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ABSTRACT 

 
Atherosclerosis is characterized by the development of plaques in the arterial wall, which ultimately leads to heart 
attacks and stroke. 3D ultrasound (US) has been used to screen patients’ carotid arteries. Plaque measurements obtained 
from these images may aid in the management and monitoring of patients, and in evaluating the effect of new treatment 
options. Different types of measures for ultrasound phenotypes of atherosclerosis have been proposed. Here, we report 
on the development and application of a method used to analyze changes in carotid plaque morphology from 3D US 
images obtained at two different time points. We evaluated our technique using manual segmentations of the wall and 
lumen of the carotid artery from images acquired in two US scanning sessions. To incorporate the effect of intra-
observer variability in our evaluation, manual segmentation was performed five times each for the arterial wall and 
lumen. From this set of five segmentations, the mean wall and lumen surfaces were reconstructed, with the standard 
deviation at each point mapped onto the surfaces. A correspondence map between the mean wall and lumen surfaces 
was then established, and the thickness of the atherosclerotic plaque at each point in the vessel was estimated to be the 
distance between each correspondence pairs. The two-sample Student’s t-test was used to judge whether the difference 
between the thickness values at each pair corresponding points of the arteries in the two 3D US images was statistically 
significant. 
 
Keywords: Atherosclerosis, carotid surface reconstruction, plaque thickness map, intra-observer variability, Student’s t-
test 
 

1. INTRODUCTION 
 
Atherosclerosis is an umbrella term that encompasses plaques changes in the arterial wall, and ultimately leads to heart 
attacks and stroke. The 3D US imaging approach developed by Fenster et al. [1]-[4] has been used to image patients’ 
carotid arteries and measure carotid atherosclerotic burden [11]. These measurements may aid in the management and 
monitoring of patients [5], and in evaluating the effect of new treatment options [6],[7]. Different ultrasound phenotypes 
of atherosclerosis were proposed, such as carotid stenosis severity [8], intima-media thickness [9], plaque composition 
[10] and volume [7],[11],[12]. Although these metrics assist in the management of carotid atherosclerosis, single-valued 
measurements do not provide sufficient information on the spatial distribution of plaques changes and burden in the 
carotid vessels. 
 

The spatial distribution of plaque was studied by Barratt et al. [13] and Yao et al.[14]. Both researchers quantified 
the degree of stenosis by determining the ratio between the diameter (or area) of the lumen and the wall on each cross-
sectional slice of the vessel. Both the diameter or area ratio thus calculated can be plotted as a function of the length 
along the vessel. Although such stenosis profiles are useful in describing the distribution of plaque along the vessel, it is 
a single-valued measurement for each slice. Although the stenosis profile indicates the exact slices in which plaque 
burden was located, it gave no information as to where the plaque burden was located within a slice.  

 
A major contribution of this paper is the introduction of a metric that can be used to compute the distance between 

the wall and the lumen boundaries (referred to as plaque thickness) on a point-by-point basis for each slice. Such 
analysis requires the definitions of corresponding pairs between two curves. Many such correspondence definitions 
were proposed in the literature. Cohen et al. [15] minimized an objective function that integrates the difference between 
the curvatures of all correspondence pairs. Tagare [16] pointed out that the objective function defined by Cohen [12] 
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depends on the choice of the domain of integration, which is arbitrarily chosen to be the domain of one of the two 
curves to be analyzed. A correspondence map that minimizes the objective function computed over the domain of the 
first curve is not equal to that of the second curve. Motivated by this work, Papademetris et al. [17] proposed a 
symmetric correspondence algorithm that solved this problem. A modified version of this algorithm is described in 
Section 2.1 that admits only a subset of the symmetrically correspondent vertices. 

 
In addition to analyzing a single carotid vessel, we have extended the plaque burden quantification algorithm to the 

quantification of the change of the plaque thickness of the carotid vessel between two time points on a point-by-point 
basis, which has not yet been reported. 
 

2. METHODS 
 
2.1 Symmetric correspondence 
 
The original algorithm was proposed and described in detail by Papademetris et al. [17] and is not repeated here. In this 
section, we introduce a modification of that algorithm, which admits only a subset of the symmetric correspondent pairs 
obtained using the original algorithm. 

 
Correspondence map between two curves can be described using a function φ that maps s1 to s2, where s1 is the arc 

length parameter of the curve C1 and s2 is that of a second curve C2. For two curves with no self-intersection, the 
function φ must be a non-decreasing function. This condition is not guaranteed to be satisfied for the correspondence 
pairs determined using the original algorithm as shown in Figure 1. The white and black lines in Figure 1(a) connect the 
symmetric correspondence pairs. Both curves shown in Figure 1(a) do not have self-intersection; however, the 
correspondence pair indicated by A ( )1 20.86, 0.26s s= =  has a much smaller s2 comparing to that of the previous 

correspondence pair with arc length parameters 1 0.78s =  and 2 0.74s = , implying that φ is decreasing, which is not 

allowed in the proposed modification, and the correspondence pair A is discarded. Using Papademetris’s approach [17], 
vertices without symmetric nearest neighbours were paired by interpolation, resulting in the correspondence pairs joined 
by white lines in Figure 1(b). 
 
2.2 Reconstructing surfaces from polygonal slices 
 
The 3D US images were re-sliced at 1mm interval by planes that were approximately transverse to the vessel. An expert 
observer (ME) segmented the carotid wall and lumen in each 2D image slice manually (see Figure 3(a),(c)). To 
reconstruct the surface for the internal, external and common carotid arteries (ICA, ECA and CCA), the symmetric 
correspondence algorithm described in Section 2.1 was used to pair the vertices on adjacent 2D contours. Near the 
bifurcation apex of the carotid artery, the ICA and ECA merges to the CCA, and since the symmetric correspondence 
algorithm is designed to pair correspondence points of one closed curve to another, it cannot be used unless we divide 
the CCA slice immediately proximal to the apex into two closed curves. This was achieved by using the method 
depicted in Figure 2: First, the centroids of the ICA and ECA slices immediately distal to the apex (CICA and CECA) were 
computed and joined together by a line, which intersects the ICA and ECA slices at Ii and Ie respectively (see Figure 2). 
The position of the bifurcation apex must be between the plane cutting the CCA slice and that cutting the ICA and ECA 
slice, but there is no information regarding its exact location. In the proposed algorithm, it was chosen to be 0.1mm 
below the midpoint of Ie and Ii (see Figure 2). The tangents of both the ICA slice at Ii and the ECA slice at Ie, and 
consequently, the average directions of the tangents were computed. A line pointed to this direction and passing through 
the midpoint between Ii and Ie are defined, which was projected onto the plane containing the CCA slice. This projected 
line intersects the CCA slice at two points, which, together with the bifurcation apex, were interpolated by the Cardinal 
spline to produce an arch. The CCA slice was then divided into two closed curves by this arch as shown in Figure 2.  
 

With all correspondence vertices defined, the adjacent 2D curves were connected to form the polygonal surfaces.  
Figure 3(b) shows the tessellated surface constructed from the stack of 2D contours of the carotid wall shown in Figure 
3(a). Figure 3(d) shows the surface constructed for the contour set representing the carotid lumen shown in Figure 3(c).   
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(a) (b) 

 
Figure 1   A demonstration of the proposed modification of the symmetric correspondence algorithm by Papademetris et al. [17] The 
two curves for which the correspondence mapping was to be found are drawn in black and white respectively in (a). The white and 
the black lines connect the symmetric correspondence pairs obtained using the algorithm proposed by Papademetris et al. [17]. The 
arc length parameters s1 and s2 of the curves C1 and C2 start from C1(0) and C2(0) respectively and increases in the counter-clockwise 
direction.  A comparison of the correspondence pair indicated by A (s1 = 0.86, s2 = 0.26) and the previous correspondence pair, with 
s1 = 0.78 and s2 = 0.74, shows that the pair A is associated with a much smaller s2. Since the function φ mapping s1 to s2 is 
constrained to be a non-decreasing function, the pair A is discarded in our algorithm. Adopting Papademetris’s approach [17], 
vertices without symmetric nearest neighbours are paired by interpolation, resulting in the correspondence pairs joined by white lines 
in (b). 
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Figure 2   Reconstruction of the arterial vessel surface at the bifurcation apex. The CCA slice immediately proximal to the bifurcation 
apex is broken into two closed curves, so that the correspondence mapping can be established between the ECA slice immediately 
distal to the bifurcation and the closed curve on the left, and between the ICA slice and the closed curve on the right. 
 
2.3 Average and standard deviations of multiple segmentations 
 
To account for the intra-observer segmentation variability, the expert observer segmented the carotid wall and lumen in 
each 3D US image 5 times. Five surfaces representing the wall and five representing the lumen were reconstructed 
using the method described in Section 2.2. The average and standard deviations of the wall and the lumen surfaces were 
obtained, separately, by the following steps:  

A 

( )1 1 0C s = ( )2 2 0C s =

1 0.78s =
2 0.74s =

1 0.86s = 2 0.26s =
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(a) (b) (c) (d) 

 
Figure 3   An example of the manually segmented carotid arteries.  (a) Manually segmented polygonal slices, and (b) the 
corresponding triangulated surface, of the carotid wall. (c) Manually segmented slices, and (d) the corresponding triangulated surface, 
of the arterial lumen. 
 
1) In each of the five segmentation sessions, the expert observer manually identified the orientation of the transverse 

plane, which cuts the vessel perpendicularly. The average of the normals of the five different transverse planes, 
each defined in a single segmentation session, was obtained. The five segmented surfaces were resliced at 1mm 
intervals using the plane with the average normal, producing five 2D contours. 

 
2) Since the symmetric correspondence algorithm only established correspondence between a pair of curves, it was 

applied four times: The smoothest curve out of the five curves obtained in Step 1 was chosen and the symmetric 
correspondence mappings were established between this curve and the remaining four curves. 

 
3) Each of the vertices of the smoothest curve defined in Step 2 was linked with correspondence points on four 

different curves, resulting in a group of five points, { }: 1,2,...,5ip i′ = , for which the centroid was computed. The 

directions of the five vectors pointing from the centroid to these five points were averaged, and a line pointing to 
this average direction and passing through the centroid was defined. This line intersected each of the five 
boundaries approximately normally, resulting in another group of five points, { }: 1,2,...,5ip i = , for which the 

mean and standard deviation were computed. The purpose of this step is to ensure that the correspondence points 
were collinear so that a scalar standard deviation can be defined along the direction approximately normal to all 
five curves (see Figure 4(a) and (b)).  

 
2.4 Plaque thickness map and its standard deviation 
 
In constructing the thickness map, a transverse plane was used to slice the average surfaces of the carotid wall and 
lumen at 1mm interval. The vertices of the resulting 2D curves were paired according to the symmetric correspondence 
algorithm described in Section 2.1. The 3D thickness map was composed of a stack of 2D curves, each of which lay on 
a transverse plane with which the average surfaces of the wall and the lumen were sliced. 
 

Before introducing the statistical model used to describe the plaque thickness, we first study an ideal case where the 
line connecting the correspondence pairs of points and the lines used to intersect multiple segmentations of the wall and 
the lumen for the correspondence pairs in question (defined in Section 2.1) were of the same direction (See Figure 5(a)). 
In the following, we use capital letters to denote the random variables, and the corresponding small letters to denote 
their realization or sample. Wi is defined to be the position of the intersection between the intersecting line described in 
Section 2.3, Step (3), and a single wall boundary segmentation relative to the centroid of five intersection points p1 to p5 

(See Figure 4(a)). A similar random variable Li is defined for the positions of the intersections obtained from the lumen 
segmentations. If Wi (or Li) is assumed to be a normally distributed random variable with mean µ and variance σ2, the 
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mean W (or L ), defined by the mean of the independent and normally distributed measurements 

{ }5,...,1: =iWi (or{ }: 1,...,5iL i = ), is a normal random variable with mean µ and variance 52σ . It can be observed 

from Figure 5(a) that the thickness, T, is described by: 
 

LWdT mean −+=       (1) 

 
where meand  is the distance between the correspondence pair between the wall and lumen. Since the measurements are 

relative to the centroid, 0w =  and 0l = . The variances of Wi and Li are estimated to be the sample variances of the 

measurements: { }( )2 var : 1,...,5W is w i= =  and { }( )2 var : 1,...,5L is l i= = , and thus, those of W and L  are estimated to 

be 2 5Ws  and 2 5Ls  respectively. 

 
In the case where the line connecting the correspondence pairs and the lines used to intersect multiple segmentations of 
the wall and lumen are of different direction (See Figure 5(b)), the thickness, or the distance between a pair of 
correspondence points, can be modelled as a linear combination of W and L  plus the mean error of the linear model, 
E : 
 

meanT d aW bL c E= + + + +      (2) 
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(a) (b) 
 
Figure 4   An example of the mean and the standard deviation computation for the cross-sectional contours of five carotid artery wall 
segmentations. (a) Five correspondence points { }: 1,2,...,5ip i′ =  are established, and a line is used to join the centroid of the five 

points with each correspondence point. The thicker line passing through the centroid (black dot) in (a) represents the mean direction 
of these five lines. The intersections of this line and the five contours, { }: 1,2,...,5ip i = , defines a group of collinear correspondence 

points, and the mean and the standard deviation of their location are readily obtained. Wi is defined to be the position of intersections 
with respect to the centroid. (b) The mean curve with the standard deviation mapped on top and the five contours shown in (a). With 
the intersecting line defined in (a) superimposed upon these curves, we could identify the location of the mean curve at the position 
discussed in (a), and the standard deviation, which is approximately 0.8mm.       
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To determine a, b and c, we generated a pair of sample values ( ),w l  of the random variables ( ),W L , and then 

measuring the resulting t. We made 25 measurements of t’s { }(5 ) : 1,...,5 and 1,...,5i jt i j+ = = , corresponding to the 

sample values ( ){ }, : 1,...,5 and 1,...,5i jw l i j= = , where wi is the sample value obtained from the ith wall segmentation, 

and lj from the jth lumen segmentation. With these measurements, the coefficients a, b and c are readily obtained by 
linear regression (see standard statistics text, such as [18]). (Note that in our experiment, there is only one realization of 

andW L  (i.e., 0w =  and 0l = , as explained above). However, we need multiple realizations of andW L , and the 

associated realization of T so as to find the most appropriate coefficients a, b and c for describing the geometric relation 
between T, andW L .) The error E  was assumed to be a normally distributed random variable, whose sample e is: 

 
25

1

1

25 i
i

e e
=

= ∑ , where (5 ) (5 )i j i j mean i je t d aw bl c+ += − − − − ,    (3) 

 

with an estimated variance 2 25Es , where { }( )2 var : 1,..., 25E is e i= = . With a, b, c and e  computed, the sample value t 

obtained in our experiment is readily obtained (and it is plotted on the mean wall surface – See  
Figure 6): 
 

meant d c e= + +  

 
Since it was assumed that , andW L E  are normally distributed, T is also normally distributed with an estimated 

variance 2
Ts  of: 

2 2 2 2 2
2 2 2 2 2 2

5 5 25
W L E

T W L E

a s b s s
s a s b s s= + + = + +      (4) 

 

dmean

W

L

 

dmean

W

L

 
(a) (b) 

 
Figure 5   Statistical model used in describing plaque thickness. (a) Ideal case: Three lines – (1) the line connecting the 
correspondence pair of the mean wall and lumen, (2) the lines used to intersect multiple segmentations of wall and (3) that used to 
intersect the lumen outlines – are of the same directions. (b) Practical case: All three lines in (a) are of different directions. 
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The t-test performed in Section 2.6 requires the degree of freedom, which is estimated here using the following 

formula by Satterthwaite [19]: 

( ) ( ) ( )

22 2 2
1 2 3

2 2 22 2 2
1 2 3

1 2 3

W L E

T

W L E

a s a s a s

a s a s a s

r r r

υ
⎡ ⎤+ +⎣ ⎦=

+ +

      (5) 

where 2
1 5a a= , 2

2 5a b= , 3 1 25a =  and r1, r2 and r3 are respectively the degrees of freedom of 2 2 2, andW L Es s s : 

1 2 34, 4 and 25 2 1 22r r r= = = − − = (See [18] on the degrees of freedom of 2
Es ) . 

 
2.5 Registration of average carotid vessel walls 
 
In our study, a patient’s carotid vessel was imaged in two 3D US scanning sessions, and the average carotid artery 
surfaces were required to be appropriately registered. A slightly modified version of the iterative closest point (ICP) 
algorithm by Besl et al. [20] was used for this purpose. We aligned the bifurcation apex of the carotid vessels, which 
was determined using the method described in Section 2.2 and Figure 2, rather than the centroids of the two surfaces as 
proposed in Besl [20].  
 

For each vertex si on the source surface (the surface to be registered), the ICP algorithm proposed by Besl et al. [20] 
iteratively finds its closest points, ti, on the target or model surface, and used Horn’s method [21] to find the optimal 
rotation, R, which maximizes the following expression:  

 

( )
1

N

i i
i

t R s
=

′ ′•∑       (6) 

 
where i it t t′ = − , i is s s′ = − . s  and t  are respectively the bifurcation apex of the source and target surfaces in the 

modified algorithm, and the centroids of the two surfaces in the original algorithm. 
 

After obtaining R, a translation ro was applied, which is the same as that used in Horn [21]: 
 

( )0r t R s= −       (7) 

 

  
(a) (b) 

 
Figure 6   (a) Carotid artery wall with thickness of atherosclerotic plaque mapped on its surface. (b) The thickness map in (a) shown 
together with the lumen of the carotid artery. 
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2.6 Student’s t-test on the thickness map 
 
Using the method described in Section 2.4, the plaque thickness and its standard deviation at each point on the carotid 
wall surface was computed for each 3D US image of the carotid arteries. Each patient underwent two scanning sessions, 
and therefore, there were two measurements of plaque thickness and standard deviation at each point on the carotid wall 
surface. Two-sample t-test (with α = 0.99) was used to determine whether the difference between the two thickness 
measurements was statistically significant (See Figure 7(d) and (h)). 
 

3. RESULTS AND DISCUSSIONS 
 
3.1 Study subjects and 3D US image acquisition 
 
Two patients were involved in this study. The 3D US images of the first patient’s vessels were acquired at baseline and 
2 weeks later.  The patient received no treatment at the interval between the two scanning sessions, and no change in the 
plaque thickness was expected. The images of the second patient’s vessels were acquired at baseline and 3 months later. 
This patient received 80mg of Atorvastatin daily during the interval between the two scanning sessions. The statin 
therapy is expected to halt the progression or reduce the size of the atherosclerotic plaque [7],[22],[23]. 
 
3.2 3D US image acquisition 
 
The 3D US images were acquired by translating the ultrasound transducer (L12-5, 50mm, Philips, Bothel Washington) 
along the neck of the patient while video frames from an US machine (ATL HDI 5000, Philips, Bothel Washington) 
were digitized and saved to a computer workstation. The resulting transverse 2D images were parallel to each other with 
a mean spatial interval of about 0.15 mm. The acquired 2D images were reconstructed to form a 3D US image, which 
was displayed using a 3D viewing software [24]. 
 
3.3 Results for the first patient 
 
Figure 7 (a)-(d) shows the results for the first patient. Figure 7(c) shows the plaque thickness change from the first to the 
second scanning session, which ranges from -1.1 to 0.8 mm (negative indicates the plaque is thinner in the second 
scanning session). The result of the Student’s t-test is shown in Figure 7(d), in which a statistically significant change is 
coloured in white and insignificant change in black. We can observe that a white region of significant area lies on the 
ECA (the vessel to the left in Figure 7). Comparison of the arterial walls segmented from the first (Figure 7(a)) and the 
second (Figure 7(b)) 3D US image reveals the reason of this. The diameter of the ECA shown in Figure 7(a) is slightly 
larger than that in Figure 7(b), possibly because the US images obtained in the two scanning sessions were acquired in 
different phases of the cardiac cycle or the patient’s blood pressure was slightly different. 
  
3.4 Results for the second patient 
 
Figure 7 (e)-(h) shows the results obtained for the second patient. The plaque thickness difference between two carotid 
vessels segmented from the first and second scanning session ranges from –7.4 to 3.5mm. As can be observed in Figure 
7(g), there is a pronounced regression on our left side of the CCA, and the plaque thickness reduction exceeds 5mm in 
this region. The Student’s t-test detected statistically significant changes at a majority of points on the arterial vessel as 
shown in Figure 7(h). When this figure is inspected together with Figure 7(g), we observed that the changes of the 
plaque thickness at many points on the ICA and the right side of the CCA are smaller than 1mm, although these changes 
are statistically significant. 
 

4. CONCLUSIONS 
 
In this paper, we described a framework for analyzing the progression or regression of atherosclerotic plaque. Intra-
observer variability was incorporated in the model, which identifies whether a detected change in plaque burden is 
statistically significant at each point on the arterial wall surface. For the two patients considered in this study, it appears 
that our statistical model is too sensitive in detecting changes. This sensitivity may be due to an underestimated standard 
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error used in the t-test. In this work, we quantified the intra-observer segmentation variability and included it as the only 
source of variation in our estimation of the plaque thickness, without considering other sources of possible variation, 
such as the registration misalignment and changes in the vessel size due to acquisitions at different phases at the cardiac 
cycle. Further investigation is required in quantifying these sources of variation and if, in the future, quantifiers of these 
variations were available, they can be easily incorporated into the proposed statistical framework (by just modifying the 
standard error used in the t-test). In this phase, the use of our model in describing the change of plaque thickness at each 
point on the carotid vessel requires both plaque thickness change map (Figure 7(c) and (g)) and the t-test result (Figure 
7(d) and (h)), rather than solely on the latter, to determine whether detected change is biologically significant.  
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(e) (f) (g) (h) 

 
Figure 7   Results obtained for the first (top row) and the second (bottom row) patient. (a), (e) The plaque thickness value 
superimposed on the arterial wall segmented from the 3D US images obtained in the first scanning session (b), (f) The plaque 
thickness map for the artery segmented from the 3D US images obtained in the second session (2 weeks after the first session for the 
first patient and 3 months after for the second patient). (c), (g) The plaque thickness value difference between the map shown in (a) 
and (b) for the first and (e) and (f) for the second patient. Negative value indicates that a plaque thickness reduction was recorded in 
the second scanning session. (d), (h) Results of Student’s t-test: white represents a statistically significant change, whereas black 
represents an insignificant change. 
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