

on our heuristic algorithm.
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Chapter 6

Conclusions

In this thesis, we have developed the methodologies for designing cost effective and

survivable cable shapes and topologies under major disasters.

First, we have considered the fundamental problem of how to lay a single cable

between two nodes across an earthquake fault line. We have formulated a multi-

objective optimization problem on the plane, with cost and cable break probability as

its two objectives. We have gained insights from the rotation of a straight-line cable.

We have further studied two important and meaningful sets of cable shape alternatives.

For each set of alternatives, we have identified the key attributes which affect both

the cost and the cable break probability. We have derived explicit expressions that

yield the Pareto fronts for the two objectives under TCS and HRA. This enables us

to solve two single objective optimization problems of minimizing cost subject to a

constraint on the cable break probability, and of minimizing cable break probability

subject to a constraint on the cable cost.

We also have considered the problem of how to lay multiple cables (including

the undersea and the inland parts) between two nodes, under a major disaster where

multiple correlated cable failures occur. We have formulated a multi-objective

optimization problem on the plane considering cost and network survival probability

as the two objectives. We have studied three sets of network topology alternatives.
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For each set of alternatives, we have identified key attributes that affect both the

cost and the network survival probability, and illustrated their effects with a range

of examples. Although it is difficult to obtain the general rules that can describe

these effects, it is important to be aware of them because they can be significant for

certain topologies. We have derived the explicit expressions that yield the Pareto

fronts for the two objectives, and the three sets of alternatives were then discussed

and compared. We also have investigated various generalized scenarios for different

disasters and cable break probability functions.

We have further extended the discussion to a model with multiple nodes. We

have considered the optimization problem of minimizing the total cable cost under

a certain survivability constraint for an N-node network. We have considered an

N-node convex polygon cable topology and provided the simulation time of the

different cases. Since the analytical solution of such an optimization problem is

tractable only for a 2-node case, we have developed a heuristic algorithm for the

general N-node network. We also have illustrated the heuristic algorithm with two

numerical examples.

This thesis has provided certain insights, guidance and methodologies for dis-

cussing and solving the problem of how to lay cables. Even though the approaches in

the thesis rely on a 2D simplification, they have provided a steppingstone for the far

more complex 3D multi-objective optimization problems, where the geography as

well as the real disaster effects is considered and Pareto front solutions are derived.
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