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Abstract— In visible light communications (VLC) and visible
light positioning (VLP), it is essential to obtain accurate estimates
of the channel gains between receiver and multiple light sources.
When there are multiple transmitters, time-division multiple
access (TDMA) is typically used in the channel estimation phase
of radio frequency systems. However, the estimation performance
of TDMA-based schemes in VLC and VLP systems is substantially impacted by the maximum power constraint and desired
average power constraint that are unique to visible light systems.
Under these constraints, this paper explores coding schemes
for the simultaneous channel gain estimations of multiple light
sources such that the total and maximum noise variances of the
channel estimates by the receiver are minimized. Although the
minimization problem is non-convex, criteria for optimal codes
are found by using majorization theory. Coding scheme satisfying
these criteria is proposed that helps to characterize the fundamental tradeoff between noise variance and codeword length.
Index Terms— Visible light communications, visible light
positioning, channel estimation, power estimation, TDMA,
majorisation theory, non-convex optimisation.

I. I NTRODUCTION
ISIBLE light communications (VLC) has recently
emerged as a viable future technology to mitigate the
scarcity of the radio frequency spectrum. Building on existing
light infrastructure, signals are transmitted from light emitting
diodes (LEDs) at transmitters to photo-detectors (PDs) at
receivers. A visible light system provides not only illumination
but also communications [1] and indoor positioning [2], [3].
The accuracy of positioning systems depends on how accurate
the channel gains from multiple transmitters are estimated.
Channel gain information is also useful to improve data
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transmission rates [4], [5]. It is essential to design schemes
to obtain precise estimate of the channel gains.
Compared with conventional radio frequency (RF) systems,
VLC systems have several unique properties that make the
design of channel estimation schemes more challenging. First,
transmitted signals in VLC must be non-negative real as
intensity modulation/direct detection is typically used. Channel
gains are also non-negative real. Second, since illumination is
the primary purpose of LEDs, they must provide sufficient
light intensity. Hence, rather than minimizing the average
transmitted power as those in RF systems, transmitters in VLC
systems must produce a desired average power. Third, for
cost and safety considerations, each LED also needs to satisfy
maximum power constraint.
When there are multiple transmitters, Time Division Multiple Access (TDMA) is typically used for the channel estimation phase of RF systems, so that the receiver can estimate the
channel gain from each transmitter to the receiver one by one.
However, due to the maximum power constraint mentioned
above, TDMA may not be a good option for VLC systems
anymore. In particular, suppose TDMA is used in a system
with N LEDs, which implies that the duty cycle of each LED
is N1 and each LED needs to transmit N times of the desired
average power. When N is large, it may become impractical
due to the maximum power constraint of each LED.
Motivated by this observation, we investigate how to optimally design channel estimation schemes for multi-user VLC
systems under the average and maximum power constraints.
Towards this end, we formulate optimisation problems to
minimise total and maximum noise variances of channel
estimates of multiple light sources. Although the optimisation
problems are non-convex, using tools from matrix theory [6]
and majorisation theory [7], we characterize a set of sufficient
conditions that a pilot design scheme must satisfy in order
to be an optimal solution. Using these sufficient conditions,
we then find an optimal pilot design that minimises both
total and maximum noise variances. We further derive a
closed-form expression of the total noise variance for the
optimal design. This is then used to derive a bound on the
fundamental trade-off between noise variance and codeword
length. To compare coding schemes with different codeword
length in a meaningful way, we introduce a metric called
normalised noise variance. Using this metric, we characterize
the optimal average transmitting optical power.
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Here, we compare our work with related interesting work
on channel estimation for VLC systems. Channel estimation for optical Orthogonal Frequency Division Multiplexing (OOFDM) in VLC has been considered [8]–[13]. In these
works, pilot symbols, which are orthogonal in time or frequency, are used. Then least square (LS) based channel estimation is performed to estimate the channel gains before refining
the estimates, e.g., by considering adaptive statistical Bayesian
minimum mean square error (MMSE) [8]. In [11], specific and
adaptive arrangement of grid type pilot schemes are proposed.
In the adaptive scheme, the authors proposed to adaptively
insert more pilot symbols if the bit error rate (BER) is higher
than the forward error correction limit (3 × 10−3 ). However,
this requires that the receiver estimates the BER, which may
not be an accurate estimate, and then feeds the estimated BER
back to the transmitter that imposes extra system complexity.
In [13], the performance of the LS algorithm and the MMSE
algorithm is evaluated when block type pilot arrangement and
comb type pilot arrangement are applied. However, all these
works have not considered how to optimise the transmitted
symbols to reduce the effect of noise at the receiver when
there are both average and maximum power constraints.
The remainder of the paper is organized as follows.
In Section II, we introduce system model and problem
formulation. In Section III, we first characterize the sufficient conditions for an optimal scheme. Then we present a
design that satisfies the optimality conditions. In Section IV,
we discuss the trade-off between noise variance and codeword
length. Numerical results and simulations will be shown in
Sections V and VI, respectively, to compare our coding scheme
with some possible extensions of TDMA. The proofs of some
theorems and lemmas will be shown in Sections VII and VIII
before the concluding remarks will be given in Section IX.
Notations: Tools from matrix theory [6] and majorisation
theory [7] are intensively used. All matrices and vectors are in
boldface. For any matrix M, MT , Tr(M), and diag(M) denote
the transpose, trace and diagonal of M, respectively. Identity
matrix is denoted by I. Denote 2i=1 Mi = [M1 M2 ] as
concatenating M1 and M2 horizontally. Similarly, 2i=1 MiT =
[M1 M2 ]T means concatenating M1T and M2T vertically.
We say x  y if y is majorized by x.
II. S YSTEM M ODEL AND P ROBLEM F ORMULATION

N

i=1

h i X i [n] + Z [n],

TABLE I
M EANING OF N OTATIONS

where Z [n] denotes independent identically distributed (i.i.d.)
additive white Gaussian noise with zero mean and σ 2 variance.
This model follows from [2] which is based on experimental results. The links between transmitters and receiver are
assumed to have direct line of sight and reflections are not
considered. This paper serves as the first step to demonstrate
how optimal codes can be analytically derived for this case.
Deriving analytical results involving reflection would be an
important future direction to pursue.
Let μ be the maximum power per timeslot allowed, so that
each LED must satisfy the maximum power constraint
X i [n] ≤ μ, ∀i, n.

(2)

The receiver needs to obtain accurate estimates of h i ’s for all
i by using L timeslots with L ≥ N. A larger L gives larger
flexibility in system design but this leads to longer delay for
positioning application or shorter time for data transmissions
in VLC. To achieve the desired light intensity, each LED is
required to satisfy an average power constraint, i.e.
1
X i [n] = , ∀i.
t →∞ t
t

lim

(3)

n=1

The system parameters are listed in Table I.
B. Problem Formulation
Consider a codebook represented by an N × L matrix
A = [ai,k ] with
0 ≤ ai,k ≤ μ, ∀i, k,
L

1
ai,k = , ∀i,
L

(4)
(5)

k=1

A. System Model
Consider a VLC system with N LEDs. LED i transmits
X i [n] ≥ 0 at timeslot n. Slow fading is assumed for the
channel gain h i (i.e., a constant over a short period of time).
This is a reasonable assumption as it is common to achieve
a transmission rate over 106 symbol per second in VLC [1].
If the receiver’s displacement and change in orientation are
negligible within 10−3 seconds, h i can be seen as invariant
for more than 103 symbols. The receiver is a mobile device
equipped with a photo-detector which measures light intensity.
For the n-th timeslot, the receiver receives
Y [n] =

35

(1)

where (4) and (5) are constraints on maximum power and
average power for light intensity, respectively. LED i transmits
the i -th row in A. The goal is to design A and an estimation
scheme such that the effect of interference and noise can be
mitigated in the estimation of h i for all i . Assume that linear
decoding estimator Wi [n] is used to estimate h i :
ĥ i =

L


Wi [n]Y [n].

(6)

n=1

This paper considers only Zero-Forcing (ZF) decoders,
which can remove interference among LEDs, due to two reasons: 1) In both visible light communications and positioning
systems, direct line-of-sight between transmitter and receiver
is usually assumed. Therefore, interference power is typically
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larger than noise power so that it is important to eliminate
interference. 2) For positioning systems, estimated position is
a function of {h i }. The positioning accuracy is limited by how
accurate h i ’s are estimated. If interference cannot be removed,
the estimated position does not converge to the true position
regardless of how many estimates of {h i } are obtained.
From now on, we consider only ZF decoders so that
ĥ i =

L


Wi [n]Y [n] = h i +

n=1

L


Wi [n]Z [n].

(7)

n=1

Since the estimate of h
i is affected by a zero-mean Gaussian
L
Wi2 [n], we consider two metrics
noise with variance σ 2 n=1
to measure the effect of noise:
1. Total noise variance:
L
N 


Wi2 [n]

(8)

i=1 n=1

2. Maximum noise variance:
max
i

L


Wi2 [n].

(9)

n=1

Let wi  [Wi [1], · · · , Wi [L]]T and W  [w1 , · · · , w N ].
Our goal is to design the pilot signal pattern A and coefficient
matrix W at the receiver to minimise (8) and (9).
In the following, we consider A such that there exists ZF
decoder W satisfying I = AW. For any given pilot pattern A,
let A† = AT (AAT )−1 be the pseudo-inverse of A. We first
have the following result that characterizes the optimal choice
of W, which enables us to simplify the optimisation problem
significantly.
Proposition 1: For any given N × L matrix A, among all
ZF estimators, W∗ = A† is the optimal choice that minimises
both (8) and (9).
Proof: Let W be an ZF estimator, which implies I = AW.
Note that I = AA† . In the following, we show that for any
ZF estimator W, the i -th element in the diag(WT W) must be
larger than or equal to the i -th element in the diag((A† )T A† ),
and hence W∗ = A† is the optimal choice with regard to
both (8) and (9).
Note that A must have full rank and
A(W − A† ) = 0 = (W − A† )T AT ,

(10)

where the second equality is the transpose of the first equality.
WT W
= (W − A† + A† )T (W − A† + A† )
† T

†

† T

(11)
†

= (W − A ) (W − A ) + (A ) (W − A )
(12)
+ (W − A† )T A† + (A† )T A†

T
† T
†
T −1
†
A(W − A )
= (W − A ) (W − A ) + (AA )
+ (W − A† )T AT (AAT )−1 + (A† )T A†
= (W − A† )T (W − A† ) + (A† )T A† ,

(13)
(14)

where (14) is due to (10). The proposition follows from
that all elements in diag((W − A† )T (W − A† )) are
non-negative.


Therefore, for any given design A at the transmitters,
the optimal choice of W at the receiver is the corresponding
A† . Hence, the optimisation problem is simplified to choosing
the optimal A to minimise (8) and (9). With the optimal choice
of W∗ = A† , (8) can be written as


T
Tr((A† )T A† ) = Tr (AAT )−1 AAT (AAT )−1 (15)


(16)
= Tr (AAT )−1 .
Therefore, we define the total noise variance of a code A as


(17)
η(A) = Tr (AAT )−1 .
To minimise (8) is equivalent to solving


s.t. (4) and (5).
min η(A) = min Tr (AAT )−1
A

A

(18)

It is known that Tr((M)−1 ) is convex
 in M if M is symmetric
positive definite. Unfortunately, Tr (AAT )−1 is non-convex
in A. This can be verified by mixing 2×2 identity matrices A1
and A2 = 1 − A1 with probability 0.25 and 0.75, respectively.
Hence, the optimisation problems at the hand are non-convex
optimisation problems.
We can also ask: How to find the optimal A with the optimal
choice of W∗ = A† such that (9) is minimised subject to (4)
and (5)? The optimal solution turns out to be the same as the
optimal solution for (18) that will be proved in Section III.
III. C OMBINATIONAL C ODE
In this section, we will first illustrate the sufficient conditions for a code to be optimal. Then we will propose an optimal
code which satisfies these conditions. The properties of this
code in terms of both total noise variance and maximum noise
variance will be investigated.
A. Criteria for Optimal Code
A code A is said as optimal if it is an optimal solution
to (18), i.e., it achieves the minimum total noise variance
in (8). Although (18) is a non-convex optimisation problem, we can characterize conditions that lead to an optimal
design A.
Theorem 1: Suppose A = [ai,k ] with 0 ≤ ai,k ≤ μ for
1 ≤ i ≤ N and 1 ≤ k ≤ L satisfies the following criteria:
 2

C1. For all i and j = i , both k ai,k
and k (ai,k )(a j,k )
are
 constants.
C2.
i ai,k = N for all k.
C3. For all i and k, ai,k = 0 or μ.
Then A is an optimal solution to (18).
The proof of this theorem is deferred to Section VII. Here,
we discuss the implications of the criteria in Theorem 1:
1) the cross correlation among the codewords is a constant;
2) transmitted power is evenly distributed among L timeslot;
3) each LED either transmits at its maximum power or is off
in each timeslot. These are the sufficient conditions for a code
to be optimal and Theorem 1 gives us important insights on
the design of an optimal code.
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B. Definition and Properties of Combinational Code
Definition 1 (Combinational Code): For N LEDs, consider
λ ∈ [1, N − 1]. Let
 
N
N!
.
(19)
L=
=
λ!(N − λ)!
λ
Define A∗ (μ, N, λ) as an N × L matrix whose columns store
all the possible permutation of λ μs and (N − λ) 0s. The i -th
row in A∗ (μ, N, λ) is the codeword assigned to the i -th LED.
The average power of this coding scheme is  = λμ
N .
Example 1: Suppose μ = 3, N = 4, and λ = 2. So  =
1
2 μ = 1.5 and L = 6. In this case,
⎡
⎤
3 3 3 0 0 0
⎢3 0 0 3 3 0⎥
⎥
A∗ (3, 4, 2) = ⎢
(20)
⎣0 3 0 3 0 3⎦ .
0 0 3 0 3 3
Theorem 2: Combinational code satisfies the criteria in
Theorem 1. Therefore, it achieves the minimum total noise
variance among the codes having the same requirements on
(μ, , N, L).
Proof: If λ = 1, 
combinational code
gives A = μI. It
2 = μ2 and
is easy to check that k ai,k
k (ai,k )(a j,k ) =
0 for i = j . Consider λ ≥ 2. 
It is straightforward to
λ
2
2
verify that
k ai,k = N Lμ and
i ai,k = λμ. Since μ
∗, a
appears
λ
times
in
each
column
in
A
i,k = aj,k = μ
 N−2

2
in λ−2 columns. Therefore, k (ai,k )(a j,k ) = N−2
λ−2 μ .
So C1–C2 in Theorem 1 are verified. Finally, C3 directly
follows from Definition 1.

Thanks to the nice structure of A in combinational code,
there is a closed-form expression for the total noise variance
in terms of (μ, N, λ). Since combinational code is optimal,
the expression will be used to characterise the fundamental
trade-off between total noise variance and codeword length L
in the next section.
Theorem 3: If combinational code is used, the total noise
variance is
N(λ − 1)!(N − λ − 1)!(λN − 2λ + 1)
.
η(A∗ (μ, N, λ)) =
μ2 λ(N − 1)!
(21)
Proof: Please refer to Section VIII-A.

If we want to minimise the maximum noise variance in (9),
combinational code is still the optimal solution as explained
below. Let B = [bi, j ] = A† where A is a combinational
code.

The noise variance in estimating h j is given by i bi,2 j and

the maximum noise variance in (9) becomes max j i bi,2 j .
Similarly, let B̃ = [b̃i, j ] = Ã† where Ã is any coding scheme
satisfying the same requirements on 
(μ, , N, L).
2
Theorem 4: The noise variance
i bi, j is the same for
all j . Furthermore,


b̃i,2 j .
bi,2 j ≤ max
(22)
max
j

i

j
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IV. I NTERPLAY B ETWEEN N OISE VARIANCE
AND C ODEWORD L ENGTH
For a fixed number of LEDs and given power constraints,
combinational code achieves the minimum noise variance for
a specific codeword length in (19). The codeword length
however can be much shorter than the permissible codeword length which itself depends on the delay constraint
in applications. For example, the receiver can accumulate
103 symbols to reduce the effect of noise in channel gain
estimation as discussed in Section II while the codeword
length of A(μ, N, λ) is at most 6 for N = 4 and any (μ, λ).
So it is important to know the achievable noise variance for
different codeword length. It is also interesting to know how
to properly compare codes with different codeword lengths.
In the following, we will use notations  and  defined at
the end of Section I.

A. Trade-Off Between Noise Variance and Codeword Length
In this subsection, we derive a bound on the fundamental
trade-off between codeword length and noise variance.
Definition 2: Let C (μ, , N, L) be a collection of codes
satisfying the power constraints (μ, ) with length L supporting N LEDs. If A1 ∈ C (μ1 , 1 , N, L 1 ) and A2 ∈
C (μ2 , 2 , N, L 2 ), their concatenation is an N × (L 1 + L 2 )
matrix [A1 A2 ].
It is easy to verify that
[A1



L 1 1 + L 2 2
A2 ] ∈ C max(μ1 , μ2 ),
, N, L 1 + L 2 .
L1 + L2

In Example 1, A∗ (3, 4, 2) belongs to C (3, 23 , 4, 6). We can
construct another set of 4 codewords by concatenating the
codewords from A∗ (3, 4, 1) ∈ C (3, 34 , 4, 4) and codewords
from A∗ (3, 4, 3) ∈ C (3, 94 , 4, 4). The resulting code is
[A∗ (3, 4, 1) A∗ (3, 4, 3)] ∈ C (3, 23 , 4, 8) that has the same
average power as A∗ (3, 4, 2) but different codeword length.
The concatenation of different combinational codes is not
an optimal code because C2 in Theorem 1 is violated. It is
however important to note that the concatenation of the same
combinational code is still optimal as shown in the following
theorem.
Theorem 5: For any integer k, ki=1 A∗ (μ, N, λ) achieves
the minimum total noise variance among the codes having the
same properties on (μ, , N, L).
Proof: It is straightforward to verify ki=1 A∗ (μ, N, λ)
satisfying the optimal criteria in Theorem 1.

Theorem 5 together with the following lemma are used to
show the fundamental tradeoff between total noise variance
and codeword length.
Lemma 1: Consider any coding scheme A. If A is concatenated with itself for k times, the total noise variance is

i

In other words, A achieves the smallest maximum noise
variance comparing with other possible coding scheme Ã.
Proof: Please refer to Section VIII-B.


η(ki=1 A) = k −1 η(A),

which is achieved by decoder k −1 ki=1 AT (AAT )−1 .

(23)
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TABLE II

Proof: Due to (17), the total noise variance is


η(ki=1 A) = Tr ((ki=1 A)(ki=1 A)T )−1


= Tr ((ki=1 A)(ki=1 AT ))−1


= Tr (kAAT )−1
=k

−1

N ORMALISED N OISE VARIANCE FOR N = 6

(24)
(25)
(26)

η(A),

(27)

and the decoding matrix is given by

−1
(ki=1 A)† = (ki=1 A)T (ki=1 A)(ki=1 A)T

−1
= (ki=1 A)T kAAT

−1
= (ki=1 AT )k −1 AAT


= k −1 ki=1 AT (AAT )−1 .

(28)
(29)
(30)
(31)


Theorem 6: For any coding scheme A ∈ C (μ, λμ
,
N,
L)
N
with integer λ ∈ [1, N − 1],
η(A) ≥

N 2 (λN − 2λ + 1)
.
λ2 (N − λ)μ2 L

(32)

Proof: We use A∗ to denote A∗ (μ, N, λ) and let L ∗ be
the length of A∗ in this proof. Due to Lemma 1,
∗

L
A)
η(A) = L ∗ η(i=1

≥

(33)

∗

L
A∗ )
L η(i=1
L ∗ η(A∗ )

(34)

,
(35)
L
where the inequality follows from Theorem 5 and both
L ∗ A) and ( L A∗ ) ∈ C (μ, λμ , N, L L ∗ ). By substituting
(i=1
i=1
N
L ∗ and η(A∗ ) from (19) and (21), the theorem is proved. 
=

In general, it is meaningless to compare the noise variances
of A1 ∈ C (μ, , N, L 1 ) and A2 ∈ C (μ, , N, L 2 ) that have
different codeword lengths. Both L 1 and L 2 , however, may be
much shorter than the permissible codeword length depending
on delay constraint so that codewords can be accumulated at
the receiver to reduce the effect of noise in the estimation
of channel gains. In this case, we can compare the total noise
L2
L1
A1 and i=1
A2 that have the same codeword
variances of i=1
length L 1 · L 2 . Motivated by this observation, the comparison
of different codes is done through the following metric which
is justified in the next theorem.
Definition 3: The normalised noise variance of a code
A ∈ C (μ, , N, L) is defined as
η̄(A) = Lη(A).
∈

(36)
C (μ1 , 1 , N, L 1 ) and

L2
L1
η̄(A1 ) < η̄(A2 ) ⇔ η(i=1
A1 ) < η(i=1
A2 ).

Proof:
It
Definition 3.

can

be

η̄(A∗ (μ, N, λ1 )) > η̄(A∗ (μ, N, λ2 )) > η̄(A∗ (μ, N, λ∗ )) (37)
and
η̄(A∗ (μ, N, λ∗ )) < η̄(A∗ (μ, N, λ3 )) > η̄(A∗ (μ, N, λ4 )), (38)

B. Normalised Noise Variance

Theorem 7: For any A1
A2 ∈ C (μ2 , 2 , N, L 2 ),

The normalised noise variance is useful for comparing
A∗ (μ, N, λ) for different λ where the codewords have different
lengths from (19). This is important because the average power
constraint may be given as a range rather than a specific value
in some scenarios. Thus, the constraint may be satisfied by
A∗ (μ, N, λ) for multiple values of λ. Through Definition 3,
we compare A∗ (μ, N, λ) for different λ and illustrate an
interesting observation in the following example.
Example 2: Suppose N = 6 and μ = 1. The total noise
variance and the normalised noise variance of combinational
code for different average power is given in Table II. Note that
conventional TDMA, i.e., using the code A∗ (1, 6, 1) = I, has
the worst normalised noise variance. Instead, η̄(A∗ (μ, N, λ))
is minimised when λ = N2 = 3. To be specific, suppose
L = 60 is acceptable for the delay constraint and consider
λ
A∗ (μ, 6, λ) ∈ C (μ, λμ
ni=1
N , 6, 60) for 1 ≤ λ ≤ 5 where n λ is
the number of concatenation given in Table II. Interestingly,
λ
η(ni=1
A∗ (μ, 6, λ)) is the largest for λ = 1, i.e., using TDMA.
This is the same as what Theorem 7 concludes by using
normalised noise variance. This observation is generalised in
the following theorem.
Theorem 8: For any given N and μ,

verified by

Lemma

1

and


where λ1 < λ2 < λ∗ < λ3 < λ4 and
 
N
λ∗ =
.
2

(39)

Furthermore,
(40)
min η̄(A∗ (μ, N, λ)) = η̄(A∗ (μ, N, λ∗ ))
λ
⎧
4N 3
⎪
⎪
if N is odd
⎨
2 2
(41)
= (N 2+ 1) μ
4N − 8N + 8
⎪
⎪
⎩
if
N
is
even.
Nμ2
Proof: Please refer to Section VIII-C.

Theorem 8 gives the following insight. Suppose there is
a range of λ such that μλ
N gives acceptable average transmitting optical power. To minimise the normalised noise
variance of combinational
code A∗ (μ, N, λ), we should
 
choose λ around N2 instead of λ = 1, i.e., TDMA.
This choice also minimises the total noise variance if the
receiver can accumulate codewords for decoding according to
Theorem 7.

HO et al.: CODING AND BOUNDS FOR CHANNEL ESTIMATION IN VLC AND VLP

Fig. 2.
Fig. 1.

39

Comparison of position error versus codeword length.

Comparison among concatenation of different schemes.

V. N UMERICAL R ESULTS

VI. S IMULATIONS

In this section, we provide numerical results on the tradeoff
between total noise variance and codeword length. Consider
N = 4, μ = 1 and  = μ2 = 12 . In Fig. 1, the total
noise variance is computed according to (17) by considering
different codeword matrix A including combinational code and
other possible coding schemes which are based on TDMA.
The details are explained below.
• Concatenated Combinational Code: By considering different concatenation of A∗ (1, 4, i ) for 1 ≤ i ≤ 3 such
that  = 21 , the achievable pairs of total noise variance
and codeword length are plotted in Fig. 1. For example,
the point with codeword length 8 is obtained by letting
A = [A∗ (1, 4, 1) A∗ (1, 4, 3)]. We have considered concatenating A∗ (1, 4, i ) by at most 4 times.
• Optimal Code: Due to Theorem 5, the concatenation
of A∗ (1, 4, 2) with itself is indicated as Optimal Code
in Fig. 1.
• TDMA with all LEDs ‘On’: Let


A = μI N×N μ1 N×(N−2) .
(42)

We compare the coding schemes described in Section V
in different scenarios through the mean square error (MSE) of
the estimated channel gains ĥ i , receiver position error and total
noise variance. Suppose the receiver has three tilted PDs with
azimuthal angles (0, 120, 240) degrees and the same inclination angle 25 degrees. For MSE calculation, we investigate
the worst case by considering the PD that receives the lowest
average received power from the N LEDs1 . Let h i be the true
channel gain which is determined by [14, eq. (2)] together
with the receiver’s orientation and coordinate. Suppose the
receiver knows μ so that from the received signals, it can give
an estimate of h i denoted by ĥ i . Define

•

where I N×N is a N × N identity matrix and 1 N× (N−2)
is an N × (N − 2) matrix of ones. Due to the identity
matrix, the LEDs use TDMA in the first N timeslots
to avoids interference. Then all the LEDs are ‘On’ for
(N − 2) timeslots due to the matrix of ones so that the
power constraintsare satisfied. In Fig. 1, we have used
A = I4×4 14×2 and its concatenation.
TDMA with DC offset: Consider TDMA is used and each
LED is shifted by a DC offset so that LEDs do not go
completely off to satisfy the power constraint. In this case,
N − μ
N(μ − )
I N×N +
1 N×N .
(43)
A=
N −1
N −1

In Fig. 1, we have used A = 13 I4×4 + 23 14×4 and its
concatenation.
• Bound due to Theorem 6: The curve is obtained by (32)
with μ = 1, λ = 2, N = 4 and 4 ≤ L ≤ 24.
In Fig. 1, TDMA with DC offset has the worst performance
although it can achieve the shortest codeword length 4. The
concatenated combinational code performs better than the two
extensions of TDMA. It is interesting to see that the concatenation of combination code with different λ can achieve total
noise variance close to the bound in Theorem 6.

MSE =

N
1  |h i − ĥ i |2
.
N
|h i |2

(44)

i=1

To simulate the position error, we pass all the estimated
channel gains to the positioning algorithm proposed in [14].
In order to focus on the noise effect in the optical part of
a system as considered in this paper, we assume that the
noise variance in the accelerometer equals zero when we apply
the positioning algorithm in [14]. According to thermal noise
variance in [14, eq. (35)], the variance of Z in (1) is set as
8.0185 × 10−18 in the simulations. We use the Monte Carlo
simulation and set the number of runs to 10000.
A. Scenario 1: Four LEDs
Consider four LEDs located at (1 − δ, 1 − δ, 5), (1 − δ,
2 + δ, 5), (2 + δ, 1 − δ, 5) and (2 + δ, 2 + δ, 5) for 1 ≤ δ ≤ 5.5.
The four LEDs are located at the four corners of a square
and the distance between any adjacent LEDs is 1 + 2δ so
that varying δ changes the LEDs locations and thereby their
separation distance. The receiver is fixed at the centre of the
LEDs (1.5, 1.5, 1). Let  = 500 lm and μ = 1000 lm so that
each LED outputs just half of its maximum power.
First, we set δ = 0 and consider the position error versus
codeword length as shown in Fig. 2. The combinational code
outperforms other codes because it minimises both the total
and the maximum noise variances of the channel estimates.
1 We have also considered the PD receiving the largest average received
power. Since similar results were obtained, the worst case is considered in
this paper.
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Fig. 3.

Fig. 4.
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Fig. 5.

The location of LEDs.

Fig. 6.

Comparison of total noise variance versus number of LEDs.

Comparison of position error versus SNR.

Comparison of MSE versus SNR.

It is interesting to note the similarity between Figs. 1 and 2.
This happens because in the simulation we set a very large
number of runs, i.e., 10000, that makes the simulation results
of Fig. 1 very consistent with the numerical results of Fig. 2.
Now, we consider δ = 0.5 j for 2 ≤ j ≤ 11. For a smaller δ,
the LEDs are closer to the receiver and the average received
power is larger so that the received signal-to-noise-ratio (SNR)
is also larger. We follow [15, eq. (5)] to define the received
SNR
P2
,
(45)
σ2
where P = min j P j and P j is the average received optical
power of PD j from N LEDs. Here, we consider the PD with
the smallest average received power similar to the definition
of MSE in (44). Figures 3 and 4 show the position error
and MSE versus SNR, respectively. It is shown that the
proposed combinational code outperforms all other schemes.
With increasing SNR, both MSE and position error improve
due to increasing the received power.
SNR =

B. Scenario 2: Different Number of LEDs
In this scenario, we investigate how the total noise variance
and position error are affected by the number of LEDs.
Consider λ = N2 , μ = 500 lm and  = 250 lm. For a fair
comparison of codes with different codeword lengths, each
code is concatenated with itself such that the overall codeword
length L is approximately 924 for all codes. This setting also
gives insights to the case that if the delay constraint allows the
receiver to accumulate at most 1000 symbols for estimating
the channel gains, we compare the best estimate that each code
can offer. The LEDs are located according to the configuration
shown in Fig. 5 with height equal to 5 meters.

Fig. 7. Comparison of position error versus number of LEDs for fixed
separation distance among LEDs.

Figure 6 shows simulation and numerical results of the total
noise variance versus number of LEDs. Numerical results are
obtained by applying (17). Simulation results are consistent
with the numerical results because the number of runs in the
simulation is set to 10000. It is shown that combinational code
significantly outperforms other schemes and the performance
difference increases with increasing number of LEDs.
We now consider position error for two different choices of
separation distance among LEDs as follows.
1) Fixed Separation Distance Among LEDs: Assume that
the separation among adjacent LEDs is 1 meter so that the
LEDs occupy a larger area as N increases. The receiver is
located in the middle of the space with height equal to 1 meter.
Combinational code A∗ (μ, N, λ) and the extensions of TDMA
defined in Section V are compared in Fig. 7. Larger number
of LEDs can improve the positioning accuracy for small N
because the receiver has more LEDs as reference points to
determine its location. However, there exists a floor for the
position error. This can be explained by (41) which says
that the normalised noise variance grows roughly proportional
to N, which also agrees with Fig. 6. So the benefit of having
more reference points is offset by the larger noise variance
when N increases.
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T

AA
Note that the sum of eigenvalues equals Tr( Tr(AA
T)) =
Tr(AAT )
Tr(AAT )

= 1. Therefore, the eigenvalues must take the form
as stated in the


 
lemma.
2 ≥
2.
(
ã
)
(
a
)
Lemma 3:
k
i i,k
k
i i,k
Proof: Due to the average power constraint in (5),


ãi,k =
ai,k = L N.
(47)
k

i

k

i


is convex in x, i f (x i ) is Schur convex [7]
Since f (x) =
and its minimal value is achieved when x i = x j , ∀i, j . So

2

2
  L N 2  
 
ãi,k
≥
=
ai,k , (48)
L
x2

Fig. 8. Comparison of position error versus number of LEDs for fixed area
occupied by LEDs.

2) Fixed Area Occupied by LEDs: Suppose LEDs are
distributed on the ceiling of a fixed space 5 × 5 × 5
(in meters) according to the configuration in Fig. 5 such that
the separation distance among adjacent LEDs is maximised.
Therefore, the separation distance among the LEDs reduces
but the received optical power increases when N increases.
The receiver is located at (2.5, 2.5, 1). In Fig. 8, the combinational code A∗ (μ, N, λ) is compared with the extensions of
TDMA defined in Section V. The position error of the two
extensions of TDMA increases as N increases. Note that the
LEDs’ positions are different in Scenarios 2-1 and 2-2. So the
improvement in position accuracy due to the benefit of having
more LEDs as reference points is different. As N grows,
the benefit does not grow fast enough to compensate the
increment of noise variance for these two suboptimal schemes.
If combinational code is used, the increment of noise variance
is relatively slower, i.e., as shown in Fig. 6, so that position
error still drops for small N in Fig. 8.
VII. P ROOF OF T HEOREM 1
To prove Theorem 1, we compare the performance of A
satisfying the criteria specified in Theorem 1 with any coding
scheme Ã = [ãi,k ] satisfying (4) and (5) with ai,k replaced
by ãi,k . The proof is broken down into several lemmas. In the
remainder of this section, A is a matrix that satisfies the
conditions specified in Theorem 1, and Ã = [ãi,k ] is any given
matrix that satisfies the maximum power constraint (4) and the
average power constraint (5).
AAT
Lemma 2: The eigenvalues of Tr(AA
T ) have the form

1−ξ1
1 1−ξ1
{ξ1 , 1−ξ
N−1 , N−1 , . . . , N−1 } where ξ1 is the largest eigenvalue
corresponding to the eigenvector [1 1 . . . 1]T .
Proof: Due to C1 in Theorem 1, there exist ζ ≥ 0 and
κ ≥ 0 such that
⎤
⎡
ζ
κ ... κ
⎢κ ζ
. . . κ⎥
AAT
⎥
⎢
(46)
=
⎢
.
.. ⎥ .
..
Tr(AAT ) ⎣ ..
. .⎦
κ
κ ... κ ζ

It is easy to verify that [1 1 . . . 1]T is an eigenvector corresponding to the eigenvalue ζ +(N −1)κ. Similarly, we can find
the other (N −1) degenerate eigenvalues ζ −κ corresponding to
the vector space spanned by the set of vectors [1 −1 0 . . . 0]T ,
[1 0 −1 0 . . . 0]T , . . . , [1 0 0 . . . 0 −1]T . Since ζ +(N −1)κ >
ζ − κ, [1 1 . . . 1]T corresponds to the largest eigenvalue.

k

i

k

k

i

where the equality is due to C2 in Theorem 1.

Lemma 4: Tr(AAT ) ≥ Tr(ÃÃT ).

Proof:
 Consider a fixed i . Since ãi,k ≤ μ and k ãi,k =
L = k ai,k , (ãi,k ) is majorized 
by (ai,k ) after sorting due
to C3 in Theorem 1. Together with i x i2 being Schur convex,


ãi,2 j ≤
ai,2 j .
(49)
j

j

 

2
T
Note that Tr(ÃÃT ) =
i
j ãi, j and Tr(AA ) =
  2
i
j ai, j . By summing over all i on both sides of (49),
the lemma is proved.

T
AAT
Lemma 5: Denote the eigenvalues of ÃÃ T and Tr(AA
T)
Tr(ÃÃ )

by {ξ̃1 , ξ̃2 , . . . , ξ̃ N } and {ξ1 , ξ2 , . . . , ξ N }, respectively, with
ξ̃i ≥ ξ̃ j and ξi ≥ ξ j for i < j . Then {ξ̃i }  {ξi } and hence,
⎛
−1 ⎞

−1 
AAT
ÃÃT
⎠
⎝
. (50)
≥ Tr
Tr
Tr(AAT )
Tr(ÃÃT )
Proof: Since ξ̃1 is the largest eigenvalue of the symmetric
T
matrix ÃÃ T ,
Tr(ÃÃ )

ξ̃1 ≥
=
=

≥

≥

ÃÃT
1
[1 · · · 1]
[1 · · · 1]T
N
Tr(ÃÃT )



1
[1 · · · 1]Ã ÃT [1 · · · 1]T
N Tr(ÃÃT )
⎛
2 ⎞


1
⎝
ãi,k ⎠
N Tr(ÃÃT ) k
i
⎛
2 ⎞


1
⎝
ai,k ⎠
N Tr(ÃÃT ) k
i
⎛
2 ⎞


1
⎝
ai,k ⎠
N Tr(AAT )
k

(52)
(53)

(54)

(55)

i

AAT
1
[1 · · · 1]
[1 · · · 1]T
N
Tr(AAT )
= ξ1 ,
=

(51)

(56)
(57)

where (54), (55) and (57) are due to Lemmas 3, 4, and 2,
respectively.
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Since

N

i=1 ξ̃i

= Tr(

ÃÃT
)
Tr(ÃÃT )

= 1,

N

i=2 ξ̃i

= 1 − ξ̃1 and

1 − ξ̃1
1 − ξ̃1 1 − ξ̃1
,
,...,
}
(58)
N −1 N −1
N −1
1 − ξ1
1 − ξ1 1 − ξ1
,
,...,
},
(59)
 {ξ1 ,
N −1 N −1
N −1
where (59) follows from (57). The right side of (59) are
AAT
indeed the eigenvalues of Tr(AA
T ) from Lemma 2. Together
 −1
with i x i being Schur convex,
⎛
−1 ⎞
T

Ã
Ã
⎠=
Tr ⎝
ξ̃i−1
(60)
Tr(ÃÃT )
i

≥
ξi−1
(61)
{ξ̃i }  {ξ̃1 ,

i



= Tr

AAT
Tr(AAT )

−1 
.

(62)

Thus, the lemma is proved.

Lemma 6: If A satisfies the conditions in Theorem 1,
it achieves the minimum total noise variance, i.e., for any
code Ã,




(63)
Tr (AAT )−1 ≤ Tr (ÃÃT )−1 .
Proof: From Lemma 4,




Tr(ÃÃT )
T −1

Tr (ÃÃT )−1 ≥
Tr
(
Ã
Ã
)
Tr AAT


1
T
T −1

Tr
Tr(
Ã
Ã
=
)(
Ã
Ã
)
Tr AAT
⎛
−1 ⎞
T
Ã
Ã
1
⎠

Tr ⎝
=
Tr AAT
Tr(ÃÃT )

−1 
1
AAT

≥
Tr
Tr(AAT )
Tr AAT


1
T
T −1

)(AA
)
=
Tr
Tr(AA
Tr AAT


1
T
−1

=
)
Tr
(AA)
Tr(AA
Tr AAT


= Tr (AA)−1 ,
where (65) follows from Lemma 5.

(64)

 2
the proof of Lemma 2, we can see that ν1 =
k ai,k +

 2
(N − 1) k (ai,k )(a j,k ) and ν2 = ν3 = · · · = ν N = k ai,k −

 2
k ai,k and
k (ai,k )(a j,k ). By substituting the values of
(a
)(a
)
obtained
in
the
proof
of
Theorem
2
into (68),
i,k
j,k
k
(21) is obtained.
B. Proof of Theorem 4
In Section VIII-A, the proof of Theorem3 has shown
2
that AAT has a special form. Let α =
k ai,k , β =

√
β[1 1 . . . 1]T . By the Shermank (ai,k )(a j,k ) and V =
Morrison-Woodbury formula [6],
−1

(AAT )−1 = (α − β)I + VVT
(69)

−1
1
1
1
I− 1+
VT V
VVT
=
α−β
α−β
(α − β)2
= φI + ψVVT
(70)
for some real numbers φ and ψ. Then
A† = AT (AAT )−1 = φAT + ψ(AT V)VT
= φAT + ψλμVVT ,

(71)
(72)

where (72) follows from that λ entries of each row in AT
equal μ and the others are 0. Therefore, A† is a scaled AT
plus a constant on each entry. Since each column in AT is
a permutation of other columns in AT , the same property is
inherited by A† due to (72) and therefore,


2
bi,2 j =
bi,k
.
(73)
i

i

Hence,


1  2
1  2
b̃i, j ≤ max
b̃i,2 j ,
max
bi,2 j =
bi, j ≤
j
j
N
N
i

(65)

j

i

j

i

i

where the first inequality follows from Theorem 6. So the
theorem is proved.
C. Proof of Theorem 8

(66)

To solve minλ η̄(A∗ (μ, N, λ)), we first use a real number
0 < x < 1 to replace Nλ in η̄(A∗ (μ, N, λ)) so that
N 2 λN − 2λ + 1
·
λ2
N −λ
N −2
1
=
+
,
x(1 − x)
N x 2 (1 − x)

μ2 η̄(A∗ (μ, N, λ)) =

(67)


VIII. P ROOFS OF T HEOREMS 3, 4 AND 8
A. Proof of Theorem 3
For any symmetric matrix M, the eigenvalues of M−1 are
equal to the reciprocal of the eigenvalues of M. Together
with (17), the total noise variance is
 

(68)
Tr (AAT )−1 = i νi−1 ,
where νi are the eigenvalues of AAT sorted in decreasing
 2
order. Note that in AAT , all diagonal
 elements equal k ai,k
and off-diagonal elements equal k (ai,k )(a j,k ). Similar to

(74)
(75)

which is a summation of two strictly convex functions in x.
Therefore, η̄(A∗ (μ, N, λ)) is convex in x so that (37) and (38)
are verified. To find λ∗ , note that
0=

2(N − 2)x 2 +( N3 − N + 2)x − N2
d
η̄(A∗ (μ, N, λ)) =
dx
μ2 x 3 (1 − x)2
(76)

if and only if
2(N − 2)x 2 + (

2
3
− N + 2)x −
= 0.
N
N

(77)
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Fig. 9.

A plot of ν(N )N − N2 .

Due to − N2 < 0, (77) has only one positive root defined as
ν(N) =

−( N3 − N + 2)+ ( N3 − N + 2)2 + 16(N−2)
N
4(N − 2)

.

(78)

Figure 9 shows that 0 < ν(N)N − N2 < 14 . Now, we consider
two cases. If N is odd, minλ η̄(A∗ (μ, N, λ)) is attained by
λ=

N
2

or  N2 . Since

N
2

N



=1−

 N2 
N ,

(75) gives

N
N
))
μ2 η̄(A∗ (μ, N,  )) − μ2 η̄(A∗ (μ, N,
2
2
1
1
=
−
N
N
N
N
 
 


N( N2 )2 (1 − N2 )
N( N2 )2 (1 − N2 )
1
1
−
=
N
N
N
 

 N
N( N2 )2 N2
N( N2 )2 N2
< 0,

(79)
(80)
(81)
(82)

where the inequality follows from that N2  <  N2 .
If N is even, minλ η̄(A∗ (μ, N, λ)) is attained by λ =
N
N
N
2 or 2 + 1 because ν(N)N − 2 > 0. Applying (75),
N
N
)) − μ2 η̄(A∗ (μ, N, + 1))
2
2
N −2
1
1
N −2
=
−
+ N − 1
1
1 1
1
1
1 2 1
( 2 + N )( 2 − N )
N( 2 + N ) ( 2 − N1 )
4
8
1
N −2
N −2
1
+ N − N
< 0,
=
− 1
1
1
1
( 4 − N2 )
( 8 + 4N − 2N1 2 − N13 )
4
8

μ2 η̄(A∗ (μ, N,

1
where the inequality follows from 4N
− 2N1 2 − N13 < 0 for
N ≥ 2. Therefore, we can conclude that the minimum is
achieved by λ =  N2 . The rest of the theorem can be easily
verified.

IX. C ONCLUSION
Channel gain estimation is important for communications
and positioning systems using visible light. This paper has
investigated how to design coding schemes such that the
effect of noise can be minimised. For given maximum and
average power constraints in VLC systems, we have illustrated
that finding the optimal code is equivalent to solving a nonconvex optimisation problem. However, we have demonstrated
that majorisation theory can be used to analytically solve
this optimisation problem by giving the sufficient conditions
to achieve an optimal code. We have used these conditions
to design an optimal code, namely combinational code, that
simultaneously attains the minimum values of both total noise
variance and maximum noise variance. Through the optimal
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code, we have derived a bound on the fundamental trade-off
between the total noise variance and codeword length. These
results provide a mathematical framework and a benchmark
for coding schemes applicable to channel estimation in visible
light communications and positioning.
To compare coding schemes with different codeword
lengths, we have introduced a new metric, namely normalised
noise variance. In the case that the average power constraint
is given as a range rather than a specific value, this metric
has been used to determine the best average power. The
result reveals that the noise variance grows in N, i.e., the
total number of transmitters. This explains an interesting
observation from our simulation results where increasing N
cannot improve position error when N is not small.
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