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Abstract—This paper investigates the joint optimization of
power control and phase time assignment for two-way relay
cellular networks. Three two-way relay schemes are considered:
1) Four-phase scheme without network coding, 2) Three-phase
scheme with network coding on the network layer, 3) Two-phase
scheme with decode-and-forward operation at the relay. Different
from conventional work that focused on a single three-node relay
network, we consider a multicell scenario consisting of multiple
three-node relay networks. These three-node subnetworks share
the same channel and thus interfere with each other. Our goal is
to study the resource allocation under such scenario and evaluate
the beneﬁt of network coding in an environment of interference.

I. I NTRODUCTION
In modern cellular networks, relays are employed to improve the system performance, such as coverage extension,
power saving and cell-edge throughput enhancement. Twoway relay is one kind of the communication modes, in which
the base stations (BS) and the mobile users (MU) exchange
data via the half-duplex relay stations (RS). Depending on
the number of phases needed for one round communication,
there could be three types of two-way relay scheme. The ﬁrst
one is the Four-phase scheme: BS→RS, MU→RS, RS→BS
and RS→MU. Network coding is not used and the RS only
forwards data from the BS to the MU or from the MU to the
BS, one direction at a time. The second scheme is the Threephase scheme [1]: BS→RS, MU→RS and RS→BS&MU. The
RS performs network coding with the data from BS and MU,
and multicast the coded data to them. The BS(MU) can then
retrieve the data from the MU(BS) by exploiting a priori
information of its own data. The third scheme is the Twophase scheme [2]: BS&MU→RS and RS→BS&MU. It further
allows BS and MU to transmit simultaneously in the ﬁrst phase
and physical layer network coding can be applied
In the literature, there have been many theoretically proven
results showing that network coding can offer throughput beneﬁts in a three-node relay network, including references [3],
[4] for Three-phase scheme and references [2], [5] for Twophase scheme. Reference [6] compared the achievable rate
region of Three-phase scheme and Two-phase scheme with
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different relaying protocols. In addition to throughput, resource
allocation was also investigated in [7]–[10]. References [7]
and [8] studied the time assignment and power allocation for
a two-way relay network based on Three-phase scheme and
Two-phase scheme, respectively. The former aims to minimize
the total energy with constraint of queue stability. The latter
aims to maximize the sum rate given the bi-directional data
rates are symmetric. In [9] and [10], optimal resource allocation was considered for OFDM-based two-way relay cellular
systems. Reference [9] investigated an opportunistic resource
scheduling algorithm for networks with Three-phase scheme
and [10] proposed a convex optimization framework for a
hybrid networks with Four-phase and Two-phase scheme.
All the aforementioned works focused on either a single
three-node relay network or a single cell scenario where there
is no interference. However, since it is an inevitable trend for
future cellular networks to use higher channel reuse factor,
inter-cell interference will become one of the major elements
to decide the system performance. Therefore in this paper,
we consider the multi-cell scenario, where there are multiple
interfering two-way relays. We study the joint optimization of
power control and time assignment for two-way relay multicell networks under Four-phase scheme, Three-phase scheme
and Two-phase scheme, respectively. The resource allocation
problem is to minimize the average total power of the system
while guaranteeing the bi-directional data rate of each cell. The
beneﬁts of network coding are evaluated in an environment of
interference.
Notation: The following notation are used throughout this
paper. Vectors are denoted in bold small letter, e.g., x, with
their ith entry denoted by xi . Matrices are denoted by bold
capitalized letters, e.g., X, with Xij denoting the {i, j}th
entry. Vector inequalities are component-wise inequalities, i.e.,
x ≥ y if xi ≥ yi for all i. The transpose of a vector x is
denoted as xT .
II. S YSTEM M ODEL
Consider a multi-cell wireless network consisting of N
cells. In each cell i for i = 1, · · · , N , the base station BSi
wants to communicate with the mobile user M Ui via the relay
station RSi at a rate ϕ. All the cells use a common channel,
where the bandwidth of the frequency spectrum is W Hz.
Therefore interference arises. Let grj ,bi denote the channel
gain from BSi to RSj , and gmj ,ri denote the channel gain
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from RSi to M Uj . The channel gains between other transmitters and receivers are deﬁned accordingly. Deﬁne nonnegative
matrices GBR = [Gij ]N ×N and DBR = [Dij ]N ×N for the
channel gains from the BSs to the RSs as
GBR =
⎡ 0
⎢
⎣

gr2 ,b1

..
.

gr1 ,b2 ··· gr1 ,bN
0
··· gr2 ,bN
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Therein, the SINR is deﬁned as
γi,br (pb ) = 

pbi gri ,bi
,
2
j=i pbj gri ,bj + σ

where σ 2 is the variance of the additive white Gaussian noise.
γi,mr (pm ), γi,rb (prb ) and γi,rm (prm ) are deﬁned accordingly.
Theorem 1. The optimal solution of (OP1) if exists, satisﬁes
the inequality constraints with equality.

Matrices of GM R , DM R , GRB , DRB , GRM and DRM are
deﬁned accordingly.
We assume the phases are synchronized among all the cells.
Let τk for k = 1, · · · , K be the fraction of time allocated to
the kth phase, where K is the number
Kof phases.The time
fractions should satisfy the constraint k=1 τk = 1.
Let pbi and pmi be the power used for BSi and M Ui ,
respectively. Deﬁne pb = [pb1 , · · · , pbN ]T and pm =
[pm1 , · · · , pmN ]T . In Four-phase scheme, let prbi and prmi
be the power used for RSi to BSi and RSi to M Ui ,
respectively. Deﬁne prb = [prb1 , · · · , prbN ]T and prm =
[prm1 , · · · , prmN ]T . In Three-phase and Two-phase scheme,
since the RS broadcasts to both the BS and MU, its power is
simply denoted by pri . Deﬁne pr = [pr1 , · · · , prN ]T .
In each cell, the interfering signals transmitted from other
cells are treated as additive white Gaussian noise. Let γi,br ,
γi,mr , γi,rb and γi,rm denote the signal-to-interference-plusnoise-ratio (SINR) at RSi transmitted by BSi , RSi transmitted by M Ui , BSi transmitted by RSi and M Ui transmitted
by RSi , respectively.
Our aim is to minimize the average total power of the system
while guaranteeing the data rate requirements of all cells. The
data rate is modeled as a function of the SINR by Shannon
capacity formula: W log2 (1 + SINR). The optimization variables are the time fractions and powers. In the following, we
investigate the problem under network with Four-phase, Threephase and Two-phase schemes, respectively.

Due to page limit, the proof is not provided in this paper
but can be found in [11].

III. F OUR - PHASE S CHEME
In Four-phase scheme, the BSs and MUs transmit data to
the RSs in the ﬁrst and second phase, respectively. In the third
and fourth phase, the RSs transmit data to the BSs and MUs,
respectively. For each phase, since only τk fraction of time is
allocated, the equivalent data rate requirement is ϕ/τk . The
optimization problem is formulated as

By Lemma 1, a nonnegative solution pb to the above equation exists for any Γ(τ1 )n1 ≥ 0, if and only if λ(Γ(τ1 )G1 ) <
1, i.e., Γ(τ1 ) < 1/λ(G1 ). In that case, the unique solution is
given by

N

τ1 pbi + τ2 pmi + τ3 prbi + τ4 prmi

min

A. Feasibility of (OP1)
Given the time fractions, the power control are independent
for each phase, and reduces to the classic problem that aims
to minimize the total power constrained by ﬁxed SINR target
[12]. Let λ(·) denote the Perron-Frobenius eigenvalue function
of a matrix, i.e., the maximum of the absolute value of the
eigenvalues of a matrix. The following lemma from [12] is
the fundamental results that characterizes the feasibility.
Lemma 1. [12]. Suppose G is a non-negative irreducible
matrix and I is the identity matrix. The following statements
are equivalent:
1) There exists a vector p ≥ 0 such that (I − G)p ≥ 0.
2) λ(G) < 1.
∞
k
3) (I − G)−1 =
exists and is positive
k=0 G
component-wise, with limk→∞ Gk = 0.
Take phase one for example. Let n = [σ 2 , · · · , σ 2 ]T be
the noise vector of size N . Deﬁne n1 = D−1
BR n and G1 =
D−1
vector and channel gain
BR GBR to be the normalized noise
ϕ
matrix. Deﬁne function Γ(x) := 2 W x −1, which translates the
data rate requirement to an SINR target. By Theorem 1, the
inequality constraint in (OP1) can be replaced by equality and
written in matrix form as
Γ(τ1 )G1 pb + Γ(τ1 )n1 = pb .

pb (τ1 ) = [I − Γ(τ1 )G1 ]−1 Γ(τ1 )n1 .
Involving all phases, the feasibility of (OP1) is equivalent to
the feasibility of the set of the time fractions tuple

(OP1)

i=1

s.t.

ϕ
≤ W log2 γi,br (pb ) + 1 , i = 1, · · · , N
τ1
ϕ
≤ W log2 γi,mr (pm ) + 1 , i = 1, · · · , N
τ2
ϕ
≤ W log2 γi,rb (prb ) + 1 , i = 1, · · · , N
τ3
ϕ
≤ W log2 γi,rm (prm ) + 1 , i = 1, · · · , N
τ4
τ1 + τ2 + τ3 + τ4 = 1.

Fτ4

4
=

(τ1 , τ2 , τ3 , τ4 ) :

i=1 τi

τi >

=1

ϕ
W ·log2 (1/λ(Gi )+1) ,

∀i

.

B. Convexity of the problem
Theorem 2. The optimization problem (OP1) is equivalent to
a convex optimization problem.
The proof is provided in [11]. The standard convex optimization algorithms can be used to ﬁnd the solution and it is
globally optimal.
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IV. T HREE - PHASE S CHEME
In the ﬁrst and second phase, the BSs and MUs transmit
data to the RSs, respectively. In the third phase, the RSs
perform XOR operation between the data of BSs and MUs,
and multicast the coded data to them. The BSs and MUs can
retrieve the data by performing XOR between the coded data
and its own data. The optimization problem is formulated as
N

τ1 pbi + τ2 p m i + τ 3 pr i

min

(OP2)

i=1

s.t.

ϕ
≤ W log2 γi,br (pb ) + 1 , i = 1, · · · , N
τ1
ϕ
≤ W log2 γi,mr (pm ) + 1 , i = 1, · · · , N
τ2

ϕ
≤ min W log2 γi,rb (pr ) + 1 ,
τ3

i = 1, · · · , N
W log2 γi,rm (pr ) + 1
τ1 + τ2 + τ3 = 1,

This theorem is a special case of the result in our report [13]
and the proof can be found therein. We derive the feasible
region of time fractions as follows,
⎫
⎧
ϕ
⎪
⎪
τi > W ·log (1/λ(G
,
i
=
1,
2
⎬
⎨
)+1)
i
2
ϕ
3
.
Fτ = (τ1 , τ2 , τ3 ) : τ3 > W ·log2 (minH∈H {1/λ(H)}+1)
⎪
⎪
3
⎭
⎩
τ
=
1
i=1 i
The feasibility of (OP2) is equivalent to the feasibility of Fτ3 .
B. Find the optimal solution
Since (OP2) is in general non-convex, we use onedimension search over τ3 to ﬁnd the optimal solution. Given
τ3 , (OP2) can be divided into two independent subproblems:
N

min

τ 1 pb i + τ2 pm i

s.t.

Theorem 3. The optimal solution of (OP2) if exists, satisﬁes
the inequality constraints with equality.

ϕ
≤ W log2 γi,br (pb ) + 1 , i = 1, · · · , N
τ1
ϕ
≤ W log2 γi,mr (pm ) + 1 , i = 1, · · · , N
τ2
τ1 + τ2 = 1 − τ3
N

The proof follows the same argument as in the proof of
Theorem 1.

min
s.t.

where gi3 , gi4 ∈ RN for i = 1, · · · , N are row vectors. Deﬁne
the set
⎡ k1 ⎤
g1
⎢ g k2 ⎥


⎢ 2 ⎥
H = H ∈ RN ×N : H = ⎢ . ⎥ , k1 , · · · , kN ∈ {3, 4} .
⎣ .. ⎦
kN
gN

It can be seen that any H ∈ H corresponds to a unicast
scenario, that is, for each transmitter, only one of its intended
receiver is considered. Base on the eigenvalue condition for
the feasibility of unicast (see Lemma 1), we have the following necessary and sufﬁcient condition for the feasibility of
multicast.
Theorem 4. There exists pr ≥ 0 such that (I−Γ(τ3 )G3 )pr ≥
Γ(τ3 )n3 and (I − Γ(τ3 )G4 )pr ≥ Γ(τ3 )n4 , if and only if
Γ(τ3 ) < minH∈H {1/λ(H)}.

pr i

(OP2b)

i=1

A. Feasibility of (OP2)
The ﬁrst and the second phase are the same as those in
the Four-phase scheme. So we discuss the third phase. For
each cell, it is a multicast transmission with RS being the
transmitter and BS and MU being the receivers. Let us rewrite
−1
the matrices G3 = D−1
RB GRB and G4 = DRM GRM in the
following form
⎡ 3⎤
⎡ 4⎤
g1
g1
⎢ g23 ⎥
⎢ g24 ⎥
⎢ ⎥
⎢ ⎥
G4 = ⎢ . ⎥ ,
G3 = ⎢ . ⎥
⎣ .. ⎦
⎣ .. ⎦
3
4
gN
gN

(OP2a)

i=1

Γ(τ3 ) ≤ γi,rb (pr ) i = 1, · · · , N
Γ(τ3 ) ≤ γi,rm (pr ) i = 1, · · · , N

The ﬁrst subproblem (OP2a) has the same form as the optimization problem for Four-phase scheme (OP1), and thus
its convexity can be veriﬁed similarly. Standard algorithm
can ﬁnd the optimal τ1 , τ2 and pb , pm , all in terms of
τ3 . The second subproblem (OP2b) is a linear programming and can be solved easily. Overall, we search over
ϕ
ϕ
W ·log2 (minH∈H {1/λ(H)}+1) ≤ τ3 ≤ 1 − W ·log2 (1/λ(G1 )+1) −
ϕ
W ·log2 (1/λ(G2 )+1) to ﬁnd the globally optimal solution of
(OP2).
V. T WO - PHASE S CHEME
In Two-phase scheme, the BSs and MUs transmit data to
the RSs in the ﬁrst phase and the RSs broadcast combined data
to both the BSs and MUs in the second phase. We consider
the relaying strategy of decode-and-forward (DF), in which
the RS ﬁrst applies multiuser detection to decode the data
transmitted from the BS and MU, and then performs XOR
between the data and broadcast the new coded data. The two
phases are equivalent to a multi-access (MAC) phase and a
broadcast (BC) phase.
Let Ri,br and Ri,mr denote the achievable rates of BSi →
RSi and M Ui → RSi in the MAC phase. The capacity region
CM AC of the Gaussian MAC is [6]
CM ACi (pb , pm ) =
⎧
⎧
Ri,br ≤ W log2 1 + γi,br (pb , pm )
⎪
⎪
⎪
⎪
⎨
⎨
Ri,mr ≤ W log2 1 + γi,mr (pb , pm )
Ri,br , Ri,mr :
R
+ Ri,mr ≤ W log2 1+
⎪
⎪
⎪
⎪
⎩
⎩ i,br
γi,mr (pb , pm ) + γi,br (pb , pm )
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Ri,br

where
pbi gri ,bi
,
γi,br (pb , pm ) = 
2
g
p
j=i bj ri ,bj + pmj gri ,mj + σ
pmi gri ,mi
.
γi,mr (pb , pm ) = 
2
p
g
j=i bj ri ,bj + pmj gri ,mj + σ

(1)
C(

(2)

Fig. 1 illustrates an example of the capacity region. Throughout this section, we use the terms bound line of the capacity
region to indicate the polyline CA−AB−BD, and hypotenuse
of the bound line to indicate the line segment AB. The
optimization problem is formulated as

C( pm

pbi gri ,bi
I+σ 2

pbi gri ,bi

g
+I+σ
i ri ,mi

2

)

C

A

)

B

N

(pbi + pmi )τ1 + pri τ2

min

D

(OP3)

p i gri ,mi
pmi gri ,mi
C( pb gm
+I+σ 2 )C( I+σ 2
i ri ,bi

i=1



ϕ
min Ri,br , Ri,mr ,
≤
max
s.t.
τ1
(Ri,br ,Ri,mr )∈CM ACi (pb ,pm )

ϕ
≤ min W log2 γi,rb (pr ) + 1 ,
τ2

i = 1, · · · , N,
W log2 γi,rm (pr ) + 1
τ1 + τ2 = 1.

Ri,mr = Ri,br

)Ri,mr

Fig. 1: The capacity region of
 CM ACi (pb , pm ).Therein,
C(x)  W log2 (1 + x) and I = j=i pbj gri ,bj + pmj gri ,mj .

VI. N UMERICAL R ESULTS

In this section, we present the numerical results of the
optimization problems designed for the three relaying schemes
and compare their performance under multi-cell networks.
We consider a multi-cell network composed of N hexagonal
cells with radius 1km, where N is a parameter in our simulation. Within each cell, there is a BS located at the center, a
RS and a MU. The location of the RS is generated uniformly
∗
∗
Ri,br , Ri,mr =
(3)
on the circle of radius 0.5km centered at the BS. The location


arg
max
min Ri,br , Ri,mr
of the MU is generated uniformly on the disk of radius 0.2km
∗
∗
(Ri,br ,Ri,mr )∈CM ACi (pb ,pm )
centered at the point that is 0.2km away from the RS and on
is the intersection point.
the line of BS-RS. This geographic setting models the situation
The proof is provided in [11]. By Lemma 2, the optimal when the direct link between BS and MU is poor and a RS
∗
∗
= Ri,mr
, is needed to help their communication. The channel gain is
rate pair of the MAC phase should satisfy Ri,br
4
∗
∗
Ri,br + Ri,mr = W log2 1 + γi,mr (pb , pm ) + γi,br (pb , pm ) , modeled as grj ,bi = Arj ,bi /drj ,bi , where drj ,bi is the distance
∗
∗
Ri,br
≤ W log2 1+γi,br (pb , pm ) and Ri,mr
≤ W log2 1+ between BSi and RSj , and Arj ,bi is the attenuation factor
due to shadowing. We assume Arj ,bi is lognormal distributed
γi,mr (pb , pm ) . So the optimization can be reﬁned to be
with mean 0dB and standard deviation 4dB.
N
Fig. 2 plots the average total power versus data rate remin
(pbi + pmi )τ1 + pri τ2
(OP4)
quirement for a speciﬁc network consisting of three cells.
i=1
It can be seen that Four-phase scheme requires the largest
1
ϕ
≤ Ri = W log2 1 + γi,mr (pb , pm ) + γi,br (pb , pm ) power for all values of ϕ/W and Two-phase scheme requires
s.t.
τ1
2
the smallest power. The power differences among the three
Ri ≤ min W log2 1 + γi,br (pb , pm ) ,
schemes are getting larger as the data rate requirement is

W log2 1 + γi,mr (pb , pm )
i = 1, · · · , N
increasing. Moreover, When ϕ/W > 1.5, the Four-phase

ϕ
scheme fails to have a feasible solution.
≤ min W log2 γi,rb (pr ) + 1 ,
τ2
In Fig. 3 and 4, we further evaluate the cumulative dis
i = 1, · · · , N
W log2 γi,rm (pr ) + 1
tribution function (CDF) of the normalized power difference
between Four-phase and Two-phase schemes, and between
τ1 + τ2 = 1.
Three-phase and Two-phase schemes, respectively. Each curve
Theorem 5. The optimal solution of (OP4) if exists, satisﬁes
is obtained over 10000 samples of the network (channel gains)
the inequality constraints with equality.
whose feasible region is non-empty. As seen in Fig. 3, TwoThe proof is provided in [11]. We can use one-dimension phase scheme can save much more power than Four-phase
search over τ1 to ﬁnd the globally optimal solution of (OP4). scheme. When the number of cells is seven and ϕ/W = 1.3,
Given τ1 , (OP4) reduces to two independent power control in 95% of the cases, the power needed by Four-phase scheme
problems, one for the ﬁrst phase and the other is for the second is three times larger than the power needed by Two-phase
phase. They all are linear programming.
scheme. In Fig. 4, we can see that Two-phase scheme also
Lemma 2. Regarding (OP3) for the MAC phase, the optimal
power (p∗b , p∗m ) if exists, should satisfy that for each cell
i, the intersection point between the bound line of rate
region CM ACi (p∗b , p∗m ) and the line Ri,br = Ri,mr is on the
hypotenuse of the bound line. Moreover, the optimal rate pair
of
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Fig. 3: The CDF of the normalized power difference.

Fig. 2: The average total power versus data rate requirement
for a network consisting of three cells.

1

VII. C ONCLUSION
In this paper, the joint optimization of power control and
phase time assignment for two-way relay cellular networks
is studied under three two-way relay schemes. We prove
some properties of the optimization problems and discuss the
algorithm to solve them. Simulation results show that Twophase scheme outperforms Three-phase scheme and Fourphase scheme, and Three-phase scheme outperforms Fourphase scheme. These results demonstrate that network coding
can bring beneﬁt even in an environment of interference.
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