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Abstract—One method for reducing the decoding complexity
of network coding in wireless broadcast systems is to generate
sparse encoding vectors. The problem of finding the minimal
Hamming weight of innovative encoding vectors over large finite
field is formulated. By reducing the problem of hitting set to it,
we show that the problem is NP-hard. However when the number
of users is fixed, the problem can then be solved in polynomial
time. A systematic method for solving the problem is provided.

I. I NTRODUCTION
Linear network coding [1], [2] provides a promising solution to communications over the broadcast packet erasure
channel. Given that a file is divided into N equal-size packets,
with linear network coding, the source node transmits linear
combinations of those N packets, with coefficients drawn
from the finite field GF (q), where q is a power of prime.
We call the vector with the N coefficients as components
the encoding vector. This vector is included in the header
of each packet and is sent to the receiving nodes as well.
A receiver, after receiving N packets whose encoding vectors
are linearly independent over GF (q), can rebuild the original
file by solving a set of linear equations. The benefits of linear
network coding is investigated in a number of papers [3]–[16].
With network coding, an encoded packet is “useful” to a
user if and only if the corresponding encoding vector does
not lie in the linear span of the previously received encoding
vectors of that user. We call such a packet innovative to that
user. A packet is said to be innovative if it is innovative to all
users, and the corresponding encoding vector is also said to be
innovative. In [3], it is shown that if the size of the finite field
is greater than or equal to the number of users, an innovative
packet can always be found. Such a network-coded broadcast
scheme is clearly delay optimal.
In addition to the size of the finite field, the design of
a network coding scheme also depends on whether user
feedback is available. For systems without feedback, random
linear network code and LT code are commonly used. For
systems with feedback, various transmission schemes have
been developed. The authors of [3] suggests the use of JaggiSanders algorithm [17], which is a general network code
generation method and is able to find innovative encoding
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vectors for q ≥ K. However, the encoding and decoding
complexities are relatively high and may not be desirable in
real applications. In [5], [11]–[13], the encoding vector is
chosen such that the resulting packet is instantly decodable for
reducing the decoding complexity. However, as an instantly
decodable packet to all users may not exist, the number
of packet transmissions is in general larger than that in a
system without this extra requirement. Some other heuristics
for systems with feedback are proposed and evaluated in [6],
[7], [10], [15]. Generally, there is a tradeoff between encoding
complexity, decoding delay, and decoding complexity. No
transmission scheme is superior in all aspects.
To reduce decoding complexity, the sparsity of the encoding
vectors plays a significant role as sparser encoding vectors
may facilitate the use of faster decoding algorithms. As an
example, the fast algorithm by Wiedemann for solving a
system of sparse linear equations can be used [18]. If each
encoding vector contains at most w non-zero components, the
complexity for solving an N ×N linear system can be reduced
from O(N 3 ) using Gaussian elimination to O(wN 2 ).
In this paper, we consider the problem of finding a sparsest
innovative encoding vector. The computational approach is
used to tackle it. In Section II, the system model is introduced
and the S PARSITY problem is formulated formally. We prove
in Section III that the S PARSITY problem is NP-complete. In
Section IV, we illustrate a method to solve the optimization
version of S PARSITY in a systematic way using binary integer
programming for q ≥ K. Finally we draw our conclusion in
Section V.
II. S YSTEM M ODEL AND P ROBLEM F ORMULATION
We consider a wireless broadcast system with one base
station and K users. The base station wants to send a file which
is divided into N packets to all users via a wireless channel.
The wireless channel is modeled as a discrete-time broadcast
packet erasure channel. At each time, each packet transmitted
by the base station is obtained by linearly combining the
original N packets, with coefficients drawn from GF (q). An
N -vector whose components are the N coefficients is said to
be the encoding vector of that packet.
Given an N -vector x = (x1 , x2 , . . . , xN ) over GF (q), the
support of x, denoted by supp(x), is the set of indices of the
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non-zero components in x, i.e.,

III. C OMPLEXITY OF THE S PARSITY P ROBLEM

supp(x)  {i : xi = 0}.
The Hamming weight of x is defined as the cardinality of
supp(x). An encoding vector that has Hamming weight less
than or equal to w is said to be w-sparse.
We assume that there is an error-free feedback channel
from each user to the base station. Upon receiving a packet
successfully, a user sends an acknowledgement (ACK) to the
base station without delay or error. The generation of encoded
packets depend on all the previous ACKs from the K users.
To minimize the delay of each user, it is crucial to generate
encoding vectors that are innovative to all users who have not
received enough packets for successful decoding.
Suppose that user k, for k = 1, 2, . . . , K, has already
received rk packets whose encoding vectors are linearly independent. Let C k be the rk × N encoding matrix of user k,
whose rows are the rk encoding vectors. Without loss of
generality, we assume that rk < N , for otherwise user k
can decode the file successfully and can be omitted from our
consideration. A vector x is innovative if it does not belong to
the row space of C k for any k. Given C k , for all k’s, we would
like to characterize the set of all innovative encoding vectors,
I. It is well known that I is non-empty if q ≥ K. Given
that q ≥ K, we would like to find a vector in I that has the
smallest Hamming weight and the smallest Hamming weight
the sparsity number, denoted by ω. We state the decision
version of the problem formally as follows:
Problem: S PARSITY
Instance: K matrices over GF (q), C 1 , C 2 , . . . , C K where
q ≥ K. Each matrix has N columns. n is a positive integer.
Question: Let I be the complement of the the union of the
row spaces,
N

I  GF (q) \

K


row space(C k ).

(1)

k=1

Is there a vector x ∈ I with Hamming weight less than or
equal to n?
Example: Let q = 2, K = 2, N = 4 and n = 2. The two
matrices C 1 and C 2 over GF (2) are given by
⎡
⎤


1 0 0 1
1 1 0 0
C1 =
, C 2 = ⎣0 1 0 1⎦ .
0 0 1 0
0 0 1 1
The row space of C 1 consists of four vectors [0 0 0 0],
[1 1 0 0], [0 0 1 0], and [1 1 1 0]. The row space of C 2
consists of the eight vectors that have even Hamming weight.
There are six innovative encoding vectors, and they form the
set
I = {[1 0 0 0], [0 1 0 0], [0 0 0 1],
[0 1 1 1], [1 0 1 1], [1 1 0 1]}.
There are three vectors in I with Hamming weight less than
or equal to n = 2.

In this section, we first characterize the set I. Then we show
that S PARSITY is NP-complete.
For k = 1, 2, . . . , K, let Vk be the row space of C k . Denote
the orthogonal complement of Vk by Vk⊥ ,
Vk⊥  {v ∈ GF (q)N : x · v = 0 for all x ∈ Vk },
where x · v is the inner product of x and v. We will use the
fact from linear algebra that a vector x is in Vk if and only if
x · v = 0 for all v ∈ Vk⊥ . Let B k be an (N − rk ) × N matrix
whose rows form a basis of Vk⊥ . To see whether a vector x
is in Vk , it amounts to checking the condition B k x = 0; if
B k x = 0, then x ∈ Vk , and vice versa.
The following simple result characterizes the set of innovative encoding vectors, I:
Theorem 1. Given C 1 , C 2 , . . . , C K , an encoding vector x
belongs to I if and only if B k x = 0 for all k’s.
Proof: If B k x = 0, then x is not in Vk and therefore, is
innovative to user k. It is innovative if B k x = 0 for all k’s.
Conversely, if B k x = 0 for some k, then x is in Vk , and
hence is not innovative to user k. Therefore, x ∈ I.
Before we discuss the complexity of S PARSITY, we prove
the following two useful lemmas:
Lemma 2. Consider K linear inequalities of L variables over
GF (q) of the form
fk (x)  αk1 x1 + αk2 x2 + · · · + αkL xL = 0, k = 1, 2, . . . , K,
where the coefficients αkl ’s are elements in GF (q). Suppose
for all k, there exists αkl = 0 for some l. If q ≥ K, we can
always find a vector x = (x1 , x2 , . . . , xL ) ∈ GF (q)L such
that all the K inequalities hold.
Proof: Let Sl , where l = 1, . . . , L, be the index set such
that k ∈ Sl if and only if αkl = 0. If |Sl | = K for some l,
then we can simply let xl = 1 and xn = 0 for n = l, and all
the K inequalities hold.
It remains to consider the case where |Sl | < K for all l. We
present an algorithmic proof. First of all, initialize all variables
xl ’s to zero for all l. Assign an arbitrary non-zero element in
GF (q) to x1 . Clearly, after this assignment, fk (x) = 0 for
k ∈ S1 . Next, consider the assignment of x2 . Changing the
value of x2 would only affect the value of fk for k ∈ S2 .
Since |S2 | < K ≤ q, we can always find an element in GF (q)
such that after assigning this element to x2 , fk (x) = 0 for all
k ∈ S2 . The same process can be applied to the assignment
of all the remaining variables.
For k = 1, 2, . . . , K, let bk,i be the i-th row of B k . Define
−rk
b̃k  ∨N
i=1 bk,i , where ∨ denotes the logical-OR operator
applied component-wise to the N −rk vectors, with each nonzero component being regarded as a “1”. In other words, the
j-th component of b̃k is one if and only if the j-th column of
B k is nonzero. Let B be the K ×N matrix whose k-th row is
b̃k . Note that B is a binary matrix and has no zero rows. For
a matrix A and a subset N of the column indices of A, let

A(N ) be the K ×|N | submatrix of matrix A, whose columns
are chosen according to N .
Lemma 3. Let N ⊆ {1, 2, . . . , N } be an index set and q ≥ K.
There exists an encoding vector x = (x1 , x2 , . . . , xN ) ∈ I
with support inside N (i.e. xn = 0 for n ∈ N ) if and only if
B(N ) has no zero rows.
Proof: If B(N ) has no zero rows, then b̃k (N ) = 0 for
all k’s. Furthermore, for all k’s, there must exist bk,j (N ) = 0
for some j. Let x be an N -vector whose components are in
GF (q). By Lemma 2, we can find x(N ) ∈ GF (q)|N | such
that the inner product of bk,j (N ) and x(N ) is non-zero, for
all k’s. Let the components of x whose indices do not belong
to N be zero. Then by Theorem 1, x ∈ I.
Conversely, if x is an innovative vector with xn = 0 for
n ∈ N , then B(N ) cannot have zero rows, for if row k of
B(N ) is a zero vector, then the k-th inequality in Theorem 1
cannot hold.
Now we are ready to prove the NP-completeness of S PAR SITY . This will be done by means of the hitting set problem,
H ITTING S ET. Recall that a problem instance of H ITTING S ET
consists of a collection C of subsets of a finite set U. A hitting
set for C is a subset of U such that it contains at least one
element from each subset in C . The decision version of this
problem is to determine whether we can find a hitting set with
cardinality less than or equal to a given value.
Problem: H ITTING S ET
Instance: A finite set U, a collection C of subsets of U and
an integer n.
Question: Is there a subset S ⊆ U with cardinality less than
or equal to n such that for each C ∈ C we have C ∩ S = ∅?
It is well known that H ITTING S ET is NP-complete [19].
Example: Let U
=
{1, 2, 3, 4, 5}, C
=
{{1, 2, 3}, {2, 3, 4}, {4, 5}} and n = 2.
The minimum-cardinality hitting sets for C are: {1, 4},
{2, 4}, {2, 5}, {3, 4} and {3, 5}.
Theorem 4. S PARSITY is NP-complete.
Proof: We are going to reduce H ITTING S ET to an instance of S PARSITY. Let the cardinality of U be N . Label the elements of U by 1, 2, . . . , N . We define C 
{C1 , C2 , . . . , CK }, where K is the number of non-empty subsets in C . For k = 1, 2, . . . , K, form an N -vector bk ∈
GF (q)N with its i-th component equal to one if i is in Ck and
zero otherwise, i.e., bk is the characteristic vector of Ck . Note
that bk = 0 and C = {supp(b1 ), supp(b2 ), . . . , supp(bK )}.
These bk ’s correspond to the degenerate form of B k ’s in Theorem 1 with only one row in B k . Let C k be the encoding matrix
of user k, whose row space is the orthogonal complement of
the row space of B k and I be the innovative vector set defined
in (1). In other words, any instance of H ITTING S ET can be
represented as an instance of S PARSITY and the complexity
of this reduction is in O(KN ).
It remains to show that there exists a hitting set H for C with
|H| ≤ n if and only if there exists an x ∈ I with Hamming
weight |supp(x)| ≤ n. Given the bk ’s obtained via the above

reduction, suppose there exists x ∈ I with |supp(x)| ≤ n.
By Theorem 1, we must have bk · x = 0 for all k’s, which
implies supp(bk )∩supp(x) = ∅ for all k’s. The set supp(x) is
therefore a hitting set for the given instance. Conversely, given
a hitting set H for C with |H| ≤ n, by definition supp(bk ) ∩
H = ∅ for all k’s. Therefore, B(H) has no zero rows. By
Lemma 3, there exists an x ∈ GF (q)N such that supp(x) ⊆
H. Hence, |supp(x)| ≤ n.
As S PARSITY is verifiable in polynomial time, S PARSITY
is in NP. Hence it is NP-complete.
Now we define the optimization version of S PARSITY as
follows:
Question: Find a vector x ∈ I with minimum Hamming
weight.
It is easy to see that if a polynomial-time algorithm can be
found for solving the optimization version of S PARSITY, then
that algorithm can be used for solving the decision version of
S PARSITY in polynomial time as well. That means there exists
a Turing reduction from the decision version of S PARSITY to
its optimization version. Therefore, the optimization version
is NP-hard [19, p.114].
With slight abuse of notation, we also use S PARSITY
to denote the optimization version. Which version we are
referring to can be understood from the context.
IV. M INIMIZING THE H AMMING W EIGHT OF I NNOVATIVE
E NCODING V ECTOR
We have proven that the optimization version of S PARSITY
is NP-hard. On the other hand, if K is held fixed, then there
exist polynomial-time algorithms to solve it. It is proven in
[20] the existence of K-sparse vector in I, if q ≥ K. By
listing all vectors in GF (q)N with Hamming weight less than
or equal to K, we can use Theorem 1 to check whether each of
them is in I. For each K-sparse encoding vector, we compute
the matrix product B k x for k = 1, 2, . . . , K. Each matrix
product takes O(N K) finite field operations. The total number
of finite field operations for each candidate x is O(N K 2 ).
After checking all K-sparse encoding vectors, we can then find
one with minimum Hamming weight. The number of non-zero
vectors in GF (q)N with Hamming weight no more than K is
K
k
equal to k=1 N
k (q−1) . For fixed K and q, the summation
N
is dominated by the largest term K
(q−1)K when N is large,
K
and has order O(N ). The brute-force method can solve the
problem with time complexity of O(N K (N K 2 )). As K is
held fixed, S PARSITY can be solved in polynomial time in N .
Next we present a systematic method to solve the problem
for general K and N . We have to find an index set N with
minimum cardinality, which indicates the non-zero components of an innovative vector. Once N is found, an innovative
vector can be obtained by the method presented in Lemma 2.
Theorem 5. Given q ≥ K, the sparsity number, ω, can
be obtained by solving the following binary integer program
(BIP):
ω = min y1 + y2 + . . . + yN ,
y

subject to
By ≥ 1, and yi ∈ {0, 1} for all i,
where y = (y1 , y2 , . . . , yN ) is an N -dimensional column
vector, 1 is the K-dimensional all-one column vector, and the
inequality sign is applied component-wise.
Proof: supp(y) is the required index set N . The cardinality of N is equal to ω.
Once the problem is formulated in the form of BIP, we
can apply general algorithms for solving BIP, for example the
cutting plane method, to solve the S PARSITY problem. We
refer the readers to [21] for more details on BIP.
The above BIP is in fact equivalent to the minimization
version of H ITTING S ET. The K rows of B specifies the K
subsets of C in the minimization version of H ITTING S ET.
Minimizing the sum of yn ’s is the same as minimizing the
cardinality of a hitting set. In other words, we can also use
algorithms designed for solving the minimization version of
H ITTING S ET to find N .
Example: Let q = 3, K = 3 and N = 4, and the orthogonal
complements of V1 , V2 and V3 be given by the row spaces of




1 2 0 1
0 0 1 1
, B3 =
,
B1 =
1 1 0 0
1 0 0 2
B2 = 0 2 1 0 .
The vectors b̃k , for k = 1, 2, 3, are
b̃1 = [1 1 0 1], b̃2 = [0 1 1 0], b̃3 = [1 0 1 1].
The corresponding instance of the minimization version of
H ITTING S ET is:
U = {1, 2, 3, 4}, C = {{1, 2, 4}, {2, 3}, {1, 3, 4}}.
The solution to both S PARSITY and the minimization version
of H ITTING S ET can be obtained by solving the following BIP:
min y1 + y2 + y3 + y4 ,
subject to
y1 + y2 + y4 ≥ 1, y2 + y3 ≥ 1, y1 + y3 + y4 ≥ 1,
y1 , y2 , y3 , y4 ∈ {0, 1}.
One optimal solution is y1 = y2 = 1 and y3 = y4 = 0. That
means, the sparsity number, ω, is equal to two. Furthermore,
according to Lemma 3, a 2-sparse innovative encoding vector
can be found, for example, by the method in the proof of
Lemma 2.
V. C ONCLUSIONS
We investigate the issue of the generation of sparsest innovative encoding vectors. We formulate the problem S PARSITY
and show that its decision version is NP-complete while its optimization version is NP-hard. When the number of users K is
fixed, we show that S PARSITY can be solved with polynomial
time in N . A method based on binary integer programming
is proposed, and the connection with the hitting set problem

is revealed. In practice, it may not be necessary to find the
sparest innovative encoding vector. An encoding vector that is
sufficiently sparse is already good enough. Therefore, we may
use heuristic algorithms to approximately solve the hitting set
problem, and find a sparse encoding vector, though it may not
be the sparsest one. The time complexity of the encoding can
then be significantly reduced.
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