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Abstract—Cooperative caching using maximum distance
separable (MDS) codes and repetition codes in ultra-dense
networks is studied, with the objective of maximizing the
code rate while ensuring that end users can restore the
file from the associating small base stations (SBSs) without
the use of the backhaul link. It is proved that MDS-coded
caching is optimal in general. In contrast, repetition caching
is optimal only for some special cases. Repetition caching
is, in general, suboptimal, and the associated code rate
maximization problem is shown to be NP-hard and a heuristic algorithm is designed to evaluate the potential coding
gain in arbitrary 2-dimensional (2D) network. Simulation
results show that MDS-coded caching can save about 40%
storage space when compared with repetition caching, and
this coding gain increases when the amount of overlapping
between clusters increases.
Index Terms—ultra dense networks, repetition caching,
coded caching, coding gain.

I. I NTRODUCTION
Ultra-dense networks (UDNs) provide high throughput,
coverage and spectrum efficiency, but the limited capacity
of the backhaul link is a bottleneck [1]. To reduce access
delay as well as backhaul traffic, edge caching, which
pre-fetches the most popular contents into the caches of
SBSs during off-peak hours, is a promising solution [2]. To
place popular contents into the caches, placement schemes
can be coded or uncoded [3]. In a coded scheme, an
erasure code, like an (n, k)-MDS code, can be used to
encode the files before they are stored. In contrast, an
uncoded scheme simply stores parts or the whole files into
the caches directly. For example, probabilistic caching,
where each SBS stores a subset of files with particular
probability, were proposed in [4], [5]. An informationtheoretic study was done in [6], which performs content
placement carefully such that multicasting opportunities
are created for coded delivery. Given the network topology
in terms of connectivity between users and SBSs, the work
in [3] considers coded caching and proposes an optimal
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placement scheme to minimize the download delay. A
method which optimizes the use of MDS codes for edge
caching was proposed in [7]. The advantages of coded
caching in minimizing the transmission power and the
traffic load over the backhaul links are further investigated
in [8], [9].
The coverage areas of the SBSs overlap with one
another in UDNs, so users are expected to be served
by more than one SBS. In such a scenario, caching the
same popular files in every SBS generates unnecessary
redundancy [10]. Therefore, different from the previous
works that focused on studying the advantage of coding in reducing the number of transmissions and energy
consumption, we investigate the benefits of implementing
coded caching from the perspective of storage space efficiency. We require that a file which is classified as popular
be stored in the network in a way such that the file is
available in every pre-determined clusters of SBSs. Under
this availability requirement, storing the file with a high
code rate allows more files to be cached in the network,
which increases the hit rate and in turn reduces the traffic
load over the backhaul links. To summarize, we state the
main contributions of this paper as follows:
•

•

An upper bound on the achievable code rate is
established. MDS-coded caching is proved to meet
this bound for any network topology, and is thus
optimal. In contrast, repetition caching is suboptimal
in general, but optimal in the one-dimensional (1D)
network in which the SBSs are located along a line
and the 2D grid network in which the SBSs lie on
regular grids and the clusters, to be defined later, are
square.
Code rate maximization for repetition caching is
proved to be NP-hard, and a heuristic algorithm is
proposed. Simulation results show that MDS-coded
caching outperforms repetition caching significantly
in storage efficiency. This coding gain increases when
the amount of overlapping between clusters increases,
which ranges from 35% to 50% under our simulation
settings.
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II. S YSTEM M ODEL
We consider a two-tier heterogeneous cellular network in a single cell. It consists of one Macro Base
Station (MBS) and M ultra-dense cache-enabled Small
Base Stations (SBSs) indexed by members of M ,
{1, 2, ......, M }. The MBS is connected to a content server
which has access to a library of files via a dedicated fiber
link. The MBS is also connected to the SBSs through
wireless backhaul links of limited capacity. Due to the high
density of the SBSs, their coverage areas overlap with one
another. Therefore, a user is expected to be served by more
than one SBS, which together form a cluster.
We assume that there is a high-level decision maker
which identifies the popular files to be cached in the
network. A collection of L clusters is pre-determined,
and denoted by {φ1 , φ2 , ....., φL }. These clusters are not
necessarily disjoint. In other words, each SBS may belong
to more than one cluster. We let L , {1, 2, . . . , L} be
the index set, and Kc be the minimum cluster size, i.e.,
Kc , minl∈L |φl |. The formation of clusters depends on
the geographical locations of the SBSs and the radio propagation characteristics of the environment. In Section V, a
simple clustering algorithm will be presented, which can
be used to form the clusters.
In this work, we assume that popular files are cached
in the same manner, so without loss of generality, we
consider the problem of caching one single file of size
B bits to the network, so that a user being served by
any cluster can retrieve the file from the SBSs within the
cluster, without consuming the bandwidth of any backhaul
links. In addition, we assume that the file has been fully
compressed so that it cannot be represented by less than
B bits, for otherwise our theoretical results on required
storage amount, to be presented in the next section, will
not be valid, as the file can be compressed to reduce
storage space.
To store the file into the caches of the SBSs, a concatenated code is used to encode the file. First, we divide
the file into K data packets, each of size B/K bits,
which for simplicity, is assumed to be an integer. An
outer code is used to encode the K data packets into
N coded packets, each of which has the same size of a
data packet. Afterwards, an inner repetition code is used to
output T coded packets, where T is an integer multiple of
M and each SBS stores α , T /M coded packets. Note
that those T packets are just replicas of the N packets
produced by the outer code. Here, we assume that each
SBS stores the same number of packets for easy system
management. Besides, there is an additional advantage that
load balancing can be performed among those SBSs within
a cluster. The rate of the concatenated code is given by
K
K
=
.
(1)
T
αM
To ensure file availability in any cluster, the placement of
the coded packets needs to satisfy the requirement that
R=

(a)

(b)

Figure 1: An example of coded and repetition caching (a)
coded caching (b) repetition caching.

packets stored in each cluster contain enough information
for decoding the original file. When this requirement is
satisfied, the caching scheme is said to be feasible.
For the special case when N = K, the code degenerates
to a form of repetition codes, and we call it repetition
caching. Otherwise, if N > K and there exists a coded
packet which depends on more than one data packet, then
we call it coded caching, to emphasize that an outer code
exists. If an MDS code is used as the outer code, then we
call the scheme MDS-coded caching. A degenerate case is
when N = T = M , which means that there is no inner
code and each SBS stores one and only one coded packet.
III. C ODE R ATE M AXIMIZATION
We first explain the difference between repetition and
coded caching with an example.
Example 1. Suppose there are three SBSs, any pair of
which forms a cluster (see Fig. 1a). Consider the case of
coded caching. The file is partitioned into two data packets,
denoted by P1 and P2 , each of size B2 bits. A systematic
MDS code is used as the outer code, which outputs P1 , P2
and P1 ⊕ P2 . For this case, an inner code is not needed.
These three encoded packets are then stored into the three
SBSs, respectively. Next, we consider the repetition case.
As shown in Fig. 1b, the file is partitioned into three data
packets, each of size B3 bits. The inner code then replicates
each of them, and stores α = 2 distinct packets to each
SBS as shown. As a result, each SBS stores 2B
3 bits in its
cache, which increases the space requirement by 33.3%.
To increase storage efficiency, it is clear that one should
maximize the code rate. The following result gives an
upper bound on the code rate.
Theorem 1. Given any network with minimum cluster
size Kc , the code rate of any feasible caching scheme is
bounded above by
Kc
R≤
.
(2)
M
Equality holds only if α = K/Kc .
Proof. By assumption, there is a cluster which consists
of exactly Kc SBSs. To successfully retrieve the file,
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each SBS in that cluster must store at least B/Kc bits.
Since there are M SBSs, the whole system stores at least
BM/Kc bits. Therefore, the code rate is at most Kc /M .
By (1) and (2), we have
Kc
K
≤
,
αM
M
which implies the second statement.
R=

Figure 2: A 1D network.

(3)

A. MDS-Coded Caching
Now we show that the upper bound in Theorem 1 is
achievable by MDS-coded caching. Suppose we choose K
to be equal to Kc . In other words, we divide the file into
Kc data packets. Then an MDS code is used to encode
them into M coded packets, each of which is stored in
a particular SBS. Due to the MDS property, the caching
scheme is feasible. Moreover, the code rate is given by
Kc /M , which proves the following result.
Theorem 2. Given any network with minimum cluster size
Kc , there exists a feasible MDS-coded caching scheme
with K = Kc which achieves the maximum code rate
R∗ ,

Kc
.
M

(4)

B. Repetition Caching
For repetition caching, our objective is to find a feasible
scheme that maximizes the code rate. We first present an
upper bound on the code rate.
Theorem 3. Given any network with minimum cluster size
Kc and that a file is partitioned into K packets of equal
size, the rate R of repetition caching is bounded above as
follows:
K
R≤ l m .
(5)
K
Kc M
Proof. Since there is a cluster which consists of exactly
Kc SBSs, to ensure that all the K data packets are stored
in that cluster, the number of data packets each SBS stored
K
must satisfy α ≥ K
, for otherwise the total number of
c
packets stored in that cluster is less than K. Since α has
to belan integer,
the above inequality can be tightened to
m
K
α≥ K
.
The
statement
then follows from (1).
c
Corollary 4. In general, repetition caching is not rate
optimal.
Proof. Consider the network setting in Example 1, in
which Kc = 2. By Theorem 2, the optimal code rate,
R∗ , is given by 2/M . By Theorems 1 and 3, R∗ can be
achieved by repetition caching only if K is an even number
and α = K/2. Consider cluster 1. To achieve R∗ , each of
its two SBSs must store K/2 packets, which are distinct
from each other. With such an assignment, it is clear that
there is no feasible way to assign K/2 packets to the
remaining SBS so as to satisfy the availability requirement
in clusters 2 and 3 simultaneously.

Figure 3: A 2D regular grid network.

While repetition caching is not optimal in general, it is
optimal in the special case where the SBSs lie on a straight
line and the clusters are formed by groups of neighboring
SBSs. An example is shown in Fig. 2. We call such a
scenario a one-dimensional (1D) network.
Corollary 5. Given any 1D network with minimum cluster
size Kc , repetition caching can achieve optimal code rate.
Proof. An optimal repetition code can be constructed in
the following way. First, let K equal to Kc . Next, assign
the packets sequentially. That means, assign P1 to the leftmost SBS, P2 to the second, PK to the K-th SBS, and
then P1 again to the (K + 1)-th SBS and so on. It is clear
that each cluster contains at least K distinct coded packets
and the code rate is Kc /M , which is optimal according to
Theorem 1.
Another special case for which repetition caching is optimal is the 2D regular grid network with square clusters,
not necessarily of the same size. An example is shown in
Fig. 3.
Corollary 6. Given any 2D regular grid network with
square clusters with minimum cluster size Kc , repetition
caching can achieve optimal code rate.
Proof. Again, let K equal to Kc . Since all clusters are
squares, K eqauls m2 for some integer m. For the first
row of SBSs, assign one packet to each SBS sequentially
from P1 to PK and then repeats. For the second row of
SBSs, assign the packet in a similar fashion, but starts
from Pm+1 . In general, for the i-th row of SBSs, we start
from Ps+1 where s = (i − 1)m mod K. It can be shown
that every square cluster of size no less than K contains
at least K distinct coded packets. The code rate is Kc /M ,
which is optimal according to Theorem 1.
IV. O PTIMIZATION FOR R EPETITION C ACHING
Maximizing the code rate for repetition caching is
equivalent to minimizing α/K, where α and K are positive, integer variables. Given the value of K, we denote
the problem of minimizing the storage requirement, α, by
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R EPETITION(K). First, we show that it is NP-hard. Next,
we propose a heuristic algorithm for code construction.
A. Complexity Classification
We first introduce the following definitions from graph
theory: A hypergraph H = (V, E) is a set of vertices V
and a collection E of subsets of the vertex set called hyperedges. The size of an hyperedge is the number of vertices
in this hyperedge. The degree of a vertex is the number of
hyperedges to which it belongs. A hypergraph is said to be
K-rainbow colorable if given K colors, there is a way to
assign one color to each vertex such that each hyperedge
contains all the K colors [11], [12]. Determining whether
a given hypergraph is K-rainbow colorable is known to
be NP-complete for K ≥ 3 [13]. If a vertex is assigned
a subset of the available colors, instead of just one color,
then such an assignment is called a multicoloring. Given
K colors, a multicoloring of a hypergraph is said to be a
K-rainbow multicoloring if every hyperedge contains all
the K colors [14]. We denote the optimization problem
of finding the minimum number of colors assigned to a
vertex so that a K-rainbow multicoloring exists by KR AINBOW-M ULTICOLOR. Given a hypergraph H and an
integer K, if the solution to this instance of K-R AINBOWM ULTICOLOR is greater than 1, then it implies that a
K-rainbow coloring for H does not exist. Hence, KR AINBOW-M ULTICOLOR is NP-hard.
Theorem 7. R EPETITION (K) is NP-hard for K ≥ 3.
Proof. We prove the statement by identifying
R EPETITION (K) with K-R AINBOW-M ULTICOLOR.
Let the SBSs represent the vertices and the clusters
represent the hyperedges. A file is divided into K
packets, which represent the colors. Then the number of
packets stored on each SBS is equivalent to the number of
colors assigned to each vertex. Hence, the two problems
are identical. The statement follows from the NP-hardness
of K-R AINBOW-M ULTICOLOR.
B. Heuristic Algorithm
We propose an algorithm to find a K-rainbow multicoloring for a given hypergraph H = (V, E), where K is a
given positive integer. The idea is that we go through all
the hyperedges one by one starting from those with smaller
sizes. For each hyperedge, we assign colors to vertices that
have fewer colors assigned until the rainbow requirement
is met. In case of a tie, vertices with smaller degrees have
priority to have a color assigned. Detailed steps can be
found in Algorithm 1. Note that there should be a data
structure to keep track of the color assignment to vertices,
which is omitted in Algorithm 1.
In line 1 of Algorithm 1, sorting requires O(|E| log |E|)
steps. The for-loop in line 2 repeats O(|E|) times. Line 3
requires O(K) steps. The for-loop in line 4 repeats O(K)
times with each iteration runs in O(Kc ) steps. Therefore,
the overall time complexity is O(|E|(log |E| + KKc )).

Algorithm 1: Multicoloring a hypergraph
Input : H = (V, E), and a set of K colors, C.
Output: The maximum number of colors assigned to
a vertex.
1: Sort the hyperedges in ascending order of their sizes;
2: for each e in the ordered list do
3:
Let C 0 ⊆ C be the set of colors that are missing in
hyperedge e;
4:
for each c ∈ C 0 do
5:
Pick v ∈ e that has the fewest colors assigned;
if there is a tie, choose the one that has the
smallest degree; further tie is broken arbitrarily;
6:
Assign c to v;
7:
end for
8: end for
9: return maxv∈V (number of colors assigned to v);
Algorithm 2: Searching for the optimal value of K
Input : H = (V, E), and a set of n positive integers
K = {K1 , K2 , . . . , Kn }
Output: A member of K
1: for i = 1 : n do
2:
Invoke Algorithm 1 with H and Ki as inputs to
obtain αi ;
3:
ai ← αi /Ki ;
4: end for
5: i∗ ← arg maxi ai ;
6: return Ki∗ ;

For repetition caching, it is not obvious how the value
of K should be chosen. A straightforward method is to
exhaustively search for the optimal value of K from a predetermined set of n values, which is stated in Algorithm 2.
Hence, the overall time complexity is O(n|E|(log |E| +
KKc )). We remark that if Ki is a multiple of Kc , then
the resultant code rate of using Ki must be no smaller
than that of using Kc . To reduce computation time, Kc
can be removed from the set.
V. S IMULATION M ODEL AND R ESULTS
A. Simulation Model
The urban model is considered where a single macro
cell covers a square area of 1 km × 1 km, in which
there are a large number of small base stations, with
density 1000 SBS/km2 , randomly distributed according to
homogeneous Poisson Point Process (PPP). We propose
a distance-based clustering algorithm, which is used to
group the SBSs into overlapping clusters where each SBS
may belong to more than one cluster. The idea of the
algorithm is to choose some SBSs as cluster centers, and
each cluster center forms a cluster with its (Kc −1) nearest
SBSs. To control the amount of overlapping between
clusters, we introduce a parameter Dc , which specifies the
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minimum distance between a pair of cluster centers. At the
beginning of the algorithm, all SBSs are potential cluster
centers, meaning that they can be legitimately selected.
As the algorithm is executed and some cluster centers
have already been chosen, only those SBSs that are not
within a distance of Dc with any chosen cluster centers can
potentially be selected. We call this set of SBSs potential
cluster centers, and denote it by P. From this set, another
cluster center is randomly selected and a new cluster is
formed. This procedure is repeated until there are no more
potential cluster centers.
The pseudo-code of this clustering method is stated
in Algorithm 3. The time complexity of executing the
statements inside the while-loop is clearly O(M ). Since
the while-loop executes at most O(M ) times, the overall
time complexity of Algorithm 3 is O(M 2 ).
Note that the distance between the cluster centers, Dc ,
and the cluster size, Kc , control the amount of overlapping
between clusters, which can be measured by the average
number of clusters an SBS belong to. When Dc decreases
while Kc is kept fixed, a large amount of overlapping is
generated. Also, if Dc is kept fixed while Kc increases,
a large amount of overlapping can be generated. This
flexibility allows us to define the clusters in appropriate
ways so as to achieve different system tradeoffs. It also
allows us to evaluate the amount of coding gain under
different scenarios.
B. Simulation Results
We now present our simulation results. For each set of
parameters Kc and Dc , the results have been taken over
10 runs where the SBSs locations are generated randomly
and independently using PPP in each run. As a rule of
thumb, we search for the optimal value for K within the
range from Kc and 3Kc , as we observed empirically that
this range is often appropriate.
To evaluate the performance of repetition caching and
MDS-coded caching, we fix the cluster size Kc to 15 and
decrease the value of Dc from 50 m to 10 m, so that
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Algorithm 3: Distance-Based Clustering
Input : Location of SBSs M, Cluster Size Kc ,
Distance between cluster centers Dc
Output: A family of clusters F
1: Let P := M.
2: while P is non-empty do
3:
Pick m ∈ P uniformly at random;
4:
Let m and its nearest (Kc − 1) SBSs form a
cluster;
5:
Add this cluster to F;
6:
Remove from P all SBSs which is within a
distance of Dc from m;
7: end while
8: return F;
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Figure 5: Coding Gain verse Amount of Overlapping Ac
with fixed Kc = 15 and variable Dc

the amount of overlapping increases. The code rates of
the two schemes are plotted in Fig. 4. The code rate of
MDS-coded caching is constant, since it does not depend
on the formation of clusters. In contrast, the code rate of
repetition caching decreases, as the amount of overlapping
between clusters increases. This is because it becomes
harder to “reuse” the packets.
To examine more clearly the benefit of MDS-coded
caching in terms of storage efficiency, we define the coding
gain as the percentage reduction in storage space by using
MDS code instead of repetition code. Note that the whole
system stores αBM/K bits, which is equal to B/R bits,
where R is the code rate. Therefore,
coding gain =

RM DS − RRepetition
× 100%.
RM DS

(6)

Fig. 5 shows the coding gain increases with the amount
of overlapping, as the code rate of repetition caching
decreases when the amount of overlapping increases while
the code rate of MDS-coded caching is constant.
Next, we fix the distance between the clusters centres
Dc to 10 m and increase Kc from 4 to 12. The result is
shown in Fig. 6. The code rate of both schemes increases
with the cluster size because for large clusters, fewer
packets need to be stored in each SBS. Fig. 7 shows that
the coding gain increases when the amount of overlapping increases. The reason is the same as before. When
the amount of overlapping increases, repetition caching
becomes increasingly inefficient due to the difficulty in
the reuse of packets.
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In Table I, we adapt the value of Dc according to the
change of the value of Kc , so that the amount of overlapping is roughly constant. For MDS-coded caching, the
code rate depends only on Kc and increases linearly with
it. Repetition caching has similar behavior. An interesting
observation is that the coding gain is almost fixed. We have
tried another set of parameters with almost fixed amount
of overlapping, the coding gain is also almost constant. It
seems that the coding gain is governed by the amount of
overlapping.
VI. C ONCLUSIONS AND F UTURE W ORK
This paper focuses on caching in an ultra dense small
cell network with overlapping coverage areas. We study
the advantage of using MDS-coded caching over repetition caching in providing high storage efficiency. We
proved that MDS-coded caching is optimal in general, and
repetition caching can achieve optimality only for some
special network topologies. By simulation, we show that
MDS-coded caching provides coding gain ranging from
35% to 50% over repetition caching. This coding gain
Table I
C ODING G AIN FOR F IXED A MOUNT OF OVERLAPPING
Kc
4
6
8
10
12

increases when the amount of overlapping between the
clusters increases.
Even though this work investigated single file caching,
the results can be extended to multiple files by caching
each file independently, with the coding parameters for
each file depending on its popularity. In the future, we
will investigate the scenario where a user may not be
able to connect to all SBSs within a cluster. In that
case, the backhaul link has to be used. How often this
occurs depends on the locations of users and SBSs, and
the clustering algorithm. It is interesting to design new
clustering algorithms, taken into consideration the user
distribution as well as SBS locations.

Dc
10
22
29
35
40

Ac
3.4284
3.4176
3.4336
3.4130
3.4464

RRepetition
0.0024
0.0037
0.0050
0.0061
0.0074

RM DS
0.0040
0.0060
0.0080
0.0100
0.0120

Coding Gain
40.2%
39%
38%
39%
38%
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