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Abstract—We consider a two-way relay channel (TWRC) in
which two terminals exchange messages with the help of a
relay between them. The two terminals transmit messages to the
relay through the Multiple Access Channel (MAC) and the relay
transmits messages to the two terminals through the Broadcast
Channel (BC). We assume that the MAC and the BC do not
interfere with each other, and each terminal receives signals only
from the relay but not the other terminal. All the nodes are
assumed to be full-duplex, which means that they can transmit
and receive information at the same time. A transmission scheme
for the Gaussian TWRC is said to be analog-relaying if the relay
does not need any codebook for encoding. The simplest analog-
relaying scheme is amplify-and-forward (AF), under which the
relay amplifies the received codeword and forwards the resultant
codeword to the two terminals. In this paper, we propose a new
analog-relaying scheme called amplify-and-modulo (AM) based
on lattice operations. AM is a slight modification of AF. Under
AM, the relay first amplifies the received codeword followed by
reducing the power of the amplified codeword using the modulo-
lattice operation, and then forwards the resultant codeword to
the two terminals. After receiving the codeword transmitted by
the relay, each terminal subtracts its own information before
decoding. We prove an achievable rate region for AM, and
obtain a necessary and sufficient condition under which AM
outperforms AF. In addition, we show by graph that AM can
achieve a strictly higher equal-rate than AF and another existing
analog-relaying scheme together under some scenario.

I. INTRODUCTION

We consider a two-way relay channel (TWRC) [1], in which
two terminals exchange messages with the help of a relay
between them. The two terminals transmit messages to the
relay through the Multiple Access Channel (MAC) and the
relay transmits messages to the two terminals through the
Broadcast Channel (BC). We assume that the MAC and the
BC do not interfere with each other, and each terminal receives
signals only from the relay but not the other terminal. All the
nodes are assumed to be full-duplex, which means that they
can transmit and receive information at the same time.

For the TWRC described above, although several outer
bounds on the capacity region have been proved in [2]–[4] and
several achievable rate regions have been obtained in [5]–[11],
the capacity region of the TWRC is unknown. Amplify-and-
forward (AF) for the Gaussian TWRC has been studied in [5].
Under AF, the relay first amplifies the received codeword and
then forwards the amplified codeword to the two terminals.

One drawback of AF is that the noise received at the relay
is also amplified. Decode-and-forward-by-binning (DFB) for
a general TWRC was first proposed in [6]. Under DFB, the
relay decodes the messages transmitted by the terminals before
encoding the messages by random binning. It is shown in
[6] that DFB is optimal among the transmission schemes
under which the relay decodes the messages transmitted by
the terminals. Noisy network coding (NNC) has been proposed
for a general multi-terminal network in [11], which shows that
NNC can achieve the capacity region of the Gaussian TWRC
within 1 bit. Nested lattice code (NLC) was proposed for the
Gaussian TWRC in [8] to achieve the capacity region within
1/2 bit. Although NLC is almost optimal when the signal-to-
noise ratio (SNR) of the MAC is high, it is outperformed by
DFB when the SNR of the MAC is low. Modulo-and-forward
(MF), which performs better than AF and DFB under some
scenario, has been proposed for the Gaussian TWRC in [10].

A transmission scheme for the Gaussian TWRC is said to
be analog-relaying if the relay does not need any codebook for
encoding. Note that MF is not analog-relaying unless the two
terminals use the same power to transmit [10]. To facilitate un-
derstanding, MF is also called analog-MF if the two terminals
use the same power to transmit. Among AF, DFB, NNC and
NLC, only AF is analog-relaying, which means the encoding
complexity at the relay for AF is lower than that for the other
schemes. In this paper, we propose a new analog-relaying
scheme called amplify-and-modulo (AM), which is based on
the modulo-lattice operation for analog signals [12,13]. AM is
a slight modification of AF. Under AM, the relay first amplifies
the received codeword followed by reducing the power of the
amplified codeword using the modulo-lattice operation, and
then forwards the resultant codeword to the two terminals.
After receiving the codeword transmitted by the relay, each
terminal subtracts its own information before decoding.

This paper is organized as follows. Section II presents the
notation of this paper. Sections III and IV review some well-
known results on weak typicality and lattice properties respec-
tively. Section V proposes AM, which is based on the modulo-
lattice operation, for the Gaussian TWRC. An achievable rate
region for AM is evaluated using weak typicality and some
lattice properties. In Section VI, we compare AM with AF and
obtain a necessary and sufficient condition under which AM
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outperforms AF. In addition, we show by graph that AM can
achieve a strictly higher equal-rate than AF and analog-MF, the
other two analog-relaying schemes, as well as DFB together
under some scenario. Section VII concludes this paper.

II. NOTATION

We use Pr{E} to represent the probability of an event E.
We use a capital letter X to denote a random variable with
alphabet X , and use the small letter x to denote the realization
of X . We use E[X ] to represent the expectation of a random
variable X . We use Xn to denote a random column vector
[X1 X2 . . . Xn]

T , where the components Xk have the
same alphabet X . We let pX(x) and pXn(xn) denote the
probability mass functions of the discrete random variables X
and Xn respectively. We let fX(x) and fXn(xn) denote the
probability density functions of the random variables X and
Xn respectively. We let fY |X(y|x) denote the probability
density function of Y conditioned on the event {X = x} for
any continuous random variable Y and any general random
variable X . For simplicity, we drop the subscript of a notation
if there is no ambiguity. We let N (0, N) denote a Gaussian
random variable whose mean and variance are 0 and N
respectively. We let N (0, N)n denote n independent copies of
N (0, N). To facilitate discussion, we let (a)+ and R2

+ denote
max{0, a} and the set of all pairs of non-negative real numbers
respectively.

III. WEAK TYPICALITY

Let (X1, X2, . . . , Xk) denote a finite collection of con-
tinuous random variables with some fixed joint distribution
f(x1, x2, . . . , xk). Let S denote an ordered subset of these
random variables and consider n independent copies of S.
Then, fSn(sn) =

∏n

i=1 fSi
(si) for all sn ∈ Sn. We use weak

typicality [2,14] to prove our results in this paper, and the
results of weak typicality are summarized in the following
definition and lemma.

Definition 1 (Typical sequence [2,14]):
The set A

(n)
ε (X1, X2, . . . , Xk) of ε-typical n-sequence

(xn
1 , x

n
2 , . . . , x

n
k ) is{

(xn
1 , x

n
2 , . . . , x

n
k ) ∈

Xn
1 ×Xn

2 × . . .×Xn
k

∣∣− 1
n
log2 f(s

n)− h(S)
∣∣ ≤ ε

for all S ⊆ {X1, X2, . . . , Xk}

}
.

Lemma 1 (Typical set [2,14]): Fix ε > 0.

(i) For all S ⊆ {X1, X2, . . . , Xk},
∫
sn∈A

(n)
ε (S)

fSn(sn) >

1− ε for sufficiently large n.
(ii) For any S1, S2 ⊆ {X1, X2, . . . , Xk} with

the probability density function fS1,S2(s1, s2),
let S̃1, S̃2 ⊆ {X1, X2, . . . , Xk} such that
fS̃n

1 ,S̃n

2
(sn1 , s

n
2 ) =

∏n

i=1 fS1(s1,i)fS2(s2,i). Then,∫
(sn1 ,s

n

2 )∈A
(n)
ε (S1,S2)

fS̃n

1 ,S̃n

2
(sn1 , s

n
2 ) ≤ 2−n(I(S1;S2)−3ε)

for sufficiently large n.

IV. LATTICE PROPERTIES

An n-dimensional lattice Λ is a set which can be written
as Λ = {λ ∈ Rn : λ = Gx for some x ∈ Zn} for some
n × n real-valued non-singular matrix G. In other words, an
n-dimensional lattice Λ is an n-dimensional discrete subgroup
of the Euclidean space Rn with the ordinary vector addition
operation. For each x ∈ Rn, let x + Λ denote the coset of
Λ in Rn that contains x. For every x = (x1, x2, . . . , xn) in
Rn, let ||x|| = √

(
∑n

i=1 x
2
i ) be the Euclidean norm of x. A

fundamental Voronoi region of Λ ⊂ Rn, denoted by V(Λ), is
a set of coset representatives of the cosets of Λ such that each
coset representative x ∈ V(Λ) is an element with minimum
Euclidean norm in the coset x+ Λ. Note that there are more
than one fundamental Voronoi regions because there always
exists some coset of Λ in Rn which has two elements with
minimum Euclidean norm. In this paper, we let V(Λ) denote
an arbitrary fundamental Voronoi region of Λ and let Vol(Λ)
denote the volume of V(Λ). Every x ∈ Rn can be uniquely
written as x = λ+r for some λ ∈ Λ and some r ∈ V(Λ). We
let x (mod Λ) denote r. For a comprehensive introduction to
lattices, we refer the reader to [15].

We let B(r) = {x ∈ Rn : ||x|| ≤ r} be the closed ball
centered at the origin in Rn with radius r, and let VB(r) denote
the volume of B(r). Let reffec

Λ denote the “effective radius” of
V(Λ) that satisfies VB(r

effec
Λ ) = Vol(Λ). For any sets A and B

in Rn, let A+B denote {x+y : x ∈ A, y ∈ B}. Given a lattice
Λ, the set Λ+B(r) is a covering of Rn if Rn ⊆ Λ+B(r), i.e.,
each point in Rn is covered by at least one sphere centered
at a lattice point with radius r. Define the covering radius of
the lattice rcov

Λ by rcov
Λ = min{r : Λ + B(r) is a covering}.

For any lattice Λ, V(Λ) � B(rcov
Λ ) and reffec

Λ < rcov
Λ by the

definitions of V(Λ), rcov
Λ and reffec

Λ .

Definition 2: A sequence of lattices {Λn}n=1,2,..., where
each Λn is an n-dimensional lattice, is said to be good for
covering if limn→∞

rcov
Λn

reffec
Λn

= 1.

Definition 3: Let Zn = N (0, N)n. A sequence of lattices
{Λn}n=1,2,..., where each Λn is an n-dimensional lattice,
is said to be good for AWGN channel coding with noise
variance N if for any ε > 0, reffec

Λn
<

√
n(N + ε) and

Pr{Zn /∈ V(Λn)} < ε for sufficiently large n.

V. GAUSSIAN TWO-WAY RELAY CHANNEL

The TWRC consists of three nodes – two terminals indexed
by 1 and 2, and a relay r between them. Node 1 and
node 2 do not communicate directly, but communicate through
node r using two different channels. Node 1 and node 2
choose messages W1 and W2 independently and exchange the
messages through node r in n time slots as follows. For each
i ∈ {1, 2}, node i transmits Xi,k through the multiple access
channel (MAC) in the kth time slot. The received symbol in
the same time slot at r is Yr,k = X1,k+X2,k+Zr,k where Zr,k

is a Gaussian random variable independent of (X1,k, X2,k). In
addition, r transmits Xr,k through the broadcast channel (BC)
in the kth time slot. The received symbol in the same time slot
at node i is Yi,k = Xr,k + Zi,k for i = 1, 2, where Zi,k is a
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Gaussian random variable independent of Xr,k. After n time
slots, node 1 declares Ŵ2 to be the transmitted W2 based on
Y n
1 and W1, and node 2 declares Ŵ1 to be the transmitted W1

based on Y n
2 and W2. For each i ∈ {1, 2, r}, any codeword

[xi,1 xi,2 . . . xi,n]
T that is transmitted over the channel should

satisfy 1
n

∑n
k=1 x

2
i,k ≤ Pi, where Pi represents the maximum

power constraint for node i.

Definition 4: The Gaussian TWRC consists of Zi =
N (0, Ni) for each i ∈ {1, 2, r}, a probability density function
f1(yr|x1, x2) representing the MAC and a probability density
function f2(y1, y2|xr) representing the BC such that for all
real numbers x1, x2, xr, y1, y2 and yr,

f1(yr|x1, x2) = fZr|X1,X2
(yr − x1 − x2|x1, x2)

= fZr
(yr − x1 − x2)

and

f2(y1, y2|xr) = fZ1,Z2|Xr
(y1 − xr, y2 − xr|xr)

= fZ1,Z2(y1 − xr , y2 − xr).

In addition, we require that for any two finite discrete random
variables X1 and X2 with an input distribution p(x1, x2)
for the MAC and any finite discrete random variable Xr

with an input distribution p(xr) for the BC, the relationship
among X1, X2, Xr, the output Yr of the MAC and the
outputs Y1 and Y2 of the BC satisfy

Pr{X1=x1, X2=x2, Xr=xr, Y1≤y1, Y2≤y2, Yr≤yr} =∫ yr

−∞

f1(vr|x1, x2)p(x1, x2)dvr

∫ y1

−∞

∫ y2

−∞

f2(v1, v2|xr)p(xr)dv2dv1

for all real numbers x1, x2, xr, y1, y2 and yr. The Gaussian
TWRC is denoted by (N1, N2, Nr).

Definition 5: An (n,M1,M2)-code on the channel
(N1, N2, Nr) subject to maximum power constraints P1, P2

and Pr consists of the following:

1) A message set Wi = {1, 2, . . . ,Mi} at node i for each
i ∈ {1, 2, r}, where Wr = ∅.

2) An encoding function αi,k :Wi×Yk−1
i → Xi at node i

for each i ∈ {1, 2, r} and each k ∈ {1, 2, . . . , n},
where αi,k is the encoding function in the kth time
slot such that Xi,k = αi,k(Wi, Y

k−1
i ). In addition,

every codeword xn
i must satisfy the power constraint∑n

k=1 x
2
i,k ≤ nPi.

3) A decoding function gi :Wi × Yn
i →Wj at node i for

each (i, j)∈{(1, 2), (2, 1)} such that gi(Wi, Y
n
i )=Ŵj .

Definition 6: For an (n,M1,M2)-code on the Gaussian
TWRC (N1, N2, Nr) subject to maximum power con-
straints P1, P2 and Pr, the average probabilities of decoding
error of W1 and W2 are defined as Pn

e,1 = Pr{g2(W2, Y
n
2 ) �=

W1} and Pn
e,2 = Pr{g1(W1, Y

n
1 ) �= W2} respectively.

Definition 7: A rate pair (R1, R2) is achievable if there ex-
ists a sequence of (n,M1,M2)-codes for the Gaussian TWRC
(N1, N2, Nr) subject to maximum power constraints P1, P2

and Pr such that lim
n→∞

log2 M1

n
≥ R1, lim

n→∞

log2 M2

n
≥ R2,

lim
n→∞

Pn
e,1 = 0 and lim

n→∞
Pn
e,2 = 0.

The following lemma is due to [16].

Lemma 2: For each N > 0, there exists a sequence of
lattices {Λn}n=1,2,... which is good for both covering and
AWGN channel coding with noise variance N .

Lemma 3: Let Z = N (0, N). Let Zn denote n independent
copies of Z . For any ε > 0, there exists for sufficiently large n
an n-dimensional lattice Λ with V(Λ) � B(√n(N + 2ε))
such that Pr{Zn /∈ V(Λ)} < ε.

Proof: For each N > 0, there exists by Lemma 2 a
sequence of lattices {Λn}n=1,2,... which is good for both
covering and AWGN channel coding with noise variance N .
Fix an ε > 0. Then, it follows from Definitions 2 and 3 that
for sufficiently large n, rcov

Λn
< (

√
1 + ε/(N + ε))reffec

Λn
and

reffec
Λn

<
√
n(N + ε), which imply that rcov

Λn
<

√
n(N + 2ε).

In addition, it follows from Definition 3 that
Pr{Zn /∈ V(Λn)} < ε for sufficiently large n.

Let RAM denote the set⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
(R1, R2)
∈ R2

+

∣∣∣∣∣∣∣∣∣∣∣∣

R1 ≤ 1
2 log2

(
1+

P1(Pr−max{N1,N2})
+

Nr(Pr−max{N1,N2})++N2(max{P1,P2}+Nr)

)
,

R2 ≤ 1
2 log2

(
1+

P2(Pr−max{N1,N2})
+

Nr(Pr−max{N1,N2})++N1(max{P1,P2}+Nr)

)

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
.

(1)
Lemma 4: Let (R1, R2) be a point in the interior of RAM.

For sufficiently small δ > 0, there exists for sufficiently
large n a (2n, 
2nR1�, 
2nR2�)-code for the Gaussian TWRC
(N1, N2, Nr) subject to maximum power constraints P1, P2

and Pr such that P 2n
e,1 < 2(β2 + 2)δ and P 2n

e,2 < 2(β2 + 2)δ,
where

β =

√
(Pr −max{N1, N2})+
max{P1, P2}+Nr

. (2)

Proof: Since the theorem is trivial when Pr −
max{N1, N2} ≤ 0 (cf. (1)), we assume that Pr −
max{N1, N2} > 0. Then, β in (2) is a positive real number.
Since (R1, R2) is in the interior of RAM, it follows that for
sufficiently small δ > 0,

R1<
1

2
log2(1+(P1 − δ)(Pr −max{N1, N2})/(Nr(Pr−

max{N1, N2}) +N2(max{P1, P2}+Nr)) − 3δ. (3)

By Lemma 3, there exists for sufficiently large n an n-
dimensional lattice Λ with

V(Λ) � B(
√
nPr) (4)

such that

Pr{N (0, Pr − β2δ)n /∈ V(Λ)} < β2δ/2. (5)

Consider the following (2n, 
2nR1�, 
2nR2�)-code. The first n
time slots are allocated to the MAC and the last n time slots
are allocated to the BC. Therefore, only node 1 and node 2
transmit during the first n time slots and only r transmits
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during the last n time slots. To facilitate discussion, let Y n
i

denote the output at node i for each i ∈ {1, 2, r}.
Codebook generation for W1 and W2: Let

Xi = N (0, Pi − δ) (6)

for each i ∈ {1, 2}. For each i ∈ {1, 2}, generate 
2nRi� inde-
pendent codewords xn

i (j), j = 1, 2, . . . , 
2nRi�, of length n,
generating each codeword i.i.d.∼ Xn

i . The codebooks are re-
vealed to both node 1 and node 2. If node 1 and node 2 choose
W1 and W2 respectively, they transmit xn

1 (W1) and xn
2 (W2)

respectively. An encoding error is declared if ||xn
1 (W1)||2 >

nP1 or ||xn
2 (W2)||2 > nP2.

Amplify-and-modulo for Y
n

r
: After receiving Y n

r during the
first n time slots, r transmits

Xn
r = (βY n

r ) (mod Λ) (7)

during the last n time slots. An encoding error is declared if
||Xn

r ||2 > nPr.
Decoding of W1: Fix the codebooks for W1 and W2. Suppose
node 2 transmits xn

2 (j). After receiving Y n
2 during the last n

time slots, node 2 constructs

Ŷ n
2 = (Y n

2 − βxn
2 (j)) (mod Λ). (8)

Then, node 2 computes the set{
xn
1 (e)∈Xn

1

∣∣∣(xn
1 (e), Ŷ

n
2 )∈A(n)

δ (X1, βX1+ βZr + Z2)
}
,

denoted by V2(j). If V2(j) contains exactly one element xn
1 (e),

node 2 declares that Ŵ1 = e. Otherwise, node 2 declares a
decoding error.
Decoding of W2: It is symmetric to the decoding of W1.
Average values of P

2n

e,1
and P

2n

e,2
over the random code-

books ignoring any encoding error: We first calculate
E[P 2n

e,1] = Pr{Ŵ1 �= W1} and E[P 2n
e,2] = Pr{Ŵ2 �=

W2} ignoring any encoding error, where each expectation
is taken with respect to the random codebooks for W1 and
W2. The calculation of E[P 2n

e,1] is as follows. Since E[P 2n
e,1]

does not depend on a particular choice of (W1,W2) due to
the symmetry of random codebooks for W1 and W2, we
assume (W1,W2) = (1, 1) has been sent without loss of
generality. Let E1 = {V2(1) does not contain Xn

1 (1)} and
E2 = {V2(1) contains an element other than Xn

1 (1)} be two
events such that {Ŵ1 �= W1} = E1 ∪ E2 and

E[P 2n
e,1] = Pr{Ŵ1 �= W1} ≤ Pr{E1}+ Pr{E2}. (9)

Consider the following chain of equalities:

Ŷ n
2

(a)
= (Y n

2 − βXn
2 (1)) (mod Λ)

(b)
= (Xn

r + Zn
2 − βXn

2 (1)) (mod Λ)
(c)
= (βY n

r (mod Λ) + Zn
2 − βXn

2 (1)) (mod Λ)
(d)
= (βXn

1 (1) + βZn
r + Zn

2 ) (mod Λ) (10)

where

(a) follows from (8).
(b) follows from Definition 4 that Y n

2 = Xn
r + Zn

2 .

(c) follows from (7).
(d) follows from Definition 4 that Y n

r = Xn
1 (1)+Xn

2 (1)+
Zn
r .

Since

βXn
1 (1) + βZn

r + Zn
2 = N (0, β2P1 + β2Nr +N2 − β2δ)n

by construction and

β2P1 + β2Nr +N2 − β2δ ≤ Pr − β2δ

by (2), it then follows from (5) that

Pr

{
βXn

1 (1) + βZn
r + Zn

2

= (βXn
1 (1)+ βZn

r +Zn
2 ) (mod Λ)

}
> 1− β2δ/2,

which implies from (10) that

Pr{Ŷ n
2 = βXn

1 (1) + βZn
r + Zn

2 } > 1− β2δ. (11)

By Lemma 1(i), for sufficiently large n,

Pr

{
(Xn

1 (1), βX
n
1 (1) + βZn

r + Zn
2 )

∈ A
(n)
δ (X1, βX1 + βZr + Z2)

}
> 1− δ. (12)

Let Ê denote the event {Ŷ n
2 = βXn

1 (1) + βZn
r + Zn

2 }. Then,

Pr{E1}
=Pr{E1 ∩ Ê}+ Pr{E1 ∩ Êc}
(a)
<Pr{{Xn

1 (1) /∈ V2(1)} ∩ Ê}+ β2δ

=Pr{{(Xn
1 (1),Ŷ

n
2 )/∈A(n)

δ (X1, βX1+βZr+Z2)}∩Ê}+ β2δ

≤Pr

{
(Xn

1 (1), βX
n
1 (1) + βZn

r + Zn
2 )

/∈ A
(n)
δ (X1, βX1 + βZr + Z2/β)

}
+ β2δ

(b)
< (β2 + 1)δ, (13)

where (a) follows from (11) and (b) follows from (12).
For each k ∈ {2, 3, . . . , 
2nR1�}, let E2,k denote the event
{Xn

1 (k) ∈ V2(1)} ∩ Ê . Then,

Pr{E2} = Pr{E2 ∩ Ê}+ Pr{E2 ∩ Êc}
(a)
< Pr{E2 ∩ Ê}+ β2δ

= Pr

⎧⎨
⎩
�2nR1�⋃
k=2

E2,k

⎫⎬
⎭+ β2δ

≤
�2nR1�∑
k=2

Pr{E2,k}+ β2δ, (14)

where (a) follows from (11). Since

E2,k = {{(Xn
1 (k), Ŷ

n
2 )∈A(n)

δ (X1, βX1+βZr+Z2)} ∩ Ê}
⊆

{
(Xn

1 (k), βX
n
1 (1) + βZn

r + Zn
2 )

∈ A
(n)
δ (X1, βX1 + βZr + Z2)

}
and

fXn

1 (k),βXn

1 (1)+βZn
r
+Zn

2
(xn, yn)

=

n∏
i=1

fX1(xi)fβX1+βZr+Z2(yi),
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it follows from Lemma 1(ii) that

Pr{E2,k} ≤ 2−n(I(X1;βX1+βZr+Z2)−3δ). (15)

Following from (14), we obtain

Pr{E2} ≤
�2nR1�∑
k=2

Pr{E2,k}+ β2δ

(a)≤
�2nR1�∑
k=2

(2−n(I(X1;βX1+βZr+Z2)−3δ) + β2δ

< 2nR12−n(I(X1;βX1+βZr+Z2)−3δ) + β2δ (16)

where (a) follows from (15). In addition,

I(X1;βX1 + βZr + Z2)

≥ h(βX1 + βZr + Z2)− h(βZr + Z2)

(a)
=

1

2
log2

(
1 +

β2(P1 − δ)

β2Nr +N2

)
(b)
=

1

2
log2(1 + (P1 − δ)(Pr −max{N1, N2})/((Pr−
max{N1, N2})Nr + (max{P1, P2}+Nr)N2), (17)

where

(a) follows from (6) and the fact that the differential entropy
of N (0, N) is log2(

√
2πeN).

(b) follows from (2).

It then follows from (3) and (17) that

R1 < I(X1;βX1 + βZr + Z2)− 3δ,

which implies from (16) that Pr{E2} < (β2 + 1)δ for
sufficiently large n, which then implies from (9) and (13) that

E[P 2n
e,1] = Pr{Ŵ1 �= W1} < 2(β2 + 1)δ (18)

for sufficiently large n. By symmetry,

E[P 2n
e,2] = Pr{Ŵ2 �= W2} < 2(β2 + 1)δ.

Bounding encoding errors: An encoding error occurs if any
one of the following events occurs: {||Xn

1 (W1)||2 > nP1},
{||Xn

2 (W2)||2 > nP2} and {||Xn
r ||2 > nPr}, denoted by EP1 ,

EP2 and EPr
respectively. By the weak law of large numbers,

it follows from (6) that for each i ∈ {1, 2},
Pr{||Xn

i ||2 ≤ nPi} ≥ 1− δ (19)

for sufficiently large n. In addition,

Pr{||Xn
r ||2 ≤ nPr} (a)

= Pr{||βY n
r (mod Λ)||2 ≤ nPr}

(b)
= 1, (20)

where (a) follows from (7) and (b) follows from (4).
Existence of a deterministic code without encoding error
and with arbitrarily small probabilities of decoding error
of W1 and W2: By the union bound, it follows from (18),
(19) and (20) that

Pr{{Ŵ1 �= W1} ∪ EP1 ∪ EP2 ∪ EPr
} < 2(β2 + 2)δ

for sufficiently large n. By symmetry,

Pr{{Ŵ2 �= W2} ∪ EP1 ∪ EP2 ∪ EPr
} < 2(β2 + 2)δ

for sufficiently large n. Consequently, there exists for suffi-
ciently large n some deterministic codebooks for W1 and W2,
denoted by C1 and C2 respectively, such that the probabilities
of the events

{Ŵ1 �= W1} ∪ EP1 ∪ EP2 ∪ EPr

and
{Ŵ2 �= W2} ∪ EP1 ∪ EP2 ∪ EPr

are less than 2(β2+2)δ. Then, we transform the deterministic
codebooks C1 and C2 into some codebooks C′1 and C′2 without
encoding error by altering only the codewords which cause
encoding errors. The codebooks C′1 and C′2 are the desired
codebooks without encoding error where P 2n

e,1 < 2(β2 + 2)δ
and P 2n

e,2 < 2(β2 + 2)δ.

Theorem 1: Any rate pair in RAM is achievable.
Proof: For any rate pair (R1, R2) in the interior of RAM,

the (2n, 
2nR1�, 
2nR2�)-code constructed in Lemma 4 can
be interleaved in such a way as performed in [17] that for the
resultant code, the rate is larger than (R1 − 1/n,R2 − 1/n)
and the probabilities of decoding error of the messages are
less than 1/n. Consequently, it follows from Definition 7 that
any rate pair in the interior ofRAM is achievable. The theorem
then follows from Definition 7 that the limit of any convergent
sequence of achievable rate pairs is also achievable.

VI. COMPARISON OF AF, AM AND ANALOG-MF

We compare various analog-relaying schemes in this sec-
tion. In addition to AF, AM and analog-MF, the recently
proposed noisy analog network coding (NANC) [18] is analog-
relaying. However, no analytical achievable rate region for
NANC is provided in [18]. Therefore, we only compare AF,
AM and analog-MF.

The rate region achievable by AF [5,10], denoted by RAF,
is⎧⎨
⎩(R1, R2)
∈ R2

+

∣∣∣∣∣∣
R1≤ 1

2 log2

(
1 + P1Pr

PrNr+P1N2+P2N2+NrN2

)
,

R2≤ 1
2 log2

(
1 + P2Pr

PrNr+P1N1+P2N1+NrN1

)
⎫⎬
⎭ .

(21)
The following theorem obtains a necessary and sufficient
condition under which AM outperforms AF.

Theorem 2: RAM � RAF if and only if

Pr >
max{N1, N2}(P1 + P2 +Nr)

min{P1, P2} . (22)

Proof: The theorem follows from the fact that for Pr −
max{N1, N2} ≥ 0,

P1(Pr −max{N1, N2})
Nr(Pr −max{N1, N2}) +N2(max{P1, P2}+Nr)

>

P1Pr

PrNr + P1N2 + P2N2 +NrN2
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Fig. 1. Equal-rates achievable by AF, AM, analog-MF and DFB.

and

P2(Pr −max{N1, N2})
Nr(Pr −max{N1, N2}) +N1(max{P1, P2}+Nr)

>

P2Pr

PrNr + P1N1 + P2N1 +NrN1

if and only if (22) holds (cf. (21) and (1)).

The main difference between AF and AM is the encoding at
the relay. The relay under AF simply broadcasts an amplified
signal, while the relay under AM truncates an amplified signal
(cf. (7)) into a weaker signal that is then broadcast by the

relay. The amplifying factor at the relay for AF is
√

Pr

P1+P2+Nr

[5,10], denoted by αAF , while the amplifying factor at the

relay for AM is
√

(Pr−max{N1,N2})+

max{P1,P2}+Nr
(cf. (2)), denoted by

αAM . Note that αAM > αAF if and only if (22) holds, which
then implies from Theorem 2 that AM outperforms AF if and
only if αAM > αAF . Under AM, the modulo-lattice operation
at the relay allows αAM to be strictly greater than αAF (and
hence a strictly better rate for each direction) without violating
the relay power constraint (cf. (7) and (20)), which explains
why AM can outperform AF under some scenario.

Consider the three analog-relaying schemes AF, AM and
analog-MF when N1 = N2 = Nr = 1 and P1 = P2 = 2.
Then, the equal-rates achievable by AF, AM and analog-MF
are 1

2 log2(1+
2Pr

Pr+5 ),
1
2 log2(1+

2Pr−2
Pr+2 ) and 1

2 log2(1+
2Pr−1
Pr+4 )

[10] respectively, and the cut-set outer bound [3] for the equal-
rate is min{ 12 log2(3), 1

2 log2(1 + Pr)}. Figure 1 displays the
equal-rates achievable by AF, AM and analog-MF, and the
cut-set outer bound for 0 ≤ Pr ≤ 10. In order to show
that AM can outperform some non-analog-relaying scheme,
we also display in Figure 1 the equal-rate achievable by DFB,
which is min{ 14 log2(5), 1

2 log2(1 + Pr)} [6]. Figure 1 shows
that AM achieves a strictly higher equal-rate than AF, analog-
MF and DFB together when 6 ≤ Pr ≤ 10.

VII. CONCLUSION

We propose amplify-and-modulo (AM), a new analog-
relaying scheme for the Gaussian TWRC based on the modulo-

lattice operation. Under AM, the relay first amplifies the
received codeword followed by reducing the power of the
amplified codeword using the modulo-lattice operation, and
then forwards the resultant codeword to the two terminals.
After receiving the codeword transmitted by the relay, each
terminal subtracts its own transmitted codeword followed by
the modulo-lattice operation before decoding. We prove an
achievable rate region for AM, and obtain a necessary and
sufficient condition under which AM outperforms AF. In
addition, we show by graph that AM can achieve a strictly
higher equal-rate than AF and analog-MF, the other two
analog-relaying schemes, as well as DFB together under some
scenario.
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