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Abstract— This work considers cache placement for
ultra-dense fog radio access networks (F-RANs). In an
F-RAN, the fog access points (F-APs) form overlapping clusters
based on their geographical locations. A cluster of F-APs then
acts as a distributed cache to cooperatively serve user requests.
The fronthaul traffic minimization problem is formulated in
information-theoretic terms. For the k-association networks,
cache placement can be optimized by concatenating an MDS
code with a repetition code. By repeating the same packet in
some F-APs, multicasting over the fronthaul link can be done
in cache placement, which saves energy and bandwidth. Such
an idea is applied to both uncoded and coded caching schemes
based on hypergraph coloring. Their associated optimization
problems are shown to be NP-complete. For the uncoded case,
a suboptimal algorithm is proposed, which carefully repeats the
subfiles. For the coded case, a heuristic algorithm that minimizes
the field size requirement of the MDS repetition scheme is
proposed. Simulation results demonstrate the outstanding
performance of the proposed uncoded and coded caching
schemes during both the cache placement phase and content
delivery phase in reducing fronthaul traffic load and energy
consumption.
Index Terms— F-RAN, fronthaul traffic, coded caching, cooperative caching, uncoded repetition, MDS repetition.

I. I NTRODUCTION

M

OBILE data traffic witnesses a huge growth due to
the fast development of intelligent devices, advanced
mobile application services, and technologies like Internetof-Things (IoTs) and Internet-of-Everything (IoE). It is predicted to reach 49 EB per month by 2021 according to Cisco
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data [1]. To cope with the unprecedented increasing mobile
data traffic, a promising architecture, the fog radio access
network (F-RAN) has been proposed for 5G and beyond [2].
In F-RANs, fog radio access points (F-APs) are equipped with
cache storage to place the most popular contents close to the
end users. With proper utilization of those cache spaces, a huge
amount of data traffic could be offloaded from the fronthaul
links during peak hours [3]. Besides, network densification
with ultra-dense deployment of F-APs increases throughput
and area spectral efficiency [4].
Cache-enabled wireless networks, in general, operate in
two phases. The cache placement phase takes place during
off-peak time and decides where and how to cache the files,
while the content delivery phase occurs during peak traffic
time and decides how to retrieve and deliver the requested
files to the users [5]–[7]. For cache placement, files may
be divided into subfiles and cached without coding [8], [9],
or encoded before cached [10], [11]. For content delivery,
unicast [12]–[14] or multicast [15], [16] transmissions may be
used depending on various factors such as whether multicast is
supported by the data link protocol or the same file is requested
by different receivers within a delay tolerance interval [17].
A basic model in which one single server is connected to
multiple cached-equipped receivers via a broadcast link is
studied in the seminal work [18], which shows that there is a
fundamental tradeoff between the traffic load over the broadcast link and the cache size of the receivers. Subsequently,
different caching schemes have been proposed and investigated
in the literature [19]–[26].
Since the network becomes ultra-dense, a user is expected
to be served by more than one F-AP [27]. Based on their
geographical locations, F-APs can be clustered to form a
distributed cache to serve users together, called cooperative
caching [28]. The work in [14], [29] assumes that user
connectivity to F-APs is known in advance and clusters are
formed accordingly. This is a strong assumption, as cache
placement is mainly done in off-peak hours during which
most users are not connected to the network. The work
in [30]–[32] clusters F-APs into disjoint subsets. While such
an approach may simplify resource management, a user may
connect to multiple F-APs that belong to different clusters,
and thus be unable to obtain independent information from
different F-APs. To address the above issues, we propose a
distance-based clustering algorithm, which is based only on
the geographical locations of F-APs and allows overlapping
between clusters.
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In this paper, we focus on cache placement schemes for the
minimization of fronthaul traffic. The problem is formulated
using information-theoretic terms. We first analyze the caching
problem in a small isolated network, which consists of a set
of F-APs, denoted by α, to which all users are associated
with. In other words, the network topology is fully connected. For this important special case, we solve the problem
optimally in the information-theoretic sense. We show that
there always exists an optimal solution that requires only
intra-file coding, which means that coding between files is
not needed. The files are cached one by one according to
the Most Popular First (MPF) strategy. To cache a file, it is
partitioned into |α| equal-length subfiles, each of which is
stored in an F-AP belonging to α, which means that coding
is not needed. The procedure is repeated until the entire
cache space is exhausted so that no more files can be stored.
This fundamental result provides important guideline for
designing cache placement schemes for networks of arbitrary
topologies.
In a large-scale F-RAN, a user is connected only to a
subset of F-APs. To generalize our optimal result for fully
connected networks, we introduce a special class of network
topologies called k-association networks, in which each user
is connected to exactly k F-APs. An information-theoretic
optimal solution to this network class is derived. In contrast
to the fully connected network, which can be optimally
solved by uncoded caching, the k-association network,
in general, requires the use of maximally distance separable (MDS) codes with MPF. This fundamental result
shows that coding is indispensable for optimizing a general
cache-enabled network. Given a particular instance, however, determining whether it can be optimally solved by an
uncoded scheme is proven to be NP-complete by reducing
it to the classical combinatorial problem called hypergraph
coloring.
Caching the files efficiently on an arbitrary large-scale
networks is a challenging problem, since a naive application
of MDS codes requires a huge field size, which needs to be
larger than the number of F-APs in the network. To solve
these practical issues, we propose a concatenated code called
MDS repetition, which uses an MDS code as the outer code
and a repetition code as the inner code. It is optimal for
k-association networks but requires a much smaller field size.
Although the problem of determining the minimum field size
is NP-complete, a hypergraph coloring heuristic is constructed,
which provides solutions that requires a field that is reasonably
small for all practical purposes. While MDS repetition is an
optimal scheme, it requires encoding and decoding operations,
which increases energy consumption and delivery delay. As a
trade-off, we design an uncoded repetition scheme, which
replicates subfiles without coding. Computer simulations show
that MDS repetition and uncoded repetition can reduce traffic
load and energy consumption during both the cache placement
phase and the content delivery phase. Besides, our proposed
caching schemes outperform the graph coloring scheme [20],
the MDS uniform scheme [24] and the random caching
scheme [33].
To summarize, we state our main contributions below:
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An information-theoretic optimality result for the
k-association network is derived, which can be achieved
by MDS repetition and the MPF strategy.
• Two practical schemes, namely MDS repetition and
uncoded repetition, and their associated cache placement
algorithms are designed based on hypergraph coloring.
The rest of this paper is organized as follows. In Section II,
we describe the system model and formulate the problem.
In Section III, an information-theoretic optimal solution is
derived for a special case. In Section IV, we propose our
coding schemes and prove some optimality and intractability
results. In Section V, some heuristics for packet placement
are constructed. In Section VI and VII, simulation model and
results are given. In Section VIII, final conclusions are drawn.
Notation: Given any integer n, we define [n] 
{1, 2, . . . , n}. Given any random variables X and Y , H(X)
and I(X; Y ) denote, respectively, the entropy of X and mutual
information between X and Y .
•

II. S YSTEM M ODEL AND P ROBLEM F ORMULATION
We consider a Fog Radio Access Network (F-RAN) architecture. It consists of a Cloud Server (CS) and M ultra-dense
cache-enabled Fog Access Points (F-APs), indexed by members of M  [M ], each with a cache of size C bits. We assume
that the cloud server is connected to the F-APs via a shared
wireless fronthaul link with a limited bandwidth capacity and
can access a library of F files W  {W1 , W2 , . . . , WF }.
These F files are statistically independent random variables,
each of which is uniformly distributed over [2B ], for some
B ∈ N. Equivalently, each file can be interpreted as a string
of B independent random bits, and H(Wf ) = B for all
f ∈ F  [F ]. These F files have different popularity levels in
the sense that Wf is requested by a user with probability pf ,
where (p1 , p2 , . . . , pF ) can be any probability vector. Without
loss of generality, we assume that the files are indexed in
descending order of popularity, i.e., p1 ≥ p2 ≥ · · · ≥ pF .
Each F-AP m ∈ M uses the following caching function
φm : [2BF ] → [2C ],

(1)

which maps the files into the cache content
Xm  φm (W1 , W2 , . . . , WF ) ∀m ∈ M.

(2)

Note that this formulation allows files to be coded together,
which is called inter-file coding. For the special case where
files are coded separately, the caching function can be
expressed in the form


(3)
φm = φm,1 (W1 ), φm,2 (W2 ), . . . , φm,F (WF ) ,
where (X, Y ) denotes the concatenation of two binary
B
Cf
sequences
 X and Y , φm,f : [2 ] → [2 ] for all f ∈ [F ],
and
f Cf = C. We call it intra-file coding. Note that
Cf is the cache space for file f . Given any α ⊆ M, let
Xα  {Xm , m ∈ α} be the cached content in the subset α of
F-APs.1
1 Note that when the subscript of X is a set, it refers to a collection of
random variables.
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In the network, there are N users, indexed by N  [N ].
A user is associated with a subset α of F-APs with probability qα , for any α in the power set of M, denoted by 2M .
We assume that a user associated with α can download Xα
without error. If his requested file Wf cannot be completely
constructed from Xα , then the user needs to download extra
bits through the fronthaul link, which is equal to the amount
of missing information represented by the conditional entropy,
H(Wf |Xα ).
Assume that the files requested by the users and their association with the F-APs are all identically and independently
distributed. The fronthaul traffic load incurred by a user is
denoted by Λ. The expected fronthaul traffic load per user,
E[Λ], is then given by


qα
pf H(Wf |Xα ).
(4)
E[Λ] =
α∈ 2M

In this paper, the objective is to design the caching functions
in order to minimize the expected fronthaul traffic load. Since
H(Wf |Xα ) = H(Wf ) − I(Wf ; Xα ),

(5)

we formulate the optimization problem C ACHE as follows:


Maximize
qα
pf I(Wf ; Xα )
(6)
f ∈F

subject to H(Wf ) = B ∀f ∈ F,
H(Xm ) ≤ C, ∀m ∈ M.

(7)
(8)

To solve this problem, we will first consider the special
case of an isolated subset α in the next section. Based on the
insight obtained, we will consider in subsequent sections the
caching methods for the entire F-RAN, assuming that each
user is associated with a subset α of F-APs with cardinality
|α| = k, where k is a constant.
III. O PTIMAL C ACHING IN A S INGLE S UBSET
Consider in this section that there is only one single subset α. The problem C ACHE degenerates to C ACHE(α) stated
below:

pf I(Wf ; Xα )
(9)
Maximize
f ∈F

subject to H(Wf ) = B ∀f ∈ F,
H(Xα ) ≤ |α|C.

(10)
(11)

Note that we have replaced (8) by (11). If (8) holds, then (11)
also holds due to the union bound on joint entropy. Conversely,
if (11) is satisfied, then Xα can be represented by H(Xα ) bits,
which can be evenly distributed and stored in the |α| F-APs,
ensuring that (8) holds.
Lemma 1: Given any Xα ,

I(Wf ; Xα ) ≤ H(Xα ).
(12)
Proof:

=



H(Wf ) −

f ∈F
(b)

≥





H(Wf |Wf −1 , . . . , W1 , Xα )

f ∈F

H(Wf ) −

f ∈F

=




H(Wf |Xα )

f ∈F

I(Wf ; Xα ),

f ∈F

where (a) follows from the independence of Wf ’s and the
chain rule for entropy, while (b) from the fact that conditioning
reduces entropy.

Lemma 2: There exists an intra-file coding solution that is
optimal to C ACHE(α).
Proof: Let Xα∗ be an optimal solution, which may require
inter-file coding. Construct an intra-file coding solution Uα 
(U1 , U2 , . . . , UF ), where Uf is a function of Wf such that
I(Wf ; Uf ) = I(Wf ; Xα∗ ) ∀f ∈ F.

f ∈F

α∈ 2M

(a)

f ∈F

H(Xα ) ≥ I(W1 , W2 , . . . , WF ; Xα )
= H(W1 , . . . , WF ) − H(W1 , . . . , WF |Xα )

(13)

That can always be done because I(Wf ; Xα∗ ) ≤ H(Wf ), and
we can simply obtain Uf by truncating Wf , a random string
of B bits, to I(Wf ; Xα∗ ) bits, so that
I(Wf ; Uf ) = H(Uf ) = I(Wf ; Xα∗ ),

(14)

where the first equality follows from that Uf is a function
of Wf .
Clearly, the intra-file solution, Uα , achieves the same objective function value in (9) as Xα∗ . It remains to check whether
Uα is feasible. Indeed,


H(Uα ) =
H(Uf ) =
I(Wf ; Xα∗ ) ≤ H(Xα∗ ), (15)
f ∈F

f ∈F

where the first equality follows from the independence of Uf ’s,
the second equality from construction, and the last inequality
from Lemma 1. Since Xα∗ is feasible, it satisfies (11), and
so is Uα .

Lemma 2 allows us to restrict ourselves to intra-file coding
solutions without affecting optimality. The objective function
in (9) can be rewritten as

pf I(Wf ; Uf ).
(16)
f ∈F

Since Uf is a function of Wf , I(Wf ; Uf ) = H(Uf ), which
is the amount stored in the subset α of the F-APs for Wf in
bits. As discussed before, these H(Uf ) bits can be distributed
evenly to each F-AP. Therefore, for f ∈ F, we denote H(Uf )
by |α|Cf , where Cf is the cache space per F-AP for file f . The
problem C ACHE(α) can then be re-written as CacheLP (α)
shown below:

pf Cf
(17)
Maximize |α|
f ∈F

subject to |α|Cf ≤ B ∀f ∈ F,

Cf ≤ C.

(18)
(19)

f ∈F

Theorem 3: An intra-file coding solution to C ACHE(α),
Xα  (X1 , X2 , . . . , X|α| ), which takes the following form is
optimal: a)
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1) X1 , X2 , . . . , X|α| are mutually
independent.

2) For m ∈ α, H(Xm ) = f ∈F Cf .
3) For f ∈ F, Uf is a function of Wf satisfying
⎧
B
⎪
⎪
if 1 ≤ f ≤ f0 ,
⎪
⎪
⎨ |α|
I(Wf ; Uf )  Cf = C − f0 B if f = f + 1,
0
⎪
⎪
|α|
⎪
⎪
⎩0
otherwise,
(20)
where f0 

|α|C
B

.

Proof: According to Lemma 2, there is an intra-file coding
solution that is optimal. In other words, Xα can be expressed
as (U1 , . . . , UF ), where Uf is a function of Wf . We can simply
distribute the H(Uf ) bits for file f evenly to each F-AP, thus
implying (a) and (b). Now it remains to determine Cf ’s from
the linear programming problem CacheLP (α). Note that the
problem is separable. Besides the individual constraints in
(18), there is only a sum constraint on Cf ’s in (19). Since
p1 ≥ p2 ≥ · · · ≥ pF , it is intuitively clear that we should
let Cf to be B/|α| for f = 1, 2, . . . f0 and let Cf0 +1 be
the value at which the sum constraint is met with equality.
It is straightforward to check that the objective function value
achieved by this solution, as stated in (20), is achievable in
the dual problem of CacheLP (α). By strong duality, it is
optimal.

We call the cache space allocation rule in (20) Most Popular
First (MPF). Note that for each file Wf , |α|Cf bits are stored
in the subset α. There is no restriction on how those bits are
stored in the |α| F-APs. For example, one may simply partition
Uf into |α| substrings of Cf bits, each of which is stored in an
F-AP. This is most natural for this particular scenario of only
one single subset, and is called uncoded caching. In general,
however, coding may be needed for optimality.
IV. I NTRA -F ILE C ODING S CHEMES
In this section, three intra-file coding schemes are defined.
Their optimality properties for some special network topologies are proved. In particular, we are interested in the case
where each user is associated with a subset of k F-APs, for
a constant value k. In set theory, this is commonly called
a k-subset. In other words, |α| = k for every α ∈ 2M
with non-zero probability qα . We call this type of network
k-association network. For the remaining part of this paper,
we assume that a user is associated with his k closest F-APs.
The reason is that the path loss effect forbids a user to be
associated with F-APs that are far away due to significant
signal attenuation.
A. Uncoded Repetition
The first scheme is called uncoded repetition. For each
file Wf , which is a sequence of B bits, each F-AP stores
a subsequence of
length lf , where 0 ≤ lf ≤ B. It is clear that
the total length, f ∈F lf , cannot exceed the cache size, C.
The following result shows that this scheme is suboptimal in
general:

Fig. 1.

An example of (a) uncoded repetition and (b) coded caching.

Proposition 4: Uncoded repetition is suboptimal in minimizing the expected fronthaul traffic load.
Proof: Consider the scenario that there are M = 3 F-APs
and N = 3 users. The users are associated with different
pairs of F-APs as shown in Fig. 1, resulting in a 2-association
network. Assume that each F-AP can cache the amount of half
a file, i.e., C = B/2, which assumes to be an integer.
If coded caching is used, it is possible to serve all three users
without using the fronthaul link. We can divide the file into
two halves, W (1) and W (2) . Let X1 = W (1) , X2 = W (2) , and
X3 = W (1) ⊕ W (2) , where the operator ⊕ represents bitwise
exclusive OR. It is easy to see that every user can decode the
file successfully.
Now consider the use of uncoded repetition. For i = j,
we have
H(Xi , Xj ) ≤ H(Xi ) + H(Xj ) ≤ B.

(21)

In order that the file can be retrieved from each pair of
F-APs so that the fronthaul link is not needed, equalities must
hold in (21), which means that X1 , X2 and X3 are pairwise
independent, and each H(Xi ) equals B/2 bits. Since uncoded
repetition is used, the subsequences stored in each pair of F-AP
must be disjoint and each subsequence consists of B/2 bits.
Since the whole file consists of only B bits, this is clearly
impossible.

Although uncoded repetition is suboptimal in general, it is
optimal in some special network topology. An example is
the one-dimemsional (1D) k-association network in which the
F-APs lie on a straight line. The number of users in the
network can be arbitrary, but each user is associated with a
k-subset of consecutive F-APs. An example for k = 3 is shown
in Fig. 2.
Proposition 5: Uncoded repetition with MPF allocation is
optimal for 1D k-association networks with any k ≥ 1.
Proof: An uncoded repetition scheme can be constructed
in the following way. For each f ∈ F, divide Wf into k
(1)
(2)
(k)
subfiles, Wf , Wf , . . . , Wf , each of size Cf bits, where
Cf ’s are obtained by MPF. Next, assign the subfiles sequen(1)
tially. That means, for each f ∈ F, assign Wf to the
(2)
left-most F-AP, Wf to the second, W (k) to the k-th F-AP,
(1)
again to the (k + 1)-th F-AP and so on.
and then W
For each k-subset α, the caching functions
 satisfy the conditions in Theorem 3, and thus maximize f ∈F pf I(Wf ; Xα ).
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Fig. 3. A schematic depiction of the MDS repetition code. For all m ∈ [M ],
(f )
(j)
Xm = Wf for some j ∈ [n].

Fig. 2. A one-dimensional network in which users are associated with subsets
of k consecutive F-APs. Under uncoded repetition, a file W is divided into
k subfiles and assigned sequentially to the F-APs. In this example, k = 3.

Since each k-subset is optimized, the objective function averaged over all k-subsets in (6) is also maximized.

For general k-association networks, ensuring that each ksubset consists of the k subfiles may not be feasible. In that
case, suboptimal cache placement needs to be done, which
will be considered in Subsection IV-C.
B. MDS Coding
In this scheme, a file Wf is first partitioned into k subfiles,
each of size B/k bits.2 Each subfile can be represented by
a vector of symbols in the finite field Fq , where q  2b
is the field size and b is a divisor of B/k.3 We call it a
source packet, whose size is B/(kb) symbols and each symbol
corresponds to b bits. These k source packets are encoded
in a symbol-by-symbol manner by a code C into n coded
packets, which have the same size as the source packets. Note
that the size depends on k but does not vary with n. The
(1)
(2)
(n)
n coded packets are denoted by Wf , Wf , . . . , Wf . The
code C is an (n, k)-MDS code if the Singleton bound is met.
It is well known that the file can be recovered from any k
out of the n coded packets, which is commonly called the
MDS property [34]. Therefore, to ensure that a user can obtain
Wf from his associated k-subset, one simple way is to let n
be equal to M and assign each coded packet to each F-AP.
We call it the MDS coding scheme.
Lemma 6: If Wf is encoded by an (n, k)-MDS code, then
(1)
(2)
(n)
Wf , Wf , . . . , Wf are k-wise independent.
Proof: According to the MDS property, any k out of the
n encoded packets can recover the file. Therefore, given any
distinct i1 , i2 , . . . , ik ∈ [n], we have
(i1 )

H(Wf

(i2 )

, Wf

(ik )

, . . . , Wf

) ≥ H(Wf ) = B.

(22)

(i)

By the independence bound and that H(Wf ) ≤ B/k for
all i,
(i )
(i )
H(Wf 1 , . . . , Wf k )

≤

k

j=1

(ij )

H(Wf

) ≤ k(B/k) = B. (23)

2 Each file can have dummy bits added so that its size can be assumed
divisible by k. Since k is typically much less than B, the overhead is
negligible.
3 Similar as before, extra bits can be appended to each subfile to make its
size a multiple of b.

Hence, all inequalities in (22) and (23) hold with equal(1)
(2)
(n)
ity, which implies that Wf , Wf , . . . , Wf
are k-wise
independent.

Theorem 7: MDS coding with sufficiently large field size q
and with MPF allocation is optimal for k-association networks
with any k ≥ 1.
Proof: An (M, k) MDS code exists if q is sufficiently
large. For each file f ∈ F, Wf is encoded into M coded
(1)
(2)
(M)
packets Wf , Wf , . . . , Wf . Then, each F-APs is assigned
a distinct coded packet. By Lemma 6, the M coded packets
are k-wise independent. For each k-subset α, the conditions in
Theorem 3 are thus satisfied. Since each k-subset is optimized,
the objective function averaged over all k-subsets in (6) is also
maximized.

C. MDS Repetition
Although MDS coding is optimal for k-association networks, a large field size, q, is required for the existence
of an optimal MDS code. For example, if Reed-Solomon
code is used, then q > M and the number of finite-field
multiplications required for encoding grows linearly with M ,
since the encoder needs to output M coded packets. For
ultra-dense networks, M is typically huge, so the cost is
prohibitively high. To alleviate the problem, we propose the
MDS repetition code, which preserves the optimality of the
MDS code but with a small value of q. It is a concatenated
code, which encodes a file first by an outer code and then by
an inner code.
Our design is based on the assumption that a user is
associated with F-APs that are geographically close to each
other. We group F-APs that are close to each other into
clusters. Those clusters are of the same size, Kc , and may be
overlapping with each other. We assume that the associated
subset of each user is a subset of at least one cluster. In this
paper, we consider k-association network, so we must have
Kc ≥ k.
The encoding is done in the following way. The outer code
is an (n, k) MDS code, which divides a file Wf into k subfiles
and encodes them into n coded packets. The value of n should
be large enough so that coded packets assigned to each cluster
are all independent. It is clear that a necessary condition is
n ≥ Kc , and a smaller value of n, allowing the use of smaller
field size q, is more desirable. How to determine the value of
n will be presented in the next section. The inner code is an
(M, n) repetition code, which repeats these n coded packets
a certain number of times, so that there are M coded packets
in total. The number of replications for each coded packet can
be different. A schematic depiction of the coding scheme is
shown in Fig. 3, and an example is shown below.
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Fig. 4. A triangular grid network in which users are associated with two
F-APs connecting by an edge. Under (3, 2) MDS repetition, a file is divided
into k = 2 subfiles and encoded into n = 3 coded packets.

Example 1: Consider the scenario in which six F-APs are
placed on a triangular grid as shown in Fig. 4. Neighboring
F-APs connecting by an edge are assumed to form a cluster.
Since each cluster is of size two, the given F-RAN forms a
2-association network. A file W (f ) is divided into k = 2
subfiles and encoded by a (3, 2) MDS code, which produces
n = 3 coded packets. Each coded packet is then repeated twice
and cached in the F-APs as the following way: F-APs 1 and
(f )
(f )
5 are assigned W1 , F-APs 2 and 6 are assigned W2 , and
(f )
F-APs 3 and 4 are assigned W3 . Since each cluster contains
two distinct coded packets, a user associated with any cluster
is able to decode the original file.
By contrast, if MDS coded caching is used, a (6, 2) MDS
code is needed and each F-AP is assigned a distinct coded
packet. In this case, a larger field size is required, which is
undesirable. If uncoded repetition caching is used, the subfiles
(f )
(f )
W1 and W2 are repeated on the F-APs and the cached
subfiles in some clusters are not distinct. Users associated
with those clusters requires transmissions over the fronthaul
link.
Assume that cache space for each file is allocated according
to MPF. For f ≤ f0 , distinct coded packets are assigned
to each cluster, with one coded packet stored in each F-AP
belonging to that cluster. It is clear that such an assignment
can always be done provided that n is sufficiently large.4
For f = f0 + 1, the same MDS repetition code is applied.
Each coded packet is truncated to Cf0 +1 bits as in (20)
before storing to each F-AP. It is clear that MDS repetition
for k-association networks has exactly the same performance
as MDS coding. Hence, we immediately have the following
result:
Theorem 8: MDS repetition with sufficiently large value
of n and with MPF allocation is optimal for k-association
networks with any k ≥ 1.
If n is large, then a large field size is required for the MDS
outer code. In practice, it is desirable to use a small field size.
The problem of determining whether a given value for n is
large enough is formally stated as follows:
4 The

trivial case where n = M degenerates to MDS coding.
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Problem: PACKET P LACEMENT
Instance: Given a set M of F-APs, a collection of subsets
of M, which can be considered a family of clusters, and n
packets.
Question: Is there a way to place a packet on each F-AP in
M such that each cluster contains packets that are all distinct?
This problem is identical to a combinatorial problem in
graph theory. To make the connection, we first introduce the
following well-known definitions: A hypergraph H = (V, E)
is a set of vertices V and a collection E of subsets of the vertex
set called hyperedges. The size of a hyperedge is the number
of vertices in this hyperedge. The degree of a vertex is the
number of hyperedges to which it belongs.
PACKET P LACEMENT is characterized by the following
concept called strong coloring:
Definition 1: A hypergraph H(V, E) is said to be strongly
colorable if there is a map Ψ : V → K, where K is a set of
colors, such that whenever u, v ∈ e for some e ∈ E, we have
Ψ(u) = Ψ(v) [35].
The problem of determining whether a given hypergraph is
strongly colorable is called the strong coloring problem, and
is known to be NP-complete [36].
Theorem 9: PACKET P LACEMENT is NP-complete.
Proof: We prove the statement by identifying PACKET
P LACEMENT with the strong coloring problem. Let the F-APs
represent the vertices, the clusters represent the hyperedges,
and the n packets represent the colors. Then, the packet
stored on each F-AP is equivalent to the color assigned to
each vertex. Assigning distinct colors to the vertices in each
hyperedge is equivalent to assigning different packets to F-APs
belonging to the same cluster. The statement follows from the
NP-completeness of the strong coloring problem.

In the next section, we will propose a heuristic algorithm
to minimize the value of n, or equivalently, the field size of
the MDS outer code.
V. A H EURISTIC A LGORITHM FOR PACKET P LACEMENT
In this section, we consider how to place a file into the
caches of the F-RAN using different codes. The case for
MDS codes is trivial, so it suffices to consider only uncoded
repetition and MDS repetition. For both cases, we assume
that the F-APs have formed clusters, which all have the
same size Kc . (A distance-based clustering algorithm will be
presented in Section VI-A). For uncoded repetition, we try
to assign distinct subfiles to a cluster as far as possible. For
MDS repetition, we ensure that distinct packets are assigned
to a cluster using a value of n that is as small as possible.
Both cases can be solved in a similar way, so we state
our proposed methods for them together in Algorithm 1. The
basic idea is that we go through all the hyperedges one by one.
We begin with the hyperedge that shares the largest number of
vertices with other hyperedges. To be more precise, a vertex
v in a hyperedge is said to be a common vertex if v belongs
also to some other hyperedge in H. The hyperedges are then
sorted according to the number of common vertices that they
have. To do the coloring, we maintain a set of colors K,
which is initialized to [Kc ]. For each hyperedge, we assign
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colors to its vertices in descending order of their degrees.
If the number of colors is not enough to assign distinct colors
to each vertex in the hyperedge, we handle it differently for
uncoded repetition and MDS repetition. For example, suppose
no available color can be assigned to a vertex ṽ. For uncoded
repetition, we simply assign a color to ṽ in an arbitrary manner.
For MDS repetition, we enlarge the set of colors by adding
a new color c, which is then assigned to ṽ. The procedure
is repeated for both cases until all the hyperedges have been
examined. At last, the color assignment is returned.

Algorithm 1 Packet Placement Algorithm
Input : Kc -uniform hypergraph H = (V, E), s equals 1
(uncoded repetition) or 2 (MDS repetition);
Output: Packet assignment array A of size M , and the
number of used colors;
1: initialize Vc := ∅ and K := [Kc ];
2: compute the degree of each vertex in V;
3: sort the hyperedges in descending order of the number
of common vertices;
4: for each e in the ordered list do
5: sort its vertices in descending order of their degrees;
6: for each v ∈ e \ Vc in the ordered list do
7:
let D ⊆ K be the set of colors that are forbidden to
assign to v, which contains the colors already used
in the hyperedges where v belongs;
8:
if K \ D is non-empty then
9:
A[v] := k, where k is an arbitrary color in K \D;
10:
else
11:
if s = 1 then
12:
A[v] := k, where k is an arbitrary color K;
13:
else
14:
add a new color c to K and A[v] := c;
15:
end if
16:
end if
17:
add v to Vc ;
18: end for
19: end for
20: return A and |K|;

Now we analyze the time complexity of Algorithm 1. In our
analysis, Kc does not grow with network size, since it is
a design parameter depending only on the density and the
peak power constraint of the F-APs. In line 2, we need to
check the degrees of all vertices. In general, the complexity is
O(M 2 ). On the other hand, since the hyperedges are formed
among local F-APs, the number of hyperedges that a vertex
can belong to is bounded and does not grow with M . For
this reason, this step can be reduced to O(M ). In line 3,
sorting requires O(|E| log |E|)) steps. In line 4, the for-loop
repeats O(|E|) times. Therefore, the overall complexity is
O(M + |E| log |E|). In the extreme case where there is no
overlapping between clusters, we would have |E| ≈ M/Kc,
which grows linearly with M . Thus, the time complexity of
Algorithm 1 is approximately O(M log M ).

VI. S IMULATION M ODEL
An F-RAN is considered in an urban square area of
0.5 km × 0.5 km. The CS is located at the center and a large
number of F-APs with density 17×10−4 F-AP/km2 , and users
with density 0.89 × 10−3 user/km2 are randomly distributed
according to homogeneous Poisson Point Process (PPP) inside
the area, as in the typical scenario of 5G [37]. To cache the
files cooperatively on the F-APs, we propose a geographical
clustering algorithm in the next subsection. The cluster size
Kc ≥ k is a design parameter. The cache space allocation
method in Section III is used to allocate the cache space for
each file, and the algorithm in Section V is used for cache
placement.
We assume that the fronthaul link and access link operate in different frequency bands to avoid interference. The
channel between the cloud server and the F-APs is modeled
as an additive white Gaussian noise (AWGN) channel with
distance-based path loss 124.5 + 37.6 log10 df dB, where df
is the distance between the CS and the F-APs in kilometers.
The wireless channel between the F-APs and the users is also
modeled as an AWGN channel but with the distance-based
path loss 140.7 + 36.7 log10 du dB, where du is the distance
between an F-AP and a user in kilometers. The channel
modeling follows the LTE-A 3GPP R1-084026 [38]. To avoid
interference, we assume that nearby F-APs are assigned different frequency bands while in each cell each user is allocated
a different subcarrier frequency. Therefore, when a user is
served by a set of F-APs, he receives a message on a different
subcarrier frequency from each F-AP and no interference
from the nearby users. We assume that the CS has access to
F = 120 files, each of size B = 100 Mbits. Each user requests
a file from the library according to the Zipf distribution [39],
where each file f , for f = 1, 2, . . . , F , is requested by a user
with probability
f −β
,
pf = F
−β
i=1 i

(24)

where β ≥ 0 is the distribution skewness.
We assume that the required target signal-to-noise ratio
(SNR), γf and γu , is fixed over the fronthaul and access
link and set to be 16 dB for successful decoding. During
the cache placement phase, packet transmissions can be well
scheduled, and multicasting can be used to send the same
packet to multiple F-APs, provided that the received SNR at all
those F-APs exceeds γf . Such a technique can save bandwidth
and energy consumption. During the content delivery phase,
the CS receives file requests only if users cannot obtain enough
information from their associated F-APs.
According to the recent study in [17], the authors show the
rare opportunity and limited performance gain of multicasting
for synchronous video-on-demand (VoD) requests. Therefore,
we assume unicast transmissions are used in the fronthaul
link for file delivery, which matches with our system model
throughout this paper. The simulation result so obtained is the
same as the scenario in which the file requests of the users
are arrived randomly at different times, so that multicasting is
not possible.
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TABLE I
S IMULATION PARAMETERS

For the access channel, each user is connected to the closest
k F-APs. The power of each F-AP is adjusted to guarantee the
target SNR γu . The F-AP density and peak power are chosen
so that any user is able to connect to the closest k F-APs
without violating the peak power constraint. The details of
simulation parameters are summarized in Table I.
A. Geographical Clustering of F-APs
We propose a distance-based clustering algorithm, which
groups the F-APs into overlapping clusters, where each F-AP
may belong to more than one cluster. The idea of the
algorithm is to choose some F-APs as cluster centers, and
each cluster center forms a cluster with its (Kc − 1) nearest
F-APs. To control the amount of overlapping between clusters,
we introduce a parameter Dc , which specifies the minimum
Euclidean distance between a pair of cluster centers. At the
beginning of the algorithm, all F-APs are potential cluster
centers, meaning that they can be legitimately selected. As the
algorithm is executed and some cluster centers have already
been chosen, only those F-APs that are not within a distance of
Dc with any chosen cluster centers can potentially be selected.
We call this set of F-APs potential cluster centers, and denote
it by P. From this set, the next cluster center is selected to
be the one which has the smallest minimum distance to all
previously chosen cluster centers and then a new cluster is
formed. This procedure is repeated until there are no more
potential cluster centers.
The pseudo-code of this clustering method is stated in
Algorithm 2, in which d(i, j) denotes the Euclidean distance
between F-APs i and j, which can be pre-computed in O(M 2 )
time. The while loop needs to repeats at most M times.
Obviously, lines 4 and 6 can both be done in O(M ) time.
To execute line 5, one needs to find the Kc −1 smallest element
from M − 1 elements, which can be done by building a min
heap in O(M ) time and extract repeatedly the smallest element
Kc − 1 times from the min heap, which requires O(Kc log M )
time. Since Kc < M , the overall complexity of Algorithm 2
is O(M 2 ).
VII. S IMULATION R ESULTS
In this section, the performance of our proposed caching
schemes, MDS repetition and uncoded repetition, are studied
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Algorithm 2 Distance-Based Clustering
Input : A set of F-APs indexed by M and their
locations, cluster size Kc , distance between
cluster centers Dc .
Output: A family of clusters Fc .
1: initialize Fc := ∅ and P := M;
2: let C0 be a singleton set, which contains an element
drawn uniformly at random from P.
3: while P is non-empty do
4: add m ∈ P that minimizes minc∈C0 d(m, c) to C0 ;
5: add to Fc the set that contains m and its (Kc − 1)
nearest neighbors in M;
6: P := P \ {j ∈ P | d(m, j) ≤ Dc };
7: end while
8: return Fc ;

and compared with MDS coded caching and three existing
heuristic schemes, namely, MDS uniform caching, uncoded
random caching, and graph coloring schemes. MDS coded
caching is used as a benchmark, as it is optimal for
k-association networks. For MDS uniform caching, the files
to be cached are chosen uniformly at random without taking
the file popularity distribution in consideration. Each chosen
file is divided into k = C/F subfiles and encoded into
M packets using an (M, k) MDS code, each of which is
stored in a distinct F-AP in the network. For uncoded random
caching, each file is divided into k subfiles. Starting from the
most popular file, each F-AP caches one of its subfile chosen
uniformly at random. The procedure repeats until the cache of
every F-AP is used up. The graph coloring scheme proposed
in [20] represents the network by a graph. The vertices of the
graph represent the F-APs and there exists an edge between
any two vertices if the distance between them is less than or
equal to the coverage radius. Those neighboring vertices are
required to cache distinct files. The key idea of the algorithm is
to have the most popular files cached on the vertices that have
the highest degree until its cache is full. Details can be found
in [20]. Since the performance of graph coloring depends on
the coverage radius, for fair comparison, the coverage radius
corresponding to each value of cluster size Kc in our proposed
schemes is computed from stochastic geometry according to
equation (16) in [40].
All our simulation results are averaged over 80 F-AP topologies. To measure the fronthaul traffic load during the delivery
phase, 500 runs of random user locations are generated for
each F-AP topology.
A. Effect of Overlapping Between Clusters
In this subsection, we investigate the effect of overlapping
between the cluster which can be adjusted by the parameter Dc . The range of Dc for a particular value of Kc is chosen
such that no F-AP is left out without clustering. This can be
easily done by calling Algorithm 2 over a wide range of values
and halting it when DC is too large to cluster all F-APs.
For MDS repetition, we set Kc to two values: Kc = k or
Kc = 2k. The former setting matches the cluster size with

Authorized licensed use limited to: CITY UNIV OF HONG KONG. Downloaded on June 17,2021 at 00:58:46 UTC from IEEE Xplore. Restrictions apply.

3660

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 69, NO. 6, JUNE 2021

Fig. 5.

MDS repetition outer-code length, n, verses Dc , with k = 10.

Fig. 7.

Normalized cache placement fronthaul traffic load, with Kc = 10.

Fig. 6.

Normalized delivery fronthaul traffic load verses Dc , with k = 10.

Fig. 8.

Cache placement energy consumption, with Kc = 10.

the number of associated F-APs for a user while the latter
one ensures independent packets over a larger region. For
uncoded repetition, since there are only k independent packets
available, we simply set Kc to be equal to k.
We first consider the effect of Dc on MDS repetition. When
k is small, we found empirically that both the outer-code
length and traffic load do not vary much with the change
of Dc . For this reason, we choose k = 10 and the results
are shown in Figs. 5 and 6. We vary Dc from 0 to 40 m for
Kc = k, and to 70 m for Kc = 2k. As we can see from
Fig. 5, the outer-code length, n, is a monotonically decreasing
function of Dc for both cases. This is because when the value
of Dc increases, the clusters are less densely packed, so the
coded packets generated are easier to reuse without violating
the condition of independent random bits cached inside each
cluster. Besides, the outer code length for the case when
Kc = 2k is almost doubled when compared with the case
when Kc = k, which is intuitively obvious since the cluster
size is doubled and about twice of the colors are needed.
From Fig. 6, it can be seen that the fronthaul traffic load
is insensitive to the value of Dc for both uncoded and MDS

repetition caching. The proportional variations for both cases
are within 1%. Based on this empirical result, in forming the
clusters, we simply choose the maximum value of Dc that has
no F-APs left out.
B. Effect of Caching Schemes on the Cache Placement Phase
In this subsection, we discuss the effect of different caching
schemes on the system performance during the cache placement phase. Fig. 7 and 8 show the fronthaul traffic load and
energy consumption, respectively. As we can see, both MDS
coded and MDS uniform caching, perform poorly in the cache
placement phase. The reason is that under both schemes, each
F-AP needs to cache a distinct coded packet while under
other caching schemes, there are plenty of multicast opportunities due to packet repetitions. For example, MDS coded
caching requires 93%, 96% and 97% more fronthaul traffic
and 75%, 85% and 88% more energy than MDS repetition with
Kc = 2k, MDS repetition with Kc = k and uncoded schemes,
respectively. We can also observe that uncoded repetition and
uncoded random caching have the same performance because
the number of subfiles k to be cached on the F-APs for each
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TABLE II
P ERCENTAGE I NCREASE OF T RAFFIC L OAD R ELATIVE TO
MDS C ODED C ACHING W ITH C = 400 M BITS

file is the same in the two schemes. The fronthaul traffic for
graph coloring is the same as our uncoded scheme.
The reason is that in graph coloring, the number of cooperative F-APs that caches distinct files is determined by the
coverage radius. Since the total number of files cached on the
system depends on the largest cluster of cooperative F-APs,
setting the coverage radius based on the value of Kc in our
schemes allows both schemes to cache the same number of
files. However, the energy consumption from graph coloring
is slightly lower than our uncoded scheme because the F-APs
belonging to the same multicasting group are different under
the two caching schemes. However, for MDS repetition with
Kc = 2k and with Kc = k, due to the MDS coding the
number of coded packets n that need to be cached on the
F-APs is higher than k. So, the scheme with both settings of
Kc requires more transmissions than the uncoded schemes,
which increases the traffic load and energy consumption.
As explained in the previous subsection, the outer-code length
for MDS repetition with Kc = 2k is larger than that with
Kc = k, so it requires more transmissions.
C. Effect of Caching Schemes on the Content Delivery Phase
In this subsection, we discuss the effect of different caching
schemes on the system performance during the content delivery phase. Fig. 9 shows the fronthaul traffic load during
the delivery phase verses the cache sizes. When the cache
size increases, the fronthaul traffic load obviously decreases,
as more files are cached. We can observe that, uncoded
repetition outperforms uncoded random caching. This is due
to the careful cache placement of the subfiles done by our
proposed algorithm. It also outperforms graph coloring. This
is because, when a user connects to his k associated F-APs,
he can get at least part of his requested file under our caching
schemes, since each F-AP stores part of the most popular
files. Under graph coloring, however, the user may not find
his requested file in any of his k associated F-APs.
We can also see that, MDS repetition with Kc = k outperforms uncoded repetition, since it ensures that the packets
in the same cluster are independent. It performs, however,
worse than MDS coded caching because the association set of
a user may not be a subset of a cluster. In that case, the user
may not be able to obtain independent packets. This weakness
can be overcome by enlarging the cluster size. For example,
if Kc is changed to 2k, MDS repetition performs as well as
MDS coded caching, but it has the advantage of using a much

Fig. 9. Normalized delivery fronthaul Traffic load verses cache size (C),
with Kc = 10.

Fig. 10. Normalized delivery fronthaul traffic load verses cluster size (Kc ),
with C = 400 Mbits.

smaller field size. MDS uniform performs the worst as the files
are cached uniformly without taking the popularity of files in
consideration.
Fig. 10 shows the effect of increasing the cluster size
on the fronthaul traffic load. Without doubt, the fronthaul
traffic load decreases with increasing cluster size. This is
because each user can access more F-APs and get more
information. As we can observe, graph coloring gives close
performance to uncoded repetition when the cluster size is
small. This is because the corresponding coverage radius is
small which allows less number of F-APs to be connected
by an edge with each other in the graph. Hence, the most
popular files are highly repeated on the system under graph
coloring scheme. However, as the cluster size increases the
corresponding coverage radius increases, which allows more
F-APs to be connected in the graph and more distinct files to
be cached under the graph coloring scheme. Hence, the most
popular files are less cached on the system, which degrades
it is performance. Although graph coloring may give close
performance to uncoded repetition when the cluster size is
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small, uncoded repetition has lower time complexity than
graph coloring. Table II shows, for different values of Kc ,
the performance gap between each caching scheme and the
MDS coded caching, which is optimal for k-association networks. It can be seen that our proposed schemes perform
closer to MDS coded caching than other existing schemes.
VIII. C ONCLUSION
We investigated the problem of cooperative caching for
ultra dense F-RANs using information theory. For an isolated
network in which all users are associated with the same set
of F-APs, we show that coding is not needed and caching
the most popular files first is optimal. For large networks,
we introduce the notion of k-association network, in which
every user is associated with exactly k F-APs. This network
class can be optimally solved by the concatenation of MDS
codes and repetition codes.
Introducing the k-association network enables us to design
practical schemes for large-scale real systems. For this purpose, a geographical clustering algorithm, which groups F-APs
into fixed-sized subsets, is proposed. Given the clustering,
MDS repetition and uncoded repetition schemes are used
for caching, and a heuristic algorithm based on hypergraph
coloring is constructed for both schemes. Their performance
is evaluated by computer simulations. For the uncoded case,
our proposed scheme outperforms random caching and graph
coloring during the delivery phase while having the same
energy consumption and fronthaul traffic during the placement
phase. For the coded case, our proposed MDS repetition with
Kc = 2k performs the same as MDS coded caching during the
delivery phase, but requires a much smaller field size and lower
fronthaul traffic and energy consumption during the placement
phase.
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