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Abstract— This paper investigates the power control
problem for the downlink of a multi-cell non-orthogonal
multiple access system. The problem, called
P -O PT ,
aims to minimize the total transmit power of all the base
stations subject to the data rate requirements of the users.
The feasibility and optimality properties of P -O PT are
characterized through a related optimization problem, called
Q -O PT , which is constituted by some relevant power control
subproblems. First, we characterize the feasibility of Q -O PT and
prove the uniqueness of its optimal solution. Next, we prove that
the feasibility of P -O PT can be characterized by the Perron–
Frobenius eigenvalues of the matrices arising from the power
control subproblems. Subsequently, the relationship between the
optimal solutions to P -O PT and that to Q -O PT is presented, which
motivates us to obtain the optimal solution to P -O PT through
solving the corresponding Q -O PT. Furthermore, a distributed
algorithm to solve Q -O PT is designed, and the underlying
iteration is shown to be a standard interference function.
According to Yates’s power control framework, the algorithm
always converges to the optimal solution if exists. Numerical
results validate the convergence of the distributed algorithm
and quantify the improvement of our proposed method over
fractional transmit power control and orthogonal multiple access
schemes in terms of power consumption and outage probability.
Index Terms— Non-orthogonal multiple access (NOMA), successive interference cancellation (SIC), standard interference
function, distributed power control.

I. I NTRODUCTION
N CONVENTIONAL multiple access technologies, different users are allocated to orthogonal resources in terms of
time, frequency, or code domain. These orthogonal methods
are simple in avoiding or alleviating intra-cell interference, and
can be implemented with low complexity receiver. However,
they could not make optimal use of radio resource, i.e., their
achievable rate regions, are proper subsets of the corresponding capacity region, which is indicated by information theory [1]. However, the exponential increasing of various mobile
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services and applications has propelled 1000-fold increase
in system capacity, 10-time higher spectral efficiency, and
lower power consumption for the fifth generation (5G) of
wireless communications. Coordinated Multi-Point (CoMP)
transmission/reception is a technology that allows multiple
cells to coordinate with each other to control or reduce the
interference between different transmissions and had been
considered by the 3rd generation partnership project (3GPP) as
a tool to improve the signal quality of cell-edge users in LTEAdvanced systems [2]. However, the additional processing
required for multiple site reception and transmission will
produce a large number of signaling interaction and increase
the system latency significantly. Therefore, more effective
technologies to meet these requirements are needed. To maximize spectral efficiency, multiple access has to be nonorthogonal. Additionally, due to the advance of signal processing
techniques and lowering cost of hardware, future wireless
systems can tolerate a higher complexity of receiver design.
Therefore, it is time to consider practical deployment of nonorthogonal multiple access (NOMA). NOMA with the use of
successive interference cancellation (SIC) has been regarded as
a promising technique for the 5G cellular systems as it allows
multiple users share the same time and frequency resource,
which brings a higher spectral efficiency [3], [4].
NOMA was first proposed in 2013 as a new radio
access technology for 5G cellular systems [5]. Since then,
it has attracted considerable attentions [5]–[26]. Superiority of
NOMA over orthogonal multiple access (OMA) schemes in a
single cell is well known in information theory. For practical
systems including LTE and LTE-Advanced cellular systems,
it is shown in [6] and [7] by realistic computer simulation
that NOMA has better system-level downlink performance in
terms of user throughput than orthogonal frequency division
multiple access (OFDMA) and single carrier frequency division multiple access (SC-FDMA). Analytical results in [8]
show that a single-cell NOMA downlink system has lower
outage probability and larger ergodic sum rate. In addition,
the outage performance of downlink NOMA for the scenario where each user feedbacks only one bit of its channel
state information (CSI) to the base station is studied in [9].
In [10], a low-complexity sub-optimal user clustering scheme
is proposed, based on which the closed-form optimal power
allocation for both uplink and downlink NOMA systems has
been derived. The effect of imperfect successive interference
cancellation (SIC) has been studied in [11]–[13]. More specifically, the power control for imperfect SIC is shown to be a
special case of Yate’s power control framework and solved
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by iterative power allocation algorithm in [11]. A groupingbased NOMA system is proposed in [12] to mitigate the
performance degradation due to imperfect SIC. Additionally,
a novel interference cancellation (IC) technique is investigated
for asynchronous NOMA system in [13]. There exist some
other works that investigate user pairing strategies [14], [15],
the uplink of NOMA systems [16]–[18], multi-antenna NOMA
systems [19]–[22] and network NOMA [23], [24].
Since the downlink of NOMA systems needs to employ
SIC, power must be allocated properly among multiplexed
users such that interfering signals can be correctly decoded
and subtracted from the received signal of some users. In the
literature, the existing power allocation strategies are mostly
heuristic and sub-optimal. For example, fractional transmit
power control (FTPC) is used in [5]–[7], which assigns power
according to the individual link condition of each user, but
do not consider joint optimization among all users in different
cells. In [8], power allocation in a single cell is performed
in a fixed manner. In [25] the transmit power of the multiplexed users in each band is obtained by the difference of
convex (DC) programming. However, the solution is not guaranteed to be globally optimal. Based on practical modulation
schemes, [26] studies the power allocation for a two-user
NOMA system to maximize total mutual information. In addition, all these works [5]–[8], [25], [26] aim at maximizing the
sum of the capacity of all users, with the maximum power
constraint to each base station imposed. For practical systems,
it is also important to consider how to save energy, given
that the received signal-to-interference-plus-noise (SINR) of
each user is greater than a certain threshold. To the best
of our knowledge, this is the first paper considering power
minimization for NOMA systems with rate constraints.
In this paper, we extend the idea in [27], which considers
the downlink of a two-cell NOMA system, to the case where
there are an arbitrary number of cells. We formulate the
problem mathematically as an optimization problem called
P -O PT , which aims to minimize total transmit power of
all the base stations while satisfying the data rate requirements of all users. The feasibility and optimality properties
of P -O PT are characterized through a related optimization
problem, called Q -O PT, which is constituted by power control subproblems. It’s proved that the feasibility of P -O PT
can be characterized by the Perron-Frobenius eigenvalues of
the matrices arising from the power control subproblems.
It is also demonstrated that the optimal solutions to both
P -O PT and Q -O PT are unique. Additionally, the mapping
relationship between the optimal solution to P -O PT and that
to Q -O PT is presented, which motivates us to obtain the
optimal solution to P -O PT through solving the corresponding
Q -O PT . Furthermore, a distributed algorithm to solve Q -O PT
is designed and the convergence is proved by using the results
of [28]. Finally, we show by simulation that the NOMA system
with power control significantly outperforms FTPC and OMA
systems in terms of power consumption and outage probability.
The rest of this paper is organized as follows: Some basic
knowledge about Gaussian broadcast channel and power control theory is given in Section II. The multi-cell NOMA system
model is introduced in Section III. Besides, the associated

power control problem, P -O PT, is formulated. Section IV
presents the definitions of decoding order and the required
transmit power at a base station. In Section V, the power
control problem Q -O PT is introduced and its feasibility and
optimality properties are discussed. Section VI characterizes
the feasibility and optimality properties of the optimization
problem, P -O PT. Our distributed power control algorithm
and its convergence analysis are shown in Section VII.
In Section VIII, simulation results show the performance of
our proposed power control algorithm. In the last section,
a conclusion is drawn.
II. P RELIMINARIES
A. Gaussian Broadcast Channel
In this subsection, we first review the capacity region of
the multi-user Gaussian broadcast channel [29], which will be
used in this paper. Consider a network with one transmitter
sending independent messages to K users. Let gi and Ni be
the link gain from the transmitter to receiver i and the noise
power at receiver i , for i = 1, . . . , K , respectively. Denote
P as the power budget of the transmitter. Suppose N1 /g1 ≥
N2 /g2 ≥ · · · ≥ N K /g K . The maximum achievable rate of user
k, for k = 1, 2, . . . , K , is given by
Rk  W log2 (1 +  K

pk gk

j =k+1

p j gk + Nk

),

(1)

where W indicates the system bandwidth, the variable pk ≥ 0
represents the amount of power used by the transmitter to
transmit messages to user k. A collection of rate vectors can
be achieved by allocating the power budget, P, in
different
K
pk .
ways for the K users, subject to the constraint P = k=1
After allocating the powers, the rate of user 1 can be achieved
by treating the signals of the other users as noise. The rate
of user k can be achieved by first decoding the signals of
user 1 to user k −1, then subtracting them off from its received
signal, and finally decoding its intended signal. This method
is called successive interference cancellation (SIC), whose
basic principle is shown in Fig. 1. More details can be found
in [1, Sec. 6.2]. Note that the Rk in (1) is normalized by
bandwidth.
B. Power Control Theory
Some basic knowledge of power control theory is introduced
in this subsection, which will be applied to solve our problem.
More details can be found, for example, in the survey [30].
1) Classical Power Control Problem: Consider a multiuser
cellular system, and focus on a particular channel that is shared
concurrently by M users associated with M different base
stations. For i = 1, 2 . . . , M, user i is associated with base
station i . Here we consider the downlink case. Denote the link
gain between user i and base station j by gi, j . The signal-tointerference-plus-noise ratio (SINR) of user i , i , is given by
i = 

j  =i

gi,i pi
,
gi, j p j + Ni

(2)
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Fig. 2.

Fig. 1.

The basic principle of multiuser NOMA system.

where Ni is the receiving noise at user i . The power control
problem aims to minimize the total power consumption,
M
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Multi-cell NOMA system model.

2) Distributed Power Control: It is observed in [28] that in
the classical power control problem and its many variations,
the user requirement, like (4), can be described by a vector
inequality written in the form:
p ≥ I( p),

pi ,

(3)

i=1

subject to the SINR requirements:
i ≥ γi , ∀ i.

(4)

The above constraint could be written in matrix form as
follows:
[I − B] p ≥ u,

(5)

where I is the M × M identity matrix, B is the M × M nonnegative matrix whose (i, j )-th component is defined by

0
if i = j
,
(6)
Bi, j 
γi gi, j /gi,i , otherwise

(10)

where I( p) is a vector-valued function, whose i -th component
indicates the effective interference that user i must overcome.
The corresponding power minimization problem can be solved
by the iterative power control algorithm:
p(t +1) = I( p(t ) ),

(11)

provided that I( p) satisfies the three criteria of standard
interference function for all p ≥ 0:
1) Positivity: I( p) > 0.
2) Monotonicity: If p ≥ p , then I( p) ≥ I( p ).
3) Scalability: For all α > 1, then αI( p) > I(α p).
When I( p) is standard, the algorithm in (11) is called the standard power control algorithm. If an optimal solution exists,
it is guaranteed that the standard algorithm will converge to it.

and u is the vector with its i -th component being
u i  γi Ni /gi,i .

(7)

We call B the normalized interference matrix and u the
normalized noise vector. It is assumed that B is a irreducible
matrix. By Perron-Frobenius Theorem [31], B has a positive
real eigenvalue, λ B , which can be associated with strictly positive eigenvectors, and λ B ≥ |λ| for any eigenvalue λ = λ B .
This largest eigenvalue, λ B , is called the Perron-Frobenious
eigenvalue of B. Consequently, we have the following feasibility and optimality results:
A nonnegative solution p to the inequality
[I − B] p ≥ u,

(8)

exists for any u ≥ 0, u = 0, if and only if λ B < 1. In this
case, there is a unique optimal solution p∗ to the power control
problem, which is given by
p∗ = [I − B]−1 u.
More details could be found in [32] and [33].

(9)

III. S YSTEM M ODEL AND P ROBLEM F ORMULATION
This section describes the system model and the problem to
be solved in this paper. The downlink of a NOMA system with
M cells is considered. The set of indices of cells is denoted by
M  {1, 2, . . . , M}. For each cell m ∈ M , there is one base
station (BS) and K m users associated with it. Denote the set
of the indices of the users in cell m by Km  {1, 2, . . . , K m }.
The system model is shown in Fig. 2.
For m, m  ∈ M and i ∈ Km , let gi,m,m  be the link
gain between BS m  to user i who is associated with BS
m. For notation simplicity, we normalize the link gains and
noise power as follows: Let g̃i,m,m   gi,m,m  /gi,m,m and
n i,m  N/gi,m,m , where N is the noise power at each receiver,
which equals the product of the power spectral density of white
Gaussian noise and the subcarrier bandwidth.
We consider the scenario in which each BS transmits independent messages to its own attached users using superposition
coding. For m ∈ M and i ∈ Km , let pi,m be the power allocated
to user i in cell m and ri,m be his required data rate. Denote W
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as the overall system bandwidth. For notation simplification,
we define
γi,m  2ri,m / W − 1,

(12)

for m ∈ M and i ∈ Km , which is the SINR requirement of user i who belongs to cell m. Furthermore, define
pm  ( p1,m , p2,m , . . . , p K m ,m ) and p  ( p1 , p2 , . . . , p M ).
Given any vector x, we use ||x||1 to denote its l1 -norm,
which is defined as the sum of its individual components.
For m ∈ M , let qm  || pm ||1 be the total transmit power
of BS m. In addition, we denote q  (q1 , q2 , . . . , q M ) and
q −m  (q1 , . . . , qm−1 , qm+1 , . . . , q M ). Assume that inter-cell
interference is treated as additive white Gaussian noise. Then
each cell can be modeled as a multi-user Gaussian broadcast
channel and SIC is applied within a cell. We use Ii,m to
indicate the normalized inter-cell interference plus noise of
user i in cell m, which is given by
Ii,m 

M


qm  g̃i,m,m  + n i,m .

For each cell m ∈ M , let m be the set of all possible
permutations of Km . For example, if Km = {1, 2, 3}, then


m = (1, 2, 3), (1, 3, 2), (2, 1, 3), (2, 3, 1), (3, 1, 2), (3, 2, 1) .
We use an auxiliary vector, π̂ m ∈ m , to indicate the decoding
order of users in cell m. Let π̂m (i ) be the i -th component of
π̂ m . It means that user π̂m (i ) first decodes the messages of
users π̂m (1), . . . , π̂m (i − 1), then subtracts their signals, and
finally decodes its intended message by treating the signals of
remaining users as noise.
The decoding order in cell m depends primarily on the noise
and inter-cell interference experienced by the users in that cell,
i.e., I1,m , I2,m , . . . , I K m ,m . Therefore, we arrange the users in a
sequence according to descending order of Ii,m ’s. When there
is a tie, we arrange those users in ascending order of their
indices. In other words, we define π m as a function of q −m
as follows:
(14)

such that the following two criteria are satisfied:
1) The interference terms are arranged in descending order:
Iπm (1),m ≥ Iπm (2),m ≥ · · · ≥ Iπm (K m ),m ;

j =π̂m−1 (i)+1

pπ̂m ( j ),m + Ii,m

(16)

Note that the above rule differs from that used in single-cell
systems where the decoding order depends only on the link
gains. The reason is that in multi-cell systems, users associated
with the same cell, in general, experience different inter-cell
interference. The optimality of the above decoding order will
be proved in Lemma 2.
For m ∈ M and i ∈ Km , let Ri,m ( p) be the achievable
data rate of user i in cell m, and R̃i,m (π̂ m , p) be an auxiliary



,

(17)
in which π̂ m ∈ m , and π̂m−1 (i ) indicates the order of user
i in π̂ m . More precisely, π̂m−1 (i ) = j if π̂m ( j ) = i , where
π̂m ( j ) is the j -th component of π̂ m . Then according to (1),
we have
Ri,m ( p) = R̃i,m (π m (q −m ), p), for m ∈ M , i ∈ Km . (18)
Note that q −m is a function of p, although it is not explicitly
shown in (18).
The objective of this work is to minimize the total transmit power subject to user rate constraints. Mathematically,
the problem could be formulated as follows:
(19)

subject to
Ri,m ( p) ≥ ri,m , m ∈ M , i ∈ Km ,
pi,m ≥ 0, m ∈ M , i ∈ Km .

(20)
(21)

We call this problem P -O PT. Note that P -O PT is non-convex,
since Ri,m ( p)’s are non-convex functions of p. Furthermore,
ñ
we let P ⊆ R
 Mbe the feasible power region of P -O PT,
where ñ 
m=1 K m is the dimension of the power
vector p. A power region is said to be feasible if and
only if the constraints (20) and (21) are satisfied for all
p in it.
IV. D ECODING O RDER AND R EQUIRED P OWER
AT A BASE S TATION
In this section, we first show the minimum power required
at a base station, given an arbitrary but fixed decoding order.
Next, we show that the decoding order function, π m (q −m ),
as defined in the last section, is optimal in terms of power
consumption.
Consider an arbitrary cell m. Suppose we fix the value
of π̂ m , and we want to achieve the data rate requirements
of all users in cell m,
R̃i,m (π̂ m , p) ≥ ri,m , i ∈ Km .

(15)

2) if Iπm (i),m = Iπm ( j ),m for i < j , then
πm (i ) < πm ( j ).

pi,m

min || p||1 ,
(13)

m  =1,m   =m

π m (q −m ) = (πm (1), πm (2), . . . , πm (K m )) ∈ m ,

function defined as follows:

R̃i,m (π̂ m , p)  W log2 1 +  K
m

(22)

Let f˜m (π̂ m , q −m ) be the minimum required transmit power
of BS m to satisfy the data rate requirements, given that the
power of other BS m  , for m  = m, are fixed.
Lemma 1: Given any m ∈ M and π̂ m ∈ m , we have
f˜m (π̂ m , q −m ) =

Km


βi,m (π̂ m )Ii,m ,

(23)

(γπ̂m ( j ),m + 1) γi,m .

(24)

i=1

where
βi,m (π̂ m ) 
j <π̂m−1 (i)
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Proof: It is clear that the power of BS m is minimized
when the constraints in (22) hold with equality. Considering
the last two users in the decoding process and by (17), we have
(25)
pπ̂m (K m ),m = γπ̂m (K m ),m Iπ̂m (K m ),m ,
pπ̂m (K m −1),m = γπ̂m (K m −1),m pπ̂m (K m ),m + Iπ̂m (K m−1),m . (26)
By substituting (25) in (26), and adding the two equations up,
we obtain
Km
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s.t.
qm ≥ f m (q −m ), m ∈ M ,

(33)

qm ≥ 0, m ∈ M .

(34)

We denote its feasible power region by Q ⊆ R M .
Let I(q)  (I1 (q), I2 (q)), · · · , I M (q)) be the interference
function of Q -O PT. According to (33) and Lemma 2,
Im (q)  fm (q −m ) = min f˜m (π̂ m , q −m ),
π̂ m ∈m

pπ̂m (i),m = γπ̂m (K m −1),m Iπ̂m (K m −1),m

i=K m −1

+(γπ̂m (K m −1),m + 1)γπ̂m (K m ),m Iπ̂m (K m ),m
(27)
Next, we consider the third-to-last user:
pπ̂m (K m −2),m = γπ̂m (K m −2),m
× pπ̂m (K m −1),m + pπ̂m (K m ),m + Iπ̂m (K m −2),m .
(28)
Substituting (27) into (28), and then adding (27) and (28),
we can obtain an expression for the sum power of the last
three users. Repeating the same procedure, we obtain the sum
power of all the K m users as follows:
Km


Km

pπ̂m (i),m =

i=1

i=1

(γπ̂m ( j ),m + 1) γπ̂m (i),m Iπ̂m (i),m . (29)
j <i

The statement is proved by changing the user indices.
Given the value of q −m , let f m (q −m ) be the minimum
transmit power of BS m to achieve the data rate requirements
Ri,m ( p) ≥ ri,m for i ∈ Km . In other words,
f m (q −m ) = f˜m (π m (q −m ), q −m ).

(30)

The following result shows that π m (q −m ) is the optimal
decoding order which requires the least power among all possible decoding orders to satisfy the same data rate requirement.
Lemma 2: For any m ∈ M , we have
f m (q −m ) = min f˜m (π̂ m , q −m ).
π̂ m ∈m

(31)

Proof: See Appendix A.

V. A R ELATED O PTIMIZATION P ROBLEM , Q -O PT
We investigate the feasibility and optimality properties of
the P -O PT problem by analyzing a related problem called
Q -O PT . First, we formulate Q -O PT and show that its interference function is standard. Next, we introduce the concept of
power control subproblems, which enables us to characterize
the feasible power region of Q -O PT, Q , by the feasible power
regions of all the power control subproblems. Finally, we prove
the uniqueness of the optimal solution to Q -O PT.

We define the optimization problem Q -O PT as follows:
min ||q||1

for m ∈ M .
Note that the interference function is introduced in
Section II-B, which represents the effective interference
to be overcome. Equivalently, it can be interpreted as the
power needed for the intended user to meet a certain quality
requirement.
Lemma 3: The interference function of the Q -O PT, I(q),
is standard.
Proof: Based on Lemma 1, we substitute (13) into (23)
to show that f˜m (π̂ m , q −m ) is equal to
K

Km
M
m



βi,m (π̂ m )g̃i,m,m  qm  +
βi,m (π̂ m )n i,m .
m  =1,m   =m

i=1

i=1

Note that f˜m (π̂ m , q −m ) is an affine function of q −m with the
multiplier coefficients all being nonnegative. It is easy to check
that it has the three aforementioned properties of standard
interference function. Since the minimum of a finite number
of standard functions is also standard [28, Th. 5], Im (q) is
standard for all m. Hence, I(q) is also standard.
B. Feasibility of Q -O PT
Now we define the power control subproblems that arise
from Q -O PT. Define π̂  (π̂ 1 , . . . , π̂ M ) and   1 ×
· · · ×  M . Consider the following optimization problem with
parameter π̂ ∈ :
min ||q||1

(36)

qm ≥ f˜m (π̂ m , q −m ), ∀m ∈ M ,
qm ≥ 0, ∀m ∈ M .

(37)
(38)

subject to

M
As π̂ m ∈ m and |m | = K m !, we have m=1
(K m !)
such problems in total. Substituting (13) and (23) into (37),
we obtain
Km

 

(39)
βi,m (π̂ m )
qm  g̃i,m,m  + n i,m .
qm ≥
i=1

m   =m

We can then write the problem in the following matrix form,
with the objective of minimizing ||q||1 , subject to
(I − B(π̂))q ≥ u(π̂)),
q ≥ 0,

A. Formulation and Interference Function

(32)

(35)

Km

(40)
(41)

where the m-th entry of u(π̂ ) is given by i=1 βi,m (π̂ m ))n i,m ,
and B(π̂) is an off-diagonal
 K mmatrix whose (m, n)-th entry,
where m = n, is given by i=1
βi,m (π̂ m ))g̃i,m,n .
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The above class of problems is parameterized by the
decoding orders of all cells, π̂. We call them power control
subproblems, and they all belong to the classical power control
problem described in Section II-B. Given any π̂ ∈ , let
S(π̂ ) be the feasible power region of the corresponding power
control subproblem. It is clear that

Sm (π̂ m ),
(42)
S(π̂) =
m∈M

VI. C HARACTERIZATION OF P -O PT
In this section, the feasibility and optimality properties
of the P -O PT problem are analyzed. First, the relationship
between the feasibility of P -O PT and Q -O PT is presented.
Next, the uniqueness of optimal solution to P -O PT is proved.
Last, the mapping relationship between the optimal solution
to P -O PT and that to Q -O PT is given, which instructs us
to obtain the optimal solution to P -O PT through solving the
corresponding Q -O PT.

where


Sm (π̂ m )  q ≥ 0 : qm ≥ f˜m (π̂ m , q −m ) .

(43)

Lemma 4: The feasible power region of Q -O PT, Q ,
is
equal
to the union of the feasible power regions of the
M
(K
!) power control subproblems, i.e.,
m
m=1

S(π̂).
(44)
Q =

A. Feasibility of P -O PT
To relate the feasibility of Q -O PT to P -O PT, we define a
mapping with domain Q and co-domain P . By the definition
of Q , any q  (q1 , q2 , . . . , q M ) ∈ Q must satisfy qm ≥
f m (q −m ) for m ∈ M . By the definition of f m , we are able to
find pm so that
|| pm ||1 = fm (q −m ) ≤ qm

π̂ ∈

Proof: See Appendix B.
C. Optimality of Q -O PT

In this subsection, we show that the optimal solution to
is unique.
Lemma 5: The optimal solution to Q -O PT, if exists, satisfies the inequality constraints in (33) with equality.
Proof:
We prove it by contradiction. Let q ∗ 
∗
∗
∗ ) be an optimal solution to Q -O PT at
(q1 , q2 , . . . , q M
which some BS satisfies the inequality constraints with
strict inequality. Let BS m  be such a BS, which means
qm∗  > f m  (q ∗−m  ) and qm∗ ≥ f m (q ∗−m ) for m ∈
M \{m  }. Since f m  (q ∗−m  ) is independent with qm∗  , we can
strictly reduce the value of qm∗  to qm  ≥ f m  (q ∗−m  ). Let
∗ ). We have ||q  || ≤
q  = (q1∗ , . . . , qm∗  −1 , qm  , qm∗  +1 , . . . , q M
1
∗
||q ||1 . On the other hand, Lemma 3 implies that f m ’s satisfy
the monotonic property, and therefore, qm∗ ≥ f m (q ∗−m ) ≥
f m (q −m ). The inequality constraints in (33) are satisfied by
q  , which contradicts with that q ∗ is optimal.
Theorem 6: If Q -O PT is feasible, then it has a unique
Furthermore, q ∗ is a unique optimal
optimal solution q ∗ . 
M
solution to one of the m=1
(K m !) power control subproblems.
Proof: If Q -O PT is feasible, then by Lemma 4, at least
one of the power control subproblems is feasible. It is well
known that if a power control subproblem is feasible, then
it has a unique optimal solution [30]. Since there are at
M
(K m !) feasible subproblems, there are at most
most m=1
M
m=1 (K m !) candidates to consider. Among them, the one who
has the minimum sum power is an optimal solution to Q -O PT.
Now we come to prove the uniqueness of optimal solution to
∗ ) and q   (q  , . . . , q  ) be two
Q -O PT . Let q ∗  (q1∗ , . . . , qm
1
M
distinct optimal solutions to Q -O PT. Since ||q ∗ ||1 = ||q  ||1 ,
there must exist β > 1 such that βq ∗ ≥ q  and βqm∗ = qm for
some m ∈ M . A contradiction arises, since
Q -O PT

qm = f m (q −m ) ≤ f m (βq ∗−m ) < β f m (q ∗−m ) = βqm∗ ,
where the two equalities follow from Lemma 5, and the two
inequalities follow, respectively, from the monotonicity and
scalability of f m ’s, which have been proved in Lemma 3.

and the rate constraints of user i , for i ∈ Km , are satisfied.
Indeed, pm can be uniquely determined by letting the rate
constraints of all users in cell m hold with equality. Let
α  qm /|| pm ||1 ≥ 1 and pm = α p m . It is clear that the
rate constraints of all users in cell m are satisfied at pm as
well, that is, pm ∈ P , since their rates will all increase by
scaling up their power levels. Because of this scaling, we have
|| pm ||1 = qm .
The mapping : Q → P is defined such that
(q)  ( p1 , p2 , . . . , p M ),
where pm ’s, for m ∈ M , are defined in the previous paragraph.
We have (q) ∈ P for all q ∈ Q . We denote the range of
by P0 , which is a subset of P .
Furthermore, define another mapping
: P → Q as
follows:
( p1 , p2 , . . . , p M )  (q1 , q2 , . . . , qm ),
where
qm = || pm ||1 , ∀m ∈ M .
It is easy to verify that
( p1 , p2 , . . . , p M ) ∈ Q if
( p1 , p2 , . . . , p M ) ∈ P . (If we restrict the domain of
from
P to P0 , then we obtain the inverse function of .) Note that
both and preserve the l1 -norm. With the above definitions,
the following result is almost immediate:
Lemma 7: P -O PT is feasible if and only if Q -O PT is
feasible.
Proof: If p ∈ P , then ( p) ∈ Q . Conversely, if q ∈ Q ,
then (q) ∈ P .
The feasibility of P -O PT is characterized by the following
result:
Theorem 8: The P -O PT problem has feasible solutions if
and only if the Perron-Frobenius eigenvalue of B(π̂) is less
than 1 for some π̂ ∈ .
Proof: According to the statements in preliminaries,
a power control subproblem has feasible solutions if and only
if the Perron-Frobenius eigenvalue of B(π̂ ) is less than 1. The
statement then follows immediately from Lemmas 4 and 7.
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B. Optimality of P -O PT
This subsection shows the uniqueness of optimal solution to
and reveals its relationship with the optimal solution
to Q -O PT through the mapping .
Lemma 9: The optimal solution to P -O PT, if exists, satisfies the inequality constraints in (20) with equality.
Proof: This statement can be proved by a similar argument
as in Lemma 5, and the details are omitted.
Lemma 10: The optimal value of Q -O PT is equal to the
optimal value of P -O PT.
Proof: Let p∗ and q ∗ be optimal solutions to P -O PT and
Q -O PT , respectively. The statement follows from
P -O PT ,

||q ∗ ||1 ≤ || ( p∗ )||1 = || p∗ ||1 ≤ || (q ∗ )||1 = ||q ∗ ||1 .
Theorem 11: If P -O PT is feasible, then it has a unique
optimal solution p∗ = (q ∗ ), where q ∗ is the optimal solution
to Q -O PT.
Proof: If P -O PT is feasible, then by Lemma 7, Q -O PT is
also feasible. By Theorem 6, the optimal solution to Q -O PT
exists and is unique. Denote it by q ∗ . By Lemma 10 and the
norm-preserving property of , p∗  ( p∗1 , . . . , p∗M ) = (q ∗ )
is an optimal solution.
Let p  ( p1 , . . . , pM ) be an optimal solution to P -O PT.
By Lemma 10 and the norm-preserving property of , ( p )
is also optimal to Q -O PT and must equal to q ∗ . Therefore,
we must have || pm ||1 = || p∗m ||1 = qm∗ for m ∈ M . In addition,
for m ∈ M , by Lemma 9, the rate constraints of users 1 to K m
are met with equality. Thus, given the value of q ∗−m , we must

∗ for m ∈ K . Hence, we obtain p = p∗ .
have pi,m
= pi,m
m
The aforementioned results depict that if we could solve
Q -O PT , then the optimal solution to P -O PT can be obtained
by . This motivates the design of the distributed power
control algorithm in the next section, which can solve Q -O PT
efficiently.

Its convergence can be established as follows:
Theorem 12: Given any instance of Q -O PT that has feasible solutions and given any initial power vector q (0) , the distributed power control algorithm in (45) converges to the
unique optimal solution q ∗ to that instance.
Proof: Given a feasible instance of Q -O PT, by Theorem 6,
a unique optimal solution q ∗ exists. By Lemma 5, q ∗ satisfies
the inequality constraints in (33) with equality, and thus is a
fixed point of the iterative algorithm. Since I(q) is standard as
shown in Lemma 3, the power control algorithm given in (46)
is standard. According to [28, Th. 2], the algorithm converges
to a unique fixed point from any initial power vector q (0) .
Therefore, the algorithm converges to q ∗ , which is the unique
fixed point.
In conclusion, to solve a given instance of P -O PT, we can
first solve the corresponding instance of Q -O PT in a distributed
manner, obtaining q ∗ . By Theorem 11, the optimal solution to
P -O PT , p∗ , can be obtained by applying
to q ∗ .
B. Distributed Implementation
This power control algorithm is distributed in the sense that
each BS m only needs to know the following two pieces of
local information:
1) the link gains between itself and its associated users, and
2) the interference plus noise power at the associated users.
Both of them can be measured within cell m. Consequently, the normalized interference plus noise power at
each associated user i , Ii,m , can be computed. These values,
I1,m , . . . , I K m ,m can be used to iterate the power control at
BS m.
To see this, notice that the iteration at BS m is given by (45),
which can be rewritten as
(t −1)
(t −1)
qm(t ) = f˜m (π m (q −m ), q −m )

=

VII. D ISTRIBUTED P OWER C ONTROL A LGORITHM
In this section, we propose an iterative distributed power
control algorithm, which only requires some local channel
information at each BS. Given any instance of P -O PT that has
non-empty feasible power region, the algorithm is guaranteed
to converge to the unique optimal point, based on Yates’s
power control framework in [28].
A. Convergence
(t )

Let qi for i ∈ M be the transmit power of BS i
(t ) (t )
(t )
(q1 , q2 , . . . , q M ) and
at iteration t. Denote q (t ) 
)
(t )
(t )
(t )
(t )
q (t
−m  (q1 , . . . , qm−1 , qm+1 , · · · , q M ). At each iteration t,
each BS updates its transmit power to meet the data rate constraints of all its attached users. Mathematically, the iterative
algorithm can be stated as follows:
−1)
qm(t ) = f m (q (t
−m ) for m ∈ M ,

(45)

which can be expressed in vector form as
q (t ) = I(q (t −1)).

6213

(46)

Km


−1)
(t −1)
βi,m (π m (q (t
−m ))Ii,m ,

(47)
(48)

i=1

where the two equalities are based on (30) and (23), respec(t −1)
tively. Note that the decoding order π m depends on q −m via
the normalized interference plus noise ratios, I1,m , . . . , I K m ,m ,
as stated in (14), (15) and (16). Therefore, BS m needs not
(t −1)
to obtain q −m from other BS’s. Instead, it can determine the
decoding order based on the normalized interference plus noise
ratios, which can be measured or estimated locally, so that (48)
can be expressed as
qm(t ) =

Km


(t −1)
(t −1)
βi,m π m (I1,m
, . . . , I K(tm−1)
,m ) Ii,m .

(49)

i=1

This shows that the algorithm is fully distributed, so that base
stations do not need to exchange control information among
themselves.
Alternatively, we can express the distributed algorithm at
BS m in terms of pm . As described above, the decoding
order, π m , can be determined locally. Once it is fixed, BS m
can obtain the allocated power to each of its K m associated
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users using only local information, which can be expressed as
follows:
pπ(tm) (K m ),m = γπm (K m ),m Iπ(tm−1)
(K m ),m ,
and for i = K m − 1, K m − 2, ..., 1,


(t )
(t )
(t −1)
pπm (i),m = γπm (i),m
pπm ( j ),m + Iπm (i),m .

(50)

(51)

j >i

According to Lemma 1, the total power, qm(t ), is equal to the
sum of these K m power values.
In summary, our proposed method is fully distributed. BS m
only requires each of its associated users to estimate his/her
normalized interference plus noise. Then it can adjust its power
allocated to each of its associated users. Control message
exchange among base stations is not needed. We state the
pseudocode of the distributed algorithm for the t-th power
iteration of BS m in Algorithm 1.

Fig. 3.

An example of UDS 1 and UDS 2, where K = 2.

Fig. 4.
K = 2.

Convergence of the proposed distributed power control algorithm,

Algorithm 1 The t-th Power Iteration of BS m
(t −1)
Input: Ii,m
for i ∈ Km .
(t )
(t )
Output: qm and pm .
1: Determine the decoding order, π m , based on the input
(t −1)
for i ∈ Km , according to criteria (15) and (16).
Ii,m
2: for i := 1, 2, . . . , K m , do
3: determine βi,m according to (24), i.e.,

βi,m :=

(γπm ( j ),m + 1) γi,m ,
j <πm−1 (i)

where πm ( j ) is the j -th component of π m and γi,m is
the SINR requirement of user i as defined in (12).
4: end for
5: Compute the minimum transmit power f m of BS m according to (49), i.e.,
qm(t )

:=

Km


(t −1)

βi,m Ii,m .

i=1

6:

Allocate power to user πm (K m ) according to (50), i.e.,
pπ(tm) (K m ),m := γπm (K m ),m Iπ(tm−1)
(K m ),m .

7:
8:

for i := K m − 1, K m − 2, . . . , 1, do
allocate power to user πm (i ) according to (51), i.e.,


pπ(tm) (i),m := γπm (i),m
pπ(tm) ( j ),m + Iπ(tm−1)
(i),m .
j >i

9:
10:

end for
(t )
(t )
(t )
(t )
return qm and ( p1,m , p2,m , . . . , p K m ,m ).

VIII. S IMULATION R ESULTS
This section evaluates the performance of our distributed
power control algorithm by extensive Monte Carlo simulations. We employ a 19-hexagonal-cell model, i.e., M = 19.
The radius R of each cell is set to 500 meters. Within each
cell m, there is one BS located at the center and K m users

inside it. We assume that each cell has the same number of
multiplexed users, K , i.e., K m = K for m ∈ M . Each user
has the same target rate r , i.e., ri,m = r for each m ∈ M
and i ∈ Km . The users are randomly distributed within a cell.
We consider two user distribution schemes (UDS):
1) In UDS 1, the users of each cell are uniformly distributed
in its hexagonal coverage;
2) In UDS 2, a cell is divided into K regions. For i =
1, 2, . . . , K − 1, the i -th region is a ring bounded by
two circles, both centered at the middle of the cell and
having radii (i −1)R/K and i × R/K . The K -th region is
the region outside the circle with radius (K − 1) × R/K
but within the hexagonal coverage of the cell. For i =
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TABLE I
S IMULATION PARAMETERS

1, 2, . . . , K , the i -th user is uniformly distributed within
the i -th region.
An example for these two schemes when K = 2 is shown
in Fig. 3.
We assume the channel gain and intra-cell/inter-cell
interference estimation is ideal. The system bandwidth
is assumed to be W = 5 MHz and the noise density is
N0 = −174 dBm/Hz. The user’s noise figure is 9 dB. In the
propagation model, we consider three factors, namely, path
loss, shadow fading and small-scale fading. The path loss
component is given by 128.1 + 37.6 log10 d, in which d is the
distance between the transmitter and the receiver in km. Lognormal shadowing has the standard deviation of 8 dB and we
assume that there is correlation of shadowing among different
cells. For m ∈ M , and i ∈ Km the shadow fading component
√
of user i that belongs to cell m is given by (X i,m + X)/ 2,
where X i,m and X are independent and identical log-normal
random variables [34], [35]. For small-scale fading, each user
experiences independent Rayleigh fading with variance 1.
We compare the performance of our distributed power
control method with fractional transmit power control (FTPC)
(with different decay factors) and two conventional OMA
schemes. FTPC is a suboptimal power allocation method,
which has been widely applied in NOMA works [5]–[7], [15],
[18]. The decay factors of FTPC, β F T PC , is assumed to be 0.3,
0.5 and 0.7, respectively. In both OMA schemes, we divide
the spectrum into K channels, each of bandwidth W/K .
In OMA 1, we order the users in each cell by their channel
conditions and assume that users with the same order in different cells share the same bandwidth. In OMA 2, we randomly
group the users in each cell to share the same bandwidth.
In this section, we consider three important system-level
performance metrics: the convergence time, the total transmit

power, and the outage probability. Afterwards, we will investigate the effect of imperfect SIC. Denote εer be the error ratio
of imperfect SIC. Based on [12], the data rate of user i in cell
m, R̃i,m (π̂ m , p) in (17), can be rewritten as


pi,m
, (52)
W log2 1 +
Km
 +
Ii,m
pπ̂m ( j ),m + Ii,m
−1
j =π̂m (i)+1

π̂m−1 (i)−1


where Ii,m
 εer ( j  =1
pπ̂m ( j  ),m ), which indicate the
residual interference due to imperfect SIC. εer is assumed to
vary from 10−2 to 10−0.5 .
The detailed simulation parameters are summarized
in Table I. Note that we consider the scenarios where each
cell consists of two or three users, i.e. K = 2 or 3. In theory,
our proposed method can be applied to arbitrary values of K .
On the other hand, it may be difficult to apply SIC for many
users due to error propagation in the interference cancellation
process. In practice, therefore, the system may apply user
clustering [10], which divides users in groups of two or three
users and assign orthogonal channels to different groups.
In this simulation study, we assume that user clustering has
been performed, and consider only those users that share the
same channel.

A. Convergence Time
In traditional distributed power control for OMA systems,
the convergence rate is geometric [36]. It is also well known
that the convergence rate depends on the eigenvalue of the
interference matrix, which can be interpreted as the congestion
level [37]. In NOMA systems, the feasibility of P -O PT,
as stated in Theorem 8, depends on whether there exists π̂ ∈ 
such that the eigenvalue of B(π̂ ) is less than 1. Therefore,
we may interpret the minimum eigenvalue of B(π̂) over all
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Total transmit power versus data rate requirements, K = 2.

π̂ ∈  as the congestion measure of a NOMA system, which
affects the convergence rate of the proposed power control
algorithm.
Now we investigate the convergence time of our proposed
algorithm by simulation. Fig. 4 shows its convergence in
two different scenarios, where the number of multiplexed
users is 2. We assume each user has a data rate requirement
of 2 Mbit/s and its initial power is generated randomly.
We choose several BSs and use their transmit power during the
iteration to show this performance. Fig. 4(a) and 4(b) depict
the convergence performance of the scenario where the UDS
1 and UDS 2 are applied in each cell, respectively. The x-axis
represents the number of iterations, while the y-axis indicates
the transmit power of each selected base station. It can be
seen that the distributed algorithm takes only a few iterations
to converge.
B. Total Transmit Power
Fig. 5 and Fig. 6 show the power consumption of our
distributed power-controlled NOMA scheme, FTPC schemes
and two conventional OMA schemes with different data rate
constraints. Note that for each cell, there might have a lot
of subscribers associated with it, however, it is not wise to

Fig. 6.

Total transmit power versus data rate requirements, K = 3.

multiplex all the users together when considering about practical implementation. The most common approach is divide
the users into different groups and each group of users share
the same subband. In this simulation, we consider one of such
group in each cell and assume the number of multiplexed users
of Fig. 5 and Fig. 6 is 2 and 3, respectively. This kind of
setting is based on view of reducing receiver complexity and
error propagation due to SIC [5], [38]. For each kind of UDS,
to obtain the data points for each target rate, we generate
randomly a large number of problem instances, denoted by
NT ot al , until there are 10,000 of them in which all of the six
power allocation schemes have non-empty feasible regions.
Each point in Fig. 5 and Fig. 6 is then obtained by averaging
over the 10,000 feasible instances.
Fig. 5 indicates the power consumption versus different
user rate requirements among six different scenarios, in which
Fig. 5(a) and Fig. 5(b) applies UDS 1 and UDS 2, respectively.
The number of multiplexed users in each cell is set to be 2.
Obviously, for different α F T PC , FTPC achieves a different
performance and α F T PC = 0.7 has the best performance
among three FTPC schemes, e.g., when UDS 1 is applied
and r is set to 1.8 Mbit/s, FTPC with α F T PC = 0.7 saves
power by 42.37% and 16.52% when comparing to FTPC with
α F T PC = 0.3 and α F T PC = 0.5, respectively. In addition,
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Fig. 7.

Outage performance versus data rate requirements, K = 2.

for any given UDS, OMA 2 can achieve a better performance
than OMA 1 and NOMA outperforms the other schemes
significantly especially when the data rate requirement is
high. For example, when UDS 1 is adopted and r is assumed
to be 1.8 Mbit/s, NOMA saves power by 59.61%, 27.26%
and 17.56% when compared to OMA 1, OMA 2 and FTPC
with α F T PC = 0.7, respectively. Meanwhile, when UDS 2 is
used and r is given by 1.8 Mbit/s, NOMA saves power by
65.75%, 27.97% and 11.44% comparing to the corresponding
OMA 1, OMA 2 and FTPC with α F T PC = 0.7, respectively.
It is worth pointing out that the application of UDS 2 for
NOMA can help to achieve better performance than NOMA
+ UDS 1. For example, when r = 1.8 Mbit/s, NOMA +
UDS 2 saves power by 22.5% than NOMA + UDS 1. The
reason is, SIC is applied at the receiver side, thus, the more
gap of link gains among multiplexed users the more system
performance gain can be achieved to some extent.
Fig. 6 shows the system performance among different power
control schemes, in which the number of multiplexed users in
each cell is assumed to be 3. The similar conclusions can
be achieved to the scenario where 2 users are multiplexed in
each cell (Fig. 5). It’s worth to pointing that NOMA becomes
more energy efficient than FTPC and OMA schemes with the
increasing of K . For example, when we apply UDS 1 and

Fig. 8.

6217

Outage performance versus data rate requirements, K = 3.

assume r = 1 Mbit/s, NOMA can save power by nearly
66.13%, 27.74% and 20.21% than OMA 1, OMA 2 and FTPC
with α F T PC = 0.7, respectively. In addition, this energyefficiency becomes more remarkable with the increasing of
data rate targets.
C. Outage Performance
Fig. 7 and Fig. 8 compares the outage performance of
all six power control strategies. The number of multiplexed
users in each cell of Fig. 7 and Fig. 8 is set to be 2 and 3,
respectively. For each scheme, its outage probability is
calculated by dividing the number of infeasible problem
instances by NT ot al , as described above. It is obvious that
when the target data rate increases, the outage probabilities
of all the six schemes increase. Besides, for any given UDS
and K , FTPC with α F T PC = 0.7 has the lowest outage
probability among three different FTPC schemes. Meanwhile,
NOMA has the lowest outage probability than the other power
control schemes. In addition, for any given UDS, the outage
probabilities of each scheme will increase with the increasing
number of multiplexed users when comparing Fig. 7 with
Fig. 8. Additionally, for any given K , the outage probability
of NOMA will decrease when UDS 2 is used comparing with
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IX. C ONCLUSION
Green communications play an important role in future
cellular networks. In this work, we consider the power
minimization problem for the downlink of a multi-cell NOMA
system subject to user data rate constraints. The feasibility
of the problem, called P -O PT, is characterized by the PerronFrobenius eigenvalues of the matrices arising from the power
control subproblems that constitute another optimization
problem called Q -O PT. We have shown that the optimal solution to P -O PT could be obtained by solving the corresponding
Q -O PT . Therefore, a distributed power control algorithm
to solve Q -O PT is proposed and its convergence is proved
by showing that the underlying iterative function is a
standard interference function. Simulation results validate
our distributed method and show that NOMA outperforms
FTPC and OMA significantly. Future works include joint
user pairing, subcarriers and power allocation for multi-cell
NOMA systems.
A PPENDIX A
P ROOF OF L EMMA 2
Let π̂ ∗m  π m (q −m ). The statement is proved if
f˜m (π̂ ∗m , q −m ) ≤ f˜m (π̂ m , q −m ), ∀π̂ m ∈ m .

(53)

We prove by contradiction. Suppose there exists
π̂ m  (π̂m (1), . . . , π̂m (K m )) ∈ m \ {π ∗m } such that it
achieves the minimum in (31) and
f˜m (π̂ m , q −m ) < f˜m (π̂ ∗m , q −m ).
Fig. 9.

The distribution method of users in each cell is UDS 1, K = 2.

that of NOMA + UDS 1. This is because the application of
UDS 2 in each cell could increase the performance gain of
SIC, which will decrease the probability of outage.

Recall that there are two defining criteria of the function
π m (q −m ), as stated in (15) and (16). Since π̂ m = π ∗m and (54)
holds, criterion 1 must be violated at π̂ m .
Since criterion 1 is violated at π̂ m , there must exists user i <
K m such that
Iπ̂m (i),m < Iπ̂m (i+1),m .

D. Effect of Imperfect SIC
Fig. 9(a) represents power consumption versus different
error ratios under different data rate requirements, in which
εer = 0 indicates the perfect NOMA. Obviously, for any
given r , the needed transmit power will increase with the
increasing of εer and perfect NOMA has the best performance
especially when the data rate requirement is high, e.g., when
r is set to 2.8 Mbit/s, perfect NOMA saves power by 44.86%,
14.41% and 4.61% when compared with imperfect NOMA
with εer = 10−0.5 , εer = 10−1 and εer = 10−1.5 , respectively.
In addition, it is worth pointing that the larger the r , the more
obvious the performance difference among them.
Fig. 9(b) compares the outage performance of perfect
NOMA and imperfect NOMA with different εer . It is obvious
that the outage probability of each NOMA will increase with
the increasing of data rate targets. Besides, for any given r ,
the outage probability of NOMA with different εer have a
tendency to grow with the increasing of εer .

(54)

(55)

By swapping the order of these two users, we obtain another
decoding order
π̂ m = (π̂m (1), . . . , π̂m (i + 1), π̂m (i ), . . . , π̂m (K m )). (56)
We claim that
f˜m (π̂ m , q −m ) < f˜m (π̂ m , q −m ), m ∈ M ,

(57)

which contradicts with the assumption that π̂ m achieves the
minimum in (31).
According to (17), swapping the order of these two neighboring users would not affect the required power of user π̂m ( j )
for j > i + 1 and j ∈ Km . Let p and p be the sum of the
required power of users π̂m (i ) and π̂m (i + 1) under π m and
π m , respectively. If p < p , then for any j < i , the required
power of user π̂m ( j ) under π m would be strictly smaller than
that under π m , and hence (57) is true. So it suffices to prove
that p < p . By some straightforward manipulation, it can
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be obtained from (17) that
p  = γπ̂m (i),m (

Km


R EFERENCES

pπ̂m ( j ),m + Iπ̂m (i),m )

j =i+2

+(γπ̂m (i),m + 1)(

Km

j =i+2

pπ̂m ( j ),m + Iπ̂m (i+1),m )γπ̂m (i+1),m ,

and
p = γπ̂m (i+1),m (

Km

j =i+2

pπ̂m ( j ),m + Iπ̂m (i+1),m )

+(γπ̂m (i+1),m + 1)(

Km

j =i+2

pπ̂m ( j ),m + Iπ̂m (i),m )γπ̂m (i),m .

Hence,
p − p  = γπ̂m (i+1),m γπ̂m (i),m (Iπ̂m (i+1),m − Iπ̂m (i),m ) > 0,
where the last inequality follows from (55).
A PPENDIX B
P ROOF OF L EMMA 4
According to (33) and (34), the feasible power region of
can be expressed as



(58)
Q = m∈M q ≥ 0 : qm ≥ f m (q −m ) .

Q -O PT

By Lemma 2, the above equation can be rewritten as
  

q ≥ 0 : qm ≥ f˜m (π̂ m , q −m )
Q =

(59)

m∈M π̂ m ∈m



=



Sm (π̂ m ).

(60)

m∈M π̂ m ∈m

Since Sm (π̂ m ) depends only on the decoding order of cell m
but not those of the other cells,


Q = m∈M π̂ ∈ Sm (π̂ m ).
(61)
In general, intersection and union do not commute; intersection of unions is a superset of union of intersections. In
other words,
 
 

S(π̂) =
Sm (π̂ m ) ⊆
Sm (π̂ m ) = Q . (62)
π̂ ∈

π̂ ∈ m∈M

m∈M π̂∈

Given any q ∈ Q , according to (58) and Lemma 2, there
exists π̂ ∗  (π̂ ∗1 , . . . , π̂ ∗M ) ∈  such that
qm ≥ f m (q −m ) = f˜m (π̂ ∗m , q −m ) ∀m ∈ M .
By (58) again, we have
 

Sm (π̂ ∗m ) ⊆
Sm (π̂ m ),
q∈

(63)

(64)

π̂ ∈ m∈M

m∈M

implying that
Q ⊆
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S(π̂).

π̂ ∈

The statement then follows from (62) and (65).

(65)
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