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1 Introduction

Stroke is among the leading causes of death and disability 
worldwide, with 15 millions people suffering a stroke each 
year [26]. In particular, stroke is associated with a higher 
incidence and mortality rate in developing countries [12]. 
For example, China has a stroke mortality rate that is more 
than seven times higher than that in the USA in the popu-
lation group aged 40–64 [19]. Carotid atherosclerosis is a 
major cause of ischemic stroke [11]. Many strokes associ-
ated with carotid atherosclerosis can be prevented by life-
style/dietary change, medical, and surgical treatment [18]. 
Thus, early diagnosis of patients at risk for stroke will have 
an enormous effect on the prevention of death and disabil-
ity from stroke.

Since carotid atherosclerosis is a focal disease predomi-
nantly occurring at bends and bifurcations, linkage has 
been made between plaque development and local hemo-
dynamic forces as early as in the late 60s by Caro et al. [8]. 
Numerous studies that follow provided more evidences for 
this linkage [7, 13, 27, 33, 34]. In particular, low and oscil-
lating wall shear stress are associated with intimal thicken-
ing and atherosclerosis initiation [22, 37, 40]. However, the 
technology for measuring wall shear stress (WSS) in vivo 
hinges on many assumptions regarding the hemodynamic 
properties of the blood flow. In particular, the measurement 
is not reliable at the carotid bifurcation where second flow 
patterns exist [17]. The development of imaging and vas-
cular modeling techniques has allowed the construction of 
subject-specific model of carotid artery in a noninvasive 
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way. With the subject-specific carotid model constructed, 
time-resolved wall shear stress distribution can be obtained 
by computational fluid dynamics (CFD) packages [2, 6, 
16, 36, 38]. However, the computation of CFD is inten-
sive and time-consuming. In our experience, it took 15 h 
to complete the computation of WSS for three pulse cycles 
using a commercial CFD package (COMSOL Multiphys-
ics, Stockholm, Sweden) on an Inter Xeon 2.0 GHz CPU 
with 8.0 GB memory. This limitation precludes the appli-
cation of CFD in large-scale clinical trials, and therefore, 
our previous studies involved only a very small population  
(∼10) [6].

It has long been suggested that hemodynamic forces 
are primarily determined by vascular geometry [14, 30]. 
However, vascular geometry has not been rigorously quan-
tified and correlated with WSS distribution until recently. 
Lee et al. [24] defined a number of global geometric 
parameters: bifurcation angle, planarity, tortuosity and 
(ICA+ ECA)/CCA area ratio (where ICA, ECA and CCA 
stand for internal, external and common carotid arteries, 
respectively) and identified that only tortuosity and the area 
ratio were predictors of disturbed flow characterized by low 
and oscillatory shear.

A similar study was performed by Markl et al. [28], in 
which they defined three geometric parameters: the ratio 
between the maximum ICA diameter and the CCA diam-
eter (dICA/dCCA), the tortuosity and the bifurcation angle. 
The CCA diameter was measured at 20  mm proximal the 
bifurcation. The method used to determine these geometric 
parameters was based on manual measurements, and there-
fore less objective than the method applied by Lee et al. 
[24], and more prone to intra-observer variability. Their 
results showed that only the diameter ratio had a signifi-
cant relationship with low WSS, while all three geometric 
parameters had a significant relationship with the oscilla-
tory shear.

The geometric parameters introduced in these two stud-
ies, however, are global in nature, while the distribution of 
hemodynamic parameters is local and is affected by geo-
metric parameters that are intrinsically local. Thus, mod-
eling of the hemodynamic force requires the development 
of local geometric parameters. Previous CFD studies for 
carotid geometry have identified three major groups of geo-
metric parameters that have hemodynamic implications: (a) 
Curvature, (b) vessel radius and (c) proximity to the bifur-
cation apex, each of which is described below.

Friedman et al. [14] observed that inward and outward 
curvatures in the longitudinal direction are, respectively, 
associated with high and low WSS. Thomas et al. [39] had 
a similar observation and stated that the “out of plane” 
curvature has a great effect in WSS distribution. These 

observations can be explained by flow skewing. As the 
peak of the velocity profile moves toward the wall curving 
inwards (with respect to the vessel centerline), the WSS 
along the inward curving wall increases, while that on the 
opposite wall decreases. In the current study, we quantify 
curvatures on the carotid surface on a point-wise basis and 
use them as parameters to model WSS distribution.

Vessel radius plays an important role in determining 
WSS, as WSS is inversely proportional to the third power 
of the vessel radius in fully developed flow. In this study, 
we compute centerline of the carotid and measure the dis-
tance from each point on the carotid surface to the center-
line. Rate of change of radius along the centerline is also 
considered.

Since WSS is highest near the bifurcation apex as dem-
onstrated by many studies [25] and varied both circum-
ferentially and longitudinally, circumferential and longi-
tudinal positions with respect to the bifurcation apex are 
two useful local features for WSS characterization. How-
ever, the presence of inter-subject anatomic variation of 
the carotid artery requires consistent circumferential and 
longitudinal parameterizations. In the current study, we 
define standardized circumferential and longitudinal coor-
dinates, which are then used as input parameters for local 
WSS characterization. The standardized parameterization 
also allows for consistent mapping of WSS and local geo-
metric parameters of carotid arteries with a wide range of 
geometries into a 2D standardized map and subsequently 
compared. Inter-subject average maps for distribution of 
WSS and local geometric parameters can be constructed, 
allowing an observer to visualize the inter-subject average 
WSS and local geometric parameters in one view and tailor 
a distribution to describe WSS based on the local geometric 
parameters.

This paper has the following two major goals: (a) define 
a set of local geometric parameters and establish their cor-
relation with WSS and (b) develop and validate a model to 
estimate WSS based on the local parameters proposed in 
Goal (a) with the aid of 2D standardized maps of inter-sub-
ject average WSS and local parameters.

Preliminary results from this study have been previously 
published in a four-page conference proceeding [10]. This 
paper substantially extends the conference paper, with a 
much improved method for extracting parameters describ-
ing radius and rate of change of radius, several additional 
subjects for evaluation, the development of an inter-patient 
average map that allows for visualization and interpreta-
tion of the each geometric parameter on WSS for the whole 
group of subjects, and additional statistical tests that assess 
the contribution of different geometric parameters to the 
modeling accuracy.
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2  Materials and methods

2.1  Subjects and computational fluid dynamic (CFD) 
model

MR images of ten carotid atherosclerotic patients were 
extracted from the University of Washington’s Vascular 
Imaging Laboratory (VIL) extensive database. The MR 
protocol was approved by the local ethics committee and 
informed consent was obtained prior to patient enrollment. 
The computational fluid dynamics (CFD) model was con-
structed for each artery as previously described [6]. Briefly, 
the carotid lumen was first segmented from MR images 
using a custom designed analysis software (CASCADE) 
[21]. The tetrahedral mesh was then reconstructed from a 
stack of 2D contours [31] and imported into a CFD soft-
ware package (COMSOL Multiphysics, Stockholm, Swe-
den) in which Navier–Stokes equations were solved. Due 
to the lack of patient-specified flow information, a fully 
developed Womersley flow was imposed at the arterial 
entrance with peak Reynolds number of 609.63. WSS (τω ) 
was computed based on the velocity field produced by the 
simulation:

where µ is the dynamic viscosity, ν is the flow velocity par-
allel to the vessel wall and y is the distance to the vessel 
wall. Three cycles were computed to generate a reproduc-
ible solution.

2.2  Carotid surface centerline and branch splitting

The centerline is described first as it is extensively used 
in branch decomposition and the extraction of local geo-
metric parameters. The centerline was defined as the locus 
of centers of maximal inscribed sphere inside the carotid 
artery and generated using the open-source software 
known as the Vascular Modelling Toolkits (VMTK). This 
algorithm requires a user to enter landmarks at the CCA, 
ICA and ECA outlets, which are, respectively, denoted 
as LMCCA , LMICA and LMECA (Fig. 1a). Two centerlines 
were then generated, one starting from LMCCA and ending 
at LMICA , which we refer to LICA hereafter, and the other 
starts from LMCCA and ends at LMECA, which we refer to 

(1)τω = µ
∂ν

∂y

∣

∣

∣

∣

y=0

Fig. 1  a, b Two views of the 
carotid surface with four refer-
ence points on the centerline, 
the bifurcation origin x0, the 
downstream normal nd and 
the bifurcation plane normal 
nb labeled. c Carotid artery 
decomposed by the algorithm 
described in [3]. d Carotid 
luminal surface with WSS 
color-coded and superimposed. 
The splitting (black line) line 
dividing branches decomposed 
using the algorithm described 
by Antiga and Steinman [3] is 
also shown. e The carotid lumi-
nal surface decomposed using 
the proposed algorithm, with 
four new reference points pICA,  
pECA, pUPICA and pUPECA and the 
bifurcation apex labeled (color 
figure online)
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LECA hereafter. For details about this algorithm, readers are 
referred to [1, 3].

WSS distributions on CCA, ICA and ECA are quite 
different and were analyzed separately in this study. Each 
carotid artery was therefore required to be decomposed 
into three branches. In Antiga and Steinman [3], the branch 
decomposition algorithm was based on four reference points 
on the centerline. Two points on each of LICA and LECA 
were defined: the first is located where the centerline of one 
branch intersects another centerline’s tube, defined as the 
envelope of the maximum inscribed sphere along the cen-
terline (see Eq. 3 of [3]), and is denoted as CICA

1  and CECA
1  

for LICA and LECA respectively (Eq. 5 of [3]). The second is 
defined as the center of the maximum inscribed sphere that 
intersects the first point and is denoted as CICA

2  and CECA
2  for 

two branches as shown in Fig. 1a (Eq. 6 of [3]). The surface 
points were classified as belonging to CCA, ICA and ECA 
according their distances from these reference points. The 
problem of this decomposition algorithm is that ICA and 
ECA extended too much to the CCA as shown in Fig. 1c. 
This is an issue since WSS changes abruptly when blood 
flows from CCA to ICA or ECA and the change occurs in a 
downstream location that is far away from the branch split-
ting lines (Lsplit) (black line in Fig. 1d) defined in [3].

To capture the difference in WSS distributions between 
different branches more appropriately, we proposed a new 
branch splitting scheme. The first step in this scheme is 
to define the bifurcation apex (Fig. 1e), which depends 
on two items defined in [3]: (1) the splitting line between 
three branches (Fig. 1c) and (2) downstream normal nd 
(Fig. 1a, b). nd was defined as the projection of the vector 
(CECA

1 − CECA
2 )+ (CICA

1 − CICA
2 ) on the bifurcation plane, 

which in turns was defined by the bifurcation origin and 
bifurcation plane normal. The bifurcation origin x0 (green 
dot in Fig. 1a) is the weighted barycenter of the four ref-
erence points, where the weights depend on the radius of 
the maximum sphere associated with each reference point 
(Eq. 7 of [3]). The bifurcation normal nb is the normal to 
the polygon formed by four reference points. We defined 
bifurcation apex (pBif) as the point that has the maximum 
dot-product with nd over all the points lying on Lsplit:

Two points, p
′

ICA and p
′

ECA were defined as points clos-
est to pBif on LICA and LECA respectively:

As described in [3], each point on the centerline is 
associated with an abscissa A : R

3
→ R, which is the 

(2)
pBif = arg max

p∈Lsplit

�p, nd�

(3)

p
′

ICA = arg min
p∈LICA

||p− pBif ||

p
′

ECA = arg min
p∈LECA

||p− pBif ||

arc-length from the point on the centerline that is closest 
to the bifurcation origin x0. In general, p

′

ICA and p
′

ECA are 
associated with different abscissas, denoted as A

p
′

ICA
 and 

A
p
′

ECA
 . However, it is desirable to standardize the longitu-

dinal lengths of both branches for statistical analysis. Thus, 
we defined a branch abscissa as the minimum of A

p
′

ICA
 and 

A
p
′

ECA
:

pICA and pECA were defined to be points on the LICA 
and LECA that are associated with an abscissa Abranch. It 
is observed that WSS distribution changes abruptly when 
blood enters ICA or ECA at location that is slightly proxi-
mal from the bifurcation apex. Defining the cut off point 
at the Abranch ensures this change is captured in our analy-
sis. As the centerline was defined as the locus of centers 
of maximum inscribed spheres in the carotid artery, each 
point on the centerline was equipped with the radius of its 
associated maximum inscribed sphere. pUPECA was located 
one maximum inscribed sphere upstream from pECA and 
defined as below:

where RpECA is the radius of maximum inscribed sphere 
at point pECA. Ap and ApECA are the abscissas of points p 
and pECA respectively. pUPICA was defined similarly. Each of 
LECA and LICA was separated into two pieces. The segment 
of LECA that is distal to pECA was labeled as τECA and the 
segment proximal to pUPECA formed the first part of τCCA . 
Similarly, the segment of LICA that is distal to pICA was 
labeled as τICA and the segment proximal to pUPICA formed 
the second part of τCCA. The distances between each point, 
p, on the carotid surface and τICA, τECA and τCCA were 
computed. Point p belongs to a branch if it was closest to 
the corresponding line among the three lines. Mathemati-
cally, each branch i ∈ {ICA, ECA,CCA} consists of the fol-
lowing set of points:

d(p, τi) is the distance from p to tract τi and S is the carotid 
surface. The result of the proposed decomposition algo-
rithm is shown in Fig. 1e. Compared with decomposition 
in Fig. 1c, the splitting line is closer to the bifurcation apex.

2.3  Local geometric features

To quantify the geometric features of specified location on 
the carotid artery surface, seven local geometric parameters 
were computed for each point and 3D maps were gener-
ated. The local geometric parameters were classified into 
three categories: (1) Surface curvatures, which quantify 
the “roughness” of the carotid surface; (2) standardized 

(4)Abranch = min(A
p
′

ICA
,A

p
′

ECA
)

(5)pUPECA = {p ∈ LECA : ||p− pECA|| = RpECA ,Ap < ApECA}

(6){p ∈ S : d(p, τi) < d(p, τj), ∀i �= j} i, j ∈ {ICA, ECA,CCA}
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longitudinal and circumferential coordinates, which 
described the relative position of each surface point from 
the bifurcation apex; (3) radius and its rate of change along 
the longitudinal direction of the artery. The computation of 
local geometric parameters was implemented using C++ 
and it took about 7 min for the surface contained approxi-
mately 6500 vertices for ICA and ECA together. All of 
the experiments were performed using an Intel Dual Core 
3.4 GHz CPU with 4 GB memory.

2.3.1  Surface curvatures: Gaussian and mean curvatures

The Gaussian (κG) and mean (κH) curvatures were com-
puted for each point using the technique we previously 
introduced [9]. Theoretically, κG and κH were defined 
based on two principal curvatures. κG is negative for saddle 
points such as Location 1 in Fig. 2a, while it is positive for 
dome-like points such as Location 2. Since in this study, 
the surface normal vector points inwards from the surface, 
κH is negative for regions curving outwards and positive for 
regions curving inwards (Fig. 2b).

2.3.2  Longitudinal and circumferential coordinates

After the decomposition, three branches became topologi-
cal cylinders, each surface point of which can be param-
eterized by longitudinal and circumferential coordinates. 
The longitudinal coordinate describes the longitudinal 
distance from the bifurcation apex, while the circumfer-
ential coordinate quantifies the angular position of each 
surface point. Before the computation of these two geo-
metric parameters, the abscissa of the centerline was off-
set by the abscissa of its start point (e.g., pICA and pECA 
in Fig. 1e), making its range in [0, L] where L is the length 
of the branch. The computation of the longitudinal coordi-
nate was then performed as in [3] in two steps: First, a har-
monic function, f, was computed with boundary conditions 
set to be 0 at the splitting line and 1 at the outlet of the 
branch. Second, to achieve consistency in the definition of 
longitudinal coordinate of different arteries, f was stretched 
according to the longitudinal length (L) of the artery with a 
piece-wise linear function. Instead of ranging from 0 to 1 
as in the case for f, the longitudinal coordinate thus defined 
ranges from 0 to the longitudinal length (L) of the branch. 
For a rigorous definition, readers are referred Eqs. 13 and 
14 of [3]. Figure 2c shows an example branch with longitu-
dinal coordinate color-coded and superimposed.

The method to compute the circumferential coordi-
nates for each decomposed branch was similar to [3]. As 
described in [3], the circumferential coordinate is just 
the angular position of a surface point from the center-
line. This angular position depends on the definition of 
the normal at each point on the centerline (i.e., how the 

centerline is framed). As in [3], the parallel transport 
approach was used in curve framing with nb (Sect. 2.2) 
initialized as the reference normal at the bifurcation ori-
gin. With nb and the centerline defined, the circumferen-
tial coordinate at each surface point was readily obtained 
as in Eq. 16 of [3].

However, we observe in this study that the WSS is high 
at points closer to the bifurcation apex (Fig. 2i). Thus, 
the circumferential coordinate to be incorporated in the 
WSS estimation model should reflect the angular distance 
between a surface point and the bifurcation apex. We modi-
fied the circumferential coordinate defined in [3] by offset-
ting the original circumferential coordinate by that defined 
for the bifurcation apex. That is, the bifurcation apex was 
used as a reference and associated with a circumferential 
coordinate of 0. The circumferential coordinate ranges 
from −π to +π. According to our observation, only the 
angular distance from the bifurcation apex has an effect in 
WSS. Thus, the absolute value of circumferential coordi-
nate defined above was used in the statistical analysis. The 
3D circumferential map for a branch was shown in Fig. 2d.

2.3.3  Radius of the arteries and its longitudinal rate 
of change

The arterial radius was quantified by the relative radius, 
Rre, and the rate of change of radius was quantified by two 
parameters: �Rdown and �Rup. These three parameters are 
defined in this section. �Rdown quantifies the difference 
between the relative radius measured at the current sam-
pling point and the adjacent sampling point downstream 
and �Rup quantifies the difference between the relative 
radius at the current sampling point and the adjacent sam-
pling point upstream. Each surface point pi was equipped 
with a circumferential coordinate as defined in Sect. 2.3.2. 
A line along the artery with constant circumferential coor-
dinate θ can be extracted, which we denoted by Lθ (e.g., 
the blue line in Fig. 2e). We then found a point c(pi) on the 
centerline that is closest to pi among all points on the cen-
terline and the tangent vector of c(pi) is denoted by τ. α was 
defined as the plane with normal τ that contains the point 
pi . The radius R at pi was defined as Ri = ||c(pi)− pi||. To 
compare the WSS distribution between different carotid 
vessels with different radii, the radius was measured at 
each point of the inlet boundary of each branch (Fig. 2f). 
The average radius of the inlet boundary was computed and 
denoted by Rin. The relative radius, denoted by Rre, of each 
surface point pi was defined as the ratio between the Ri and 
Rin and the 3D map of relative radius of an example branch 
is shown in Fig. 2f. The plane α moves upstream and down-
stream for 1 mm, defining two planes, α

−1 and α
+1 respec-

tively. α
−1 intersects the centerline and Lθ respectively at 

c(pi−1) and pi−1, while α
+1 intersect with the centerline 
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and Lθ respectively at c(pi+1) and pi+1. �Rup(pi) and 
�Rdown(pi) were defined by:

Figure 2f–h show an example artery with Rre, �Rup and 
�Rdown color-coded and superimposed.

(7)

�Rup(pi) = (Ri+1 − Ri)/Rin

�Rdown(pi) = (Ri − Ri−1)/Rin

2.4  Flattening of 3D branch

Since each branch is a topological cylinder equipped with 
longitudinal and circumferential coordinates, it could be 
flattened onto a rectangular parametric space. With the 2D 
parametric map, inter-patient average map can be gener-
ated to display WSS and the seven geometric parameters 

Fig. 2  a Gaussian curvature b mean curvature c longitudinal and d 
circumferential coordinates color-coded and superimposed on the 
example artery, respectively. e A schematic diagram labeling the 
points and planes required in the definitions of point-wise radius Ri 
and the two parameters related to the rate of change of radius: �Rdown 
and �Rup. These points and planes are all defined in Sect. 2.3.3. f Rre 
color-coded and superimposed on an example artery with the inlet 
boundary highlighted and labeled. Ri is computed on each point on 

the inlet boundary, with the average computed and denoted by Rin. 
To account for the inter-subject variation in arterial size, the relative 
radius Rre = Ri/R

in was used as an independent variable for subse-
quent statistical analysis. g, h show �Rup and �Rdown color-coded 
and superimposed on the arterial surface. �Rup and �Rdown are the 
difference between radii measured at adjacent sampling points scaled 
by Rin (Eq. 7). i shows WSS color-coded and superimposed on the 
arterial surface (color figure online)
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on a point-by-point basis, allowing the visualization and 
interpretation of the correlation of the spatial distribu-
tion patterns of these parameters over the whole group of 
subjects. Figure 4 shows the standardized 2D parametric 
maps constructed for the ICA and ECA with inter-patient 
average WSS and several averaged geometric parameters 
color-coded and superimposed. The standardized 2D para-
metric map played an important role in our development of 
a nonlinear model for describing the correlation between 
WSS and the local geometric parameters. This model is 
described in item (3) of Sect. 2.5 and the results are pre-
sented in Sect. 3.4.

2.5  Data analysis

We sample the standardized 2D parametric map uniformly 
for statistical analysis. The sampling interval for the cir-
cumferential coordinate is π/8, giving 16 sampling points 
over the 2π range of the circumferential coordinate. As 
there are small variations in the longitudinal coverages of 
different arteries involved in the study, in order to ensure 
that each of the arteries is weighted equally in the correla-
tion and regression analysis, we sampled a fix number of 
points (20 points in this study) over the longitudinal coor-
dinate range of each of the arteries. A total of 320 points 
(16 circumferential × 20 longitudinal) were sampled on the 
flattened map for each subject. Each point is equipped with 
the WSS and seven local geometrical parameters. The fol-
lowing three statistical analyses were performed separately 
for ICA and ECA using SPSS 20.0 (IBM, USA):

1. Pearson’s correlation coefficient was computed 
between the WSS and each of local geometric param-
eters. Correlations with a P < 0.05 were considered 
significant.

2. Multiple linear regression model was used to quantify 
the relationships between time-averaged WSS and the 
seven local geometric parameters. Relative contribu-
tion from each geometric parameters was quantified by 
the standardized regression coefficients (β). The qual-
ity of the regression was assessed by adjusted R2 (R2

adj) 
and root-mean-square error (RMSE).

3. The relationship between WSS and the local geomet-
ric parameters may be described more accurately by 
an improved model that contains non-linear terms. The 
improved model was constructed by independently 
transforming each local geometric parameter either 
linearly or exponentially to maximize R2

adj. The trans-
formed geometric variables then served as independent 
variables in a multiple regression model.

In addition, we assessed the effect of the variability 
of the carotid model reconstruction on the values of the 

local geometric parameters. We computed local geometri-
cal parameters for two different models of the same sub-
ject. The first model was reconstructed based on manual 
contours as described in Sect. 2.1 and this is referred to as 
the control model (Fig. 3a). The second model was recon-
structed using “noisy” segmented contours, which was gen-
erated by adding a Gaussian noise with a standard devia-
tion of 0.3 mm along the radial direction of the contours 
and is referred to as the noisy model hereafter (Fig. 3i). 
The standard deviation of 0.3 mm was chosen based on 
the study by Ladak et al. [23] in which the standard devia-
tions of the radii of contours segmented from black blood 
MRI was 0.3 mm on average. The local geometric param-
eters were computed for the ICA of the control and noisy 
models. The control and noisy models were matched by the 
LC-CC parameterization described in Sect. 2.3.2. Paired T 
tests were performed for Rre, κG, κH, �Rup and �Rdown to 
determine whether there is a statistically significant differ-
ence between the local geometric parameters computed for 
the control and noisy models.

3  Results

3.1  Correlation and linear regression between local 
geometric parameters and WSS

Table 1 summarized the correlation results between the pro-
posed local geometric parameters and WSS for both ICA 
and ECA. �Rdown, Rre, longitudinal coordinate and κG have 
statistically significant correlations with WSS for both ICA 
and ECA, while the correlations between remaining three 
parameters with WSS were not significant in one of the 
ICA and ECA branches or both. The negative correlation 
between Rre and WSS shows that the narrower the branch, 
the higher the WSS. The negative correlation between 
�Rdown and WSS suggests that WSS is higher when arte-
rial lumen curves inwards, which agrees with our initial 
observation. However, the correlation between �Rup and 
WSS is much weaker, indicating that along a line on the 
arterial surface with a constant circumference coordinate, 
the radius at a sampling point relative to that at an adjacent 
upstream sampling point has an effect in WSS, but not the 
radius relative to an adjacent downstream sampling point.

κG is the product of maximum and minimum curvatures 
among normal sections, which are defined as curves gen-
erated by intersecting the carotid surface by a plane con-
taining the surface normal. In carotid geometry investigated 
in this study, it can be approximated that the normal sec-
tion generated by the plane orthogonal to the centerline of 
the carotid has the maximum curvature, which we refer to 
transverse curvature hereafter. The tangent vector of the 
transverse normal section is perpendicular to the tangent 
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vector of the longitudinal normal section. The longitudinal 
normal section has a tangent vector directs approximately 
along the centerline and is associated with the minimum 
curvature (referred to as longitudinal curvature hereaf-
ter). As WSS is sensitive to longitudinal curvature with 
WSS increased and decreased if the carotid surface curves 
toward and away from the centerline respectively, the sensi-
tivity of κG to WSS can be attributed by its sensitivity to the 
longitudinal curvature. On the other hand, the mean curva-
ture κH (i.e., the mean of the longitudinal and transverse 

curvatures) is not sensitive to WSS because the transverse 
curvature has a much larger magnitude and predominates.

The results support a negative correlation between the 
longitudinal coordinate and WSS, but did not demonstrate 
a strong correlation between circumferential coordinate and 
WSS. The inter-patient WSS maps shown in Fig. 4a, e depict 
a strong negative correlation between the circumferential 
coordinate and WSS near the bifurcation apex and a strong 
positive correlation between these two variables further away 
from the bifurcation apex. The strong negative and positive 

Fig. 3  First and second rows: a manually segmented contours and 
the ICA branch of the reconstructed surface model (i.e., control 
model) with b LC, c CC, d Rre, e κH, f κG, g �Rdown and h �Rup 
superimposed. Third and fourth rows: i manually segmented contours 

with Gaussian noise added and the ICA branch of the reconstructed 
surface model (i.e., noisy model) with j LC, k CC, l Rre, m κH, n κG, 
o �Rdown and p �Rup superimposed (color figure online)
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correlations cancel, resulting in a weak overall correlation 
between the circumferential coordinate and WSS.

The relative contributions of local geometric param-
eters to WSS are quantified by the standardized regression 

coefficients (β). As shown in Table 2, β associated with 
�Rdown, Rre, longitudinal coordinate and κG are signifi-
cantly different from 0 in both ICA and ECA, agreeing 
with the results tabulated in Table 1.

Fig. 4  Flattened maps for ICA 
with inter-subject average a 
WSS, b Rre, c �Rdown, d κG 
color-coded and superimposed. 
Flattened maps for ECA with 
inter-subject average e WSS f 
Rre, g �Rdown, h κG color-coded 
and superimposed (color figure 
online)

Table 1  Correlation 
coefficients between WSS 
and seven local geometric 
parameters proposed

LC and CC denote longitudinal and circumferential coordinates, respectively. An asterisk (*) indicates a 
correlation is not significantly different from 0 at the 5 % level

Branch �Rup �Rdown Rre LC CC κG κH

ICA −0.03* −0.19 −0.58 −0.27 0.01* −0.49 −0.03*

ECA −0.07 −0.36 −0.37 −0.32 −0.02* −0.36 −0.05*
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3.2  Reproducibility of local geometric parameters

Figure 3a, i show the contours used to generate the control 
and noisy models. LC, CC, Rre, κH, κG, �Rdown and �Rup 
computed for the control model were superimposed on the 
model as shown in Fig. 3b–h, while those computed for the 
noisy model were superimposed on the model as shown 
in Fig. 3j–p. Paired T tests showed no statistically signifi-
cant difference for all parameters computed for the control 
and noisy models (�Rup: p = 0.12, �Rdown: p = 0.33, Rre: 
p = 0.18, κG: p = 0.70, κH: p = 0.48).

3.3  Inter‑patient average flattened map

Figure 4a–d show the inter-patient average flattened maps 
for the ICA. Figure 4e–h show the inter-patient average 
flattened maps for the ECA. The inter-patient average flat-
tened maps allow the average WSS to be displayed with the 
average local parameters in a single view and facilitate the 

interpretation of the complex relationships between these 
parameters. For example, it can be observed that the aver-
age WSS is maximum close to the bifurcation apex (see 
arrows in Fig. 4a, e). At this location, �Rdown, Rre and κG 
are low. These results, while providing support for the anal-
yses performed in Sect. 3.1, also show the spatial distribu-
tion of geometric parameters and their relationship locally 
with WSS. We also observed from the inter-patient average 
WSS that the relationships between WSS and two standard-
ized coordinates (i.e., longitudinal and circumferential) are 
far from linear. This inter-patient average WSS map guided 
our design of a non-linear function in modeling the rela-
tionship between the 2D coordinates and the WSS, which 
will be described in Sect. 3.4.

3.4  Nonlinear model

In Sect. 3.1, we showed that Rre, �Rdown, κG and longi-
tudinal coordinate have a significant correlation with 
WSS. Although the overall correlation between WSS and 
the circumferential coordinate is weak, the circumferen-
tial coordinate was included as an independent variable 
in the nonlinear model for describing WSS. The circum-
ferential coordinate is likely to be useful in the nonlin-
ear model based on our observation of the inter-patient 
average map, in which a strong negative correlation near 
the bifurcation and a strong positive correlation further 
downstream are observed. Thus, in summary, five inde-
pendent variables were included in constructing the non-
linear model for WSS: Rre, �Rdown, κG, longitudinal and 
circumferential coordinates. The ICA and ECA models 
were constructed separately. For each of the ICA and 
ECA, WSS were plotted against Rre, �Rdown, κG inde-
pendently. Each of the plots were fitted using the follow-
ing three functions: (a) ax + b, (b) a exp(cx)+ b and (c) 
a exp(cx2)+ b, where x is the independent variable and 
a and b are constants, with the function associated with 
the maximum R2

adj chosen as the transformation model. 
Function (c) was chosen to fit Rre, while Function (a) 
was selected to fit κG and �Rdown for both the ICA and 
ECA data set, producing a set of transformed geometric 
features. The fittings were performed using the Curve 
Fitting Toolbox of MATLAB (The MathWorks, Natick, 
MA, USA). Since subsequent multiple linear regression 
of the transformed features will optimize the scaling fac-
tor of each independent variable and the constant term 
to achieve minimum RMSE, in transforming Rre, �Rdown 
and κG, the scaling factors and the constant terms of the 
corresponding best-fitted functions were omitted (i.e., 
constants a and b in the above linear and exponential 
models.) Thus, �Rdown and κG were transformed by the 
identity function. Rre for ICA and ECA were transformed 
as follows:

Table 2  Multiple regression of WSS with seven geometric param-
eters (top two rows) or four transformed features (bottom two rows) 
computed for ICA and ECA respectively

LC and CC denote longitudinal and circumferential coordinates, 
respectively. β denotes the standardized coefficients. An asterisk (*) 
indicates the β associated with a geometric feature is not significantly 
different from 0 at the 5 % level

Branch Quality Geometric features β p

R
2
adj

RMSE

ICA 0.41 2.70 �Rup −0.01 0.06*

�Rdown −0.10 <0.0001

Rre −0.46 <0.0001

LC −0.17 <0.0001

CC 0.12 <0.0001

κG −0.33 <0.0001

κH −0.01 0.06*

ECA 0.27 2.89 �Rup −0.06 0.06*

�Rdown −0.12 <0.0001

Rre −0.22 <0.0001

LC −0.15 <0.0001

CC 0.02 0.22*

κG −0.23 <0.0001

κH −0.04 0.07*

ICA 0.47 2.56 �Rdown −0.08 0.01

T(Rre) 0.50 <0.0001

T(LC, CC) 0.16 <0.0001

κG −0.24 <0.0001

ECA 0.35 2.48 �Rdown −0.16 <0.0001

T(Rre) 0.23 <0.0001

T(LC, CC) 0.27 <0.0001

κG −0.19 <0.0001
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The effect of the longitudinal and circumferential coor-
dinates (LC and CC respectively) on WSS was modeled by 
a 2D non-linear function, which was selected based on the 
observation of the inter-patient average WSS map plotted 
for ICA (Fig. 4a) and ECA (Fig. 4e). These two maps show 
that WSS is highest near the bifurcation apex (i.e., the ori-
gin of the 2D flattened map). Based on the patterns exhib-
ited in the inter-patient average WSS distribution, the map 
can be divided into two halves according to LC: The half 
closer to the bifurcation apex (i.e., with smaller LC) has 
maximum WSS at CC = 0, which decreases with increase 
in CC. The half more distal to the bifurcation apex has min-
imum WSS at CC = 0, which increases as CC increases. In 
both halves the average WSS is approximately symmetri-
cal with CC. The following model was used to describe the 
relationship between those two coordinates and the WSS 
distribution on the flattened map:

where a, b, c and d are the coefficients that were selected 
to minimize the RMSE. The model is associated with a 
positive peak at small LC and negative valley at larger LC 
at CC = 0, with the magnitude decaying as CC increases. 
Thus, it can be used to model the positive correlation 
between WSS and CC at the distal region and negative 
correlation between WSS and CC near the bifurcation. 
The models computed for ICA and ECA are, respectively, 
expressed by the following equations:

The transformed features were subsequently entered into 
the multiple regression model as independent variables, and 
the results are shown in Table 2. Compared with the linear 
model described in Sect. 3.1, the R2

adj improved from 0.41 
to 0.47 for ICA, and from 0.27 to 0.35 for ECA.

Since curvature is high when the rate of change of 
radius is high, κG is correlated with �Rdown (Pearson 
R = 0.41 , p < 0.0001). κG is also correlated with Rre (Pear-
son R = 0.38, p < 0.0001). Thus, it is important to find 
out how much information is contributed to the model by 

(8)

TICA(Rre) = exp(−2.9R2
re)

TECA(Rre) = exp(−2.0R2
re)

(9)(a+ LC) exp

[

−

CC2

b
−

(LC+ c)2

d

]

(10)

TICA(LC,CC) = (LC+ 0.66) exp

[

−

CC
2

6.49
−

(LC + 1.40)2

7.43

]

(11)

TECA(LC,CC) = (LC+ 2.60) exp

[

−

CC
2

11.88
−

(LC − 0.9)2

7.97

]

�Rdown and T(Rre) after κG is included. We performed mul-
tiple linear regressions with 2, 3 and 4 geometric attributes 
included as tabulated in Table 3. Table 3 show that each 
of T(Rre) and �Rdown have improved the accuracy of the 
model in both the ICA and ECA data set.

4  Discussion

Due to its interaction with vascular endothelial surface 
[27], WSS plays a key role in the initiation and progression 
of atherosclerosis. The advent of advance clinical imaging 
technique has allowed the reconstruction of patient-specific 
carotid model. CFD simulation can then be performed to 
obtain patient-specific WSS distribution. However, blood 
flow simulation using CFD is computationally intensive 
and time-consuming. As WSS is sensitive to variations in 
carotid luminal geometry, this paper develops a model to 
estimate WSS using geometric parameters that can be effi-
ciently computed. Although the geometry of the carotid 
bifurcation has been quantified with global metrics [24, 
28], to the best of our knowledge, the current study is the 
first to characterize each point on the carotid surface by 
local geometric parameters and to correlate these local geo-
metric quantities with point-wise WSS distribution.

As WSS distribution on the common, internal and exter-
nal carotid arteries are quite different and should be ana-
lyzed separately, we developed an objective method to 
extract these three branches from each carotid artery. In 
this study, we analyzed the point-wise correlation between 
three groups of local geometric parameters with WSS dis-
tribution. These local geometric parameters include (a) 
surface curvatures, (b) vessel radius and its rate of change 
along the vessel centerline and (c) standardized circumfer-
ential and longitudinal coordinates. Due to the correlation 
between longitudinal curvature and WSS, κG strongly cor-
relates with WSS as κG is sensitive to the longitudinal cur-
vature. We defined vessel radius at each point of the carotid 
surface as its minimum distance from the centerline and 
computed the rate of change of radius along lines on the 
carotid surface with constant circumferential coordinate. 

Table 3  Multiple linear regression for ICA and ECA data set using 
different numbers of transformed geometric parameters

Branch Geometric parameters R
2
adj

RMSE

ICA T (LC, CC), κG 0.24 3.05

T (LC, CC), κG, T(Rre) 0.45 2.58

T (LC, CC), κG, T(Rre), �Rdown 0.47 2.56

ECA T (LC, CC), κG 0.28 2.60

T (LC, CC), κG, T(Rre) 0.32 2.51

T (LC, CC), κG, T(Rre), �Rdown 0.35 2.48
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We have verified that, consistent with the hypothesis based 
on the WSS on a regular cylindrical geometry, the vessel 
radius for realistic carotid geometry has a negative correla-
tion with WSS. WSS also has a negative correlation with 
the rate of change of radius. One contributing factor of 
this correlation is the flow separation phenomenon, which 
occurs when the vascular cross-sectional area expands rap-
idly. Fluid pulls away from the surface, resulting in low and 
oscillatory shear. Our result is consistent with the study by 
Steinke et al. [35] in which they found that flow separation 
occurs at location where the artery is dilated compared with 
diameter of the proximal vessel segment, which essentially 
points to the effect of �Rdown on WSS demonstrated in our 
study.

One major contribution of this paper is the construction 
of the inter-subject average maps that allow for visualiza-
tion of the WSS distribution and local geometric param-
eters in a single view. The average map of the WSS dis-
tribution shows a pattern very similar to that described 
in Marshall et al. [29] exhibited in ICA of the phantom 
(Fig. 4a). The WSS is maximum closed to the bifurcation 
apex. For the inner wall of ICA (i.e., wall on the bifurca-
tion side that is associated with circumferential coordinate 
close to 0), the WSS is very low in regions with longitudi-
nal coordinate (LC) beyond 3 mm due to flow separation. 
When LC is beyond 3 mm, the outer wall (i.e., wall surface 
with larger circumferential coordinate (CC)) is associated 
with a much higher WSS. Visualization of the inter-subject 
average WSS map brought out two important observations: 
(1) The lack of correlation between CC and WSS (Table 1) 
can be explained by the cancelation of their negative cor-
relation at LC < 3 mm by their positive correlation at 
LC > 3 mm. (2) The relationship between WSS and CC or 
LC is far from linear and could not be accurately described 
by the multiple linear regression model. These observa-
tions motivated our development of a nonlinear model. 
A 2D non-linear function was designed to fit LC and CC 
with WSS. κG, Rre and �Rdown with WSS (i.e., the three 
remaining parameters that show a significant correlation 
with WSS) were also fitted independently to the WSS data 
with either linear or exponential functions to optimize the 
adjusted R2. Multiple linear regression was then performed 
using the transformed geometric parameters as independ-
ent variables. The adjusted R2 for the models based on the 
transformed variables constructed for ICA and ECA were 
shown to be higher than their linear counterparts [R2

adj for 
ICA (linear vs. nonlinear): 0.41 vs. 0.47; R2

adj for ECA (lin-
ear vs. nonlinear): 0.27 vs. 0.35].

As can be anticipated from its definition, �Rdown has 
a correlation with κG, which is also correlated with Rre.  
With the presence of these correlations, the standardized β  
obtained for each parameter may not be accurate. Thus, 
an assessment was carried out to quantify the amount of 

information contributed to the model by �Rdown and T(Rre) 
after κG was included. Increases of adjusted R2 were shown 
with the addition of �Rdown and T(Rre) after T(LC, CC) and 
κG were included for both ICA and ECA data set, thereby 
giving evidences that �Rdown and T(Rre) independently 
contributed to the accuracy of the model.

The reproducibility obtained for the time-average WSS 
study obtained by Glor et al. [16] may put the accuracy 
of the model developed here in context. In that study, MR 
carotid images were acquired in two sessions 2–4 weeks 
apart. The arterial surface was reconstructed from each MR 
image, which was followed by a CFD simulation to gener-
ate hemodynamic parameters. On each arterial surface, they 
defined patched regions on which the time-average WSS 
were spatially averaged. Each patch on the carotid surface 
obtained at baseline was equipped with an average WSS, 
which was then compared to the average WSS obtained 
on the corresponding patch on the carotid obtained in the 
second scanning session. This patch-by-patch comparison 
between average WSS obtained in two scanning sessions 
was summarized by RMSE, which are respectively 0.543 
and 0.563 Pa for the ICA and ECA. However, these patch-
wise RMSE could not be directly compared with point-
wise RMSE we obtained in the current study. The longi-
tudinal coverage of each patch used in Glor et al. [16] was 
not defined. It was, however, specified that 12 patches were 
used in the circumferential direction. Based on the cover-
age of the image (i.e., 100 mm around the bifurcation) and 
the number of longitudinal patches displayed in Fig. 3 of 
that paper, a conservative estimation of the longitudinal 
coverage of each patch is at least 2 mm. In this paper, we 
sampled 16 points along the circumferential direction and 
20 points along the longitudinal direction with a coverage 
about 7 mm. Thus, there are at least 5 sample points inside 
a patch of size defined in Glor et al. [16]. “Appendix” 
shows that the square of the point-wise RMSE over whole 
artery is the sum of the square of patch-wise RMSE and the 
average of the point-wise variance over all patches. Taken 
this relationship between point-wise and patch-wise RMSE 
into consideration, it can be concluded that the RMSE of 
our simplified model approaches that reported for the full 
CFD.

The proposed local geometric modeling technique can 
be used as a part of the framework as shown in Fig. 5 that 
linked WSS distribution with features contributing to the 
progression and vulnerability of carotid plaques, such as the 
lipid-rich necrotic core and intra-plaque hemorrhage. This 
paper proposed two major tools involved in this framework: 
(1) The development of a geometric modeling module that 
extracted local geometric features and correlating them 
with WSS. (2) The development of standardized flattened 
map that normalizes subject-specific anatomic variability 
so that correlation between local geometric parameters, 
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WSS and plaque component distribution (Fig. 2 in Canton 
et al. [6]) can be performed for the whole group of subjects 
involved in the study.

As full CFD simulation is computationally intensive and 
time-consuming, it has been difficult to collect enough sub-
ject data to provide a sufficient sample size in a controlled 
study of effect of local risk factors. Since local geometric 
features that are correlated with WSS can be efficiently 
extracted, instead of directly correlating WSS distribution 
with unstable features of plaques as in our previous study 
[6], we could carry out a larger, more cost-effective study 
that investigates whether any of local geometric parameters 
developed in the current study predicts the location of com-
position characterizing vulnerable plaque (dotted-line in 
Fig. 5).

In this paper, we reported the first attempt in predict-
ing WSS distribution. Although there were previous stud-
ies that attempted to predict global quantities derived from 
local WSS distribution (e.g., surface area exposed to “dis-
turbed flow” characterized by low WSS in Lee et al. [24] 
and Bijari et al. [4], helicity of flow in Gallo et al. [15]) 
based on global, subject-based geometric parameters (e.g., 
tortuosity and area ratio between the bifurcating region and 
CCA in Lee et al. [24] and Bijari et al. [4], curvature and 
torsion of the centerline in Gallo et al. [15]), these models 
are not helpful for establishing a surrogate WSS distribu-
tion potentially useful for localizing vulnerable plaques. As 
the focus of previous studies described above is on predict-
ing global parameters derived from WSS distribution based 
on global geometric parameters, it is not possible to com-
pare the results of these studies with the current studies on 
predicting local WSS distribution.

Notably, the centerline generated by VMTK and used in 
defining the geometric parameters described in Sects. 2.3.2 
and 2.3.3 has a discrete nature because the cost minimi-
zation problem described in [3] can only be solved in a 
discrete manner in practical computation. However, we 
observed in smoothed surfaces, such as in Fig. 1 of [3] and 

the VMTK documentation (http://www.vmtk.org/tutori-
als/Centerlines.html), the centerline tends to be smooth 
as well primarily due to dense sampling of the centerline 
(average sampling interval is less than 0.2 mm). As the sur-
face has been smoothed during our surface reconstruction 
process [21], we were able to produce smooth centerlines 
as demonstrated in Fig. 1a. The centerline-related geomet-
ric parameters described in Sects. 2.3.2 and 2.3.3 are also 
shown to be smooth both in our study and in [3]. Antiga 
and Steiman [3] showed that the LC and CC computed 
based on the discrete centerline generated by VMTK was 
not only smooth for highly variable geometries (Fig. 8 in 
[3]) but also reproducible in an inter-scan study involv-
ing arteries of a single subject scanned at weekly inter-
vals (Fig. 7 in [3]). In the computation of the radius of the 
arteries (Rre) and the longitudinal rate of change (�Rup and 
�Rdown) (Sect. 2.3.2), the method we used to correspond a 
point on the centerline and that on the surface is the same 
as that used to determine CC in [3] (Eq. 16 in [3]) and 
we demonstrated in an example artery shown in Fig. 2f–h 
that a smooth distribution of all these parameters can be 
obtained. Therefore, we decided against further smoothing 
of the centerline as described in Sangalli et al. [32] as there 
is a risk of distorting the solution produced by the cost min-
imization process implemented in VMTK.

The limitations of this study include the small sam-
ple size used in the development of the geometric model. 
Because CFD analysis is very time-consuming as we 
described in the introduction, before spending time in gen-
erating WSS distributions for more subjects using CFD 
analysis, it would be sensible to test our hypothesis that 
the local geometric features we developed are in fact corre-
lated with WSS distribution in a pilot study. Once we have 
confirmed the existence of the correlation as we have done 
in this study, a larger-scale study involving more carotid 
arteries can follow. Moreover, it should be emphasized that 
we investigated the correlation between WSS and local 
geometric features on a point-by-point basis in this study. 

Fig. 5  The role of proposed local geometric model and 2D standardized map in a MRI-based framework for assessing plaque vulnerability. The 
contributions of this study are highlighted in red (color figure online)

http://www.vmtk.org/tutorials/Centerlines.html
http://www.vmtk.org/tutorials/Centerlines.html
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Three hundred and twenty points on each branch of the 
ten arteries were sampled for our analysis, making a total 
of 320× 10 = 3200 data points for the analysis on each 
branch. Therefore, the number of data points available for 
establishing the correlation between local geometric fea-
tures and WSS is not small.

This study is also limited by the lack of subject-specific 
flow data for determining boundary conditions in the CFD 
simulation as previously described [6]. However, the WSS 
distribution generated using non-specific boundary condi-
tions was shown to be largely consistent with that gener-
ated based on subject-specific boundary conditions [20]. 
Nonetheless, this limitation can be addressed by adding a 
phase-contrast MR sequence to the current MR protocol 
(Fig. 5). The addition of this sequence would provide more 
accurate WSS data for us to build a model that produces a 
more accurate estimation of WSS using the technique pro-
posed in this article.

5  Conclusion

Since the acquisition of subject-specific wall shear stress 
(WSS) on carotid surface is cumbersome and time-consum-
ing, the use of WSS in monitoring atherosclerosis is limited 
to pilot studies involving a small population. Fortunately, 
WSS is primarily determined by the luminal geometry. In 
this work, we developed a method to extract local geometric 
features and a model estimating WSS from these features. 
The geometric features are shown to be insensitive to vari-
ability on the reconstructed geometry of the carotid model 
resulting from image segmentation variability. This study is 
the first to quantify the local carotid geometry and to cor-
relate these geometric quantities with WSS on a point-by-
point basis. Our results show that WSS and the geometric 
quantities have statistically significant correlations, suggest-
ing that these point-wise features can be developed as risk 
indicators in future large-scale clinical studies.
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Appendix: Relationship between patch‑wise 
RMSE and point‑wise RMSE

Suppose the carotid surface is divided into p patches, and 
each of the patches consists of T/p = n points, where T is 
the total number of points on a carotid surface. With the 
following notations defined, 

dij �  WSS error on point j of patch i
di,rms �  point-wise RMS deviation within patch i
di �  average error in patch i
σ 2
d,i �  variance of point-wise error in patch i it can be 

shown that the square of the point-wise RMS dif-
ference is the sum of the square of patch-wise 
difference and the variance of the point-wise dif-
ference [5]:

The square of the point-wise RMSE over the whole carotid, 
denoted by d2rmse, can be expressed as:

The second equality holds because d2i,rms = (1/n)
∑n

j=1 d
2
ij. 

The square of the patch-wise RMSE over the whole carotid, 
denoted by P2

rmse, can be expressed as:

Rearranging Eqs. 13 and 14 yields
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