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Abstract—The multiple access relay channel (MARC) where
multiple users send independent information to a single destination aided by a single relay under large-scale path loss and
slow fading is investigated. At the beginning, the users take
turns to transmit their packets. The relay is not aware of the
erasure status of each packet at the destination but has the
knowledge of the average signal-to-noise-ratio (SNR) of every
communication link. With this knowledge, the relay applies
network coded retransmission on the overheard packets so as
to maximize the expected total number of recovered packets or
minimize the average packet loss rate at the destination. Several
network coding (NC) strategies at the relay are designed. In
particular, for the case where the relay is given only one time slot
for retransmission, an optimal NC construction is derived. For
the multiple-slot case, three sub-optimal schemes are investigated,
namely network coding with maximum distance separable (MDS)
code (NC-MDS), the worst-user-first (WUF) scheme and a hybrid
of NC-MDS and WUF. We prove that NC-MDS and WUF
are asymptotically optimal in the high and low SNR regimes,
respectively. A lower bound on the average packet loss rate has
been derived. Numerical studies show that, in a cellular system,
the hybrid scheme offers significant performance gain over a
number of existing schemes in a wide range of SNR. We also
observe that performance curves of both WUF and the hybrid
scheme touch the derived lower bound in the low SNR regime.
Index Terms—Multiple access relay channel, network coding,
wireless relay network.

I. I NTRODUCTION

T

HE uplink of a wireless system, in which multiple users
want to transmit their messages to a base station, is
usually modeled by a multiple access channel (MAC). To
improve system performance, a relay node may be added to
assist the transmissions of the users. This is modeled by a
multiple access relay channel (MARC) [1]. One particular case
is that the each individual link is modeled by a packet erasure
channel. For this type of channels, network coding (NC) [2]
is a promising method to be used by the relay.
NC strategies at relays can be classified into two types,
depending on whether there is feedback from the destination.
It is not surprising that the use of feedback can lead to better
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performance, as demonstrated in [3]-[5]. On the other hand,
the use of feedback increases control overhead and packet
delay [6]. For this reason, some NC strategies which do
not require any feedback have been designed [7]-[10]. For
example, a simple binary NC method has been considered
in [7]. For the two-user single-relay case, it has been shown
to have lower spectrum cost than the traditional packet forwarding method [7]. This simple scheme, however, achieves
only diversity order of two, even though there are more than
two relays [8]. This poor diversity performance is due to its
small field size. To achieve maximum diversity order, NC
schemes with larger field sizes are investigated in [9], [10].
One common feature of those works is that the NC operations
are all performed across all user packets, which is shown to be
effective only in the high signal-to-noise ratio (SNR) regime.
For the low or intermediate SNR regimes, whether NC should
be applied or if applied, which user packets received at the
relay should be network-coded remains unclear.
In this paper, we consider a MARC system without feedback. We assume that there are J users and one relay, and
their transmissions suffer from independent, slow fading. All
transmitters, including all J users and the relay, have no
knowledge of the instantaneous channel state information
(CSI) of its transmission link. The relay is assumed to know
the statistics of all the communication links in the system.
The transmissions of the users and the relay are performed
in a time division multiple access manner. Each transmission
frame consists of J + S time slots, where S ≥ 1 is a
design parameter. In the first J time slots, each user takes
turn to transmit his/her packet. The relay overhears K of
them, where K ≤ J. It should be noted that, owing to the
random nature of the independent wireless links, the packets
received successfully at the destination after the first J time
slots are generally different from the packets overheard by
the relay. That is how NC comes into play. After the first J
time slots, the relay performs NC on the K overheard packets
to generate S packets, and then transmit them in the next S
time slots. These S network-coded packets can be regarded as
parity packets. If these parity packets are properly designed,
the expected number of recovered packets at the destination
can be increased. Our objective is to determine an adaptive
network code for the relay so as to maximize the expected
number of recovered packets in a frame at the destination.
The code is adaptive in the sense that the parity packets are
chosen in a way which depends on the number of overheard
packets, K.
For practical simplicity, we consider only linear network
code. But even within this class, an optimal code for our
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The multiple access relay channel model.

problem is hard to find. Therefore, we first consider the special
case where S = 1. It turns out that this case is tractable,
and we derive an optimal NC scheme with polynomial-time
complexity. For the general case where S > 1, we investigate
three efficient sub-optimal schemes. The first one is a recently
proposed scheme called NC with maximum distance separable
(MDS) code(NC-MDS) [9], [10]. While the existing works
only show that NC-MDS achieves full diversity, we provide
a stronger result by proving its asymptotically optimality
in terms of the expected number of recovered packets, or
equivalently, the average packet loss rate, in the high SNR
regime. For the low SNR regime, we propose the worst-userfirst (WUF) scheme and prove that it is asymptotically optimal
in the low SNR regime. The WUF scheme can be considered
a degenerate case of NC, as the relay only retransmits some or
all of its overheard packets without any network coding. The
optimality of WUF in the low SNR regime reveals that NC
may not be a good choice if the SNR is not high enough.
By exploiting the advantages of WUF and NC-MDS, we
develop a new scheme called Hybrid, which is a mixture
of WUF and NC-MDS, for improving the performance in
the intermediate SNR regime. A lower bound on the average
packet loss rate has been derived. Numerical results show that
Hybrid offers significant performance gain over a number of
existing schemes in a wide range of SNR. We also find that
the average packet loss rate curves of WUF and Hybrid touch
the lower bound on the average packet loss rate in a wide
low-SNR regime.
II. S YSTEM M ODEL AND P ROBLEM F ORMULATION
A. System Model
We consider a time-slotted MARC system as shown in
Fig. 1, where there are J users, a relay R, and a destination D.
The set of the users is denoted by J . We group J +S time slots
together and call it a frame, where S is a design parameter.
In each frame, each user in J wants to deliver a packet to
D, possibly with the assistance of R. In other words, each
user transmits packets at a rate of 1/(J + S) packets per slot
duration. Transmissions within a frame are divided into two
phases. The first phase consists of J time slots, in which each
user in J takes turn to transmit his/her packet. The second
phase consists of S time slots, which are used by R for packet
retransmissions.
We model each wireless link from transmitter t to receiver r
by a path loss model with independent Rayleigh fading, where
t ∈ J ∪{R} and r ∈ {R, D}. Let Ltr be the path loss between
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t and r, which depends on the distance between them. Let
2
) be the Rayleigh-fading coefficient for the
htr ∼ CN (0, σtr
link between t and r. They are random but remain constant
in each time slot. We assume that the instantaneous CSI of
each link is available at its corresponding receiver, while the
statistical CSI of all links is available at R.
We assume that the transmit power of all transmitters are
the same and is denoted by P . The variance of the additive
white Gaussian noise at each receiver is denoted by δ 2 . Let
Γ be the transmit SNR, defined as P/δ 2 . The received SNR
for the link from t to r is denoted by Γtr , which is equal to
Ltr |htr |2 Γ. A received packet at r is erased if Γtr falls below
a certain threshold, Γthd . Otherwise, it is said to be intact.
The erasure probability of a packet from t to r is given by
2
Pr{Γtr < Γthd } = 1 − e−λtr /Γ , where λtr  Γthd /(σtr
Ltr ).
Correspondingly, we denote the probability that an intact
packet from t is received at r as otr  Pr{Γtr ≥ Γthd }.
Packet Retransmissions by Relay: Suppose after the first
phase of a frame, there are K packets received intact at R.
For notational convenience, label the corresponding users as
users 1, 2, . . ., K such that o1D ≤ o2D ≤ · · · ≤ oKD . This
set of K users is denoted by K  {1, 2, . . . , K}. The other
J −K users can be ignored, since the relay cannot decode their
packets successfully and will not retransmit the information
from them. From the point of view of R in each frame, it is
just like there are K effective users in the system. Therefore,
from now on, we consider only the K users in K.
For this particular frame, we index the S time slots in
phase II by a set S  {K + 1, . . . , K + S}. Note that this
slot indexing is for simplifying notations only and should not
be confused with the global time slot index in a transmission
frame.
The relay is allowed to apply linear NC to perform retransmissions. Every packet is thus regarded as an N -dimensional
vector over GF(q), where q is a power of prime to be specified
later. The packet from user k is represented by a column vector
mk ∈ GF(q)N . Let M  [m1 · · · mK ]. At slot s ∈ S,
the relay transmits ms = M cs ∈ GF(q)N , where column
vector cs ∈ GF(q)K is called the encoding vector. It should
be noted that although retransmissions from the relay is based
on the received packets from the K users in a frame, K
itself is random across the frames. The relay indeed provides
retransmission services for all J users in the system.
Packet Reception at Destination: As mentioned, we only
consider the reception of the packets from users in K. The
reception of the packets from the other J − K users is
governed only by their links to D, and is independent of
what the relay does. Among the K packets transmitted by
users in K in phase I, let LI of them be received intact at D.
Among the S packets transmitted by R in phase II, let LII
of them be received intact at D. Let L  LI + LII and
PL≥K  Pr{L ≥ K}.
Let T  [I K C], where I K is the K × K identity matrix
and C  [cK+1 · · · cK+S ]. The K + S packets transmitted by
users in K and by R can be represented by the columns of
N ×(K +S) matrix Y  M T . We call T the encoding matrix
and its columns the encoding vectors. Note that an uncoded
packet has an encoding vector with Hamming weight one.
Let the slot indices of the packets received intact at D be
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the set SL  {s1 , . . . , sL } ⊆ K∪S. Let Y (SL ) and T (SL ) be
the N × |SL | and K × |SL | submatrices of Y and T whose
columns are chosen according to the indices in SL , respectively. It is easy to see that the columns of Y (SL ) represent
the intact packets received at D and Y (SL ) = M T (SL ).
Given T (SL ) and Y (SL ), packet m1 . . . mK can all be
recovered by D iff Y (SL ) = M T (SL ) can be solved, which
is equivalent to the case where T (SL ) consists of at least K
linearly independent columns.
B. Problem Formulation
Consider one transmission frame. In phase I, K packets are
received intact at R. For k ∈ K, let Ik be the indicator function
such that Ik = 1 if mk can be recovered by D and Ik = 0
otherwise. Among these K packets, let G be the expected total
K

E[Ik ].
number of recovered packets at D, which is equal to
k=1

Our objective is to maximize G with an appropriate choice of
T , or equivalently C. The problem can be formulated as
max G 
C∈C

K


E[Ik ],

(1)

k=1

where C is defined as the set of all K × S matrices with each
entry drawn from GF(q). Clearly, |C| = q KS . Hence solving
(1) by simply searching among all choices in C involves high
computational complexity.
Observe that among the K packets under consideration,
K

okD represents the expected total number of recovered
k=1

packets at D after phase I. Since it does not depend on
the choice of C, maximizing G is equivalent to maximizing
K

F  G−
okD , where F represents the gain in the expected
k=1

total number of recovered packets due to retransmissions in
phase II. The above two objectives
are also equivalent to

G
minimizing Ploss  1 − K
, where Ploss represents the
average packet loss rate for those K users. In the following,
we will use the above three equivalent optimization targets
interchangeably.
III. O PTIMAL A LGORITHM FOR S = 1
For the special case where R is given one slot for retransmission, we need to find a column vector C = cK+1 
[c(K+1)1 · · · c(K+1)K ]T ∈ GF(q)K so as to maximize G. We
claim that there is no performance loss even if we restrict
the field size, q, to be two. To see this, consider an encoding
vector cK+1 ∈ GF(q)K , where q > 2. If cK+1 is replaced
by the binary vector c̃K+1 whose component is equal to one
whenever the corresponding component in cK+1 is non-zero,
then the number of decodable packets remains the same no
matter what SL is, with reasons described below. Let U be the
set of indices of the non-zero elements in cK+1 . Since packets
m
k ’s for k ∈ K \ U are not involved in the NC process,
Ik does not depend on the choice of the encoding
k∈K\U

vector. Now consider
 the sum for the users who involve in
the NC process,
Ik . If the packet in slot K + 1 is erased,
k∈U

then it does not matter which encoding vector is chosen. If not,

then one more packet can be recovered iff |SL ∩ U| = |U| − 1.
Using cK+1 is the same as using c̃K+1 , since the cardinalities
of the two sets in the condition remain unchanged when cK+1
is replaced by c̃K+1 . As a result, there is no loss of optimality
in restricting the field to be binary.
For q = 2, there are 2K choices for cK+1 totally. To find
the optimal binary cK+1 for maximizing G, a simple bruteforce exhaustive search may involve O(2K ) computational
complexity. In the following, we propose an algorithm that
can find the optimal cK+1 in polynomial time.
Let n ∈ K be the Hamming weight of cK+1 . Given the
value of n, our objective becomes
max G s.t. the Hamming weight of cK+1 is n,

cK+1 ∈C

(2)

where C = GF(2)K . The above problem can be considered
a sub-problem of the original optimization problem in (1)
for a given n. Note that there are K choices for n, namely
1, 2, . . . , K, so the original optimization problem can be
divided into K sub-problems. If the computational complexity
of each sub-problem can be reduced, the computational complexity for the original optimization problem can be reduced as
well. We investigate the sub-problems for n = 1, 1 < n < K,
and n = K in the following.
For n = 1: Suppose all entries in cK+1 are zero except
c(K+1)u = 1 for an element u ∈ K. Problem in (2) for n = 1
can be interpreted as retransmitting one packet without NC
that maximizes G or F .
We first consider the recovery of mu at D. If there is no
packet erasure at slot u or slot K + 1, mu can be recovered.
Hence, Iu equals 1 if {max(ΓuD , ΓRD ) ≥ Γthd } and 0
otherwise. Averaging over all channel realizations, we then
have
E[Iu ] = 1 − Pr{max(ΓuD , ΓRD ) < Γthd }
= 1 − Pr{ΓuD < Γthd }Pr{ΓRD < Γthd }
= ouD + oRD (1 − ouD ).

(3)

Clearly, E[Ik ] = okD for k ∈ K\{u}. Then, summing up E[Ik ]
for all k ∈ K and subtracting phase I’s contribution, we obtain
F = oRD (1 − ouD ). In this case, maximizing F is equivalent
to selecting u ∈ K such that ouD is the minimum. In other
words, the optimal u∗ = arg min okD . As a result, for the
k∈K
case n = 1, we have to choose the user who has the worst
user-to-destination channel.
For 1 < n < K: Recall that we use U to represent the
users whose packets are chosen for linear combinations inthe
NC process, so |U| = n. Given the value of n, there are K
n
possible choices for U. Problem
(2)
is
equivalent
to
finding
 
the optimal U among these K
n choices for cK+1 .
We first consider the recovery of mu for u ∈ U. For each
channel realization, there are two possibilities that mu can
be recovered at D: either there is no packet erasure at slot u
or there is no packet erasure at the slots with indices in the
set U ∪ {K + 1}\{u} but packet erasure occurs in slot u.
Hence, Iu equals 1 if {ΓuD ≥ Γthd } or {ΓuD < Γthd , ΓRD ≥
Γthd , min (ΓvD ) ≥ Γthd } and 0 otherwise, u ∈ U, where
v∈U−u

U−u  U\{u}. Averaging over all channel realizations, we
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have



E[Iu ] = ouD + oRD (1 − ouD )

IV. A LGORITHMS FOR S > 1
ovD , u ∈ U.

(4)

v∈U−u

Next, for other users, we have E[Ik ] = okD for k ∈ K\U.
Then, summing up E[Ik ] for all k ∈ K, we obtain



oRD (1 − ouD )
(5)
ovD .
F =
u∈U

v∈U−u

To find the optimal U that maximizes the above F , we
assume that a single element, denoted as u, is to be determined
while the other n − 1 elements have already been chosen from
K. Denote the set of those n − 1 elements by V. We want to
find u ∈ K \ V that maximizes F , which can now be rewritten
as


owD
F =
oRD (1 − ovD )ouD
v∈V

+ oRD (1 − ouD )



(6)

ovD .

Regarding the above F as a function of ouD and differentiating
it with respect to ouD , we obtain

v∈V

=oRD



ovD

v∈V


w∈V\{v}

owD

 1
−n .
ovD

− oRD



ovD

v∈V

(7)

v∈V

does not depend on ouD . Given V,
Observe that ∂o∂F
uD
F can either be a monotone function of ouD or a constant. If F is a constant, then any choice of u ∈ K \
V is optimal. Otherwise, the optimal u must be u∗ =
arg minu∈K\V {ouD } or arg maxu∈K\V {ouD }.
As the above argument applies to arbitrary u, there are
only n + 1 possible candidates for the optimal U, namely,
{1, 2, . . . , n}, {1, 2, . . . , n−1, K}, . . . , {K−n+1, . . . , K}. To
find the optimal solution, relay R computes the corresponding
F for each of the above n + 1 choices and chooses the one
with the largest
 F
 . As a result, the number of choices can be
reduced from K
n to n+1. An example for n = 3 is: There are
4 choices for U, including {1, 2, 3}, {1, 2, K}, {1, K − 1, K},
and {K − 2, K − 1, K}, where K ≥ 4.
For n = K: there is only one choice that is cK+1 =
(1, 1, . . . , 1).
With the results of the above three types of sub-problems,
we only need to generate the 1 + (3 + 4 + . . . + K) + 1 =
K(K+1)
−1 choices of U instead of considering 2K choices in
2
an exhaustive search and compute their corresponding values
of F . Given U, F can also be written as

 1
F = oRD
ouD
− |U| ,
(8)
ouD
u∈U

Unlike the case of S = 1 where the optimal solution of C
can be found in polynomial time, things become more involved
when S > 1. As explained before, in general, such problems
may involve searching among all q KS possible choices, and it
may not be easy to derive an efficient algorithm for the optimal
choices of C. As a result, schemes with good performance and
low computational complexity are usually sensible choices in
practice. We first perform a complete analysis on an existing
scheme, namely, NC with maximum distance separable (MDS)
code scheme (NC-MDS), which is proposed in [9], [10]. In
particular, we prove that NC-MDS is asymptotically optimal
in the high SNR regime. We then propose the worst user
first (WUF) scheme for the low SNR environment. Then, by
hybridizing these two schemes, we construct a new scheme
that promises good performance in the intermediate SNR
regime.

w∈V\{v}

v∈V


∂F
=
oRD (1 − ovD )
∂ouD
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u∈U

which involves O(K) multiplications and O(K) additions.
The optimal U can then be obtained by choosing the one
− 1 choices that maximizes F . The overall
among the K(K+1)
2
complexity of the algorithm is O(K 3 ).

A. NC-MDS
At the high SNR environment, the probability that at least
K intact packets are received at D (i.e. PL≥K ) is high. In this
case, the MDS code could be exploited to generate network
coded packets. The MDS code is a class of erasure codes
which has the property that, given a (K + S, K) MDS code,
the K original packets can be recovered from any K arbitrary
intact encoded packets. More specifically, the K × (K + S)
encoding matrix T of a (K + S, K) MDS code has the
following mathematical property:
Property 1: Any K columns of the K × (K + S) encoding
matrix T are linearly independent.
MDS codes can be employed at R with S retransmission
slots by applying MDS encoding on the intact packets received
at R in phase I. We call this retransmission scheme NC with
MDS code (NC-MDS). With the NC-MDS scheme at R and a
high SNR environment for a high PL≥K , D is able to recover
all packets of the users in K with high probability. In order to
apply NC-MDS at R, an encoding matrix T with Property 1
should be provided. An example is the well-known Reed
Solomon (RS) code [11]. In fact, for q > K + S, MDS codes
of any rate exists. A given encoding matrix T can always
be transformed into a systematic form T  by elementary row
operations and column permutations. The encoding vectors for
generating the network coded packets can then be obtained by
selecting the last S columns of T  .
Existing works on NC-MDS only show its optimality in
terms of diversity order. In the following, we provide a
stronger result on NC-MDS, namely, its optimality in terms
of average packet loss rate.
Theorem 1: The achieved G by an NC-MDS is given by:
GNC-MDS = KPL≥K + E[LI |L < K](1 − PL≥K ).

(9)

Proof: If L ≥ K at D, according to Property 1, all
packets can be recovered at D. Therefore, we only need to
consider the case where L < K. For that case, it is clear
that the LI packets received correctly by D in phase I can
be recovered, since those packets are uncoded. We are going
to prove that the LII packets received by D in phase II are
useless for recovering the missing packets in phase I. Note
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that Property 1 implies the L columns of the encoding matrix
corresponding to the L intact packets are linearly independent.
Let the packet of user k ∈ K be an erased packet in phase I.
According to Property 1, the L columns of the encoding matrix
corresponding to the L intact packets and the k-th column of
the matrix are all linearly independent, since the total number
of columns under concern is L + 1 ≤ K. Hence, the packet
of user k ∈ K cannot be recovered. This argument applies to
any arbitrary erased packet and therefore (9) follows.
Intuitively, it is likely that L ≥ K in the high SNR
environment but not so in the low SNR environment. Indeed,
NC-MDS is optimal when the SNR is high enough, as shown
in the following theorem.
Theorem 2: There exists an SNR threshold, above which,
an NC-MDS scheme outperforms any linear NC scheme that
does not belong to the class of NC-MDS.
The proof is relegated to the appendix.

retransmitting the packet of user k ∈ K at the t-th iteration
(t)
step, where t ≥ 0. Furthermore, we define Funcoded as the
achieved Funcoded at the t-th iteration:
(t)

Funcoded 

When SNR is low, the probability that at least K intact
packets are successfully received at D (i.e. PL≥K ) is low,
hinting that the NC-MDS scheme is a poor choice for the
low SNR regime. For such a poor channel environment, we
propose another method which utilizes each slot in phase II
to retransmit a packet received by R in phase I. In other
words, the packets transmitted by the relay is uncoded, and the
number of non-zero entries in vector cs is one for all s ∈ S.
It can be shown that uncoded retransmission would be a good
option, especially when SNR is very low.
For a particular channel realization, define Hk ⊆ S as the
set of slot indices within phase II that are allocated to user k
with cardinality nk ∈ {0, 1,2, . . . , S}, for k ∈ K.
Define Γk  max LRD |hRD (s)|2 Γ when Hk = ∅ and
s∈Hk

Γk  0 when Hk = ∅, where hRD (s) represents the fading
coefficient from R to D at slot s ∈ S. Since packet k is
received correctly iff the nk + 1 slots assigned to user k
(in phases I and II) has no erasure, we have Ik equals 1 if
{max(ΓkD , Γk ) ≥ Γthd } and 0 otherwise. Averaging over all
channel realizations, we have
E[Ik ] = 1 − Pr{max(ΓkD , Γk ) < Γthd }
= 1 − (1 − okD )(1 − oRD )nk .

(10)

Summing up E[Ik ] for all k ∈ K, F achieved by uncoded
retransmission can be expressed as:
Funcoded =

K




(1 − okD ) 1 − (1 − oRD )nk .

(11)

k=1

Since Funcoded depends on Hk ’s only through their cardinalities
nk ’s, the uncoded retransmission problem can be formulated
as
max

n1 ,n2 ,...,nK

Funcoded s.t.

K


nk = S.

(12)

k=1

This problem can be solved by the greedy approach. The
S time slots are assigned one by one in an iterative manner.
(t)
(t)
Denote n(t)  (n1 , . . . , nK ) as a vector whose k-th element
(t)
nk represents the number of retransmission slots allocated for



(t)
(1 − okD ) 1 − (1 − oRD )nk .

(13)

k=1

Suppose at the (t + 1)-th iteration, the packet of user u is se(t+1)
(t)
lected for retransmission. Then we have nk
equals nk + 1
(t)
for k = u and nk otherwise. Define the increment of Funcoded
(t)
(t+1)
(t)
at the t-th iteration step as ΔFuncoded  Funcoded − Funcoded .
Then we have
(t)

(t)

ΔFuncoded = oRD (1 − ouD )(1 − oRD )nu ,

(14)

which can be maximized by choosing u in the following way:
(z)
(t)
(z)
u∗ = arg max ōuD , where ōuD  (1 − ouD )(1 − oRD )nu .
u∈K

B. WUF

K


That means, R transmits the packet of user u∗ at slot (t+1) ∈
S as an uncoded retransmission packet. Having defined the
iterative relation, we start the algorithm by setting n(0) as the
zero vector, and the algorithm terminates after S iterations.
Recall that the term 1 − ouD is the erasure probability of
a packet of user u at D in phase I. After the t-th iteration,
if R has sent that packet by nu times, the erasure probability
of that packet will be discounted by (1 − oRD )nu . Therefore,
(t)
ōuD can be interpreted as the updated erasure probability of
(t)
that packet after iteration t, and u∗ = arg max ōuD as helping
u∈K
the user with the largest updated erasure probability. That is
why we call this scheme Worst User First (WUF).
Theorem 3: WUF is optimal for the uncoded retransmission problem.
Proof: Suppose we have already assigned the first S − 1
time slots and there is only one time slot left. The erasure
probabilities have been updated as mentioned above. The
scenario after assigning the first S − 1 time slots is equivalent
to the case where S = 1. According to our analysis in
Subsec. III-A, it is optimal is to retransmit the packet with
the largest erasure probability, which is the same as WUF.
Consider the scenario that S − τ time slots have been
assigned and there are τ time slots left, where 1 ≤ τ ≤ S − 1.
Suppose that WUF is optimal. We are going to show that
WUF is optimal when there are τ + 1 time slots left. Let
a∗ = (a∗1 , a∗2 , . . . , a∗τ ) be an optimal assignment vector, where
a∗j ∈ K represents that the j-th time slot in the remaining τ
slots is used to retransmit the packet of user a∗j . Similarly,
let a be the assignment vector obtained by using WUF.
Note that a permutation of a given assignment vector does
not change its performance, since the fading coefficients
from R to D in different time slots are i.i.d. First consider
the case where a∗i = a1 for some i. We permute a∗ to
obtain ã  (a∗i , a∗1 , a∗2 , . . . , a∗i−1 , a∗i+1 , . . . , a∗τ ). Note that a
performs at least as well as ã, since their first components are
the same and WUF is optimal when applying to the remaining
τ − 1 slots according to the hypothesis. Hence, a has the
same performance as a∗ and is thus optimal. Next consider
the case where a∗i = a1 for all i’s. a∗ cannot be optimal, since
replacing a∗τ by a1 yields a better performance according to
our analysis in subsec. III.
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The statement follows by combining the above two cases
and using mathematical induction.
While MC-NDS is optimal at the high SNR regime, WUF
is optimal at the low SNR regime.
Theorem 4: There exists an SNR threshold, below which,
the WUF scheme outperforms any other linear NC schemes.
The proof is relegated to the appendix.
C. Hybrid
As NC-MDS and WUF are designed for the high and low
SNR regimes, respectively, they may not be a good choice
for the intermediate SNR regime. For this reason, we propose
combining these two schemes for exploiting the advantages
from both. This strategy is a hybrid of NC-MDS and WUF,
and we call it Hybrid for short.
We divide packets received at R into two groups. Group I
contains the n packets that have the smallest erasure probabilities, where 0 ≤ n ≤ K. Group II contains the remaining
K − n packets. By dividing packets in this way, there are
K + 1 possible group patterns. For a given group pattern, R
applies NC-MDS to packets in group I and WUF to group II.
Recall that R has S slots for transmissions. Among these
S slots, S1 slots are allocated to group I and the remaining
S − S1 slots to group II, where 0 ≤ S1 ≤ S. Totally there are
S + 1 slot-allocation patterns.
Considering the group patterns and slot-allocation patterns
together, there should be (K + 1)(S + 1) possible choices to
consider. However, for the two degenerate cases where one of
the groups has no users, the allocation of slots becomes trivial
and has only one choice. Hence, the number of choices we
need to consider reduces to (K − 1)(S + 1) + 2. For each
choice, we compute the corresponding F . Finally, we select
the group pattern and slot-allocation pattern that attains the
maximum of F . Clearly, the Hybrid scheme subsumes both
NC-MDS and WUF as special cases.
D. Complexity Analysis
In this subsection, we discuss the encoding and decoding
complexity of our proposed schemes, and have a comparison
with random linear network code (RLNC) [12]. In general, the
number of time slots used in the second phase, S, can depend
on K, the number of packets received successfully at R. We
assume that S is bounded above by a constant, Smax .
To implement NC-MDS, we may first determine J matrices,
T 1 , T 2 , . . . , T J . For 1 ≤ j ≤ J, T j is a j × (j + Smax )
matrix, which represents a systematic encoding matrix for a
(j + Smax , j) MDS code. Those matrices are pre-computed
and stored. When K packets have been received successfully
at R in phase I, the matrix T K will be used for encoding. It
is shortened to K + S columns by removing the last Smax − S
columns. The encoding can then be done by right-multiplying
the K × (K + S) shortened matrix to the K received packet
vector. As we only need to compute the parity packets, O(KS)
multiplications are involved. The decoding of an MDS code
is O(K 2 ).
As for WUF, it does not involve encoding complexity while
involves finding the worst user in each of the S iterations.
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Decoding is not needed, since no linear combination of packets
are involved.
For the Hybrid, we need to consider O(KS) different
choices of group patterns and slot-allocation patterns. We
choose the group and slot-allocation pattern that maximizes
F . For this particular pattern, both NC-MDS and WUF are
performed. The encoding complexity is O(K 2 ). The decoding
complexity is the same as NC-MDS, i.e., O(K 2 ). Different
from other schemes, Hybrid requires the calculations of F
for the O(KS) different choices of group patterns and slotallocation patterns. While exact calculations are very time
consuming, one may use Monte-Carlo simulations to obtain
approximate values of F .
RLNC has an encoding complexity of O(KS), which is
the same as NC-MDS. It differs from NC-MDS in that the
coefficients of the encoding matrix are generated randomly.
For decoding, Gaussian elimination is needed, which has a
complexity of O(K 3 ) [13], which is higher than our proposed
methods.
V. U PPER B OUNDS
We give the performance upper bound on G and on the
total number of recovered packets for each channel realization,
respectively. These two automatically translate into lower
bounds on the average packet loss rate that will be used for
evaluating the schemes in next section.
Analytical Upper Bound: Given the number of retransmission slots S, the expected total number of the recovered
packets at D can be increased by an amount at most oRD S.
So we immediately have
Theorem 5: The expected total number of recovered packets at D, also known as G is upper bounded by G =
K

oRD S +
okD .
k=1

Note that the above bound is very tight in the low SNR
regime but very loose in the high SNR regime, as will be
demonstrated in the next section.
Numerical Upper Bound: For each channel realization, we
propose an upper bound on GCH , which is defined as the total
number of recovered packet at D. It can be obtained in the
following manner: When L ≥ K, K is the upper bound for
GCH in these cases. On the other hand, when L < K, at
most L packets can be recovered at D. Formally, the upper
bound on GCH for each channel realization is given by GCH ≤
min(L, K). Note that this upper bound is rather optimistic
especially in the high SNR regime.
VI. N UMERICAL S TUDY
We perform numerical study on the proposed schemes
together with some existing schemes in a mobile system
where the base station (BS) serves as destination. We adopt
the COST-Hata-Model [14, Chap. 2] as the path loss model
between a BS, denoted by b, and a user, denoted by u,
with distance dub (km). The path loss factor in dB is given
by Lub = 46.3 + 33.9 log10 f − 13.82 log10 hb − a(hu ) +
(44.9−6.55 log10 hb ) log10 dub , where a(hu )  (1.1 log10 f −
0.7)hu − (1.56 log10 f − 0.8), f is the carrier frequency in
MHz, and hb and hu are the effective antenna heights of
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the BS and the user in meter, respectively. The relay plays
two different roles during the two phases. During phase I,
it plays the role of a “BS”. During phase II, it plays the
role of a “user”. Correspondingly, the propagation loss in
the computation of Lub is calculated according to the role
of the relay. We consider a 120◦ sector of a cell shown in
Fig. 2. One unit length in the figure represents 1 km. The
BS, which corresponds to D in the MARC model, locates
at (0, 0) and relay R locates at (0, 0.5). In our simulations,
we assume that users are uniformly distributed in the sector.
We further assume that the carrier frequency is 2 GHz, the
effective antenna heights of the users, relay R, and the BS are
1, 10, and 30 meters, respectively. Besides, we set J = 20
and σxR = σxD = σRD = 1 for all x ∈ X . Fig. 2 shows one
realization of the locations of the users in a sector.
In the following, we consider two settings. In the first
setting, we assumes perfect user-relay links, i.e., relay R can
recover all the J users’ packets. The second setting is a more
realistic one that the received packet at relay R could be erased
due to fading. Let Nsim denote the number of times/channel
realizations that we run the simulation. Each data point we
present in our performance chart involves Nsim = 3 × 105
random channel realizations.

A. Perfect User-relay Links
We set J = K = 20, q = 2log2 (K+S) , and the field size
of RLNC to be q for a fair comparison with NC-MDS. The
average packet loss rate Ploss , as defined in Subsec. II-B, of
WUF, NC-MDS, the Optimal algorithm for S = 1, Hybrid,
RLNC, and the two lower bounds derived from the two upper
bounds in Sec. V are plotted in Fig. 3 for S = 1 and Fig. 4
for S = 20, respectively.
We first examine the case for S = 1. In Fig. 3, we observe
that the performance of RLNC and NC-MDS are close to each
other. In addition, the performance of WUF is almost the same
as the optimal algorithm for S = 1 in low SNR region, while
NC-MDS has almost the same performance as the optimal
algorithm for S = 1 in high SNR region. In Fig. 3, we observe
that there is a performance gap between the optimal algorithm
for S = 1 and the numerical LBD in the intermediate and high
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Fig. 3.
Average packet loss rate comparison among WUF, NC-MDS,
Optimal, two lower bounds, and RLNC, J = 20, S = 1.
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Fig. 4. Average packet loss rate comparison among WUF, NC-MDS, Hybrid,
two lower bounds, and RLNC, J = 20, S = 20.

SNR regime. It is mainly due to the fact that the numerical
LBD is too optimistic as explained in Sec. V.
Next, we examine the case for S > 1. In Fig. 4, it can
be seen that the performance of RLNC and NC-MDS are
almost the same. Besides, Hybrid is able to take the advantages
of both WUF and NC-MDS in the low and the high SNR
regions, respectively, and even offers a marginal performance
gain over WUF and NC-MDS in the intermediate SNR region.
Furthermore, the curve of Hybrid overlaps with the analytical
lower bound in the low SNR regime. At high SNR, there is
a 2 dB performance gap between Hybrid and the numerical
LBD. It can be attributed to the fact that the numerical LBD
is too optimistic as explained before. Note that due to the high
decoding complexity of RLNC, we do not plot the data points
of RLNC for SNR larger than 125 dB.
B. Imperfect User-relay Links
In the imperfect user-relay link case, K is a random variable. The performance metric adopted in previous subsection
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cannot be directly applied due to the random nature of K.
Therefore, we have to define another performance metric. For
i = 1, . . . , Nsim , let Ki be the number of packets correctly
received by the relay at the i-th realization, and Gi be the
number of recovered packets at the destination
out of the
Nsim


i=1 Gi
, which
Ki packets. Then we define Ploss  1 − Nsim
i=1 Ki
measures the proportion of packets that have been received
by the relay but cannot be recovered by the destination over
the Nsim simulation runs.
For the i-th realization, we set S = Ki , q = 2log2 (Ki +S) ,
and the field size of RLNC to be q. We examine WUF, NCMDS, Hybrid, RLNC, and the two lower bounds by considering their performance of Ploss via Monte-Carlo simulations in
Fig. 5. It is found that the results are similar to the results of
all the concerned schemes in perfect user-relay link cases in
Fig. 4 except that NC-MDS outperforms RLNC significantly
in a wide range of SNR. The exception is due to the following
reason. The field size adopted by NC-MDS and RLNC in the
imperfect case is less than that of the perfect case. Note that
when the field size of RLNC is small, there is a high chance
that several received packets may be linearly dependent, which
is spectral inefficient. This indicates poor performance of
RLNC in case of obtained G, which leads to a gap in terms of
Ploss between RLNC and NC-MDS in the imperfect user-relay
setting.
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WUF especially in the intermediate SNR regime. Compared
to RLNC, all the three schemes enjoy more efficient decoding
with WUF being the most efficient. With respect to encoding
complexity, all the three schemes involve the same complexity
as RLNC, while Hybrid requires additional calculations so as
to choose the best group and slot-allocation pattern. We derive
a lower bound on the average packet loss rate. Numerical
results show that for S > 1 the average packet loss rate
curves of WUF and Hybrid overlap with the lower bound
on the average packet loss rate in a wide low-SNR region.
That shows WUF and Hybrid are excellent choices for the
low SNR region. In particular, Hybrid is shown to be an allround scheme that offers an excellent performance in a wide
range of SNR.
The development of retransmission schemes at the relay
for the MARC is the main contribution of this paper. In this
study, the physical layer issues are simplified by assuming that
the transmission links are packet erasure channels. A more
general assumption is to replace the erasure channel model
by the fading channel model. In that case, physical-layer
techniques can be adopted, which will further improve system
performance. For example, if uncoded packet retransmission
like WUF is used at the relay, the base station may employ
maximal ratio combining to combine the packet from the user
with the packet from the relay before decoding. When network
coding is used, new cross-layer methods have to be designed,
which is an interesting extension of the work in this paper.
A PPENDIX A
A. Proof of Theorem 2
Proof: Let D  (D1 , D2 , . . . , DK+S ), where Di equals
0 if slot i experiences erasure and 1 otherwise, i ∈ K ∪ S.
K+S
 K+S
There are N 
= 2K+S realizations of D totally.
L
L=0

For ease of description, we index these N realizations by
{1, 2, . . . , N }  N . The indices are ordered such that a
realization of D having more number of ones is assigned
a smaller index; ties are broken arbitrarily. Denote the n(n) (n)
(n)
(n)
th realization by d(n) = {d1 , d2 , . . . , dK+S }, where di
indicates the erasure status of slot i ∈ K ∪ S, n ∈ N . Define
p(n)  Pr{D = d(n) } =

K+S
i=1

(n)

Pr{Di = di }.

We first consider the case where L ≥ K. There are
K+S
 K+S 
N1 
realizations of D totally, which are
L
L=K

VII. C ONCLUSION
We investigate linear NC construction at the relay in the
MARC system so as to minimize the average packet loss rate
at the destination. For the case where the relay is given a
single slot to transmit, we derive an efficient optimal linear NC
construction. For the case where the relay is given multiple
slots to transmit, we investigate three efficient sub-optimal
algorithms, including NC-MDS, WUF, and Hybrid. We prove
the asymptotic optimality of NC-MDS and WUF in the high
and low SNR regimes, respectively. On the other hand, the
Hybrid scheme, which takes the advantages of WUF and
NC-MDS, promises performance gain over NC-MDS and

indexed by {1, 2, . . . , N1 } ⊂ N . Define r(n)  Pr{D =
(n)
d(n) |L ≥ K} = PpL≥K , n ∈ {1, 2, . . . , N1 }. Consider a
scheme which does not belong to the class of NC-MDS.
There must exist M > 0 among these N1 realizations,
under which destination D can recover at most K − 1 users’
packets since the scheme does not satisfy Property 1. Let
the setof the indices of these M realizations be M. Define
r(n) and nmin  arg min r(n) . The expected total
r
n∈M

n∈M

number of recovered packets by destination D when not all
K users’ packets can be recovered is bounded above by
r(K − 1) + (1 − r)K = K − r ≤ K − M r(nmin ) .
Next consider the case where L < K. Totally, there are
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N2 

K−1
 K+S 
L
L=0

realizations, which are indexed as the last
N

N2 indices in N . Define nmax  arg max p(n) . Clearly,
(nmax )

n=N1 +1

. Besides, the number of packets that
1 − PL≥K ≤ N2 p
can be recovered for each channel realization is at most L.
Combining with the result for the case L ≥ K, we have the
following upper bound on the achievable G by any non-NCMDS scheme:
Gnon-NC-MDS
≤ (K − M r(nmin ) )PL≥K + E[L|L < K](1 − PL≥K ) (15)
≤ (K − M r(nmin ) )PL≥K + E[L|L < K]N2 p(nmax ) .

Guncoded ≥ Pr[L = 1]
K+S

E[LI |LII = 0, L = x]Pr[LII = 0, L = x]
+

+ E[LI |LII > 0, L = x]Pr[LII > 0, L = x] ,
(20)


Gcoded ≤ 1 × puncoded + 0 × pcoded Pr[L = 1]
K+S

E[LI |LII = 0, L = x]Pr[LII = 0, L = x]
+
x=2

x=2

(16)

We want to prove that there exists a certain Γ0 , such that for
Γ ≥ Γ0 , GNC-MDS , which can be expressed in (9), is greater
than the above upper bound, that is equivalent to,
p(nmax )
M
.
≤
N2 E[LII |L < K]
p(nmin )

We have

(17)

where pcoded is defined as the probability that non-erased
packet is coded under the non-trivial code under condition
L = 1, and puncoded  1 − pcoded .
Therefore, Gcoded ≤ Guncoded if
pcoded Pr[L = 1]

A sufficient condition for the above inequality to hold is that
p(nmax )
M
≤
.
N2 K
p(nmin )


+ E[L|LII > 0, L = x]Pr[LII > 0, L = x] ,
(21)

≥

K+S


E[LII |LII > 0, L = x]Pr[LII > 0, L = x]

(22)

x=2

(18)

Note that the numerator and the denominator in the LHS
of (18) are the occurrence probabilities of two different events;
the first event has more erasures than the second. Under
Rayleigh fading, we can write down the probability of erasure
and non-erasure for slot i ∈ K ∪ S as
Pr{Di = di }
 −λ(i)/Γ
e
,
if slot i experiences non-erasure,
=
1 − e−λ(i)/Γ , if slot i experiences erasure,
(19)
where λ(i)  λiD if i ∈ K and λ(i)  λRD if i ∈ S.
Substituting (19) into (18) for all i ∈ K∪S, we obtain that the
numerator of LHS of (18) has more 1 − e−λ/Γ ≈ 0 terms and
≈ 1 terms than the denominator. This indicates
fewer (ne−λ/Γ
max )
that pp(nmin ) → 0 as Γ → 0. Since the RHS of (18) does not
depend on the SNR and is strictly greater than zero, we are
able to find a threshold Γ0 on the SNR, above which (18) is
true.

B. Proof of Theorem 4
Proof: We say that a linear network code is non-trivial
if not all packets are uncoded. We first prove that uncoded
retransmission schemes perform better than non-trivial linear
NC schemes in the low SNR regime. Consider an arbitrary
uncoded scheme and an arbitrary non-trivial coding scheme.
Denote their achievable G by Guncoded and Gcoded , respectively.

=

K+S


min(x,S)

x=2

y=1



yPr[LII = y]Pr[LI = x − y] .

(23)

Since the non-trivial network code has at least one coded
packet in phase II, we have
pcoded Pr[L = 1] ≥

K+S

oRD
(1 − oj ),
1 − oRD j=1

(24)

where oj  e−tj is the non-erasure probability of slot j ∈ K∪
S at destination D, and tj  λjD /Γ if j ∈ K and tj  λRD /Γ
if j ∈ S. As a result, (23) holds if
K+S

1
(1 − oj )
1 − oRD j=1

≥

1

K+S


min(x,S)

oRD

x=2

y=1



yPr[LII = y]Pr[LI = x − y] .

(25)

When Γ approaches zero, the LHS of the above inequality
tends to one. We claim that the RHS tends to zero. Note that x
represents the total number of non-erasure slots in both phases.
It is not difficult to see that when Γ → 0, the term when x = 2
dominates other terms in the outer summation. When x = 2,
1
Pr[LII = 1]Pr[LI = 1] and
there are at most two terms left: oRD
2
Pr[L
=
2]Pr[L
=
0].
These
two
terms both go to zero
II
I
oRD
because the probability that having two non-erasure slots is an
order of magnitude lower than the probability of a non-erasure
slot in the second phase.
Therefore, Gcoded ≤ Guncoded when Γ is small enough. The
statement of this theorem is then established by invoking
Theorem 3.
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