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Distributed Dual Optimization for
the Uplink of Multi-Cell NOMA
Chi Wan Sung , Senior Member, IEEE, Yi Chen, and Yuxuan Gu

Abstract— This paper studies distributed power control for
the uplink of multi-cell non-orthogonal multiple access (NOMA)
systems. Within a cell, the transmissions of different users are
modeled as a Gaussian multiple access channel, treating inter-cell
interference as additive Gaussian noise. By analyzing the geometry of the feasible power region, using successive interference
cancellation at each base station is proved to be optimal in
minimizing the total transmission power of all users under rate
constraints. The decoding order at each base station, however,
remains to be determined. If the decoding order is decided
without base station cooperation, the overall control algorithm
is fully distributed but is suboptimal in general. To achieve
optimality, a partially distributed algorithm is designed, which
requires base stations to exchange control messages. Given any
feasible instance, the algorithm is proved to converge to the
optimal solution. The performance of the fully distributed and
partially distributed power control algorithms is compared by
computer simulations. The fully distributed algorithm is nearly
optimal in terms of outage probability. When a high data rate
is required, the partially distributed algorithm is able to reduce
the total power consumption by about 20%.
Index Terms— Non-orthogonal multiple access (NOMA), successive interference cancellation, decoding order, power control,
standard interference function.

I. I NTRODUCTION

N

ON-ORTHOGONAL multiple access (NOMA) is a
resource sharing approach for 5G cellular systems [2].
In conventional multiple access schemes, users are allocated
orthogonal resources in either time, frequency, or code domain.
These orthogonal methods are simple in handling intra-cell
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interference, and can be implemented with a low-complexity
receiver. On the other hand, they are unable to achieve the
entire capacity region, as indicated by information theory
(e.g. [3], [4]). Due to the advance of signal processing
techniques, future wireless systems can tolerate a higher
complexity of receiver design. To improve spectral efficiency,
NOMA could be considered.
NOMA schemes can be broadly classified into two categories, namely, power domain multiplexing [5], [6] and
code domain multiplexing [7], [8]. Besides, there are some
other forms of NOMA, such as interleave-division multiple
access [9] and bit-division multiple access [10]. In this paper,
we focus on power domain multiplexing. This approach allows
signals of different users superimposed on each other at the
same time and using the same spectrum. To extract intended
messages, a receiver applies successive interference cancellation (SIC) to separate signals from different users. To ensure
proper working of SIC, the transmit power of each signal
needs to be carefully adjusted so that the decoding of different
signals can be carried out in a sequential manner.
Theoretically, power-domain NOMA is not a new concept
and is well known to achieve the capacity boundary of the
Gaussian broadcast channel and the corner points of the
capacity region of the Gaussian multiple access channel.
In recent years, there were many works which consider the
applications of NOMA to practical wireless systems. For
example, the system-level downlink performance of NOMA
was evaluated in [11], [12]. It was shown in [13] that NOMA
is able to offer high ergodic sum rate with randomly deployed
users. Besides, fairness in NOMA systems has been studied in [14], which considers two different criteria, namely,
maximizing the minimum achievable rate and minimizing
the maximum outage probability. While those works mainly
consider the downlink of a non-cooperative, single-antenna
NOMA system, the idea can also be applied to other network scenarios. For example, the NOMA uplink was studied
in [15], [16], cooperative NOMA in [17], [18], and
MIMO-NOMA in [19]–[21].
The above works either ignore intercell interference focusing on one single cell or simply assume intercell interference
as a constant. Much less attention is given to multi-cell
NOMA with realistic modeling of intercell interference [22].
With multiple cells, the problem structure becomes more
complicated and difficult to solve. Moreover, when intercell
interference varies according to transmit power, distributed
iterative algorithms may become unstable, which is hard to
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handle. To tackle this problem, the coordinated approach,
which requires cooperation between base stations, is considered in [23], [24]. Depending on the level of coordination,
common user data or global channel state information (CSI)
may need to be shared among the base stations. For example,
partial CSI is required at relays and base stations in [24].
Some methods may even require global CSI for centralized
resource optimization [25]. From a practical point of view,
the distributed approach, which does not require base stations
to exchange control messages, is much more desirable. The
distributed power control problem for the downlink of a
multi-cell NOMA system is considered in [26], [27]. While
the work in [27] assumes a fixed decoding order in each cell,
the general problem of determining optimal decoding orders
and transmission powers is solved in [26]. The feasible SINR
region is characterized in [28]. Other works for multi-cell
NOMA downlink include [29]–[31].
In this paper, we consider the distributed power control problem for the uplink of a multi-cell NOMA system.
As pointed out in [32], there is a gap in the study of
multi-cell NOMA systems, as most of the literature consider
the downlink scenario. To the best of our knowledge, the only
exception is [32], which studies the rate maximization problem
for the uplink of a multi-cell NOMA system. Our work
differs in that we consider the power minimization problem.
We determine the jointly optimal decoding order and transmission powers, which is a companion result of our previous
work on multi-cell NOMA downlink [26]. While the system
model and problem formulation in this paper are similar to
those in [26], the problem nature is drastically different. The
problem in [26] can be optimally solved by a fully distributed
power control method, which requires control messages to be
exchanged only between a base station and its associated users
but not between different base stations. The convergence of
the proposed method in [26] is established by the application
of Yate’s classical power control framework [33]. The same
solution approach, as demonstrated in this paper, is generally
suboptimal for the uplink because it may not always determine
the optimal decoding orders for all cells. For this reason,
we propose a new partially distributed power control method,
which does not require a centralized controller which knows
all the link gains in the system. Instead, each base station
performs computation based on control messages received
from other base stations, and updates the dual variables of
the underlying optimization problem in an iterative manner.
This process determines the decoding order at each base
station in a distributed way. Afterwards, each base station
communicates with its associated users locally to determine
their transmit power levels. We prove that for any feasible
problem instance, the output sequence of the iterative algorithm always converges to the optimal solution that minimizes
the total power by the application of Yate’s power control
framework [33].
The rest of this paper is organized as follows. In Section II,
the system model and problem formulation are presented.
In Section III, the SIC receiver is shown to be optimal.
In Sections IV and V, fully and partially distributed power
control algorithms are considered, respectively. In Section VI,

their performance are evaluated and compared. In Section VII,
a conclusion is drawn. In the Appendix, the relevant background knowledge is summarized.
Remark: Throughout this paper, all the vectors are column
vectors. Given an n-vector x, we list out its components within
a parenthesis in the form of (x1 , x2 , . . . , xn ).
II. S YSTEM M ODEL AND P ROBLEM F ORMULATION
Consider the uplink of a NOMA system of M cells. Let
the set of cell indices be denoted by M  {1, 2, . . . , M }.
There are one BS and Km users associated with each cell
m ∈ M. Let the set of user indices in cell m be Km 
{1, 2, . . . , K
mM}. The total number of users in the system
is K =
i=1 Ki . Consider the scenario in which each
user transmits independent messages to its associated BS.
For m ∈ M and i ∈ Km , let pm,i be the transmit power
of user i in cell m. For m, n ∈ M and i ∈ Km , let g̃n,m,i be
the link gain from user i in cell m to BS n. Furthermore, let
qm,i = g̃m,m,i pm,i be the received power of user i in cell m.
Define q m  (qm,1 , . . . , qm,Km ) and q  (q 1 , . . . , q M ). For
m, n ∈ M and i ∈ Km , define the normalized link gain as
gn,m,i  g̃n,m,i /g̃m,m,i . That means, all the link gains from a
transmitter (say, user i in cell m) are normalized by the link
gain from that transmitter to its intended receiver (i.e., g̃m,m,i ).
We assume that all direct link gains g̃m,m,i ’s are strictly greater
than 0, so that the normalized link gains are well defined. The
intercell interference plus noise at BS m is then given by

g Tm,n q n + N,
(1)
Im (q −m ) 
n=m

where g m,n  (gm,n,1 , . . . , gm,n,Kn ) is the normalized gain
vector from cell n to cell m, N is the noise power at each
BS and q −m  (q 1 , . . . , q m−1 , q m+1 , . . . , q M ). When there
is no ambiguity, we may express Im (q −m ) simply as Im .
Let the target rate vector of the users in cell m be r m 
(rm,1 , . . . , rm,Km ), which is assumed positive. We stack these
vectors to form the target rate vector of all users in the system
as r = (r 1 , . . . , rM ). Treating inter-cell interference as noise
and assuming perfect interference cancellation, the achievable
rate region in cell m is the same as the capacity region of
the Gaussian multiple access channel (MAC) with Km users,
which is the set of non-negative rate vectors constrained by the
following Cm  2Km − 1 inequalities (e.g. [4, Section 6.1.4]):



qm,i 
1
, ∀S ⊆ Km .
rm,i ≤ log2 1 + i∈S
(2)
2
Im
i∈S

Given the target rates rm,i ’s, we can rewrite the above constraints and define the feasible received power region in cell m,
Qm (rm , Im ), as the set of received power vectors q m that
satisfy

qm,i ≥ fm (S)Im , ∀S ⊆ Km ,
(3)
i∈S





where fm (S)  22 i∈S rm,i − 1 . The feasible received
power region of the whole system is then defined as
Q(r)  {q : q m ∈ Qm (r m , Im ), ∀m ∈ M}.
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Since all the constraints are linear, it is clear that Q(r) is a
polyhedron.
Let c  (c1 , . . . , cM ) be defined such that cT q is equal to
the total transmit power in the system. That means, for m =
−1
−1
1, 2, . . . , M , cm  (g̃m,m,1
, . . . , g̃m,m,K
). The objective of
m
this work is to minimize the total transmit power subject to
data rate constraints, which can be formulated as the following
optimization problem:
min cT q,
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[34, Theorem 2.8], there exists an extreme point q ∗ 
(q ∗1 , . . . , q ∗M ) which is optimal. By Lemma 1, q ∗m is an
extreme point of Qm (r m , Im (q ∗−m )) for all m ∈ M.
By Lemma 12 in Appendix A, an extreme point of
Qm (rm , Im (q ∗−m )) is specified by a permutation on Km ,
which corresponds to the decoding order used by a SIC
receiver. Hence, r m can be achieved by using a SIC receiver
at BS m.


(5a)

s.t. q ∈ Q(r).
(5b)
M
Note that there are C  m=1 Cm linear constraints in (5b).
The problem is a linear program, and we call it Q -O PT. We are
interested in the case where the problem is feasible, i.e., Q(r)
is non-empty. Note that the problem can be infeasible, especially when there are cell-edge users that suffer severe intercell
interference.
III. O PTIMALITY OF SIC R ECEIVERS
In this section, we show that the optimal point can be
achieved by SIC receivers. The proofs are based on the
geometry of the feasible received power region described in
Appendix A. The following concepts are useful in studying
the geometry of a polyhedron:
Definition 1: Let P be a polyhedron.
1) A vector x ∈ P is an extreme point of P if there does
not exist y, z ∈ P, both different from x, and a scalar
λ ∈ [0, 1], such that x = λy + (1 − λ)z.
2) A vector x ∈ P is a vertex of P if there exists a vector c
such that cT x < cT y for all y satisfying y ∈ P and
y = x.
It is well known that a vector x is an extreme point of P
if and only if it is a vertex of P (e.g., [34, Theorem 2.3]).
Therefore, we will use these two terms interchangeably.
Lemma 1: If q is an extreme point of Q(r), then q m is an
extreme point of Qm (r m , Im ).
Proof: By Lemma 12 in Appendix A, given any Im ,
there are Km ! extreme points in Qm (r m , Im ). At each of
these extreme points, it can be seen that for each |S| =
1, 2, . . . , Km , there is one and only one constraint in (3)
that can be active, implying that there are exactly Km active
constraints in the collection of constraints in (3). Furthermore,
it is impossible that more than Km constraints are active at
the same point.
If q is an extreme point of Q(r), then there are at least
K active constraints. Therefore, at q, for each m ∈ M, there
must be Km active constraints in (3), so that when summing
overall m’s, there are K active constraints. Hence, q m is an
extreme point of Qm (r m , Im ).

Theorem 2: If Q(r) is non-empty, then there exists an
extreme point of Q(r) which is optimal. Furthermore, r can
be achieved by using SIC receivers at the BSs.
Proof: Since r is positive, Q(r) must be in the first
orthant of the K-dimensional hyperplane. Therefore, Q(r)
cannot contain a line. By [34, Theorem 2.6], Q(r) has at
least one extreme point. Since there is an extreme point
and the minimum sum-power is bounded below by zero, by

IV. F ULLY D ISTRIBUTED P OWER C ONTROL
A. Game-Theoretic Formulation
In this section, we consider how to allocate power in a fully
distributed manner, which does not require any centralized
control or even message exchange between BSs. Message
exchange, however, is required between a BS and its associated
users. A BS needs to send the best-response power value,
specified in Condition 2 of Theorem 3 below, to each of its
associated user. To study fully distributed operations, it is natural to formulate the problem as an M -player non-cooperative
game. In such a game, each BS m acts as a player, who wants
to minimize the total transmit power of its associated Km
users, subject to their rate requirements. Note that controlling
the received power is the same as controlling the transmit
power, since the link gains are assumed to be fixed.
Theorem 2 shows that there is an extreme point which is
optimal. Therefore, in formulating the non-cooperative game,
we restrict each BS m to operate only at extreme points,
which means that it has to choose a decoding order, π m =
(πm (1), πm (2), . . . , πm (Km )) ∈ ΠKm , where ΠKm is the set
of all permutations on Km . In applying SIC, the signal of
user πm (K) is first decoded, treating the other K − 1 signals
as intra-cell interference. Next, BS m subtracts the signal of
user πm (K) from the received signal, and decodes the signal
of user πm (K −1) and so on. At last, the signal of user πm (1)
is decoded. For m ∈ M, the strategy set of player m is thus
defined as
m
Sm  {(πm , q m ) : πm ∈ ΠKm and q m ∈ RK
+ }.

(6)

Denote xm ∈ Sm as the strategy chosen by player m, and
x−m  (x1 , . . . , xm−1 , xm+1 , . . . , xM ). The payoff function
of player m is defined as the negative sum power of all users
in cell m, i.e.,
um (xm , x−m )  −

Km

i=1

pm,i = −

Km


qm,i /g̃m,m,i .

(7)

i=1

For m ∈ M and i ∈ Km , let Ri,m (π m , q) be the achievable
data rate of user i in cell m, which is equal to


qm,i
1
.
(8)
log2 1 +  −1
πm (i)−1
2
qm,πm (j) + Im (q −m )
j=1
We require that Ri,m (π m , q) be at least ri,m . The
non-cooperative game so defined is called power control game
(PCG).
We consider only pure strategy and needs the following
concepts [35]:
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Definition 2: A strategy profile (x̂1 , . . . , x̂M ) ∈ S1 × · · · ×
SM is said to be a Nash equilibrium if no unilateral deviation
in strategy of player m increases the payoff of user m, i.e.,
um (x̂m , x̂−m ) ≥ um (xm , x̂−m ) ∀m ∈ M and xm ∈ Sm .
Definition 3: A strategy x̂m ∈ Sm is said to be a best
response of player m, taking the other players’ strategies x−m
as given, i.e.,
um (x̂m , x−m ) ≥ um (xm , x−m ) ∀xm ∈ Sm .
Note that Nash equilibrium can also be defined as a strategy
profile (x̂1 , . . . , x̂M ) such that x̂m is a best response of
player m given x̂−m , for all m ∈ M.
B. Distributed Algorithm
Define γm,i  22rm,i − 1 as the required post-processing
(i.e. after interference cancellation) SINR of user i in cell m.
The following result gives the best response of a player:
Theorem 3: Given x−m , the best response of player m,
(π̂ m , q̂ m ), satisfies the following:
1) π̂ m ∈ ΠKm such that g̃m,m,π̂(1) ≤ · · · ≤ g̃m,m,π̂(Km ) ;
−1
 π̂m
(i)−1
q̂m,πm (j) + Im (q̂ −m ) .
2) q̂m,i = γm,i
j=1
Proof: Condition 1 follows directly from Lemma 12 in the
Appendix. After the decoding order is fixed according to π̂m ,
Condition 2 then follows from (8).

It follows immediately from Condition 1 of Theorem 3 that
the best-response decoding order, π̂ m , depends only on the
direct link gains of the users in cell m. The best-response
power vector, in contrast, depends also on inter-cell interference, as can be seen from Condition 2. In other words, given
the values of the direct link gains, the decoding order of a
cell can be locally determined, and a distributed algorithm to
determine the best-response power vector is required.
Given an instance of the problem, the link gains are fixed,
thus the best-response decoding order, π̂ m , can be determined
for every cell m ∈ M, and the post-processing interference
experienced by a user can be defined. As a result, the noncooperative game can be reduced to the classical power control
problem. To explain this reduction, we first relabel
the users by
m−1
assigning user i in cell m an index φ(m, i)  n=1 Kn + i.
In other words, we index all the users from 1 to K, and denote
them by Uφ(m,i) . For j = 1, . . . K, define u(j) and b(j) as the
inverse functions of φ(m, i) such that Uj refers to user u(j)
in cell b(j). Furthermore, for i, j = 1, . . . , K, let hi,j be
the normalized interference channel gain from Uj to BS b(i),
(i.e., the BS with which Ui is associated), defined as
⎧
0
if i = j,
⎪
⎪
⎨g
b(i),b(j),u(j) else if b(i) = b(j),
(9)
hi,j 
−1
−1
(u(i)) < πb(j)
(u(j)),
0
else if πb(i)
⎪
⎪
⎩
1
otherwise.
The first condition means that there is no self-interference.
The second condition refers to (normalized) inter-cell interference. The third condition means that intra-cell interference
is cancelled, since if u(i) appears before u(j) in the decoding
order at the BS, then the signal of u(j) will be decoded first,
causing no interference to u(i). The last condition refers to

Fig. 1. An example to illustrate the reduction to the classical power control
problem.

intra-cell interference, which, if exists, is always equal to 1 due
to normalization.
Define the K × K interference matrix B whose (i, j)-th
component is γb(i),u(i) hi,j , and the K-dimensional noise vector n whose i-th component is γb(i),u(i) N . Then, the problem
of determining the Nash equilibrium reduces to the classical
power control problem with K users (see Appendix B), which
can be written as
(I − B)q = n,

(10)

where I is the K × K identity matrix, and q is the received
power vector of the K users. The received power vector
at the Nash equilibrium can be obtained by solving the
system of linear equations in (10). The following result then
follows immediately from the classical power control theory,
as described in Appendix B:
Theorem 4: A Nash equilibrium of the PCG exists if and
only if the Perron-Frobenius eigenvalue of B is less than 1.
Since the Nash equilibrium is a solution to the classical
power control problem, it can be obtained iteratively in a
distributed way by the Foschini-Mijlanic algorithm [36], which
is well known in power control theory. It takes the following
form in our model:


(t+1)
(t)
:= γb(i),u(i)
hij qj + N ,
(11)
qi
j=i
(0)

where the initial power qi can be chosen arbitrarily for
all i. The Foschini-Mijlanic algorithm has been shown to be
standard (see Appendix B), so we have the following result:
Theorem 5: The distributed algorithm in (11) converges to
the unique Nash equilibrium of the PCG, provided that the
Perron-Frobenius eigenvalue of B is less than 1.
It is desirable that the Nash equilibrium of the PCG is an
optimal solution to Q -O PT. But unfortunately, this is not true
in general, as the following example shows:
Example 1: Consider Fig. 1, where there are two cells,
each of which has two users associated. The system parameters
are given as follows: The direct link gains are g̃1,1,1 =
g̃2,2,1 = 2, g̃1,1,2 = g̃2,2,2 = 1. The cross link gains are
g̃2,1,1 = g̃1,2,1 = 12 , g̃2,1,2 = g̃1,2,2 = 0. The noise power at
each BS, N , is equal to 1. The rate requirement of each user
is rm,i = 12 , which can be translated as an SINR requirement
of γm,i = 1. At the Nash equilibrium, the decoding orders
are π̂1 = π̂ 2 = (2, 1) according to Theorem 3. Therefore,
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the normalized post-processing interference gain matrix is
⎤
⎡
1
0
0 1
⎥
⎢
4
⎥
⎢
1
⎥
⎢
0⎥
⎢ 0 0
4
⎥.
⎢
B=⎢ 1
⎥
⎥
⎢
⎢ 4 0 0 1⎥
⎦
⎣ 1
0 0 0
4
Solving (10), we obtain q̂ = (4, 2, 4, 2), which implies that
p̂ = (2, 2, 2, 2). The sum power is thus equal to 8.

Although the distributed power control algorithm converges
to a Nash equilibrium, it is not necessarily optimal to Q -O PT.
This motivates us to design a partially distributed algorithm,
to be presented in the next section.
V. PARTIALLY D ISTRIBUTED P OWER C ONTROL

where Am is a Cm × K matrix. For each m, the above
inequality represents the constraints associated with cell m.
Explicitly, these Cm constraints can be expressed as


qm,j − fm (S)

j∈S



g Tm,n q n ≥ fm (S)N,

(14)

n=m

for all non-empty S ⊆ Km . For any S ⊆ Km , we use a binary
vector of length Km , denoted by χm (S), to indicate whether a
user belongs to S or not. Its j-th component, χm,j (S), is equal
to 1 if and only if j ∈ S. Totally, there are Cm = 2Km − 1
constraints in (14). We list these constraints in the following
order:
•
•

The partially distributed algorithm requires more channel
state information than the fully distributed algorithm. In theory,
we assume that each cell m knows the link gains from its
associated users to all base stations, i.e., g̃n,m,i ’s for all n ∈ M
and i ∈ Km . In practice, these values can be estimated by
each user by monitoring the strength of the beacon signals
periodically broadcast from the base stations. For base stations
that are far away from a user, the corresponding link gains can
simply be regarded as zero. In other words, each user only
needs to detect the beacon signals of nearby base stations.
The algorithm consists of two phases. An iterative algorithm
is executed in each phase. In the first phase, each base
station m needs to solve an optimization problem, λm -O PT to
be defined below, locally. In theory, it then broadcasts a global
message, Γm , to be defined below, to all other base stations.
But in practice, it only needs to broadcast it to neighboring
base stations because the link gains to far-away base stations
are of negligible values. Based on the received messages, each
base station m solves another λm -O PT. The same procedure
repeats until convergence. The optimal decoding order in each
cell m will have been determined. In the second phase, each
base station only needs to know the direct channel gains of
its associated users. The Foschini-Mijlanic algorithm [36],
as described in the previous section, is used to determine
the optimal power vector. The whole algorithm is said to
be partially distributed because while there is no centralized
controller, control messages have to be exchanged between
neighboring base stations.
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The constraints are listed in ascending order of Hamming
weight of χm (S).
When there is a tie, the constraints are listed in reverse
lexicographical order of χm (S).

The corresponding sequence of subsets are denoted by
1
2
Cm
, Sm
. . . , Sm
. For example, suppose Km = 3. Then
Sm
χm (S), for all non-empty S ⊆ Km , will be listed in the
following order:
1
) = (1, 0, 0),
χm (Sm
2
) = (0, 1, 0),
χm (Sm
3
χm (Sm
) = (0, 0, 1),
4
χm (Sm ) = (1, 1, 0),
5
χm (Sm
) = (1, 0, 1),
6
) = (0, 1, 1),
χm (Sm
7
χm (Sm
) = (1, 1, 1).

Let aTm,i be the i-th row of Am and bm,i be the i-th
component of bm . From (14) we have
⎤
i
−fm (Sm
)g m,1
⎥
⎢
..
⎥
⎢
.
⎥
⎢
i
⎢ −fm (Sm
)g m,m−1 ⎥
⎥
⎢
i
⎥,
χm (Sm
)
⎢
⎥
⎢
i
⎢ −fm (Sm
)g m,m+1 ⎥
⎥
⎢
⎥
⎢
..
⎦
⎣
.
⎡

am,i

(15)

i
)g m,N
−fm (Sm

A. The Dual Problem of Q -O PT
Recall from Section II that Q -O PT is a linear program.
We re-write (5b) in matrix form as
Aq ≥ b,

(12)

where A is a C ×K matrix and b is a C-vector, both of which
are functions of r. To reveal the structure more clearly, we can
divide the constraints of (12) into M groups,
Am q ≥ bm , for m = 1, 2, . . . M,

(13)

and
i
bm,i  fm (Sm
)N.

(16)

Example 2: Consider the same setting as an Example 1.
There are two cells, each of which has two users associated
with. For m = 1, 2, denote fm ({1}), fm ({2}), and fm ({1, 2})
by αm , βm and γm , respectively. Then with regard to (12),
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we have
⎡

⎤

1
0
−α1 g1,2,1 −α1 g1,2,2
⎢
0
1
−β1 g1,2,1 −β1 g1,2,2 ⎥
⎢
⎥
⎢
1
1
−γ1 g1,2,1 −γ1 g1,2,2 ⎥
⎥,
A=⎢
⎢ −α2 g2,1,1 −α2 g2,1,2
⎥
1
0
⎢
⎥
⎣ −β2 g2,1,1 −β2 g2,1,2
⎦
0
1
−γ2 g2,1,1 −γ2 g2,1,2
1
1
⎡ ⎤
α1
⎡
⎤
⎢ β1 ⎥
q1,1
⎢ ⎥
⎢ q1,2 ⎥
⎢ ⎥
⎥ , and b = ⎢ γ1 ⎥ N.
q=⎢
⎢ α2 ⎥
⎣ q2,1 ⎦
⎢ ⎥
⎣ β2 ⎦
q2,2
γ2
q1,1
g̃1,1,1

Following (5a), the cost function is given by cT q =
+
q1,2
q2,1
q2,2
g̃1,1,2 + g̃2,2,1 + g̃2,2,2 . This defines the problem Q -O PT for
this two-cell four-user setting.

Since Q -O PT is a linear program, we can write its dual
problem [34], denoted by λ-O PT, as
max λT b

(17a)

s.t. λT A = cT ,
λ ≥ 0,

(17b)
(17c)

where λ  (λ1 , . . . , λM ) and λm  (λm,1 , . . . , λm,Cm ).
Since strong duality holds in linear programming, the optimal
function value of the dual problem, if feasible, is equal to that
of the primal problem [34, Theorem 4.4].
Example 1 (continued): Substituting the system parameters
to the expressions in Example 2, we obtain
⎡
⎤
1
0
1 0 −
⎢
⎥
4
⎢
⎥
⎢ 0 1 − 1 0⎥
⎡ ⎤
⎢
⎥
⎡ 1⎤
1
4
⎢
⎥
⎢
⎥
⎢ 1⎥
3
⎢ 1 1 −
⎢ ⎥
⎢ 2⎥
0⎥
⎢
⎥
⎢ 3⎥
⎢ 1⎥
4
⎢
⎥
⎥
⎢ ⎥
⎢
A=⎢
⎥ , c = ⎢ 1 ⎥ , and b = ⎢ 1⎥ .
1
⎢−
⎥
⎢ ⎥
⎦
⎣
⎢ 4 0 1 0⎥
⎣ 1⎦
2
⎢
⎥
1
⎢ 1
⎥
3
⎢−
⎥
⎢ 4 0 0 1⎥
⎣
⎦
3
0 1 1
−
4


Solving λ-O PT, we obtain λ∗ = 13 , 0, 1, 13 , 0, 1 , and the optimal function value is 20/3. Since the sum power achieved by
p̂ in Example 1 is 8, which is greater than 20/3, we conclude
that p̂ is not optimal.

B. Distributed Update of Dual Variables
Now we consider how to solve λ-O PT in a distributed way.
For m = 1, 2, · · · , M , define

λm,i ,
Λm,k 
i
i:k∈Sm

Γm  λTm bm /N =

Cm

i=1

i
λm,i fm (Sm
),

i
is the i-th subset of Km as defined in the previous
where Sm
subsection. Note that Λm,k ’s specify the local constraints at
cell m (to be described shortly) while Γm represents a global
message to be broadcast from BS m to all other BSs.
Partition the matrix A in (17b) into M submatrices, which
corresponds to the M cells. Then we can rewrite (17b) as

λT [A1 A2 · · · AM ] = [cT1 cT2 · · · cTM ].

(18)

Suppose the values of Γs ’s, for s = m, are given. In reference to (17a), cell m aims to solve the problem:
max Γm

(19a)

λm

s.t. Λm,k =



Γs gs,m,k +

s=m

1

g̃m,m,k

m,k ,

k = 1, 2, . . . , Km
λm ≥ 0.

(19b)
(19c)

Note that (19b) comes from the m-th subsystem of (18),
i.e., λT Am = cTm . We call this maximization problem
λm -O PT.
Lemma 6: Define k ∗  arg mink∈Km m,k . Given any
Γs ≥ 0 for all s = m, there is an optimal solution λ∗ 
(λ∗1 , . . . , λ∗Cm ) to λm -O PT, at which
λ∗m,Cm =

m,k∗

and λ∗m,i = 0.

(20)

i
for all i such that k ∗ ∈ Sm
Proof: The feasible region is an intersection of Km
affine hyperplanes, restricted to the positive orthant. Since the
coefficient matrix of the linear system in (19b) contains an
identity matrix in the leftmost, the linear system is consistent.
Since all the coefficients are non-negative and m,k > 0
for all k, these affine hyperplanes all have positive intercepts. Hence, the feasible region is bounded and non-empty.
By [34, Corollary 2.3], there exists an optimal solution.
Let λ be an optimal solution. If λm,Cm = m,k∗ is satisfied,
i
then λm,i = 0 for all i such that k ∗ ∈ Sm
follows immediately
from (19b) and we are done. Suppose λm,Cm < m,k∗ . Let
> 0 be the smallest non-zero component of λ . Because
of (19b), we must have λm,Cm + ≤ m,k , for all k ∈ Km .
Clearly, there exists i1 = Cm such that λm,i1 ≥ . Next,
i1
. By the
consider the set of constraints indexed by Km \ Sm
i2
⊆
same argument, there exists i2 = Cm such that Sm
i1

Km \ Sm and λm,i2 ≥ . Repeating the argument, we can
i1
it
find i1 , i2 , . . . , it such that Sm
, . . . , Sm
form a partition of
Km and λm,i1 , . . . , λm,it are all greater than or equal to .
Construct another vector λ from λ by subtracting the is th component of λ by , for s = 1, 2, . . . , t, and adding the
Cm -th component of λ by . It can be seen that λ is also a
feasible solution. By property 3 of the rank function, we must
have
i1
it
Cm
) + · · · + f (Sm
) ≤ f (Sm
),
f (Sm

which implies that bTm λ ≥ bTm λ . That means, such a
change will not reduce the value of the objective function.
By repeating the whole procedure, we can eventually obtain
an optimal solution that satisfies (20).
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Due to Lemma 6, λm -O PT can be solved in Km steps. First,
we can determine the values for all dual variables that involve
user k ∗ according to (20). Next, we can reduce λm -O PT to
a sub-problem that does not involve user k ∗ . In particular,
the k ∗ -th constraint is removed from the set of constraints
in (19b) and the other constraints are modified by subtracting
∗
m,k∗ from m,k for all k = k . Then, we can repeat the
same procedure until no more users left. We call this whole
procedure the greedy algorithm, which has the following
property:
Theorem 7: λm -O PT can be solved by the greedy algorithm
with a time complexity of O(Km ).
Now consider the case where each cell iterates its dual
variables by the greedy algorithm simultaneously. We state
the algorithm as follows:
Distributed Greedy Algorithm (DGA)
(0)
1) Initialize Γm to an arbitrary non-negative value,
for all m ∈ M.
2) For t = 1, 2, . . .
• For each cell m ∈ M,
(t−1)
a) Solve λm -O PT, with Γs
’s as input for
all s ∈ M \ {m}.
b) Assign the optimal function value obtained
(t)
to Γm .

3141

strictly increase the objective function value, which contradicts
with the fact that λ is optimal.

Theorem 10: If Q -O PT is feasible, then DGA converges to
an optimal solution to λ-O PT.
Proof: If Q -O PT is feasible, then it has a finite optimum,
which is equal to the optimal value of λ-O PT, since the two
problems are dual to each other. Denote the optimal solution to
λ-O PT by λ∗ = (λ∗1 , . . . , λ∗M ) and the corresponding optimal
∗T
∗
∗
function value
 by ∗Γ . Define Γm  λ ∗ bm /N . It is clear
∗
that Γ =
m Γm . Furthermore, if Γs ’s for s = m are
given as input to the problem λm -O PT, the optimal function
value cannot exceed Γ∗m , for otherwise, it is possible to have
a solution value of λ-O PT strictly greater than Γ∗ . Hence,
(Γ∗1 , . . . , Γ∗M ) is a fixed point of DGA.
By Lemmas 8 and 9, the iterative function in DGA satisfies the monotonicity and scalability properties. Hence, it is
standard. By the classical power control theory as described
(t)
(t)
in Section B, the vector sequence (Γ1 , . . . , ΓM ) converges
∗
∗
to a unique fixed point, i.e., (Γ1 , . . . , ΓM ). Hence, DGA can
output the optimal solution.

Example 1 (continued): For the two-cell four-user setting an
Example 1, the objective function and the constraints of the
dual problem in (17b) become, respectively,
Γ1 + Γ2 =

2


λm,1 + λm,2 + 3λm,3 ,

m=1

The following two lemmas are useful for establishing the
convergence of DGA. To facilitate our discussion, we define
a new optimization problem, denoted by λm -O PT-I NEQ,
which is obtained from λm -O PT by replacing the equality
sign in (19b) by the inequality “≤”. It is easy to see that
the Km inequality constraints of λm -O PT-I NEQ must all
be active at an optimal solution. In other words, λm -O PTI NEQ has the same optimal solution and optimal function
value as λm -O PT. Furthermore, we define Γ−m as the vector
(Γ1 , . . . , Γm−1 , Γm+1 , . . . ΓM ).
Lemma 8: (Monotonicity) The optimal function value of
λm -O PT increases monotonically with Γs for any s = m.
Proof: Suppose the value of Γs increases for some
s = m. As a consequence, the value of lm,k ’s increases for
all k, which enlarges the feasible region of λm -O PT-I NEQ.
Clearly, the optimal function value can only increase.

Lemma 9: (Scalability) Let Γ̃m and Γ̃m be the optimal
function values of λm -O PT with Γ−m and αΓ−m as inputs,
respectively, where α > 1. Then αΓ̃m > Γ̃m .
Proof: We prove by contradiction. Assume αΓ̃m ≤ Γ̃m .
Let λm be the optimal solution to the problem with αΓ−m as
input. We call this problem the scaled-up problem. Divide λm
by α to obtain a new vector λ, which is a feasible solution to
λm -O PT-I NEQ with Γ−m as input. We call this problem the
scaled-down problem. The function value achieved by λ in the
scaled-down problem is Γ̃m /α ≥ Γ̃m . Hence, λ is optimal to
the scaled-down problem. Since λm is a feasible solution to
the scaled-up problem and g̃s,s,k > 0 for all s and k, at the
new vector λ, we must have Λm,k < m,k for all k in the
scaled-down problem. In other words, λ is in the interior of
the feasible region of the scaled-down problem. That means,
we can scale up λ until it reaches the boundary, which can

and λ1,1 + λ1,3 = Γ42 + 12 , λ1,2 + λ1,3 = 1, λ2,1 + λ2,3 =
Γ1
1
4 + 2 , λ2,2 + λ2,3 = 1. In Step 1 of DGA, assume that both
(0)
(0)
Γ1 and Γ2 are initialized to 0. Due to symmetry, it suffices
to examine only the iterations at cell 1. According to Step 2,
the variables are iterated as follows:
(t = 1)
(t = 2)
(t = 3)
(t = 4)

λ1,1
λ1,1
λ1,1
λ1,1

= 0,
= 0,
= 14 ,
5
= 16
,

(t = ∞) λ1,1 =

1
3

λ1,2
λ1,2
λ1,2
λ1,2

= 12 ,
= 0,
= 0,
= 0,
..
.

λ1,3
λ1,3
λ1,3
λ1,3

= 12
=1
=1
=1

Γ1
Γ1
Γ1
Γ1

=2
=3
= 13
4
= 53
16

λ1,2 = 0, λ1,3 = 1 Γ1 =

10
3

It can be seen that it converges to the optimal solution to λ
O PT as expected.
C. Decoding Order and Distributed Power Control
Once the optimal dual variables are obtained, the decoding
order of each cell can be determined, according to the following standard result in the duality theory of linear programming
(e.g. [34]):
Theorem 11: q and λ are optimal solutions to the primal
and the dual problems, respectively, if and only if q and λ are
feasible and for all m ∈ M and i = 1, 2, . . . , Cm , we have
λm,i ωm,i = 0,

(21)

where ωm,i  (aTm,i q − bm,i ).
Equation (21) is called the complementary slackness condition. A non-zero value of λm,i indicates that the i-th constraint
of cell m must be active. As a result, the decoding order of
cell m can be determined.
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Cellular layout in the simulation model with K = 3 users in each

After the decoding order of each cell is fixed, the postprocessing interference channel gain matrix can be obtained
as discussed in Section IV-B. Then the problem falls within
the framework of classical power control theory, and the
Foschini-Milajanic algorithm in (11) can be applied to obtain
the optimal power vector.


Example 1 (continued): Since λ∗ = 13 , 0, 1, 13 , 0, 1 , by
Theorem 11, constraints 1 and 3 are active in both cells,
which implies that the optimal decoding orders are π ∗1 =
π ∗2 = (1, 2). The corresponding normalized post-processing
interference gain matrix is
⎡
⎤
1
0 0
0
⎢
⎥
4
⎢
⎥
1
⎢
⎥
0⎥
⎢ 1 0
⎢
⎥.
4
B=⎢ 1
⎥
⎢
⎥
0
0
0
⎢ 4
⎥
⎣ 1
⎦
0 1 0
4
Solving (10), we obtain q ∗ = ( 43 , 83 , 43 , 83 ), which implies p∗ =
( 23 , 83 , 23 , 83 ). The optimal sum power is 20/3, which is equal
to the optimal value of the dual problem.

VI. S IMULATION R ESULTS
In this section, we evaluate the performance of the proposed power control algorithms by Monte Carlo simulations.
We consider a system of M = 19 hexagonal cells, in which
the cell in the middle has two layers of cells surrounding it,
as shown in Fig. 2. The side length of each hexagon is 500 m.
The BS of each cell is located at the center and its associated
users
√ are uniformly distributed within the circle of radius
250 2m. We consider the scenario in which each cell m
has Km = K  3 users because in practice, the number
of superposed signals has to be limited to a small number,
typically two or three, due to error propagation effect in SIC.
If there are more users in a cell, they will be divided into
groups of K users, with orthogonal channels assigned to each
group. In other words, we focus on M groups, which locate in

the M cells, respectively. Each group has K users and share
the same channel with the other M − 1 groups.
We assume that the channel bandwidth is W = 5 MHz
and the noise density is −174 dBm/Hz, resulting in a noise
power of −107 dBm. Each user has the same target rate r.
In previous sections, r is measured in terms of bits per channel
use. Since there are 2W samples per second, it can also be
expressed in terms of bits per second (bps) by multiplying it
with 2W . In this section, we express the data rate in terms of
bps. For example, a target data rate of 1 Mbps is equivalent
to r = 1/(2W ) = 0.1.
Regarding signal transmissions, three radio propagation
effects are considered, namely, path loss, shadow fading, and
small-scale fading. The path loss component is assumed to
be 128.1 + 37.6 log10 d, where d is the distance between the
transmitter and the receiver expressed in kilometers. Shadow
fading is assumed to be log-normal with mean 0 dB and
standard deviation 8 dB. For the small-scale effect, Rayleigh
fading is assumed with variance 1.
We compare the outage probability and power consumption
of the two power control algorithms for NOMA systems.
An orthogonal multiple access (OMA) system is used as the
benchmark. In the OMA system, the bandwidth is divided
into three equal portions. The K = 3 users in each cell
are randomly assigned one orthogonal channel. We do not
consider optimizing the channel assignment, which is a very
difficult combinatorial problem by itself, so we simply use the
random scheme as a benchmark for comparison. Distributed
power control is applied to each orthogonal channel independently. The Foschini-Mijlanic algorithm [36], as stated in (11),
is used. For each simulation instance, a set of link gains
is generated randomly and the target rate is increased from
rmin = 1 Mbps to rmax = 2 Mbps. For each target rate,
we check whether the system experiences an outage under the
two power control algorithms for NOMA and also under the
OMA system, and the corresponding outage probabilities are
recorded. An outage event is triggered either when the control
variables reaches infinity or the number of iterations reaches
a pre-defined limit, which was set to 1,000 in our simulation
program. If an outage occurs under the partially distributed
algorithm, an outage is directly triggered under the fully distributed algorithm to save simulation time. If there is no outage
for all three systems, then that instance is used to measure the
power consumption under the three schemes. Otherwise, that
instance is simply dropped and not used for measuring power
consumption. For each target rate, we repeat the procedure for
Nsim times until we obtain N = 100, 000 instances that are
feasible under all three systems. Note that Nsim is not known
in advance. The per-user power consumptions of the schemes
are obtained by averaging over the N instances. Besides, for
each scheme with a given target rate, the corresponding outage
probability is obtained by dividing the number of outage events
by the total number of simulation runs, Nsim .
The performance curves are shown in Fig. 3a and Fig 3b.
It can be seen from Fig. 3a that the partially distributed algorithm achieves lower outage probability than the fully distributed algorithm and the two algorithms for NOMA outperform
OMA significantly. Fig 3b shows the power consumption of
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Fig. 3. A comparison between a NOMA system with partially distributed control and a NOMA system with fully distributed control: (a) outage probability,
(b) per-user power consumption, (c) probability that the two control algorithms produce the same decoding orders for all cells, (d) number of iterations for
convergence.

the three schemes. To satisfy the same target rate, partially
distributed algorithm requires less power than the fully distributed algorithm. As the target rate increases, the difference
becomes larger. For example, at r = 2 Mbps, the partially
distributed algorithm can reduce power by about 20%. It also
outperforms OMA over the entire range.
To examine more clearly the difference between the two
algorithms, Fig. 3c shows the proportion of instances for which
the two algorithms for NOMA yield exactly the same decoding
orders in all base stations. It can be seen that the proportion
of identical cases is less than 10%, and decreases from 7.4%
to 3.7%. When the target rate becomes high, the less chance
the two algorithms produce the same solution.
Lastly, we compare the convergence speed of the two
algorithms for NOMA in Fig. 3d using box plot with the
default setting of MATLAB. On each box, the central mark
indicates the medium, while the top and bottom edges of the
box indicate the upper and lower quartiles, respectively. The
whiskers extend to the most extreme data points not considered
outliers. Outliers, which correspond to about 1% of all data
points, are plotted individually in red using the symbol ’+’.
The fully distributed algorithm only needs to update the power

values while the partially distributed algorithm needs to first
update the dual variables and then the power values. For
the partially distributed algorithm, we denote in Fig. 3d the
number of iterations for dual variables and power values by
Partially Loop1 and Partially Loop2, respectively. It can be
seen that for most of the instances, both algorithms converge
quickly. For the partially distributed algorithm, the convergence of the dual variables has a medium of 16 iterations. After
that, it performs like the fully distributed algorithm, as both
of them iterate the power values in the same way. From the
figure, it can be seen that both algorithms require the same
medium of 14 iterations for the power values to converge.
VII. C ONCLUSION
The power minimization problem for the uplink of a
multi-cell NOMA system is investigated. The uplink channel
of each cell is regarded as a Gaussian multi-access channel,
with inter-cell interference treated as additive Gaussian noise.
The system model does not assume a specific transmitter-andreceiver structure and well captures the nature of the multi-cell
uplink problem for the power-domain NOMA system.
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Based on this model, superposition coding with SIC receiver
is shown to be optimal.
The use of SIC receiver requires a decoding order at
each base station, which has no easy way to determine.
Based on a heuristic rule to choose the decoding order for
each base station, a fully distributed power control algorithm
is proposed. The method, however, cannot always achieve
optimality, as counter-examples have been found. To address
the issue, the dual problem is considered. By adjusting dual
variables in a distributed way, the optimal decoding order
can be obtained, and consequently, distributed power control
can be used to determine the optimal powers. This solution
requires control message exchanges between base stations, and
is thus partially distributed.
To compare the pros and cons of the two algorithms, it is
important to evaluate their performance difference in terms
of outage probability and power consumption, which can be
done by computer simulations. Numerical results show that
they achieve almost the same outage performance. On the
other hand, the partially distributed algorithm uses less power
especially when the target data rate is high. While the fully
distributed algorithm for NOMA performs worse than OMA at
high target rate, the partially distributed algorithm for NOMA
always outperforms OMA.

Fig. 4.

The capacity region of the two-user Gaussian MAC.

Fig. 5.

Transmit power region of the two-user Gaussian MAC.

A PPENDIX A
G EOMETRY OF THE F EASIBLE P OWER
R EGION OF THE G AUSSIAN MAC
In this subsection, we analyze the geometry of the received
power region Q(r, N ) in a single cell. For brevity, the cell
index m is omitted. 

Recall that f (S)  22 i∈S ri − 1 N . It has been shown
in [37, Corollary 3.13] that f (S) satisfies the following three
properties: (1) f (∅) = 0; (2) f (S) ≤ f (T ) if S ⊆ T ⊆ K;
(3) f (S) + f (T ) ≤ f (S ∪ T ) + f (S ∩ T ) ∀S, T ⊆ K.
Because of this, f is called a rank function and Q(r, N )
is called a contra-polymatroid [37]. Let π be a permutation
vector on K, and denote its k-th component by π(k). Let
v(π)  (v1 , . . . , vK ), and its components are defined by
vπ(1)  f ({π(1)}) and vπ(i)  f ({π(1), . . . , π(i)}) −
f ({π(1), . . . , π(i − 1)}), for i = 2, 3, . . . , K. Since Q(r, N )
is a contra-polymatroid, from [37, Lemma 3.3], we have the
following result:
Lemma 12: The points v(π), where π is a permutation
on K, are precisely the vertices of Q(r, N ). Moreover,
the minimization of cT q over Q(r, N ) is attained at v(π ∗ ),
where π ∗ is any permutation such that cπ∗ (1) ≥ · · · ≥ cπ∗ (K) .
In other words, Q(r, N ) has K! vertices, which correspond
to the different decoding orders of the SIC receiver. It means
that the signal of user π(K) is decoded first, treating the
other K − 1 signals as noise. Next, the receiver subtracts the
signal of user π(K) from the received signal, and decodes
user π(K − 1) and so on. At last, user π(1) is decoded
without any interference. As an example, consider the optimization problem of minimizing the total transmit power,
p1 + p2 , assuming that g1 > g2 . This is equivalent to
minimizing q1 /g1 + q2 /g2 . By Lemma 12, π ∗ is equal to
(2, 1), and at π ∗ , we have g2 p∗2 = q2∗ = v2 = f ({2}) and



g1 p∗1 = q1∗ = v1 = f ({1, 2}) − f ({2}). A graphical
illustration is given in Figs 4 and 5. The capacity region of
the two-user Gaussian MAC is shown in Fig. 4. Point A can
be achieved by first decoding the message of user 2, and then
subtracting the signal of user 2 before decoding the message
of user 1. Point B can be achieved by changing the decoding
order of users 1 and 2. No decoding order dominates in terms
of achievable rates. In Fig. 5, the feasible transmit power
region is the shaded polyhedron with two vertices, D and E,
which correspond to the two decoding orders. Line DE would
be a 45-degree line from the vertical axis if it was plotted
in the q1 -q2 plane. Now the angle is smaller than 45 degrees
because it is plotted in the p1 -p2 plane and g1 > g2 . The
broken line represents the objective function p1 + p2 , and it
can be seen that point E is the minimum sum-power point.
A PPENDIX B
C LASSICAL P OWER C ONTROL T HEORY
Consider a multiuser cellular system, and focus on
a particular channel that is shared concurrently by M
users associated with M different base stations. For
i = 1, 2 . . . , M , user i is associated with base station i. Here we consider the uplink case. Denote the link
gain between user i and base station (BS) j by gj,i .
The signal-to-interference-plus-noise ratio (SINR) of user i
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g

p

i,i i
at BS i, denoted by Γi , is given by Γi =
,
j=i gi,j pj +Ni
where Ni is the receiver noise at BS i. The powercontrol
M
problem aims to minimize the total transmit power, i=1 pi ,
subject to the SINR requirements: Γi ≥ γi , ∀ i, or in matrix
form as

[I − B]p ≥ u,

(22)

where p  (p1 , p2 , . . . , pM ), I is the M × M identity
matrix, B is the M × M non-negative matrix whose (i, j)-th
component is defined by

0
if i = j
,
(23)
Bi,j 
γi gi,j /gi,i otherwise
and u is the vector with its i-th component being ui 
γi Ni /gi,i . We call B the normalized interference matrix
and u the normalized noise vector. B is assumed to be
an irreducible matrix. By Perron-Frobenius Theorem [38],
B has a positive real eigenvalue, λB , called Perron-Frobenius
eigenvalue, whose magnitude is no less than those of other
eigenvalues. Furthermore, it is associated with strictly positive
eigenvectors. It is well known in the power control theory that
a nonnegative solution p to the inequality [I −B]p ≥ u, exists
for any u ≥ 0, u = 0, if and only if λB < 1. In this case, there
is a unique optimal solution p∗ to the power control problem,
which is given by p∗ = [I − B]−1 u. More details could be
found in [36], [39].
A general power control framework is established in [33],
which expresses the constraint in the problem as the vector
inequality p ≥ Φ(p), where Φ(p) is a vector-valued function,
whose i-th component indicates the effective interference that
user i must overcome. The model, encompassing (22) as a
special case, is widely applicable to many wireless systems.
The corresponding power minimization problem can be solved
iteratively by p(t+1) = Φ(p(t) ), provided that Φ(p) is standard [33], which is defined by: (i) Positivity: Φ(p) > 0;
(ii) Monotonicity: If p ≥ p , then Φ(p) ≥ Φ(p );
(iii) Scalability: For all α > 1, then αΦ(p) > Φ(αp). It is
shown in [33] that if a fixed point exists, the point is unique
and the algorithm is proved to converge to that unique point
given any initial vector. The positivity condition, in fact, is a
consequence of the other two conditions [40].
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