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High-Dimensional Superposition NOMA and
Its User Pairing Strategy
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Abstract— A novel power-domain non-orthogonal multiple
access (NOMA) scheme with high-dimensional modulation is pro-
posed. Signals for two users, each of which selected from a high-
dimensional modulation constellation matrix, are superimposed
on the same time-frequency resource for transmissions. While
inter-user interference is treated as noise at the receiver of the far
user, successive interference cancellation is used at the receiver
of the near user. By analyzing the upper bounds of the detection
errors, the power allocation factor is derived, which depends only
on the relative power gain of the two users, i.e., the ratio between
the squared of the two channel gains, but not on the operating
signal-to-noise ratio. This nice feature allows us to perform user
pairing easily for a system with more than two users. The optimal
user pairing strategy that minimizes the total power consumption
is analytically derived. Simulation results show that our proposed
design outperforms some benchmark scheme.

Index Terms— Non-orthogonal multiple access (NOMA), lattice
coding, spherical coding, superposition coding, user pairing.

I. INTRODUCTION

W ITH the rapid development of Internet of Things and
augmented/virtual reality, 5G communications systems

are required to have 1,000-fold increase in capacity and
10-fold increase in the number of access devices [1]. Accord-
ing to the Shannon capacity formula, using more bandwidth
can directly increase system capacity and accommodate more
devices. However, frequency spectrum is scarce. Millimeter-
wave communication is regarded as a promising solution to
solve the bandwidth problem with the help of massive MIMO,
which can increase the receive signal-to-noise ratio (SNR) and

Manuscript received January 21, 2020; revised September 10, 2020
and December 26, 2020; accepted January 13, 2021. Date of publication
January 29, 2021; date of current version June 10, 2021. This work was
supported in part by the Research Grants Council of the Hong Kong Special
Administrative Region, China, under Project CityU 11216416, in part by the
National Natural Science Foundation of China under Grant 61701234, and in
part by the University Development Fund-Research Start-up Fund from The
Chinese University of Hong Kong, Shenzhen, under Grant UDF01000918.
This article was presented in part at the IEEE Global Communications
Conference, Taipei, December 2020. The associate editor coordinating the
review of this article and approving it for publication was M. C. Gursoy.
(Corresponding author: Jun Zou.)

Jun Zou was with the Department of Electrical Engineering, The City
University of Hong Kong, Hong Kong, SAR. He is now with the School
of Electronic and Optical Engineering, Nanjing University of Science and
Technology, Nanjing 210094, China (e-mail: jun_zou@njust.edu.cn).

Chi Wan Sung is with the Department of Electrical Engineer-
ing, The City University of Hong Kong, Hong Kong, SAR (e-mail:
albert.sung@cityu.edu.hk).

Kenneth W. Shum is with the School of Science and Engineering, The
Chinese University of Hong Kong at Shenzhen, Shenzhen, China (e-mail:
wkshum@cuhk.edu.cn).

Color versions of one or more figures in this article are available at
https://doi.org/10.1109/TWC.2021.3053622.

Digital Object Identifier 10.1109/TWC.2021.3053622

improve the coverage by adopting beamforming [2]–[4]. But
millimeter-wave communication is sensitive to the weather,
and there are a lot of other challenges to overcome before it
can be utilized in cellular communications [5].

Spectrum efficiency is another important factor to increase
the capacity. For this, we can use higher order modulation
signal to improve the spectrum efficiency, such as 256 quadra-
ture amplitude modulation (QAM) in LTE and 1024 QAM
in WiFi. However, the modulation order is limited by the
error vector magnitude (EVM) of hardware [6]. Due to the
advance of signal processing and hardware, it is time to
consider non-orthogonal multiple access (NOMA), which has
higher spectrum efficiency than the conventional orthogonal
multiple access (OMA) scheme, such as code division mul-
tiple access (CDMA) in 3G forward channel and orthogonal
frequency division multiplexing (OFDM) in 4G. Orthogonal
resources are allocated to different users in OMA systems,
which mean that the number of access devices is limited
by the orthogonal resources. Therefore, NOMA is a very
promising access technology for the next generation wireless
communication system [7]–[9].

In contrast to OMA, NOMA allows two or more users shar-
ing the same resource with inter-user interference. In general,
there are two dominant categories, code-domain NOMA and
power-domain NOMA. The essence of code-domain NOMA
is to separate different users with different non-orthogonal
codes with small correlation, such as sparse code multiple
access (SCMA) and multiple user shared access (MUSA)
[10]–[12]. The implementation of code-domain NOMA is sim-
ilar to the traditional CDMA system at transmitter. In contrast
to the code-domain NOMA, power-domain NOMA separates
users with different transmit power. Large transmit power is
allocated to the far user which is in a poor channel condition,
such as with deep fading or large pathloss. With successive
interference cancellation (SIC), the near user can first decode
the signal intended for the far user, and then subtracts it from
his received signal before decoding his own signal [13].

For the power-domain NOMA, power allocation factor is
the key and is well investigated both in the single-cell and
multi-cell scenarios [14]–[18]. For the single-cell scenario,
some sub-optimal fractional power allocation strategies are
proposed to reduce the total transmit power [14] or to increase
the total throughput [15], which only considers the individual
link gain of the user. For the multi-cell scenario, NOMA can
be combined with the coordinated multi-point (CoMP) trans-
mission to further improve the spectrum usage of CoMP trans-
mission [16]. A dynamic and distributed power optimization
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method which can reduce the computation complexity is
well investigated in the CoMP-NOMA multi-cell network
in [17]. In [18], coverage, throughput and power allocation
strategy which aims to maximize the average cell coverage
and throughput in a heterogeneous cellular network is well
analysed.

Most of the current works on practical NOMA schemes
are based on two-dimensional modulation such as QAM.
In fact, we can use multiple resource elements (RE) jointly to
increase the modulation dimension. For example, two resource
elements together can provide four dimensions. To achieve
the same spectrum efficiency, we can increase the number
of bits transmitted on each constellation point. Due to the
increased dimension, a larger Euclidean distance between
constellation points is possible, which yields better symbol
detection performance [19]. This idea led to the development
of the four-dimensional lattice superposition NOMA in [20].

The motivation of this work is to refine the preliminary
idea in [20] and to further lower the word error probability
by increasing the Euclidean distance between constellation
points. We consider the use of spherical codes and lattice
codes, which densely pack the constellation points, similar
to the sphere packing problem [21]. For the lattice code, the
minimum distance between one constellation and its nearest
neighbor constellation is the same which is similar to the two-
dimensional quadrature amplitude modulation (QAM). For the
spherical code, the energy of each constellation is the same
which is similar to the phase shift keying (PSK) modulation.
Actually, QAM and PSK are the special cases of the lattice
and spherical codes with 2-dimension. It is different from the
lattice partition in [22], [23], and the SCMA system, which
is the combination of high-dimensional signal and spreading
code. In [22] and [23], they focus on lattice partition to
maximize the achievable rate region. The mixed transmitted
signals are constructed to be a lattice structure by encoding
and transforming, and the transmitted signal of each user is
a lattice point. In this work, the constellation of each user
is based on a spherical code or a lattice code. The signals
of a near user and a far user are superposed according to a
power allocation factor, which depends on their channel gains.
We focus on the analysis of the word error probability, which
is a very important indicator in a realistic system. Moreover,
our proposed scheme has the same structure as the traditional
power domain NOMA, which is easy to implement.

In a NOMA system with many users, instead of allowing
all of them to superimpose their signals for transmissions,
it is more practical to group two users together to share a
single resource, which not only reduces decoding complexity
but also avoids error propagation. This method is commonly
called user pairing, which has gained substantial attentions
[24]–[27]. To save the total transmit power, a cache-based
NOMA with user pairing scheme is proposed in [24]. With
side information in cache, index coding can be used to
reduce the requirement on transmit power. To guarantee the
proportional fairness of the users, a prediction-based particle
swarm optimization algorithm is discussed in [25]. To improve
the sum data rate of cooperative NOMA networks, a close-
to-user pairing based full-duplex NOMA is proposed in [26].

Most of the existing works on user pairing in NOMA system is
based on the analysis of signal-to-interference-plus-noise ratio
and the use of Shannon capacity formula without considering
the actual modulation scheme.

In this paper, we use the 4-dimensional spherical code and
lattice code as the modulation constellation matrix and inves-
tigate its user pairing strategy using power-domain NOMA.
Our main contributions are summarized as follows:

1) We analyze the detection performance of a practical
NOMA scheme in terms of the word error probability with
an arbitrary constellation matrix. Meanwhile, we propose a
high-dimensional modulation scheme based on lattice and
spherical codes which has larger Euclidean distance than the
traditional two-dimensional modulation. Our proposed high-
dimensional modulation superposition scheme can achieve
better performance than traditional modulation scheme with
NOMA. Simulation results show that, our proposed constella-
tion matrix based on the 4-D spherical code is 0.5 dB better
than the 4-D cube code, which is equivalent to the traditional
two-dimensional modulation scheme.

2) We propose a power allocation rule between two users
which only depends on their relative power gain, which is easy
to implement in realistic systems. Meanwhile, we conduct a
tight upper bound analysis to find a better power allocation
factor with a deterministic constellation matrix. Our derived
power allocation factor provides a feasible solution with
a guarantee of minimum word error probability. The gap
between the analytical upper bound of word error probability
with our proposed power allocation factor and the manual
selection is less than 1.5 dB in two-user scenario. We also
discuss how our method can be extended to more than two
users.

3) We derive the optimal user pairing strategy based on
our derived power allocation factor. After user pairing, the
transmitter can calculate the total transmit power for each pair
subject to the constraint of minimum word error probability,
and then determine the power allocation factor according to
the channel gains of the user pair. The methodology is also
applicable to any other modulation matrix.

The rest of the paper is organized as follows. Section II
first introduces the fundamentals of lattices and spherical
codes, and then describes the system model with power-
domain NOMA. Section III analyzes the general form of
the word error probability of the two users in a group and
the power allocation rule, and shows some examples with
4-dimensional modulation matrix based on spherical code and
lattices. Section IV analyzes the optimal user pairing strategy
based on the derived power allocation factor in section III.
Section V shows the simulation results and Section VI draws
the conclusion.

II. SYSTEM MODEL

A. Fundamentals of Lattices

Lattice code is an important code for communication sys-
tems. Due to the special structure and property of lattices,
we can quickly generate high-dimensional constellation points.
An L-dimensional lattice is a discrete subset of R

L that has a
group structure under ordinary vector addition [21]. The sum

Authorized licensed use limited to: CITY UNIV OF HONG KONG. Downloaded on June 11,2021 at 04:53:42 UTC from IEEE Xplore.  Restrictions apply. 



3802 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 20, NO. 6, JUNE 2021

of any two lattice points is still a lattice point. Apparently, Z

is a one-dimensional lattice and Z
2, which is the set of all

points in the two-dimensional Euclidean plane with integer
coordinates, is a two-dimensional lattice. Clearly, there are
other two-dimensional lattices such as the hexagonal lattice,
which can be written as a1(1, 0) + a2(1/2,

√
3/2), where a1

and a2 are integers and (x1, x2) represents a column vector
with components x1 and x2.

A lattice is said to be of full rank if the linear span of the
lattice vectors equals the whole vector space R

L. In general,
an L-dimensional lattice point c can be written as

c = Ga, (1)

where a ∈ Z
L is an L-vector and G is an L × L generator

matrix. For example, the generator matrix G for the hexagonal
lattice is

G =
[

1 1/2
0

√
3/2

]
, (2)

and a = (a1, a2)T .
Among the full-rank lattices for a given value of L, there is

a special one with the highest density, such as the hexagonal
lattice (labeled as A2) for L = 2. The D4 lattice is the densest
four-dimensional lattice, and one of its generator matrix is

G =

⎡⎢⎢⎣
2 1 0 0
0 0 1 0
0 0 0 1
0 1 1 1

⎤⎥⎥⎦ . (3)

Let a = (a1, a2, a3, a4) ∈ Z
4. If c = Ga is a point in D4,

the sum of the four components of c is 2
∑4

i=1 ai, which
is an even number. Conversely, if the component sum of
an integer vector c is even, then one can find an integral
vector a such that c = Ga. Therefore, D4 is the set of all
integer 4-tuples with even component sum. Similarly, Dn is
the set of all integer n-tuples with even component sum. So,
we can generate the Dn lattice without the generator matrix.
However, only D3, D4 and D5 are the densest lattices for
the corresponding dimension.

Apparently, the minimum distance between two lattice
points in D4 is

√
2, such as the distance between points

(0, 0, 0, 0) and (1, 0, 0, 1). It can be easily shown that there
are 24 points which have the minimum distance with a given
point in D4.

In traditional communication systems, such as LTE and
WiFi, Quadrature Amplitude Modulation (QAM) is usually
used. In fact, the constellation points of QAM is the D2 lattice
with translation. In this paper, we use D4 as an example and
consider how 16 and 64 constellation points are selected from
it, which corresponds to two modulation schemes in which
each symbol represents 4 bits and 6 bits, respectively.

In general, we use the normalized lattice point set CL,M =
QL,MDL,M as the constellation matrix, where QL,M is the
power normalized factor, M is the number of constellation
points, DL,M is an L×M matrix whose columns are the M
selected points from the L-dimensional lattice DL.

As an illustration, we pick M = 64 points from D4

lattice which is closest to the origin. Apparently, the energy

of different points may be different. In order to achieve
high power density, we choose all the lattice points with the
distances of

√
2 and 2 and there are 48 of them. In addition,

we choose 16 more points that have distance
√

6, which are
permutations of the four elements 2, 1, −1, and 0. Therefore,
the constellation point set can be written as

C4,64 = Q4,64

[C1

C2

]T
, (4)

where C1 is the set of lattice points with distances
√

2 and 2,

C2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 1 −1 0
2 1 0 −1
2 −1 1 0
−2 0 1 −1
−2 −1 0 1
−2 0 −1 1
1 2 −1 0
1 2 0 −1
−1 2 1 0
0 −2 1 −1
−1 −2 0 1
0 −2 −1 1
1 −1 2 0
1 0 2 −1
−1 1 −2 0
−1 0 −2 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (5)

For this case, Q4,64 is equal to 2/
√

15, which normalizes the
average energy of the constellation set.

Similarly, the constellation point set for M = 16 can be
written as

C4,16 = Q4,16

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −1 0 0
1 0 −1 0
1 0 0 −1
−1 1 0 0
0 1 −1 0
0 1 0 −1
−1 0 1 0
0 −1 1 0
0 0 1 −1
−1 0 0 1
0 −1 0 1
0 0 −1 1
1 1 0 0
0 −1 −1 0
0 0 1 1
−1 0 0 −1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

, (6)

where Q4,16 = 1/
√

2 and each column has the same norm.

B. Spherical Codes

Let ΩL be the surface of a unit sphere in the L dimensional
space, i.e.,

ΩL =

{
x = (x1, x2, · · · , xL) ∈ R

L

∣∣∣∣∣
L∑

l=1

x2
l = 1

}
. (7)
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A spherical code S(L, K, φ) is a K-subset of ΩL with the
property that for all pairs s1, s2 ∈ S (s1 �= s2),

sT
1 s2 ≤ cosφ, (8)

where 0 < φ ≤ π is the minimum angle that makes at least
one pair of distinct vectors s1, s2 satisfying the equality in
(8). For example, if we put the center of the tetrahedron to the
origin, then the four vertices together form an S(2, 4, 109.47◦)
spherical code. According to the Law of Cosines, the larger
the value of φ, the larger the minimum distance between
two points in the set S(L, K, φ). Therefore, given L and
K , we can use a spherical code with the largest value of φ
as the constellation matrix [28]. Sloane, Hardin and Smith
have given the arrangements in 3, 4 and 5 dimensions with
K = 4, 5, · · · , 130 [29]. The higher the dimension, the larger
the minimum distance. For example, the minimum angle
of 16 points in 4 dimensions is φ = 67.193◦ while the
minimum angle of 16 points in 5 dimensions is φ = 78.463◦

[29]. From this viewpoint, high-dimensional modulation can
improve the performance of symbol detection.

In this paper, we consider the case where L = 4. The
constellation matrix based on spherical code with 16 points
can be found in the appendix A. Actually, the lattice code
C4,16 is also a spherical code with φ = 60◦ since the energy
of each column is the same.

C. System Description

Consider a single base station with 2K active users, indexed
by elements in K � {1, 2, 3, · · · , 2K}. Power-domain NOMA
with superposition coding is used to improve the system
capacity [16]. Two users are scheduled into a group using the
same time-frequency resource provided by the base station as
shown in Fig. 1.

In each group g, where g = 1, 2, . . . , K , there are two users.
The one who is closer to the base station (in the sense that
the channel gain is larger) is called the near user and labeled
as user 1 of group g. The other one is called the far user and
labeled as user 2 of group g. For i = 1, 2, let xg

i ∈ R
L be the

transmitted signal vector for user i of group g. The received
signal of user i can be written as

yg
i = hg

i x
g + ng

i , (9)

where hg
i ∈ R is the channel gain of user i in the g-th

group, which is assumed to be a constant in one signal vector
transmit period, ng

i ∈ R
L is the random white noise vector

of user i, each component of which is a Gaussian random
variable with mean zero and variance N0/2, and xg is the
superposition of the transmitted signal vectors from the two
users. For simplicity, we drop the group index g when we
analyse the NOMA strategy in one group, that is,

yi = hix + ni. (10)

According to our user labeling, we have h1 > h2. We define
the relative power gain between these two users as the ratio
of the squares of these two channel gains, which is given by

β � h2
2/h2

1 < 1. (11)

Fig. 1. Illustration of the NOMA system model with user pairing.

In our design, superposition coding is used to form the
combined transmit signal vector, that is,

x =
√

αET x1 +
√

(1 − α)ET x2, (12)

where x1 and x2 are the signal vectors selected from the
constellation matrix C (which can be CL,M or C ′

L,M,φ) for
user 1 and user 2, respectively. These vectors are assumed
to be uniformly distributed in the set of constellation points
with unit average energy, i.e., E [xT

1 x1] = E [xT
2 x2] = 1. As a

result, ET is the total transmit energy, and α < 1 is the power
allocation factor between the two users within a group. In each
time slot, because of the superposition in NOMA, 2 log2 M
data bits, log2 M data bits for each user, are transmitted in
one symbol duration. Therefore, the average energy per bit is

ET

2 log2 M .
At the receiver side, we assume that user i has the knowl-

edge of his own channel gain hi and minimum distance
detection is used. The minimum distance detection is the same
as the maximum likelihood detection when we ignore the inter-
ference from the interferer. For the far user, the energy of the
near user’s signal is small; for the near user, the interference
can be removed when the SIC is success. For user 2, it detects
the value of x2 by treating the interfering signal from user 1 as
noise and finding the column of h2

√
(1 − α)ET C closest to

the received signal y2. If the detected column is different from
the transmitted column for user 2, we define it as a word error
of user 2.

For user 1, SIC is used to improve the probability of
successful detection. It first detects the value of x2 using the
same minimum distance detection at the receiver of user 2.
Assuming the detected vector is x′

2, the signal after removing
the signal for user 2 is given by

y′
1 = h1

√
αET x1 + h1

√
(1 − α)ET (x2 − x′

2) + n1. (13)

Afterwards, minimum distance detection is used again to find
the column of h1

√
αET C closest to y′

1. If the detected column
is different from the transmitted column of user 1, we define
it as a word error of user 1.

In this paper, different groups are transmitted in time
division multiplexing (TDM) manner, which means that the
base station transmits a combined signal to each group in a
distinct time slot. Our goal is to minimize the total energy
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consumption of K time slots subject to a requirement of word
error probability.

III. POWER ALLOCATION BETWEEN TWO USERS

In this section, we derive a common upper bound for the
word error probabilities of both users in a group. In addition,
we obtain the relationship between the relative power gain and
the power allocation factor. Specifically, a general upper bound
for both lattice and spherical codes, which depends on the
minimum distance between constellation points, is presented
in Section III-A, while tighter bounds for lattice codes are
investigated in Section III-B.

A. Loose Bound Analysis

1) Error Analysis for the Far User: From the previous
analysis, the pairwise word error probability of user 2, the
far user, can be calculated by

P2(x2 → x′
2)

= P

(∣∣∣y2−h2

√
(1−α)ET x2

∣∣∣2≥ ∣∣∣y2−h2

√
(1−α)ET x′

2

∣∣∣2)
= P
(
(x2 − x′

2)
T
(
−2n2 − h2

√
ET v(α)

)
≥ 0
)

(14)

where x′
2 �= x2, | · | is the norm of a vector and

v(α) �
√

1 − α(x2 − x′
2) + 2

√
αx1. (15)

According to the Chernoff inequality [30], there is an upper
bound for (14), that is

P2(x2 → x′
2) ≤ E (exp

(−2λ(x2 − x′
2)

T n2

))
· exp

(
−λh2

√
ET (x2 − x′

2)
T v(α)

)
(16)

where λ > 0 and E(·) is the expectation operation.
The variance of each element in n2 is N0/2. Using the

moment generating function of a Gaussian random variable,
we can rewrite (16) as

P2(x2 → x′
2)

≤ exp(N0λ
2|x2 − x′

2|2 − λh2

√
ET (x2 − x′

2)
T v(α)). (17)

The right-hand side of (17) is the exponential function of a
quadratic function of λ, it has a minimum value when

λ =
h2

√
ET (x2 − x′

2)
T v(α)

2N0|x2 − x′
2|2

. (18)

Since λ > 0, the power allocation factor α should satisfy
√

1 − α|x2 − x′
2|2 + 2

√
α(x2 − x′

2)
T x1 > 0 (19)

for arbitrary x1, x2 and x′
2.

By Cauchy-Schwarz inequality,

(x2 − x′
2)

T x1 ≥ −|x2 − x′
2||x1|. (20)

We denote the minimum distance between two constellation
points (x and x′) in C, |x−x′|min, by Xmin and the maximum
norm of the point in C, |x|max, by Xmax. Therefore, when

√
1 − αXmin > 2

√
αXmax, (21)

or equivalently, α <
X 2

min
4X 2

max+X 2
min

, (19) is always satisfied. From

now on, we assume 0 < α <
X 2

min
4X 2

max+X 2
min

.
Substituting (18) into (17), we obtain

P2(x2 → x′
2) ≤ exp

(
−h2

2ET

(
(x2 − x′

2)T v(α)
)2

4N0|x2 − x′
2|2

)
. (22)

According to (20),

(x2 − x′
2)

T v(α)
|x2 − x′

2|
≥

√
1 − α|x2 − x′

2|2 − 2
√

α|x1||x2 − x′
2|

|x2 − x′
2|

=
√

1 − α|x2 − x′
2| − 2

√
α|x1| (23)

≥ √
1 − αXmin − 2

√
αXmax, (24)

since |x2 − x′
2| ≥ Xmin and |x1| ≤ Xmax. Due to (21), the

lower bound in (24) is always non-negative.
Substituting (24) into (22), we obtain

P2(x2 → x′
2)

≤ exp
(
−h2

2(
√

1 − αXmin − 2
√

αXmax)2ET

4N0

)
, (25)

which is an upper bound of user 2’s word error probability,
since it does not depend on the transmit signal x2.

2) Error Analysis for the Near User: For the near user,
user 1, it should detect user 2’s information bits first. The
word error probability analysis on user 2’s information bits at
user 1 is nearly the same as the previous analysis except the
channel gain. Let F be the event that user 1 makes an error
in detecting user 2’s information bits. According to (25),

P (F ) ≤ exp
(
−h2

1(
√

1 − αXmin − 2
√

αXmax)2ET

4N0

)
=
(

exp
(
−h2

2(
√

1 − αXmin − 2
√

αXmax)2ET

4N0

))1/β

,

(26)

which also represents the upper bound of SIC failure prob-
ability. From (26), we can see that the upper bound of SIC
failure probability is much smaller than the upper bound of
user 2’s word error probability when the value of β is small.

Then, the pairwise word error probability of user 1 is given
by

P1(x1 → x′
1) = P (F c)P1(x1 → x′

1|F c)
+ P (F )P1(x1 → x′

1|F ) (27)

where F c is the complement of F .
When the SIC is successful, the remaining signal after

removing user 2’s signal is given by

y′
1 = h1

√
αET x1 + n1. (28)

Similar to (14)-(25), it can be easily shown that the upper
bound of the word error probability of user 1 with successful
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SIC is

P1(x1 → x′
1|F c)

= P

(∣∣∣y′
1 − h1

√
αET x1

∣∣∣2 ≥
∣∣∣y′

1 − h1

√
αET x′

1

∣∣∣2)
= P
(
(x1 − x′

1)
T
(
−2n1 − h1

√
αET (x1 − x′

1)
)
≥ 0
)

≤ exp(−h2
1α|x1 − x′

1|2ET

4N0
)

≤ exp(−αh2
1X 2

minET

4N0
). (29)

The upper bound of (27) is

P1(x1 → x′
1) ≤ P1(x1 → x′

1|F c) + P (F ). (30)

When β is small enough, P (F ) will tend to zero, that is,

lim
β→0

P (F ) = 0, (31)

and

lim
β→0

P1(x1 → x′
1) ≤ exp(−αET h2

1X 2
min

4N0
). (32)

When P (F ) is non-negligible,

P1(x1 → x′
1)

≤
(

exp
(
−h2

2(
√

1 − αXmin − 2
√

αXmax)2ET

4N0

))1/β

+ exp(−αh2
1X 2

minET

4N0
). (33)

3) Common Upper Bound and Power Allocation Factor:
According to (25), we can see that the upper bound of
user 2’s word error probability increases as α increases.
On the contrary, the upper bound of user 1’s word error
probability decreases as α increases according to (33). The
system performance is decided by the worst case of two users
in one group, so it is a good solution to improve the system
performance by letting the upper bound of two user’s word
error probability is the same. For the ease of computing,
we ignore the first term of the upper bound in (33) and let

exp
(
−αh2

1X 2
minET

4N0

)
= exp

(
−h2

2(
√

1 − αXmin − 2
√

αXmax)2ET

4N0

)
(34)

instead. Then, the relationship between the power allocation
factor α∗ and the relative power gain β can be obtained by
solving (34), with

α∗ =
1

1 +
(
2Xmax/Xmin + β− 1

2

)2 . (35)

Since β > 0, it satisfies α∗ < X 2
min/(4X 2

max + X 2
min)

according to (35), which implies (21) is satisfied.
Under the assumption of (34), the upper bound of user 1’s

word error probability is

P1(x1 → x′
1)

≤ exp
(
−α∗h2

1X 2
minET

4N0

)
+
(

exp
(
−α∗h2

1X 2
minET

4N0

)) 1
β

.

(36)

A looser bound for (36) is

P1(x1 → x′
1) ≤ 2 exp

(
−α∗h2

1X 2
minET

4N0

)
(37)

for arbitrary relative power gain β. Note that it is also an upper
bound of the word error probability of user 2.

According to (35), we know that the smaller the ratio
between the maximum norm of a constellation matrix and the
minimum distance between any two constellation points, the
larger the power allocation factor which means more power
is allocated to the near user. Combining with (37), we know
that at a fixed maximum norm of a constellation, the larger
the minimum distance between any two constellation points,
the smaller the upper bound of the word error probability of
both users in a group. In other words, the lower the density
of constellation points, the lower the upper bound of the
word error probability of both users. Therefore, the higher
the dimension of modulation signals, the better the detection
performance.

In the above analysis, we have ignored the relationship
between the constellation points to obtain a general upper
bound for any lattice-superposition NOMA. The result is
simple that the power allocation factor is only related to
the relative power gain, the minimum distance between two
constellation points and the maximum norm of constellation
points, without more concern on the selection of constellation
set.

Next we use 64 constellation points based on lattice code
as an example to show the power allocation factor calcula-
tion. We also provide the related analysis of 16 constella-
tion points based on lattice code and spherical code in the
Appendix B and C.

The most obvious difference between 16 constellation points
and 64 constellation points based on lattice code is that the
norm of each constellation point may be different when there
are 64 constellation points. While for spherical code, the
norm of each point is always one. That’s the reason why we
analyze 16 and 64 constellation points based on D4.

4) 64 Constellation Points Based on D4: According to the
definition of constellation set C4,64, we have |x − x′| ≥√

2Q4,64 and |x| ≤ √
6Q4,64. Then, we can obtain the word

error probability of user 2,

P2(x2 → x′
2)

≤ exp

(
−h2

2ET

(
(x2 − x′

2)T v(α)
)2

4N0|x2 − x′
2|2

)
(38)

≤ exp
(
−h2

2(
√

1 − α|x2 − x′
2| − 2

√
α|x1|)2ET

4N0

)
(39)

≤ exp

(
−h2

2Q
2
4,64(

√
1 − α − 2

√
3α)2ET

2N0

)
. (40)

According to (29), we can obtain the word error probability
of user 1 with successful SIC,

P1(x1 → x′
1|F c) ≤ exp(−αh2

1|x1 − x′
1|2ET

4N0
)

≤ exp(−αh2
1Q

2
4,64ET

2N0
). (41)
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Then, according to the assumption in (34), we can calculate
the power allocation factor by solving

−h2
2Q

2
4,64(

√
1 − α − 2

√
3α)2ET

2N0
= −αh2

1Q
2
4,64ET

2N0
, (42)

that is,

α64,D4 =
1

1 +
(
2
√

3 + β− 1
2

)2 . (43)

In fact, this analysis method of the power allocation fac-
tor can be extended to more than two users as shown in
Appendix D.

B. Tight Upper Bound for Far User With Lattice Code

In the previous analysis of the upper bound of far user’s
word error probability, the relationship between constellation
points are not considered, especially the bound in (24). Actu-
ally, the upper bound of (22) is determined by the lower bound
of

(x2 − x′
2)

T v(α)
|x2 − x′

2|
=
√

1 − α|x2 − x′
2| +

2
√

α(x2 − x′
2)

T

|x2 − x′
2|

x1.

(44)

If we want to achieve the equality in (24), it should satisfy
three conditions at the same time: 1) |x2 − x′

2| = Xmin, 2)
|x1| = Xmax, and 3) x1 and x2 − x′

2 are collinear. Note that
(x2−x′

2)
T

|x2−x′
2| is a unit vector. According to the characteristic of

lattice point, this unit vector can only be equal to some specific
vector, such as (0, 0,

√
2/2,

√
2/2)T , (1/2, 1/2, 1/2, 1/2)T for

C4,64. Therefore, the equality in (24) may not holds and there
must exist a X ′ ≥ Xmin and a X ′′ ≤ Xmax satisfying

P2(x2 → x′
2) ≤ exp

(
−h2

2(
√

1 − αX ′ − 2
√

αX ′′)2ET

4N0

)
.

(45)

We use 64 constellation points based on D4 as an example
to describe the tight upper bound calculation. According to
the constellation set defined in (4) and (5), when |x2 −x′

2| =
Xmin =

√
2Q4,64, (x2−x′

2)
T

|x2−x′
2| must be the combination of two

elements chosen from
√

2/2 and −√
2/2 and the other two

elements are 0. When |x1| = Xmax =
√

6Q4,64, x1 is the
permutation of 2Q4,64, Q4,64, −Q4,64, and 0. Apparently, the
x2 satisfied 1) and the x1 satisfied 2) cannot be collinear
since the number of non-zero elements is different for these
two vectors. In addition, when |x2 −x′

2| =
√

2Q4,64, we can
obtain

(x2 − x′
2)

T v(α)
|x2 − x′

2|
≥ √

2Q4,64(
√

1 − α − 3
√

α), (46)

where the equality is achievable. So similar with the constraint
in (19), we have

√
1 − α − 3

√
α > 0, (47)

or equivalently, α < 0.1.

Since x2 −x′
2 is a lattice point, its norm is specific. When

|x2 − x′
2| �= Xmin, it must satisfy |x2 − x′

2| ≥ 2Q4,64 and

(x2 − x′
2)

T v(α)
|x2 − x′

2|
≥ 2Q4,64(

√
1 − α −

√
6α)

α<0.1
>

√
2Q4,64(

√
1 − α − 3

√
α). (48)

Therefore, a tight upper bound of (38) after considering the
relationship between constellation points is

P2(x2 → x′
2) ≤ exp

(
−h2

2Q
2
4,64(

√
1 − α − 3

√
α)2ET

2N0

)
.

(49)

The power allocation factor determined by (41) = (49) is

α′
64,D4

=
1

1 +
(
3 + β− 1

2

)2 . (50)

Apparently, the power allocation factor in (50) is larger than
(43) at a given relative power gain, which implies that the
common upper bound of two users’ word error probability
will decrease when we use the power allocation factor in (50).
It means less total power can achieve the same performance
if we use the tight bound, which will be verified by the
simulations. This analysis method also works for other lattice-
based constellation set with different number of constellation
points. Note that, the tight upper bound may be the same
as the loose upper bound that it depends on the selection of
constellation points. For example, if we use this tight upper
bound to analyze the 16 constellation points based on D4,
we will find that the tight upper bound based on the above
analysis is the same as the loose bound.

Remark 1: For constellation matrix based on lattice code,
a general upper bound of far user’s word error probability can
be written as

exp
(
−h2

2(
√

1 − αX ′ − 2
√

αX ′′)2ET

4N0

)
, (51)

where X ′ ≥ |x − x′|min and X ′′ ≤ |x|max, the loose bound
is achieved when the equalities both hold. The related power
allocation factor determined by setting (29) and (51) equal has
a general solution,

α̃∗ =
1

1 +
(
ϕ1 + ϕ2β− 1

2

)2 , (52)

where ϕ1 = 2X ′′
X ′ and ϕ2 = |x−x′|min

X ′ ≤ 1. This power
allocation factor is also true for spherical code that X ′ = Xmin

and X ′′ = Xmax = 1.

IV. USER PAIRING WITH MINIMUM POWER

To reduce decoding complexity and to avoid error prop-
agation, a practical NOMA scheme typically allows only
two or three users to have their signals superposed together.
In this section, we consider how to pair up two users for
superposition, which is commonly called user pairing. In the
literature [24]–[27], user pairing strategies are mostly based on
the use of Shannon capacity, which is an idealized assumption
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and cannot be achieved in practice. In the previous section,
we consider the underlying modulation scheme and perform
an in-depth analysis of word error probability. Based on that
result, in this section, we derive the optimal user pairing
strategy for practical systems.

For a given word error probability ε, the transmit power
required by user 2 according to (51) is

ET ≥ −4N0 ln ε

h2
2(X ′√1 − α̃∗ − 2X ′′√α̃∗)2

=
−4N0 ln ε

α̃∗X 2
minh

2
1

. (53)

At this time, user 1’s word error probability must be bounded
above by ε + ε

1
β according to (36). Therefore, for a given

threshold Pw = ε + ε
1
β , the minimum transmit power is

Emin ≥
−4
(

1 +
(
ϕ1 + ϕ2β

− 1
2

)2)
N0 ln ε

X 2
minh

2
1

. (54)

A looser lower bound for (54) is

Emin ≥
−4
(

1 +
(
ϕ1 + ϕ2β

− 1
2

)2)
N0 ln Pw

2

X 2
minh

2
1

. (55)

In the following analysis, we will use (55) as the minimum
transmit power requirement.

As we describe in the system model, there are 2K users
in a cell which need to be scheduled as K groups. The total
energy consumption of K groups of users can be written as

Etotal =
K∑

g=1

−4
(

1 +
(
ϕ1 + ϕ2

hg
1

hg
2

)2
)

N0ln Pw

2

hg
1
2X 2

min

= −4N0ln Pw

2

X 2
min

K∑
g=1

(
1

hg
1
2 +
(

ϕ1

hg
1

+
ϕ2

hg
2

)2
)

= −4N0ln Pw

2

X 2
min

K∑
g=1

(
ϕ2

2

hg
1
2 +

ϕ2
2

hg
2
2

)

+ − 4N0ln Pw

2

X 2
min

K∑
g=1

(
1+ϕ2

1−ϕ2
2

hg
1
2 +

2ϕ1ϕ2

hg
1h

g
2

)
. (56)

Our goal is to minimize the total energy consumption in (56)
by dividing users into groups. This combinatorial problem is
called user pairing. The first term in (56) is constant under any
user pairing method. Without loss of generality, we assume
that the channel gains of these 2K users are in descending
order, i.e., h1 > h2 > · · · > h2K . Therefore, our optimization
problem is equivalent to solving

min
π

K∑
g=1

(
1 + ϕ2

1 − ϕ2
2

h2
π(2g−1)

+
2ϕ1ϕ2

hπ(2g−1)hπ(2g)

)
(57)

with the minimum taken over all bijective function π(·) from
{1, 2, . . . , 2K} to itself, where hg

1 � hπ(2g−1) and hg
2 �

hπ(2g).
We first focus on how to achieve

min
π

K∑
g=1

1
hπ(2g−1)hπ(2g)

, (58)

without considering the first term in (57).

Lemma 2: Define U1 � {1, 2, . . . , K} as the index set of
the K nearest users and U2 � K\U1 as that of the K furthest
users. The optimal solution to (58) must satisfy π(2g−1) ∈ U1

and π(2g) ∈ U2 for g = 1, 2, . . . , K .
Proof: We prove by contradiction. Suppose at an optimal

solution, group i consists of two near users, i.e., π(2i −
1), π(2i) ∈ U1. Then, there must be a group j which consists
of two far users, i.e., π(2j − 1), π(2j) ∈ U2. Since

(
1

hπ(2i−1)
− 1

hπ(2j−1)
)(

1
hπ(2i)

− 1
hπ(2j)

) > 0, (59)

we have
1

hi
1h

i
2

+
1

hj
1h

j
2

>
1

hi
1h

j
2

+
1

hi
2h

j
1

. (60)

That means, if we change the pairing combination according
to (60), the total energy consumption will strictly decrease,
which contradicts with the assumption that the original pairing
is optimal. �

Theorem 3: The optimality in (57) can be achieved by the
permutation π(i) = (i + 1)/2 if i is odd and π(i) = 2K −
(i − 2)/2 if i is even.

Proof: According to Lemma 2, it suffices to consider only
the pairing between near users and far users. By assumption,
we have 1

h1
< 1

h2
< · · · < 1

hK
and 1

hK+1
< 1

hK+2
< · · · <

1
h2K

. The rearrangement inequality [31] gives a lower bound
on the objective function in (58):

K∑
g=1

1
hπ(2g−1)hπ(2g)

≥ 1
h1h2K

+
1

h2h2K−1
+ · · · + 1

hKhK+1
,

which can be achieved by pairing up the i-th nearest user with
the i-th furthest user to form group i, for i = 1, 2, . . . , K . This
pairing strategy is represented by the given permutation π(i).
It can also minimize the objective function in (57), since the
channel gains of the users in U1 are larger than those of the
users in U2. �

According to Theorem 3, the optimal pairing strategy is
to pairing up the i-th nearest user with the i-th furthest
user to form group i according to the channel gain, for
i = 1, 2, . . . , K .

V. SIMULATION RESULTS

A. Power Allocation Between Near-Far Users

In this subsection, we consider a two-user system, and focus
on how the word error probability varies with different bit
SNR Eb/N0. Without loss of generality, the channel gain
for the near user is normalized to 1. Since each word can
convey 2 log2 M bits, the average bit SNR is Eb/N0 =
ET /(2N0 log2 M). Then the word error probability of two
users is upper bounded by

2 exp(−αh2
1X 2

minEb log2 M

2N0
) (61)

for any relative power gain β and

exp(−αh2
1X 2

minEb log2 M

2N0
) (62)

for small relative power gain, such as β ≤ 0.1.
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Fig. 2. Word error probability of spherical code superposition with different
power allocation factor (β = 0.99).

1) 16 Constellation Points: Fig. 2 to Fig. 4 show the
simulation results and the mathematical results of the word
error probability with different relative power gains. In these
simulations, constellation matrix C ′

4,16,67.19◦ which is based
on spherical code are used to convey information bits.
We also add the traditional 16-QAM with orthogonal multiple
access (OMA) as reference. The principle of the power allo-
cation for the OMA system is to let the two users achieve the
same bit SNR, so the power allocation factor can be written
as

αOMA =
β

1 + β
. (63)

Therefore, the word error probability can be calculated as [19]

P16−QAM ≈ 3Q

(√
4βEb

5N0(β + 1)

)
. (64)

We can see that even when the relative power gain, β,
is 0.99, our proposed spherical code NOMA is still better
than the OMA performance. As the relative gain increases,
the proposed spherical code NOMA obtains more and more
improvement than the OMA. The power allocation factor α
of the solid lines in Fig. 2 to Fig. 4 is determined by (71)
while the α of the dash lines is set by manual selection whose
performance is better than the derived α and close to the best.
For example, if β = 0.1, then α = 1

1+
�
1.8073+0.1− 1

2
�2 ≈

0.0389. Therefore, our derived power allocation factor is a
feasible solution with a derived upper bound of word error
probability. It may not be the best, but is achievable and
deterministic for arbitrary relative power gain.

The gap between analytical upper bound of word error
probability and the worst case of the two users’ word error
probability by simulation with the same α is less than 1 dB.
And the gap between analytical upper bound of word error
probability with the derived α and the simulation results with
manual selection α is about 1 dB with β = 0.99 and 1.5 dB
with β = 0.1, 0.01.

Besides, we can see that the upper bound in (32) can also be
the upper bound of word error probability of the two users in
one group from the simulation results in Fig. 2 for β = 0.99.
If we use (32) to calculate the upper bound of transmit power,

Fig. 3. Word error probability of spherical code superposition with different
power allocation factor (β = 0.1).

Fig. 4. Word error probability of spherical code superposition with different
power allocation factor (β = 0.01).

the user pairing strategy described in section IV is still the best.
Because, the relationship between (32) and (37) is linear.

Fig. 5 shows the comparisons of word error probability with
different constellation matrixes, C4,16, C ′

4,16,67.19◦ and 4-D
cube code. In fact, the 4-D cube code which is the permutation
of 1 and −1, can be regarded as a traditional NOMA structure
with two independent QPSK tones. Certainly, the 4-D cube
code is also a lattice code [29]. The power allocation factor
is α = 0.0071. We can see that our proposed spherical code
superposition NOMA outperforms the other two schemes since
the minimum distance between two points using spherical code
is the largest with a given dimension. The gain is about 0.5 dB
when the spherical code is used comparing with the 4-D cube
code.

Fig. 6 shows the comparisons of word error probability
between SCMA scheme and our proposed scheme. For a fair
comparison, we let the same number of bits be transmitted per
real dimension. We use C ′

4,8,90◦ which can be found in [29]
as the constellation matrix while the codebook for SCMA can
be found in [32]. Since there is no power allocation factor
between SCMA users, we consider the extreme case β = 1.
According to (35), α = 1

1+(
√

2+1)2 ≈ 0.146 with Xmax = 1

and Xmin =
√

2. The performance of multiple SCMA users is
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Fig. 5. Comparisons of word error probability between spherical code and
lattice code with 16 constellation points.

Fig. 6. Comparisons of word error probability between our proposed scheme
and SCMA scheme.

nearly the same, so we only show one of them in the figure.
We can see that our proposed power domain NOMA based on
spherical code is better than the SCMA at high SNR. The gain
is more significant if the power allocation factor is manually
selected as α = 0.21. The reason of our superior performance
is that when SNR increases, the SIC error will decrease, and
the interference can be easily removed. In contrast, the signals
of the two users under SCMA have the same energy, which
leads to larger interference than our proposed scheme at high
SNR.

Fig. 7 shows the simulation results and the mathematical
results of the word error probability in the three-user scenario.
In the simulation, constellation matrix C′

4,16,67.19◦ which is
based on spherical code are used to convey information bits.
The power allocation factors of the solid lines are determined
by (81) and (83) in Appendix D. The gap between the
analytical upper bound and the simulation results of user 1 is
less than 1 dB. Besides, we can see that the performance gap
between the analytical power allocation factors and the manual
selection ones is about 1.5 dB. Because we use the product
of two approximation power allocation factors as the system
power allocation factor, which will enlarge the gap compared
with the two-user case. In general, utilizing tight upper bound
analysis in the two-user scenario can reduce the gap, such as

Fig. 7. Word error probability of spherical code superposition with different
power allocation factor in three-user scenario (β12 = 0.1, β13 = 0.01).

Fig. 8. Word error probability of lattice superposition with different power
allocation factor (β = 0.99, C4,64).

considering the probability of the largest interference between
two users, and we leave it as future work.

2) 64 Constellation Points: For 64 constellation points
based on D4, the power allocation factor derived from the
tight upper bound described in section III-B is different from
the bound in section III-A. So we simulate the word error
probability with different power allocation factor as shown in
Fig. 8 and Fig. 9.

From Fig. 8 and Fig. 9, we can see that the upper bound
of word error probability according to (62) is still very close
to the word error probability of the worse user. It shows the
generality of our analysis on the upper bound. By comparing
the performance with different power allocation factor, we can
see that the power allocation factor derived by the tight bound
is better than it derived by the loose bound. We also can see
that when the relative power gain is large, such as β = 0.99,
the far user’s word error probability is more sensitive to the
variation of power allocation factor. On the contrary, the near
user’s word error probability is more sensitive to the variation
of power allocation factor when the relative power gain is
small. This is also true for 16 constellation points as shown
in Fig. 2-Fig. 4. The reason is when the relative power gain is
small, the power allocation factor is small which means small
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Fig. 9. Word error probability of lattice superposition with different power
allocation factor (β = 0.01, C4,64).

Fig. 10. Word error probability of lattice superposition with the power
allocation factor in (63).

variation will mightily affect the detection performance of the
near user.

According to (26), when the relative power gain is small,
the probability of SIC failure is ignorable. So we may use the
same strategy as the OMA system described in (63) to set up
the power allocation factor when β is small. At this time, the
related power allocation factor is small and the interference
from near user is also ignorable which is the similar with the
OMA situation. We also present the performance of this power
allocation method in Fig. 9.

We can see that the power allocation factor defined in
(63) can indeed improve the performance of the worse user.
However, it is not always true for arbitrary relative power
gain obviously. For an extreme case, β = 0.999, α will be
0.5 according to (63) which will lead to a large detection
error. We also provide the performance comparison between
the word error probability with the α derived by (63) and the
α derived by (50) in Fig. 10. We can see that our proposed
power allocation factor according to (50) is better than it
according to (63) when β = 0.04. For the ease of user pairing
implementation, we would like to choose a simple way to
calculate the power allocation factor. So (50) is more suitable
than (63) as the power allocation factor since it works much
better when β ≥ 0.04.

Fig. 11. Comparisons of word error probability between spherical code and
lattice code with 64 constellation points (β = 0.01).

Fig. 12. Comparisons of word error probability between spherical code and
lattice code with 128 constellation points (β = 0.01).

Fig. 11 shows the comparisons between constellation matrix
based on spherical code and lattice code with 64 points when
the relative power gain is 0.01. We can see that the spherical
code is a little better than the lattice. It is consistent with
the analysis in Section III. The minimum distance of these
two codes with 64 constellation points is nearly the same, the
constellation points’ distribution leads the small difference on
the power allocation factor. The gap of word error probability
of these two codes will decrease if we use the same power
allocation factor.

When the number of constellation points reaches 128 with
4 dimensions, the minimum distance in lattice code is much
larger than it in spherical code, so the constellation matrix
based on lattice code will outperform the matrix based on
spherical code which is shown in Fig. 12.

The fact is that when the number of constellation points is
small, spherical code works better than lattice code, especially
when the number of points is smaller than the kissing number
of lattice. However, when the number of constellation points
increases, the lattice code will work better. The reason is
that when the number of constellation points is large, the
minimum distance between any two points is small, we can
add some points inside of the unit sphere without increasing
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Fig. 13. Comparison of word error probability with different dimensional
modulation (β = 0.01).

Fig. 14. Comparison of word error probability with different dimensional
modulation (β = 0.01).

the minimum distance. So the minimum distance in lattice
code is larger than it in spherical code.

3) Comparisons of Different Dimensional Constellation
Matrices: Fig. 13 and Fig. 14 show the word error probability
comparisons of different dimensional constellation matrices.
For the fairness of comparison, the word error probability
of two-dimensional modulation is also calculated every four
bits which is the combination of two constellation points. The
word error probability of constellation matrix based on D6

is calculated every six bits. We can see that the performance
improves as the modulation dimension increases which is con-
sistent with the prediction. However, the higher the dimension
of modulation signals, the higher the complexity.

B. Power Consumption

In our simulations, the users are randomly and uniformly
distributed in a hexagon cell whose radius is 400 m. The path
loss model is 128.1 + 37.6log10d dB, where d is the distance
between the base station and the user measured in km. The
standard deviation of shadow fading is assumed to be 12 dB
and one-path Rayleigh fading is considered. The number of
users are from 2 to 16. Two users of the same group are
transmitted in one time slot with 5 MHz bandwidth. The noise
power spectral density is −174 dBm/Hz and the noise figure

Fig. 15. Comparisons of outage probability and average power consumption
with different user pairing strategies (Pw = 0.001, C′

4,16).

Fig. 16. Comparisons of outage probability and average power consumption
with different power allocation factors (Pw = 0.001, C4,64).

is 9 dB at the receiver. The maximum transmit power of base
station is 40 dBm in this simulation. We define the outage
probability as the probability that the required energy exceeds
the maximum transmits power of base station.

Fig. 15 shows the comparisons of outage probability (line)
and average power consumption per group (bar) with different
user pairing strategies when Pw = 0.001. One is the derived
user pairing strategy in section IV, and the other is to pair up
user i with user K+i as a group, for i = 1, 2, · · · , K . We also
add the random pairing between all 2K users as a reference.
In this simulation, constellation matrix based on spherical code
C′

4,16,67.19◦ is used. We can see that our proposed pairing
strategy outperforms the other two strategies. Besides, as the
number of users increases, the outage probability decreases.
The reason is when the number of users increases, there are
more combinations for user pairing, which can present the
advantage of user pairing clearly.

The power consumption of the three strategies are obtained
by averaging over those instances under which all three
strategies experience no outage. When there are 4 users, the
power saving ratios of our proposed strategy comparing to the
random pairing and the other pairing strategy are 12.1% and
6.6%, respectively. When there are 16 users, the corresponding
power saving ratios are 24.8% and 13.7%, respectively. The
more users, the larger savings can be obtained.
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Fig. 16 shows the comparison of average power consump-
tion and outage probability with different power allocation
factors using the proposed pairing strategy with 64 constel-
lation points from D4. It can save about 2% power when
we use the power allocation factor derived by (50). Besides,
we can see that the outage probability is very large when there
are 64 constellation points. Similar to the traditional adaptive
modulation system, we can reduce the number of constellation
points for groups in outage to decrease the outage probability.
In other word, when the geometries of the grouped users
are good, we can use high modulation order, otherwise low
modulation order is used.

VI. CONCLUSION

In this paper, we investigate the NOMA scheme with high-
dimensional modulation superposition and its pairing strategy
in a cell. The constellation matrices based on spherical code
and lattice code are both discussed in this paper. In the
two-user scenario, we analyze the upper bound of the word
error probability using the Chernoff inequality. We derive the
power allocation factor, which can guarantee that the word
error probabilities of the two users are both below any given
threshold. The power allocation factor depends only on the
relative power gain of the two users, which allows us to obtain
a closed-form expression for the total energy consumption.
In fact, the power allocation rule can be used in any given
modulation matrixes. Simulation results show that the gap
between the derived upper bound of word error probability and
the simulation results is less than 1 dB. Furthermore, according
to the derived lower bound of power consumption, we prove
that the optimal user pairing strategy is to pair up the strongest
user with the weakest user repeatedly in a nested way.

APPENDIX A
16 CONSTELLATION POINTS BASED ON SPHERICAL CODE

A spherical code S(4, 16, 67.19◦) is used to provide 16 con-
stellation points, each of which represents four data bits. Each
constellation point is a four-dimensional vector and is listed
as a column of the signal constellation matrix C ′

4,16,67.19◦ as
follows:

C′
4,16,67.19◦ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.2719 −0.9228 −0.2660 −0.0610
0.1438 −0.3165 0.0030 −0.9376
0.1566 −0.5843 0.7734 −0.1897
−0.2404 −0.2245 −0.9414 0.0747
0.7397 −0.3101 0.2502 0.5423
0.7252 −0.0080 −0.6189 −0.3015
0.2421 0.6419 0.5150 0.5139
−0.6990 0.4390 −0.3000 0.4781
0.7625 0.2618 0.4506 −0.3834
−0.2276 −0.4922 −0.1710 0.8226
−0.3001 0.3434 0.6808 −0.5732
−0.6143 0.3162 −0.3791 −0.6156
0.2293 0.9096 −0.2554 −0.2340
0.3613 0.3580 −0.5359 0.6739
−0.5966 −0.0533 0.6839 0.4165
−0.7727 −0.6169 −0.0775 −0.1278

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

.

(65)

APPENDIX B
16 CONSTELLATION POINTS BASED ON D4

According to the definition of constellation set C4,16,
we have |x − x′| ≥ √

2Q4,16 and |x| =
√

2Q4,16. Then,
the word error probability of user 2 is bounded above by

P2(x2 → x′
2) ≤ exp

(
−h2

2Q
2
4,16(

√
1 − α − 2

√
α)2ET

2N0

)
,

(66)

and the word error probability of user 1 with successful SIC
is bounded above by

P1(x1 → x′
1|F c) ≤ exp(−αh2

1Q
2
4,16ET

2N0
). (67)

The related power allocation factor is

α16,D4 =
1

1 +
(
2 + β− 1

2

)2 . (68)

APPENDIX C
16 CONSTELLATION POINTS BASED ON

SPHERICAL CODE

For the constellation matrix based on spherical code, the
norm of each constellation point is 1. Therefore, the maxi-
mum norm in any constellation matrix is the same, that is,
|x|max = 1. Then the power allocation factor only depends on
the minimum distance between any two constellation points.
For the constellation matrix based on spherical C ′

4,16,67.19◦ ,
the word error probability of user 2 is bounded above
by

P2(x2 → x′
2) ≤ exp

(
−h2

2(1.1066
√

1 − α − 2
√

α)2ET

4N0

)
,

(69)

where 1.1066 is the minimum distance between any two points
in C′

4,16,67.19◦ . The word error probability of user 1 with
successful SIC is bounded above by

P1(x1 → x′
1|F c) ≤ exp(−1.2246h2

1αET

4N0
). (70)

The related power allocation factor is

α16,S =
1

1 +
(

2
1.1066 + β− 1

2

)2 =
1

1 +
(
1.8073 + β− 1

2

)2 .

(71)

Apparently, (71) is larger than (68), and the minimum
distance between any two points in C ′

4,16,67.19◦ (spherical
code) is larger than it in C4,16 (lattice code). Therefore,
we can predict that the spherical code is better than lat-
tice code in 4-dimensional modulation with 16 constella-
tion points which is verified by simulations in section V.
In a similar way, we can roughly evaluate these two codes’
performance with different constellation points and different
dimensions.
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APPENDIX D
AN EXTENSION TO MULTIPLE-USER SCENARIO

We start the analysis for the three-user case. The combined
transmit signal vector of three users can be written as

x=
√

α2α1ET x1+
√

α2(1−α1)ET x2 +
√

(1 − α2)ET x3,

(72)

where x1, x2 and x3 are the signal vectors selected from the
constellation matrix C for user 1, 2, and 3, respectively. These
vectors are assumed to be uniformly distributed in the set of
constellation points with unit average energy, i.e., E [xT

1 x1] =
E [xT

2 x2] = E [xT
3 x3] = 1. As a result, ET is the total transmit

energy, and α1 < 1 and α2 < 1 are the power allocation
factors within a group. Moreover, α1 can be treated as the
power allocation factor between user 1 and user 2 while α2 can
be treated as the power allocation factor between user 3 and
a user group which contains user 1 and user 2.

The received signal of user i (i = 1, 2, 3) can be written as

yi = hix + ni, (73)

where hi ∈ R is the channel gain of user i,which is assumed
to be a constant in one signal vector transmit period, ni ∈ R

L

is the random white noise vector of user i, each component
of which is a Gaussian random variable with mean zero and
variance N0/2. According to our user labeling, we have h1 >
h2 > h3. We define the relative power gain between two users
as the ratio of the squares of these two channel gains, which
is given by

β12 � h2
2/h2

1 < 1, (74)

β23 � h2
3/h2

2 < 1, (75)

β13 � h2
3/h2

1 < 1. (76)

Similar to the analysis of Section III-A-1, an upper bound
for user 3 can be written as

P3(x3 → x′
3)

≤ exp

⎛⎜⎝
(√

1−α2Xmin−2
√

α2

(√
α1+
√

(1−α1)
)
Xmax

)2

−4N0/(ET h2
3)

⎞⎟⎠,

(77)

where Xmin is the minimum distance between two constellation
points and Xmax is the maximum norm of the point in C. For
the simplicity of following derivation, let Pu

3 be the right term
in (77). Then, the SIC error at user 2 is upper bounded by
(Pu

3 )1/β23 .
Similar to the analysis of Section III-A-2, an upper bound

for user 2 can be written as

P2(x2 → x′
2)

≤ (Pu
3 )1/β23

+ exp
(
−h2

2(
√

1 − α1Xmin − 2
√

α1Xmax)2α2ET

4N0

)
. (78)

Let Pu
2 be the last term in (78). Then, the SIC error at user 1 is

upper bounded by (Pu
3 )1/β13 + (Pu

2 )1/β12 .

An upper bound for user 1 can be written as

P1(x1 → x′
1)

≤ (Pu
3 )1/β13 + (Pu

2 )1/β12 + exp(−α1α2h
2
1X 2

minET

4N0
). (79)

From (77), we can see that the user 1 and user 2 can be
treated as a one super-user with the same transmit signal in
the upper bound analysis. Therefore, we first calculate α1 by
solving

exp(−α1α2h
2
1X 2

minET

4N0
) = Pu

2 (80)

without considering the SIC error. Apparently,

α∗
1 =

1

1 +
(
2Xmax/Xmin + β

− 1
2

12

)2 (81)

is the same as the two-user scenario since α2 is the common
term for user 1 and user 2. Then, we can calculate α2 by
solving

exp(−α1α2h
2
1X 2

minET

4N0
) = Pu

3 , (82)

that is,

α∗
2 =

1

1 +
(
2Xmax
Xmin

(√
α∗

1 +
√

1 − α∗
1

)
+
√

α∗
1β

− 1
2

13

)2 . (83)

With the power allocation factors in (81) and (83), a loose
common upper bound for the system word error probability is

P1(x1 → x′
1) ≤ 3 exp(−α∗

1α
∗
2h

2
1X 2

minET

4N0
). (84)

In the multiple-user scenario, we can first calculate the
power allocation factor between user 1 and user 2. Then we
can combine them as a super-user and analyze the power
allocation factor between the super-user and user 3. Once we
get the power allocation factor between a user and a super-
user, we can generate a new super-user group. In this way,
we can calculate the power allocation factor for all users. The
combined transmit signal vector of Q(Q ≥ 3) users can be
written as

x =
Q−1∑
q=1

√√√√(1 − αq−1)ET

Q−1∏
i=q

αixq+
√

(1 − αQ−1)ET xQ,

(85)

where xq is the signal of user q, and αq is the power allocation
factor with α0 = 0. The optimal power allocation factors can
be calculated by the following recursion formula

α∗
q =

1

1 +

(
2Xmax
Xmin

fα +

√
q−1∏
i=1

α∗
i β

− 1
2

1(q+1)

)2 , (86)

fα =
q−1∑
k=1

√√√√(1 − α∗
k−1)

q−1∏
i=k

α∗
i +
√

1 − α∗
q−1, (87)

where β1(q+1) is the relative power gain between user 1 and
user q + 1, for q = 2, 3, · · · , Q − 1, and α∗

1 is calculated
according to (81) and α∗

0 = 0.
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