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Scheduling and Network Coding for Relay-Aided
Wireless Broadcast: Optimality and Heuristic
Linyu Huang, Student Member, IEEE, and Chi Wan Sung, Member, IEEE

Abstract—This paper considers the problems of minimizing the
completion time and reducing decoding complexity for relay-aided
wireless broadcast. Both network coding and scheduling problems
are considered. A deterministic network coding algorithm is designed to select innovative encoding vectors, which is applicable
to both the base station and the relay. The proposed algorithm
can reduce decoding complexity significantly by selecting sparse
encoding vectors. Integrating with the proposed network coding
algorithm, a scheduling scheme based on dynamic programming
is proposed, which is proved to be optimal in terms of minimizing expected completion time. Considering the size of state
space and computational complexity of dynamic programming,
a greedy scheduling algorithm is also proposed for practical implementation. Simulation shows that the proposed network coding
algorithm and scheduling schemes work very well both in reducing
completion time and in decoding complexity.
Index Terms—Broadcasting, network coding, optimal scheduling, relays.

I. I NTRODUCTION

I

N a wireless broadcast network, a source node distributes a
common message of N packets to all receiver nodes in that
network. Wireless broadcast is widely used in many applications, such as satellite communications, sensor networks, and
Internet TV. In some applications, the message is required to be
transmitted to all the receivers reliably. However, the broadcast
packets are not always successfully received by all receivers
because of interference, path loss, and fading, which can be
modeled as packet erasure channels at upper layers. In that case,
the receiver with the weakest link becomes the bottleneck of the
broadcast transmission. Our design objective is to minimize the
completion time, i.e., the total time to complete the broadcast.
In this paper, we consider the use of network coding, which
improves transmission efficiency via coding among information
flows to different receivers, and the use of relay nodes, which
can assist in the message delivery to cell-edge users.
Linear network coding techniques have been widely applied
to improve bandwidth efficiency and reliability of a network
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[1], [2]. The encoded packets are generated by taking linear
combinations of the original packets, with coefficients drawn
over a certain finite field. These coefficients for each packet
are grouped together, which is called an encoding vector. The
source node sends these encoded packets together with the
corresponding encoding vectors to all receivers. An encoding
vector is called innovative to a receiver if it is not in the
subspace spanned by the previously received encoding vectors
of that user. An encoding vector is said to be innovative if it is
innovative to all the receivers that have not received enough
packets for decoding. To minimize the completion time, the
source node needs to find encoding vectors that are innovative
to as many receivers as possible. In [3], Durvy et al. proved
that there always exists an innovative encoding vector when the
field size is larger than or equal to the number of receivers.
Therefore, in this paper, we focus on the case where the field
size is larger than or equal to the number of receivers.
Although Durvy et al. in [3] found a method to generate
innovative packets, their method is based on the Jaggi–Sanders
algorithm [4]. This algorithm has a relatively high computational complexity for encoding and decoding. In [7], Kwan et al.
proposed a method based on Hitting Set to find innovative
encoding vectors, which has the same field size requirement as
in [3]. However, by reducing the Hamming weight of generated
encoding vectors, the method in [7] can greatly reduce decoding
complexity.
While network coding improves transmission efficiency, the
performance is also limited by the erasure probabilities. For a
group of K independent users, the expected completion time
is the expected value of the maximum of K independent (but
possibly nonidentical) geometric random variables. Therefore,
the expected completion time is still lower bounded by N/Pe ,
where Pe is the erasure probability of the worst case user, who is
typically located at the cell edge. This problem can be alleviated
by the deployment of relay nodes, which can improve the
signal-to-noise ratio (SNR) received by receivers and, thus,
reduce the erasure probability. Since the relay has only an
incomplete set of (possibly coded) packets in general, deterministic coding schemes such as those in [5] and [6] cannot be
directly applied to the relay.
In this paper, we take all the given factors into consideration.
We address the problem of minimizing completion time for
relay-aided wireless broadcast with linear network coding. Our
main contributions are as follows.
• We derive a criterion to determine whether a relay has
innovative encoding vectors or not over a finite field with
size q ≥ K, where K is the number of receivers. We
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extend the method in [7], so that it can be used to find
an innovative encoding vector at a relay when q ≥ K, provided that such a vector exists. In case an innovative vector
does not exist, our proposed method can find a vector that
is simultaneously innovative to all those receivers to which
the relay can provide new information.
• The extended network coding method has a similar sparsity feature of the method proposed in [7]. Compared with
random linear network coding (RLNC), it can can reduce
the decoding complexity. Specifically, simulation shows
that it can reduce multiplication and addition operations
up to 98% and 82%, respectively.
• Based on our network coding method, we address the
scheduling issue, which is not considered in [7] and naturally arises when there are more than one transmitters in
the system. In general, the problem of joint scheduling and
network coding in wireless networks is hard to solve, as
discussed in [8]. For our single-source single-relay model,
we design a three-phase algorithm, in which the third
phase is based on dynamic programming. This algorithm
is proved to be optimal in the sense of minimizing the
expected completion time.
• The optimal scheme can only be applied to systems with
a small number of users due to its high computational
complexity. For systems with a large number of users, we
design a suboptimal greedy scheduling algorithm. Simulation results show that it performs very well.
The rest of this paper is organized as follows. A brief
overview of related work is given in Section II. We introduce
the system model and notations in Section III. In Section IV,
we introduce how to find innovative vectors at both the base
station and the relay. In Section V, we propose our scheduling
scheme, which divides the broadcast into three phases, and
present the details of how to find encoding vectors in each phase
and analyze the sparsity of encoding vectors. We also discuss
the subproblem of scheduling in Phase III in detail. After that,
we provide a detailed proof of the optimality of the proposed
scheme in Section VI. We also propose a suboptimal scheme
that has lower encoding complexity and lower requirements on
feedback and field size in Section VII. Finally, we show some
simulation results in Section VIII and draw conclusions and
present some directions for further work in Section IX.
II. R ELATED W ORKS
Wireless broadcast with network coding is a well-explored
problem. Most of the previous works on broadcasting with
network coding adopt XOR [9], [10] or RLNC [11]–[14]. For
XOR, innovative encoding vectors may not exist due to the small
field size, resulting in a large number of retransmissions and
long completion time. For RLNC, although encoded packets
are almost always innovative when the finite field size is sufficiently large [15], [16], the high requirement for a large field
size cannot be met in some practical systems. It also brings
high bandwidth overheads to carry the encoding vectors and
increases the decoding computational complexity. Hence, it is
preferable to work over finite fields with moderate sizes. In
[3], Durvy et al. proved that there always exists an innovative
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encoding vector when the field size is larger than or equal to
the number of receivers and suggested using the Jaggi–Sanders
algorithm [4] to find innovative encoding vectors. However, this
algorithm has a relatively high computational complexity for
encoding and decoding. In [5], Kwan et al. proposed a scheme
called the cofactor method to find innovative encoding vectors.
The cofactor method has the same field size requirement as in
[3]; however, the Hamming weight of so generated encoding
vectors is less than or equal to the number of receivers. By
using some sparse representation of matrices, the number of
additions and multiplications in decoding can be reduced, even
if the usual Gaussian elimination is used. Sung et al. in [6]
and Kwan et al. in [7] proposed another method based on
Hitting Set to find such sparse encoding vectors. There are also
some works considering instantly decodable network coding
(IDNC) to reduce decoding complexity [17]–[20]. However, the
instantly decodable encoding vectors may not be innovative to
all the receivers. Hence, the reduction in decoding complexity
is at the expense of more retransmissions and longer completion
time. There are also some works considering a special class of
broadcasting, which is called index coding, in which the base
station wants to broadcast different messages to a group of users
via noiseless channels [21]–[24].
For relay-aided broadcast systems, some previous works
consider IDNC over GF (2) [25], [26]. Some others consider
RLNC. In [27], Lu et al. addressed the scheduling problem
to minimize the completion time for a relay-aided broadcast
system based on RLNC. They proposed a greedy one-step
scheduling method that requires instantaneous feedback after
each retransmission and a multistep scheduling method based
on dynamic programming that only requires feedback after
multiple retransmissions. They also extended the methods to a
two-cell broadcast system in [28]. The main difference between
our work and those in [27] and [28] is that RLNC is adopted
in [27] and [28], whereas deterministic network coding is used
in our schemes. We propose an optimal scheme, in terms of
minimizing expected completion time, whereas those in [27]
and [28] are not optimal in general. The reason is that, since the
relay has only an incomplete set of (possibly coded) packets in
general, random linear combinations may not be innovative to
receivers no matter how large the field size is, which makes retransmissions inefficient. Due to the same reason, deterministic
coding schemes such as those in [5] and [6] cannot be directly
applied to the relay.
In [29], Huang and Sung considered the problem of minimizing the expected completion time for one-relay-aided
broadcasting networks. They proposed a joint scheduling and
network coding scheme, which is called Greedy Hitting with
Coordinate Change (GHCC)-DpS, which is optimal in terms
of minimizing completion time. In this paper, we extend the
work in [29]. We first give a detailed proof of the optimality of GHCC-DpS. Then, considering the high computational complexity of GHCC-DpS, we propose a new scheme
called GHCC-GS, which has much lower encoding complexity and lower requirements on feedback and field size. We
also evaluate the performance of GHCC-DpS and GHCC-GS
and provide a more detailed comparison with some previous
schemes.
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Fig. 1. System model.

III. S YSTEM M ODEL AND P ROBLEM F ORMULATION
A. Relay-Aided Network-Coded Broadcast
We consider a time-slotted system consisting of a single base
station (BS), a relay station (R), and K users, as shown in
Fig. 1. The users are randomly located and labeled as Ui , where
i ∈ {1, 2, . . . , K}. The BS has only one file, and there are no
new arriving files. The BS wants to broadcast the file to all
the users. R can receive packets from the BS and collaborate
with the BS to broadcast to users. To avoid collisions, BS and
R are not allowed to simultaneously transmit. The BS and the
relay are assumed to be connected by a reliable duplex control
channel. The BS is the centralized controller, and it can control
the scheduling by sending commands to R. Each user Uj can
receive packets from both BS and R. The goal is that all the
users can receive enough packets for recovering the broadcast
file. Since R is only used to assist the BS, R is not required to
fully receive the broadcast file.
All downlink channels are modeled as independent packet
erasure channels, across time and across users. The downlink
channels include the channels from BS to R, from BS to users,
and from R to users. We use erasure probabilities Psr , Psui , and
Prui to characterize the channels from BS to R, from BS to Ui ,
and from R to Ui , respectively, where i ∈ {1, 2, . . . , K}. If a
packet is erased, it will be discarded. Otherwise, the packet is
assumed to be successfully received. The erasure probabilities
are determined by the distances between corresponding senders
and receivers. Since the users are assumed to be randomly
located, there is no fixed relationship between Psui and Prui . In
other words, Psui may be smaller than Prui if the BS lies closer
to Ui than R does, and vice versa. Furthermore, we assume that
these erasure probabilities are all strictly less than 1.
The uplink channels are acknowledgement channels. For R,
it will immediately send an acknowledgement to the BS after
successfully receiving a broadcast packet. For all users, they
send acknowledgements to both R and BS after successfully
receiving a packet. All the acknowledgement packets are assumed to be reliably transferred without error. In other words,
both BS and R know the status of R and each user, i.e., the
packets received by R and each user.
In each time slot, we apply linear network coding over the
finite field GF (q). The finite field size q is assumed to be
greater than or equal to the total number of users, i.e., q ≥ K.
The broadcast file is divided into N independent equal-size
packets, which are called uncoded packets and labeled from 1

to N . Each packet is a vector whose components are drawn
from GF (q). Each packet transmitted by the BS is a linear
combination over GF (q) of the N uncoded packets. Each
packet transmitted by R is a linear combination over GF (q)
of the packets it has received. In other words, each transmitted
packet is a linear combination of the N uncoded packets, and
the N coefficients are represented by a 1 × N vector, which is
called the encoding vector of that packet. When a coded packet
is broadcast, its encoding vector will be attached in the header
and broadcast at the same time. For clarity, we say broadcasting
an encoding vector x to mean broadcasting a coded packet with
encoding vector x. For the BS, the encoding vector is selected
based on the status of R and all the users. For R, in addition
to the status of users, it also has to take into consideration the
packets it has received from the BS. For user Ui , we use ri to
denote the number of linearly independent encoding vectors it
has received. By putting these ri vectors together, we obtain an
ri × N matrix Ci , which we call the encoding matrix of user
Ui . Similarly, we use rR and CR to denote the number of linearly independent encoding vectors and encoding matrix of R,
respectively. The BS’s encoding matrix CBS can be regarded as
the identity matrix IN . If the rank of Ui ’s (or R’s) encoding matrix is N , it can decode the original file, and we say that Ui (or
R) is complete. Otherwise, we say that Ui (or R) is incomplete.
B. Notations
Throughout this paper, we use RowSpace(C) to denote the
row space of matrix C. The null space of C is the orthogonal
complement of RowSpace(C). We use Rank(C) to denote the
rank of matrix C. We use [C1 C2 ] and [C1 ; C2 ] to denote the
new matrices obtained by concatenating C2 to the right of C1
and stacking C2 to the end of C1 , respectively. In particular,
the stacking operation is shown as follows:
 
C1
.
[C1 ; C2 ] =
C2
Moreover, for any integer x, we use x + + and x to represent
the operations of incrementing and decrementing x by one,
respectively. The notations we used in this section are listed
in Table I.
C. MDP
Now, we formulate the broadcast problem under the framework of Markov decision process (MDP). In the MDP framework, there is an underlying process, which is observed at
time t = 0, 1, 2, . . .. At each t, the process is in one of a
number of states. In our problem, a state is specified by the
encoding matrices of R and of all the K users, denoted as
Δ
d = [CR C1 C2 · · · CK ]. Initially, no packet has been received
by any user. Hence, we let all encoding matrices to degenerate
into a zero vector. We say that s is a goal state if the ranks of
all encoding matrices of all K users are equal to N . For each
time slot t, there are two possible scheduling decisions, which
are represented by φt . If φt = 0, the BS transmits. Otherwise,
if φt = 1, then R transmits. The encoding vector of the packet
transmitted is denoted by xt . The pair (φt , xt ) is the action
taken at t. A state transition occurs after every action. The state

HUANG AND SUNG: SCHEDULING AND NETWORK CODING FOR RELAY-AIDED WIRELESS BROADCAST

TABLE 1
N OTATION TABLE OF SECTION III

677

times the expected value of the maximum of K independent
(but possibly nonidentical) geometric random variables, which
is also bounded for given K and N . The second statement then

follows from the fact that TA∗ ≤ TA for all A.
In the following two sections, we will derive such a policy.
IV. N ETWORK C ODING A LGORITHM
When the sender has all the uncoded packets, e.g., BS, it
can always find an encoding vector that is innovative to all
the incomplete receivers when q ≥ K. In [6] and [7], the
authors proved that there always exists a K-Sparse innovative
vector, where “K-Sparse” means that the Hamming weight
of the innovative vector is less than or equal to K. They also
provided a method to find such vectors. Their method, which
is called the Greedy Hitting (GH) method, is summarized in
the Appendix. However, their method is not directly applicable
to the incomplete relay. We extend their method so that it
is applicable to both the BS and the relay, no matter if R
is complete or not. Before that, we will first introduce the
following useful lemma and theorem.
Lemma 2: Consider K linear inequations of L variables over
GF (q) of the form (see [6, Lemma 3])
Δ

fk (x) = αk1 x1 + αk2 x2 + · · · + αkL xL = 0, k = 1, 2, . . . , K
transition probabilities depend on whether BS or R transmits
and whether a transmitted packet is successfully received by
each user, as described in the previous section. Once the process
enters a goal state, it will stay there forever. After each action,
a cost is incurred, which, in general, depends on the current
state and the action chosen. In our case, the cost is the number
of transmissions that each action takes. It only depends on the
state and is defined as follows:

0, if d is a goal state
c(d) =
(1)
1, otherwise.
A policy is defined to be any rule to choose actions. A policy
is said to be stationary if it can be specified by a function
mapping the state space to the action space. Given any policy
A, we define its expected completion time as

∞

c(d)
(2)
T A = EA
t=0

where the expectation is taken over all channel realizations, and
the policy A is employed. A policy A∗ is said to be optimal if
TA∗ = inf TA .
A

(3)

Theorem 1: An optimal policy A∗ exists and is stationary.
Furthermore, its expected completion time, i.e., TA∗ , is bounded
for given K and N .
Proof: The first statement follows directly from [30, Th.
6.12]. To prove the second statement, observe that we can
construct a policy B, which always chooses the BS to transmit,
and the BS repeatedly transmits each uncoded packet until all
users receive it. Since all erasure probabilities are strictly less
than 1, its expected completion time, i.e., TB , is equal to N

where the coefficients αkl ’s are elements in GF (q). Suppose
for all k’s, there exists αkl = 0 for some l. If q ≥ K, we can
always find a vector x = (x1 , x2 , . . . , xL ) ∈ GF (q)L such that
all the K inequations hold.
Theorem 3: Given an N -column matrix C, which could be
CBS or CR , and Ci over GF (q), where i ∈ {1, 2, . . . , K}. If
q ≥ K and Rank([Ci ; C]) > Rank(Ci ) for all Ci ’s, there exists an innovative encoding vector, which is in RowSpace(C).
Proof: Let rc = Rank(C). Extend the row vectors of C
to a basis by finding (N − rc ) vectors. Append these (N − rc )
vectors to the bottom of C to get a full-rank matrix, which is
denoted as Ccoord . The row vectors of Ccoord are an ordered
new basis for GF (q)N .
We use the new coordinate system defined by the row vectors
of Ccoord to represent C and all Ci ’s, which are denoted as
−1

C = CC−1
coord and Ci = Ci Ccoord , respectively. The first rc

row vectors of C are the first rc standard basis vectors of the
new coordinate system, and the last (N − rc ) entries of all
these vectors are zero, i.e., C = [Irc 0rc ,N −rc ], where Irc is
the identity matrix of size rc , and 0rc ,N −rc is the rc × (N − rc )
zero matrix. Then, for each Ci , find a basis for its null space,
and put these basis vectors together as row vectors to construct
a matrix Bi .
In linear algebra, a vector x is in RowSpace(Ci ) if and
only if x · v = 0 for all vectors v ∈ RowSpace(Bi ). Hence,
for each user Ui , if Rank([Ci ; C]) > Rank(Ci ), we have
C bTi = 0 for some bi in the rows of Bi . Then, for all K users,
we have K such inequations. If we can find such a vector x
that is a linear combination of the row vectors of C and can
make x · bi = 0 hold simultaneously for all K users, then x
would be innovative to all the users. Since the last (N − rc )
columns of C are zeros, the last (N − rc ) columns of x will
always be zero. We can ignore the (N − rc ) dimensions, and
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the given problem is equivalent to solve K inequations with
rc variables. Since bi is not a zero vector, by Lemma 2, there
always exists such a vector x that makes the K inequations hold
simultaneously when q ≥ K.
Then, using the original coordinate system to represent x, we
can get the required innovative encoding vector x∗ = xCcoord .
Since the last (N − rc ) columns of x are all zeros, x∗ can be
written as a linear combination of the first rc row vectors of
Ccoord . Moreover, the first rc row vectors of Ccoord are those
vectors in C. Hence, x∗ is a linear combination of C’s row
vectors.

Example 1: Let q = 3, K = 2, and N = 4. Consider
⎡
⎤


0 1 0 1
0 1 0 1
C=
, C1 = ⎣ 0 0 1 1 ⎦
1 2 0 0
0 1 1 0


0 0 1 2
.
C2 =
0 0 1 0
By appending two linearly independent vectors that are also
linearly independent to the row vectors of C, i.e.,
[0 0 1 0]

[0 0 0 1]

and

to the bottom of C, we can get
⎡
0
⎢1
Ccoord = ⎣
0
0

1
2
0
0

0
0
1
0

⎤
1
0⎥
⎦.
0
1

In the new coordinate system defined by the row vectors of
Ccoord , we can find the respective
⎡
⎤


1 0 0 0
1
0
0
0
, C1 = ⎣ 0 0 1 1 ⎦
C =
0 1 0 0
1 0 1 2


0
0
1
2
.
C2 =
0 0 1 0
The matrices Bi for the null space of Ci ’s are


1 0 0 0
B1 = [ 0 1 0 0 ] and B2 =
.
0 1 0 0
Choose the first rows of B1 and B2 as b1 and b2 , respectively,
we have
b1 = [ 0 1 0 0 ]

and

b2 = [ 1

0

0

0].

We want to find a vector x = [x1 x2 0 0] such that
x · b1 = 0 and

x · b2 = 0.

One solution is x = [1 1 0 0]. The physical meaning of x is to
add the first and second packets received by R to get the encoded packet. The coordinate of x relative to the original coordinate system is x∗ = xCcoord = r1 +r2 = [1001], where r1 and
r2 are the first and second rows of Ccoord , and that of C. The
vector x∗ = [1 0 0 1] is the innovative vector we need. It means
the encoded packet is equal to the sum of the first and fourth
uncoded packets. Hence, R can broadcast the encoded packet
with encoding vector x∗ , which is innovative to both U1 and U2 .

Since the relay cannot find innovative vectors for Ui
if Rank([Ci ; CR ]) = Rank(Ci ), the maximum number of
users that a vector from RowSpace(CR ) can be simultaneously innovative to is the total number of those users with
Rank([Ci ; CR ]) > Rank(Ci ). By Theorem 3, there always
exists such an encoding vector at R that is innovative to all those
users with Rank([Ci ; CR ]) > Rank(Ci ) if q ≥ K. However,
the GH method cannot be applied when R is incomplete. We
generalize the GH method so that it can find such encoding
vectors at R.
Recall that the Hamming weight of a vector is defined as
the number of nonzero elements in that vector. A vector is
said to be ω-Sparse if its Hamming weight is no more than ω.
The encoding vectors found at R are a combination of CR ’s
row vectors. Assume that the rank of CR is rR and that the
Hamming weight of the ith row vector is ωi . The worst case
is that the vector is a combination of all these rR vectors
and no element is eliminated after combination. Hence, an
upper bound
 of the nonzero elements in the encoding vectors
is min{ 1≤i≤rR ωi , N }. In our case, the row vectors of CR
are originally received from the BS. These encoding vectors are
found by directly using the method in [6], and they are proved
to be K-Sparse. Therefore, the upper bound is min{KrR , N }.
Example 2 shows a case that achieves the upper bound.
To minimize the upper bound, we can make CR sparser by
eliminating some nonzero elements. In other words, we can
find the sparsest basis for RowSpace(CR ), where sparsest
basis refers to a set of basis vectors whose total Hamming
weight is no more than any other basis. Then, use the sparsest
basis to find encoding vectors instead of directly using CR .
However, it is proved that finding a sparsest basis is NP-hard
[31], [32]. Considering that some of the received encoding
vectors are uncoded packets, we apply partial decoding to
the received packets at R before finding encoding vectors.
Specifically, CR is transformed into reduced row echelon form
(RREF) to increase the sparsity of CR ’s row vectors. By such
a transformation, we can find a very sparse, sometimes even
sparsest, basis for our broadcast application. Example 2 shows
that RREF obtains a sparsest basis of RowSpace(CR ).
Example 2: Let q = 3, K = 2, and N = 6. Consider
⎡
⎤
1 1 1 0 0 0
⎢0 0 0 1 1 1⎥
⎢
⎥
CR = ⎢ 0 1 0 0 0 0 ⎥
⎣
⎦
0 0 1 0 0 0
0 0 0 1 0 0
⎡
⎤
0 1 0 0 0 0
⎢0 0 1 0 0 0⎥
⎢
⎥
C1 = ⎢ 0 0 0 1 0 0 ⎥
⎣
⎦
0 0 0 0 1 0
0 0 0 0 0 1
⎡
⎤
1 0 0 0 0 0
⎢0 1 0 0 0 0⎥
⎢
⎥
C2 = ⎢ 0 0 1 0 0 0 ⎥ .
⎣
⎦
0 0 0 1 0 0
0 0 0 0 1 0
One innovative encoding vector is x = k1 r1 + k2 r2 , where r1
and r2 are the first and second row vectors of CR , and both
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k1 and k2 are not zero. The Hamming weight of x is always 6,
which coincides with the upper bound.
However, if we transform CR to its RREF, we get
⎡

Crref

1
⎢0
⎢
= ⎢0
⎣
0
0

0
1
0
0
0

0
0
1
0
0

0
0
0
1
0

0
0
0
0
1

⎤
0
0⎥
⎥
0⎥.
⎦
0
1

Then, we can find an innovative encoding vector by taking the
combination of the row vectors of Crref . In this case, we can get
one innovative vector x∗ = r1 + r5 = [1 0 0 0 1 1], where r1
and r2 are the first and fifth row vectors of Crref . The Hamming
weight of x∗ is 3, which is less than that of x.
Formally, the extended Algorithm 1 can be described as
follows. We call it GHCC.
Algorithm 1: GHCC
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takes a complexity of O(N 3 ) to find a basis for the null space of
Ci using Gauss–Jordan elimination. Hence, Step 5 totally takes
a complexity of O(KN 3 ). In Step 6, the complexity of Steps
2–5 of the GH method is O(KN 2 ). In Step 8, the complexity
of multiplications is O(N 2 ). Hence, the overall complexity of
the GHCC method is O(KN 3 ).
V. T HREE -P HASE S CHEDULING S CHEME
Here, we present our proposed three-phase scheduling
scheme. As its name implies, the scheme is divided into three
phases as follows.
Phase I: At the very beginning, both R and the users have
no packets. The BS broadcasts each uncoded packet once.
After N time slots, the broadcast enters Phase II.
Phase II: For each user Ui , construct a matrix Di as follows:

[Ci ; CR ], if Rank ([Ci ; CR ]) < N
Δ
Di =
(4)
otherwise.
Ci ,

Input: Given the sender’s encoding matrix C and the receivers’ encoding matrices C1 , C2 , . . . , CK over
GF (q)N . Rank([Ci ; C]) > Rank(Ci ) for all i ∈
{1, 2, . . . , K}.
Output: An innovative encoding vector x∗ in RowSpace(C)
Step 1: Transform C to its RREF, denoted as Crref .
Step 2: If Crref = IN , use algorithm GH to find x∗ and
algorithm halts. Otherwise, continue.
Step 3: Let rc = Rank(Crref ). Extend Crref to an ordered
basis with the first rc basis vectors being the row vectors of
Crref . Put these ordered basis vectors together as row vectors
to construct a matrix Ccoord .
Step 4: Represent Crref and each Ci in the new coordinate
system spanned by row vectors of Ccoord , denote as C =
−1

Crref C−1
coord and Ci = Ci Ccoord , respectively.

Step 5: For each Ci , find a basis for its null space and put
those basis vectors together as row vectors to construct a
matrix Bi .
Step 6: Only consider the first rc columns of each Bi , use
Steps 2–5 of algorithm GH in the Appendix to find a 1 × rc
solution x.
Step 7: Append (N − rc ) zero elements to the end of x to
get a 1 × N vector x .
Step 8: Represent x back into the coordinate system spanned
by the standard basis to get the required innovative vector
x∗ = x Ccoord .

Furthermore, let ri = Rank(Ci ), and hi = Rank([Ci ; CR ]) −
ri . Check whether the following condition holds:

We are going to analyze the complexity of GHCC. In Step 1
of GHCC, it has a complexity of O(N 3 ) to transform an
N × N matrix to its RREF by using Gauss–Jordan elimination.
In Step 2, the complexity of the GH method is O(KN 3 ),
which is shown in the proof of [17, Th. 11]. Since Crref is
already in RREF, it only needs, at most, 2N operations to
extend it to a basis. Therefore, the complexity of Step 3 can
be ignored. In Step 4, it has a complexity of O(N 3 ) to generate
the inverse of Ccoord by using Gauss–Jordan elimination. The
complexity of multiplying two N × N matrices is O(N 3 ).
Therefore, Step 4 totally takes a complexity of O(KN 3 ). It

If the encoding vectors in Phase II are only required to be
innovative to R and all the incomplete users, x = [1 1 0] is a
legitimate choice. Suppose R successfully received x while the
users did not. It is easy to see that this packet received by R does
not bring in new information for the users and is wasteful. On
the contrary, as x belongs to RowSpace([C1 ; CR ]), it is not a
legitimate choice under our condition. Suppose BS transmits
x = [0 0 1] instead. Again, we assume R can successfully
receive x and the users cannot. Then, R has another innovative
vector to transmit to the users. Indeed, the Full Rank condition
is now satisfied.

Δ

Δ

ri + hi = N for all i ∈ {1, 2, . . . , K}.

(5)

We call it the Full Rank condition. It implies that R has enough
information to serve all incomplete users. If this condition
holds, the broadcast process enters Phase III. Otherwise, the BS
will use GH to generate an encoding vector using all Di ’s as
input. It can be interpreted as the case where the BS is to broadcast an encoding vector to K users with encoding matrices
being Di ’s. According to [7], the generated encoding vectors
will be innovative to all K users as long as q ≥ K. Since the
generated encoding vectors is out of RowSpace([Ci ; CR ]),
it is also innovative to R. Then, the BS will broadcast the
encoding vector to the users and R. This procedure repeats until
the Full Rank condition is satisfied.
When determining the encoding vector, it is tempting to find
one that is innovative to R and all the incomplete users. We
do not design the system in that way. Instead, we require the
encoding vectors to be out of RowSpace([Ci ; CR ]) for all
those users with ri + hi < N . The reason is shown by the
following example.
Example 3: Let q = 3, K = 2, and N = 3. At the beginning
of Phase II, consider
CR = [ 1

0

0]

C 1 = C2 = [ 0

1

0].
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Phase III: In this phase, repeatedly select between BS and R to
broadcast at each time slot until the broadcast is complete.
If the BS is selected, GH is used to find an encoding vector
treating all incomplete users as receivers. If R is selected,
GHCC is used, treating all incomplete users as receivers.
According to the Full Rank condition and Theorem 3, all
encoding vectors are innovative to all incomplete receivers
as long as q ≥ K.
Now, we are going to discuss how to schedule the transmissions of BS and R in Phase III. The subscheduling problem can
be recursively solved by using dynamic programming. We first
define the following parameters.
• State: We use a 1 × K state vector s = [r1 r2 · · · rK ] to
denote the status of all the users. The entire finite state
space S can be denoted as S = [s1 s2 · · · sK ], where
si ∈ {ri , ri + 1, . . . , N }, i ∈ {1, 2, . . . , K}, and ri is the
rank of Ci when the broadcast
 enters Phase III. The total
number of states in S is K
i=1 (N − ri + 1). The goal
absorbing state is sg = [s1 s2 · · · sK ], where si = N for
all i ∈ {1, 2, . . . , K}.
• Action: At each time step, R or BS can be selected to
broadcast a packet. We define the selected action a as
a ∈ A = {0, 1}. a = 0 denotes that the BS is selected, and
a = 1 denotes that R is selected.
• State Transition Probability: At state s, the state transition probability that transfers from s to s under action
a is denoted as p(s |s, a). The state transition probability
can be computed as follows. For a given action a ∈ A and

],
given states s = [r1 r2 · · · rK ] and s = [r1 r2 · · · rK

let p(ri |ri , a) denote the probability that the rank of Ci
changes from ri to ri under action a. We use Pe (Ui , a)
to denote the erasure probability of taking action a to
transmit to user Ui . Pe (Ui , a) can be computed as follows:

Psui , if a = 0
Pe (Ui , a) =
Prui , if a = 1.
Based on the status of user Ui , the state transition for Ui
can be classified into several cases, and the corresponding
transition probabilities can be computed as follows:
⎧
0,
if ri < ri
⎪
⎪
⎪
if ri = ri = N
⎨ 1,

if ri = ri < N
p (ri |ri , a) = Pe (Ui , a),
⎪

⎪
⎪
⎩ 1 − Pe (Ui , a), if ri − ri = 1
0,
if ri − ri ≥ 2.
Since all the channels are assumed to be mutually independent, the state transition probability p(s |s, a) is the
product of p(ri |ri , a) for all users. Hence
p(s |s, a) =

K


p (ri |ri , a) .

i=1

Given a state s, we define V (s) as the expected number of
transmissions for the system to evolve from s to sg given that
optimal actions are chosen in every state and define π(s) as the
optimal action at state s. It is clear that V (s) is nonzero except
when s = sg . Given a state s ∈ S \ {sg }, we define V (s, a) as

the expected number of transmissions for the system to evolve
from s to sg given that action a is chosen for state s and optimal
actions are chosen for the other states. V (s, a) can be computed
by solving the following equation:

p(s |s, a)V (s ) + p(s|s, a)V (s, a) (6)
V (s, a) = 1 +
s ∈S\{s}

where the number 1 means each state transition takes one
transmission. Note that the summation only involves those
states that can be immediately reached from s. In other words,
only when p(s |s, a) is nonzero. Since
state s is involved

p(s|s, a) = 1≤i≤K Pe (Ui , a), which is a constant, (6) can be
written as
⎡
⎤

V (s, a) = ⎣1+
p(s |s, a)V (s )⎦ [1−p(s|s, a)] . (7)
s ∈S\{s}

Note that our problem has the property that the statetransition graph is a directed acyclic graph. This means that
given two distinct states, i.e., s and s , if s can be reached from
s after a certain number of state transitions, then s cannot be
reached from s . For a directed acyclic graph, it is well known
that there is a topological ordering of vertices, which means that
if there is a state transition from s to s , then s comes before s
in the ordering. Due to this property, V (s) can be computed
backward from V (sg ). To compute V (s), we apply the formula
in (7) to find V (s, a) for a ∈ A = {0, 1}. V (s) and the optimal
action at s can then be obtained by
V (s) = min V (s, a)
a∈A

and

π(s) = arg min V (s, a)
a∈A

respectively. To implement this idea, recursion may be used,
and we state the recursive algorithm in Algorithm 2. Example 4
is given to illustrate how it works.
Algorithm 2: Scheduling by Dynamic Programming
Input: A state s ∈ S \ {sg }
Output: V (s) and π(s) for all s ∈ S
set V (s) := 0 and π(s) := 0 for all s ∈ S // global variables
do OptimalAction(s)
return V (s) and π(s) for all s ∈ S
Function: OptimalAction(s)
for s ∈ S \ {sg , s} do
if p(s |s, a) > 0 for any a ∈ A and V (s ) = 0
do OptimalAction(s )
end if
end for
for a ∈ A do 
V (s, a) := [1+ s∈S\{s} p(s |s, a)V (s)]/[1−p(s|s, a)]
end for
V (s) := min V (s, a)
a∈A

π(s) := arg min V (s, a)
a∈A

end function
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Example 4: When the broadcast enters Phase III, let N = 3,
K = 2, r1 = r2 = 2, Psu1 = 0.1, Psu2 = 0.5, Pru1 = 0.45,
and Pru2 = 0.25. Now, we need to decide whether BS or R
should be selected for transmission for each state.
There are four possible states s1 = [2 2], s2 = [3 2], s3 =
[2 3], and sg = [3 3]. V (s) are initialized to be zero for all
the four states. For s1 , all the other three states can possibly
be immediately reached from s1 . When computing V (s1 ), it
will first check V (s2 ). Since V (s2 ) is zero, which means that
its value is not yet available, it will go to compute V (s2 ). In
addition to s2 itself, the only possible state that can be reached
immediately from s2 is sg . Since sg = 0 is known, V (s2 ) can
be computed. According to (6), if the BS is selected to transmit,
the expected number of transmissions can be obtained by
V (s2 , 0) = [1 + (1 − Psu2 )V (sg )] /(1 − Psu2 )
= 1/(1 − Psu2 ) = 2.
Similarly, the cost of selecting R to transmit can be similarly
computed by replacing Psu2 with Pru2 . We can get V (s2 , 1) =
1/(1 − Pru2 ) = 1.33. Therefore, V (s2 ) = min{V (s2 , 0), V (s2 ,
1)} = 1.33, and the optimal action at s2 is selecting R to transmit. Then, it will go back to s1 and check V (s3 ). Since V (s3 )
is not available, it will go to compute V (s3 ), which is similar to
the computation of V (s2 ). We can find that the optimal choice
at s3 is BS and V (s3 ) = 1.11. Now, V (s2 ), V (s3 ), and V (sg )
are available for computing V (s1 ). For s1 , if the BS is selected
to transmit, the expected number of transmissions to get to sg
can be computed as follows:
V (s1 , 0) = [1+(1 − Psu1 )Psu2 V (s2 )+Psu1 (1 − Psu2 )V (s3 )
+(1 − Psu1 )(1 − Psu2 )V (sg )] /(1 − Psu1 Psu2 ).
V (s1 , 1) can be similarly computed by replacing Psu1 and Psu2
with Pru1 and Pru2 , respectively. We can get V (s1 , 0) = 1.741
and V (s1 , 1) = 1.755. Therefore, the optimal choice at s1 is
selecting the BS to transmit. Up to now, the optimal action for
all states is determined.
VI. O PTIMALITY R ESULT
Lemma 4: Given q ≥ K, for a policy to be optimal, the
following two conditions are necessary.
1) BS should transmit packets whose encoding vectors do
not belong to RowSpace([Ci ; CR ]), for all i’s such that
ri + hi < N .
2) R should transmit packets that are innovative to Ui for
which hi > 0.
Proof: First of all, note that these two conditions can
always be met if q ≥ K, since the BS can use GH to find
encoding vectors treating Di ’s as input, and R can use GHCC to
find encoding vectors. The first condition is necessary to ensure
that each transmitted packet by the BS is useful to Ui if the
packet is successfully received by Ui and is also useful to R for
later transmission to Ui if the packet is not received by Ui . A
counterexample is shown in Example 3. The second condition
is obvious, for otherwise Ui for which hi > 0 cannot get any
useful information.
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Lemma 5: There exists an optimal policy that uses the first
two phases of the three-phase scheduling scheme to transmit
until the Full Rank condition is satisfied.
Proof: Assume that the two conditions in Lemma 4 hold
for any transmitted packets. Suppose the BS transmits a packet.
It can be shown that for any incomplete user Ui , either ri + +
or hi + + or there is no change in (ri , hi ). The probability of
occurrence of these three events is a constant, which depends
only on the erasure probabilities of the channels.
For i = 1, 2, . . . , K, let Ai be the event (ri + + and hi ) and
Bi be the event that there is no change in (ri , hi ). Whenever
R transmits, the effect of R’s transmission can only be the
following cases.
1) For Ui such that hi > 0, either Ai or Bi occurs.
2) For Ui such that hi = 0, Bi must occur.
Since the erasure status of a channel at different time
slots is independent and identically distributed, Pr[Ai |hi ] and
Pr[Bi |hi ] are independent of time t. Furthermore, Pr[Ai |hi ]
and Pr[Bi |hi ] are nondecreasing and nonincreasing in hi ,
respectively.
Observe that the Full Rank condition must be met when
broadcast is complete. Suppose that there exists an optimal
policy A that let R transmit Nr > 0 packets before the Full
Rank condition is met. Let δi ≥ 0 be the cumulative increase
of the rank of Ui due to these Nr transmissions of R. (Note that
the transmissions of the BS may also cause ri to increase; those
increments are not counted.) Note that the three-phase scheduling scheme meets the two conditions in Lemma 4. It differs
from A in that it defers the Nr transmissions until the Full Rank
condition is met. After deferring the Nr transmissions by R,
E[δi ] will not be decreased for all i. (It may increase, since hi
may have increased due to the transmission of the BS, causing
Pr[Ai |hi ] to increase.) Therefore, its expected completion time

is no greater than TA , implying that it is optimal.
The proposed GHCC with dynamic programming scheduling
is called GHCC-DpS, which is optimal as shown below.
Theorem 6: If q ≥ K, GHCC-DpS is an optimal strategy for
minimizing the expected completion time, E[T ].
Proof: By Lemma 5, there exists an optimal scheduling
scheme that uses the three-phase scheduling with GHCC in
the first two phases. Therefore, the three-phase scheduling
with GHCC-DpS is optimal, since the dynamic programming
method minimizes the expected completion time in the third
phase.

VII. P RACTICAL I MPLEMENTATION
While GHCC-DpS is optimal, its time complexity exponentially grows with K, which prohibits its application to
systems with many users. For this reason, we propose a fast
heuristic scheme to replace the dynamic programming method.
Moreover, it works over GF (2) and has lower requirement on
feedback than GHCC-DpS.
First, we are going to discuss how to find encoding vectors
over GF (2). Since the field size is very small, innovative
encoding vectors cannot be guaranteed when K > 2. For BS,
which has all the N uncoded packets, determining whether it
has an innovative vector is proved to be NP-complete in [5].
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For R, which may only have some linear combinations of the
N packets, determining whether it has an innovative vector can
only be more difficult. Therefore, there is no guarantee that the
encoding vectors generated over GF (2) are innovative.
To find encoding vectors, GH and GHCC (Algorithm 1) can
still be used. However, there is no guarantee that a system
of K inequations (see Step 5 of the GH Algorithm in the
Appendix) can hold simultaneously over GF (2). To deal with
this problem, during the process of solving the inequations, an
inequation is ignored if it cannot be satisfied. (For more details
about the inequations, we refer the reader to [6].) Although the
encoding vectors so obtained are not always innovative to all
incomplete receivers, GH and GHCC can still be applied over
GF (2).
As for the scheduling problem, the same three-phase
scheduling can still be used with some changes. To reduce the
requirement on feedback, we use a protocol that is similar to the
traditional Go-Back-N protocol [33]. However, the window size
is adaptively changed in our scheme. A user is not required to
send an acknowledgement at every time slot. Instead, it only
sends a feedback message at the end of each window. The
detailed scheduling is as follows.
Phase I: At the very beginning, both R and the users have
no packets. The BS broadcasts each uncoded packet once.
Each user only needs to send one acknowledgement in this
phase, which is sent at the end of the N th time slot. Then,
the broadcast enters Phase II.
Phase II: The BS will first determine window size δ, which is
given by
δ = max {N − ri }.
1≤i≤K

(8)

After that, the BS will transmit δ packets. Each user will
send one acknowledgement message after these δ time
slots. Then, the BS will check whether the Full Rank
condition is met. If so, the broadcast enters Phase III.
Otherwise, the BS will determine the size of the next
window by (8) again and then start the transmissions of the
next window. This procedure repeats until the Full Rank
condition is satisfied.The encoding vectors in each window
are generated as follows. At the beginning of each time
slot, construct a matrix Di for each incomplete user Ui as
follows:
 
[Ci ; CR ; Ct ] , if Rank ([Ci ; CR ; Ct ]) < N
Δ
Di =
otherwise
[Ci ; Ct ] ,
where Ci is the encoding matrix of Ui at the beginning of
the current window, CR is the encoding matrix of R, and
Ct is the matrix consisting of all the encoding vectors that
have been transmitted in the previous slots of the current
window. In other words, the BS assumes that all users
have successfully received the previous transmissions in
the current window. After that, the BS will use GH to
generate an encoding vector using all Di ’s as input and
then broadcast the corresponding coded packet.
Phase III: In this phase, the transmissions are also divided into
windows. At the beginning of each window, window size

δ will be determined by (8). Then, a sender is selected
between BS and R to broadcast δ encoded packets in the
current window. As before, each user only needs to send
one acknowledgement at the end of each window. Such a
procedure will be repeated until the broadcast is complete.
For each window, the sender is determined as follows. We
define indicators Isui and Irui for BS and R to denote whether
the rank of CBS and CR is greater than that of Ci , respectively.
If yes, the indicator is set to 1; otherwise, it is set to 0. After that,
we define parameter β for BS and R as follows:


(1 − Psui )Isui and βR =
(1 − Prui )Irui .
βBS =
1≤i≤K

1≤i≤K

After βBS and βR are computed, select the one with a larger
value of β as the sender of the current window. If βBS is equal
to βR , it will randomly choose one as the sender for the current
window.
The encoding vectors of this phase are generated as follows.
For each incomplete user Ui , construct matrix Di as follows:
Di = [Ci ; Ct ]
Δ

(9)

where Ci is the encoding matrix of Ui at the beginning of
the current window, and Ct is the matrix consisting of all the
encoding vectors that have been transmitted in the previous
slots of the current window. If the BS is selected, GH is used to
find an encoding vector using all Di ’s as input. If R is selected,
GHCC is used using all Di ’s as input. The corresponding coded
packet is then broadcast.
We call this scheme greedy scheduling with GHCC (GHCCGS). Note that, although GHCC-GS is proposed for the binary
field, it can be also applied to higher-order fields.
VIII. N UMERICAL R ESULTS
Here, we evaluate the performance of our proposed schemes
via simulations. A 90◦ sector of a single cell with a radius of
10 km is considered. The BS is located at the center of the cell.
Both R and users are randomly located within the sector area.
The channels are modeled containing combined effects of path
loss and Rayleigh fading. The background noise PN is assumed
to be −113 dBm. The erasure probabilities are defined as the
probabilities that the received SNR is below some threshold
Sth . The instantaneous SNR γ is distributed according to an
exponential distribution with parameter 1/γ̄ [34], where γ̄ is
the average SNR. Here, the average SNR can be written as
γ̄ = (GPT /d3 PN ), where PT is the transmit power, d is the
distance between the corresponding transmitter and receiver,
and G is the gain resulted from antenna configurations and other
losses. Hence, the erasure probabilities can be computed as
P = P (γ < Sth ) = 1 − e−d

3

PN /(GPT )Sth

.

In our simulation, the parameters are set as follows. PT is set
to be 47 dBm for both BS and R, and G is equal to 3 for the
channel from BS to R and 1 for all other channels. Sth is set
to 10 dB. Note that in our model, the channel between R and a
user may be worse than that between the BS and that user.
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We compare the proposed GHCC and scheduling schemes
with the IDNC scheme in [25], another IDNC scheme in
[26], and RLNC [27]. The schemes in [25] and [26] both
have three transmission phases. For the scheme in [25], the
BS first sequentially broadcasts each uncoded packet once.
Then, in the second phase, R transmits coded packets from
the packet set that is received by relay while erased by some
users. When all users receive all packets available at R, the
broadcast process enters Phase III, in which the BS transmits
coded packets until the broadcast is complete. If a coded packet
is not received by its destination receivers, the same coded
packet will be repeatedly retransmitted. We call this scheme
IDNC-BRB, since in the first and third phases, only the BS
transmits, whereas in the second phase, only R transmits. For
the scheme in [26], the retransmission order of BS and R is
exchanged. In its second phase, the BS transmits coded packets
until R has enough information to serve all users. Then, it enters
Phase III, and R takes over. We call this scheme IDNC-BBR.
Note that [25] and [26] use different methods to find instantly
decodable vectors. (For brevity, we omit the details here and
refer the readers to [25] and [26], respectively.) For RLNC,
since the one-step scheduling in [27] always outweighs the
multistep scheduling in [27], we only compare with the former,
which is denoted as RLNC with one-step scheduling (RLNCOSS). RLNC-OSS first selects the BS to transmit N randomly
coded packets in Phase
for BS
 I. Then, it defines two parameters
K
λ
P
and
B
=
λ
and R, i.e., BBS = K
R
i=1 sui sui
i=1 rui Prui ,
where λsui and λrui are binary variables to indicate whether
the rank of Ui ’s encoding matrix is less than that of BS and
that of R, respectively. At each slot of the retransmission phase,
it selects the one with max{BBS , BR } to transmit a coded
packet, until all users are complete.
The performance of a joint network coding and scheduling
method is measured in terms of completion time and decoding
complexity. The completion time is defined as the total number
of transmissions. As in most of the previous works, we use
Gaussian elimination for decoding. The decoding complexity
is compared in terms of the total number of additions and
multiplications that are used by all users. When measuring the
decoding complexity, an addition operation is counted if none
of the operands are nonzero, and a multiplication operation is
counted if none of its operands are 1 or 0. The computations
of a user include the operations that are used to check whether
a received encoding vector is innovative to the user itself and
those that are used to decode the packets. Note that IDNC is
operated in the binary field, and no multiplication is required.
For each set of parameters, we take the average of 5000 random
realizations as the final result.
For small-scale networks, we compare GHCC-DpS with
GHCC-GS, IDNC-BRB, IDNC-BBR, and RLNC-OSS. We
ran simulations with N = 3, and K varies from 2 to 7 over
GF (11). Simulation results are shown in Figs. 2–4. Fig. 2
shows that GHCC-DpS has shorter completion time than the
other schemes. Compared with IDNC-BRB, IDNC-BBR, and
RLNC-OSS, GHCC-DpS can reduce completion time by about
11%, 6%, and 4%, respectively, when K = 7. The figure also
shows that the performance of GHCC-GS is better than those of
IDNC-BRB, IDNC-BBR, and RLNC-OSS. Figs. 3 and 4 show
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Fig. 2. Completion time for various K and with q = 11 and N = 3.

Fig. 3. Multiplication operations for different K with q = 11 and N = 3.

Fig. 4. Addition operations for different K with q = 11 and N = 3.

that GHCC-DpS requires significantly fewer multiplications
and additions than RLNC-OSS. Although GHCC-DpS requires
a few multiplications in each broadcast, it requires much fewer
additions than IDNC.
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Fig. 5. Completion time for various K with q = 61 and N = 32.
Fig. 7.

Addition operations for different K with q = 61 and N = 32.

Fig. 6. Multiplication operations for different K with q = 61 and N = 32.

For large-scale networks, we compare GHCC-GS with
IDNC-BRB, IDNC-BBR, and RLNC-OSS. We ran simulations
with N = 32, and K varies from 10 to 60 over GF (61). Fig. 5
shows that GHCC-GS takes less completion time than IDNCBRB and IDNC-BBR. Compared with IDNC-BRB and IDNCBBR, it can reduce the completion time by 47% and 16%,
respectively, when K = 60. To investigate the gap between
GHCC-GS and optimal scheduling on completion time, we also
compare GHCC-GS with a lower bound. The lower bound is
obtained as follows. By Lemma 5, for each set of parameters,
let the lower bound scheme be exactly the same as GHCCDpS in Phase I and Phase II. However, in Phase III, only the
BS is selected to broadcast innovative vectors, and the erasure
probability from the BS to Ui is set to min{Psui , Prui }. Fig. 5
shows that the gap between GHCC-GS and the lower bound
is less than 5%. While the completion time of RLNC-OSS is
slightly shorter than that of GHCC-GS, Figs. 6 and 7 show that
the computational complexity of RLNC-OSS is much higher.
Note that Fig. 7 uses logarithmic scaling on the Y -axis. When
K = 60, GHCC-GS can reduce multiplications and additions
by 98% and 82%, respectively.

Fig. 8. Completion time for various Psr with K = 30, q = 31, N = 32,
Psui = 0.5, and Prui = 0.1 for all users.

In Fig. 8, we show the completion time as a function of
the erasure probability from BS to R in large-scale networks
with N = 32, K = 30, and q = 31. We use the same erasure
probabilities corresponding to [27, Fig. 2], where Psui = 0.5
and Prui = 0.1 for all users, and Psr varies from 0 to 0.5.
Compared with IDNC-BRB and IDNC-BBR, GHCC-GH can
reduce completion time by about 49% and 16%, respectively,
when Psr = 0.3. The performance difference between RLNCOSS and GHCC-GH is always less than 3%.
For the binary-field case, we also compare GHCC-GS with
IDNC-BRB, IDNC-BBR, and RLNC-OSS. We ran simulations
with N = 32, and K varies from 10 to 60 over GF (2). The
comparison of completion time is shown in Fig. 9. We can see
that GHCC-GS also outperforms IDNC-BRB and IDNC-BBR.
Compared with IDNC-BRB and IDNC-BBR, it can reduce their
completion times by 45% and 14%, respectively, when K = 60.
The completion time of GHCC-GS is comparable to that of
RLNC-OSS. We also compare GHCC-GS with a lower bound.
Since it is NP-hard to determine whether an innovative vector
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Fig. 9.

Completion time for various K with q = 2 and N = 32.
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Fig. 11. Completion time for various N with q = 31 and K = 30.

Fig. 12. Feedback requirements for various N with q = 31 and K = 30.
Fig. 10. Addition operations for different K with q = 2 and N = 32.

exists over GF (2), it is also hard to find an optimal coding
scheme. Hence, we take the lower bound of GF (61) previously
defined as the lower bound of GF (2). Since innovative vectors
over GF (2) may not exist, the lower bound of GF (61) must
be the lower bound of GF (2). The figure shows that the
performance of GHCC-GS is close to the lower bound. Fig. 10
shows the comparison of complexity over GF (2). When q = 2,
the operands are either 0 or 1, and no multiplication is required.
Thus, we only compare addition operations in Fig. 10. It shows
that GHCC-GS has a much lower complexity than RLNC-OSS.
Compared with IDNC-BRB and IDNC-BBR, GHCC-GS-GF
can reduce complexity by 38% and 53%, respectively, when
K = 60. Therefore, GHCC-GS outweighs IDNC in terms of
both completion time and decoding complexity.
To investigate the performances of these schemes with different numbers of broadcast packets N , we also run simulations
with fixed K = 30, and N varies from 10 to 60 over GF (31).
The comparison of completion time is shown in Fig. 11.
The performance of GHCC-GS is very close to both that of
RLNC-OSS and the lower bound in all scenarios. In particular, when N = 60, the gap between GHCC-GS and RLNC-

OSS is only 1.02%. However, both IDNC-BRB and IDNCBBR take much more transmissions than GHCC-GS does.
Compared with IDNC-BRB and IDNC-BBR, GHCC-GS can
reduce completion time by 40% and 14%, respectively, when
K = 60. The comparisons of decoding complexity are similar
to Figs. 6 and 7 and are omitted here. We also compare the
feedback requirement of each scheme. The simulation results
are shown in Fig. 12. Note that the scheme labeled as lower
bound requires feedback after each transmission; therefore,
its feedback requirement is higher than that of GHCC-GS.
Compared with IDNC-BRB, IDNC-BBR, and RLNC-OSS,
GHCC-GS can reduce feedback pacekts by 72%, 52%, and
36%, respectively, when K = 60.
To simplify analysis, the feedback channels are assumed to
be error-free channels, which is not practical in some applications. To evaluate the performance of the proposed schemes
in the practical environment, we also run simulations with
erasure feedback channels. Since, in general, the antennas of
BS and R are more sensitive than users’, we assume that the
average received SNR of the uplink channel is 7 dB better
than the corresponding downlink channel. The comparison of
completion time is shown in Fig. 13. We take the lower bound
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Fig. 13. Completion time for various N with q = 61, N = 32, and erasure
feedback channels.

with an error-free feedback channel, defined in Fig. 5, as a lower
bound of this case. We can see that Fig. 13 is very similar to
Fig. 5. The gap between GHCC-GS and RLNC-OSS is also
less than 4%. Compared with IDNC-BRB and IDNC-BBR,
GHCC-GS can still reduce completion time by 48% and 15%,
respectively, when N = 60.
We have obtained an upper bound on the Hamming weight
of the encoding vectors sent by R. The bound, however, is often
not tight, since most of the vectors received in Phase I and
Phase II are uncoded packets. After the RREF operation, the
sparsity of R’s encoding matrix is comparable to that of the BS.
Simulation shows that the encoding vectors found at R are quite
sparse. Take the case of K = 60, N = 32, q = 61 for example,
the average Hamming weight of the 1 × 32 encoding vectors
found at R by GHCC-GS is 3.72. It is much less than that of
RLNC-RS, which is 31.35. It is also much less than the upper
bound obtained in Section IV.
Considering Figs. 5 and 9, GHCC-GS requires shorter completion time in a larger finite field (see Fig. 5) than in a smaller
field (see Fig. 9). The reason is that the encoding vectors are not
always innovative to all the receivers when q < K.
IX. C ONCLUSION
Network coding is a well-known technique for improving
the transmission efficiency of a multireceiver system. To reap
the most beneficial feature of network coding, it is crucial
to transmit as many innovative vectors as possible. However,
to the best of our knowledge, no previous work considers
how to determine whether an incomplete sender has innovative
encoding vectors or not. In this paper, we have first derived a
criterion to determine whether a (possibly incomplete) relay
has innovative vectors when q ≥ K. If innovative vectors exist,
our proposed method, i.e., GHCC, can determine one of them.
Otherwise, it can find a vector that is innovative to all receivers
to which the relay is able to provide new information. This
method can be modified to work over a small finite field at
the expense of lower transmission efficiency. These findings
are fundamentals of many data dissemination applications. For
example, they can be applied to a message recovery network

in which each user has partial information on the message
and these users together want to collaboratively recover the
message. Moreover, they are also potentially applicable to some
peer-to-peer applications.
In this paper,we apply our network coding results to the
design of a relay-aided wireless broadcast system. This system
scenario issues a new technical challenge when compared with
the design of a one-to-many broadcast system, since the existence of a relay node poses the question of whether the base
station or the relay should transmit at a given time slot. Here,
we preclude the use of physical-layer cooperative techniques so
as to simplify system design. A simple time-division channel
access between the base station and the relay is assumed.
Based on our design of the network code and the statistical
properties of the transmission channels, we have derived an
optimal scheduling algorithm using dynamic programming.
This algorithm, called GHCC-DpS, is able to minimize the
expected completion time. This result provides fundamental
understanding of the optimal operation of a network-coded
relay-aided system.
While GHCC-DpS can be applied to small-scale networks,
its high computational complexity renders it impractical to be
used for large-scale systems. For this reason, we have proposed
a suboptimal scheduling method called GHCC-GS, which has
a much lower computational complexity and requires less
feedback. Simulation results show that both methods outweigh
the traditional RLNC in terms of decoding complexity and
outweigh IDNC in terms of completion time.
While we have considered a broadcast system with only one
relay node, our results may provide insights on how to handle
the interplay between network coding and scheduling. We
expect that the same methodology can be applied to other application scenarios and broadcast systems with multiple relays.
A PPENDIX
G REEDY H ITTING M ETHOD
Algorithm 3: GH method
Input: Given Ci over GF (q)N with Rank(Ci ) < N and
q > K, where i ∈ {1, 2, . . . , K}.
Output: A K-sparse innovative vector x∗ over GF (q)N .
Step 1: For each Ci , find a basis for its null space and put
those basis vectors together as row vectors to construct
matrix Bi .
Step 2: For each Bi , define a 1 × N vector b̃i . The jth
element of b̃i is set to 1 if the jth column of Bi is nonzero;
otherwise, it is set to 0.
Step 3: Find the corresponding Hitting Set Problem and use
the greedy algorithm in [35] to solve it. The solution indicates
the minimum number of nonzero elements of x∗ and one
possible combination of nonzero elements’ positions. Denote
the collection of those positions as a set P .
Step 4: For each Bi , randomly select a row vector bi that has
at least one nonzero element in the positions listed in P .
Step 5: Construct an inequation bi · x = 0 for each bi . Solve
the system of K inequations, and the solution is the required
innovative vector x∗ .
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