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Quantitative measurements of the progression (or regression) of carotid plaque burden are important in
monitoring patients and evaluating new treatment options. 3D ultrasound (US) has been used to monitor
the progression of carotid artery plaques in symptomatic and asymptomatic patients, and different meth-
ods of measuring various ultrasound phenotypes of atherosclerosis have been developed. We have devel-
oped a quantitative metric used to analyze changes in carotid plaque morphology from 3D US. This
method matched the vertices on the carotid arterial wall surface with those on the luminal surface. Ves-
sel–wall-plus-plaque thickness (VWT) was obtained by computing the distance between each correspond-
ing pair, which was then superimposed on the arterial wall to produce the VWT map. Since the
progression of plaque thickness is important in monitoring patients who are at risk for stroke, we also
computed the change of VWT by comparing the VWT maps obtained for a patient at two different time
points. In this paper, we propose a technique to flatten the 3D VWT and VWT-Change maps in an area-
preserving manner, in order to facilitate the visualization and interpretation of these maps.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction

Quantitative measurements of the progression (or regression)
of carotid plaque burden are important in the prevention, diagnosis
and treatment of atherosclerotic diseases. Recent advances in
ultrasound (US) and magnetic resonance (MR) imaging have al-
lowed researchers to examine the 3D anatomical structure of the
carotid artery (Fenster et al., 2001, 2004, 2006; Kerwin et al.,
2003, 2006; Yuan et al., 1998, 2001, 2002a,b; Kang et al., 2000;
Zhang et al., 2001; Hatsukami et al., 2000; Mitsumori et al.,
2003; Shinnar et al., 1999; Cai et al., 2002). Although intravascular
ultrasound (IVUS) has been verified as a standard of reference for
imaging atherosclerosis and vessel wall morphology in coronary
and peripheral arteries (Waller et al., 1992; Lockwood et al.,
1992), and has also been used in carotid artery imaging in vivo
(Manninen et al., 1998), its use in monitoring plaque development
in humans is limited by its invasive nature. Three-dimensional
ultrasound (3D US) is a reproducible non-invasive imaging tech-
nique that allows direct plaque visualization and accurate mea-
surements of plaque burden (Fenster et al., 2004, 2006; Landry et
al., 2005; Egger et al., 2007). These measurements can aid in man-
aging and monitoring of patients (Spence et al., 2002), as well as in
evaluating the effect of new treatment options for patients afflicted
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with atherosclerotic related diseases (Schminke et al., 2002; Ains-
worth et al., 2005).

Carotid stenosis severity (Norris and Bornstein, 1986; Serena,
1999; Liapis et al., 2000) and intima-media thickness (IMT) (Markus
et al.,1997; O’Leary et al., 1999; O’Leary and Polak, 2002) are among
the most commonly used clinical phenotypes of carotid atheroscle-
rosis. However, when arterial plaque is diffuse (Barratt et al., 2004)
or when the adventitial boundary of the arterial vessel undergoes
compensatory enlargement as a reaction of plaque growth (Glagov
et al., 1987; Dzau and Gibbons, 1993; Gibbons and Dzau, 1994),
researchers have indicated that plaque burden is underestimated
by the degree of stenosis. Carotid IMT has been shown to correlate
with an increased risk of stroke (O’Leary et al., 1999). Because the
rate of change of carotid IMT is typically small (0.01–0.03 mm/
year), it is difficult to identify statistically significant changes in
IMT when considering measurement errors, which render the IMT
insensitive to disease progression (O’Leary and Polak, 2002). Thus,
measurements of thickness are insensitive to the effects of therapy,
as compared with the measurements of change in the area and vol-
ume of the vessel wall.

The area/volume of the vessel wall (i.e., the combined area/
volume of the plaque and normal vessel wall) has recently been
introduced as a more direct measure of plaque burden. Several
studies have shown that MRI can be used to measure the volume
of the vessel wall with high precision (Yuan et al., 1998; Kang et
al., 2000; Zhang et al., 2001). Researchers have proposed to
establish parameters that capture the information about the 3D
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distribution of plaque within the carotid arteries. Yuan etal. (1998)
and Luo et al. (2003) have used high-resolution MRI in order to ac-
quire serial cross-section images of the carotid arteries. They have
summarized their measurements for the vessel wall and lumen
using the following parameters: (1) maximum wall area, (2) loca-
tion of the maximum wall area along the longitudinal axis of the
carotid artery, (3) wall area in the common carotid artery (CCA)
3 mm proximal to the carotid bifurcation, (4) minimum lumen
area, and (5) vessel wall volume. These five parameters provide
reproducible, but limited, spatial information about the carotid
plaque burden. Barratt et al. (2004) have suggested that an area
(or diameter) profile along the longitudinal direction of the vessel
(i.e., a slice-by-slice vessel wall and lumen measurement profile)
would provide further spatial information on the plaque burden.
Barratt et al. (2004) plotted three types of percentage stenosis index
along the longitudinal axis of the carotid artery: (1) area, (2) max-
imum diameter, and (3) mean diameter stenosis index. These slice-
by-slice profiles helped to describe the distribution of plaque along
the vessel; however, these profiles provided only a single-valued
description (i.e., the percentage stenosis index) for each slice,
whereas more information about the geometry of the plaque
burden could have been derived from the slice-by-slice wall and
lumen segmentations the authors have obtained. Although the lon-
gitudinal, slice-by-slice profile obtained has helped identifying the
slices in which plaque burden was located, it did not provide any
information as to where the plaque burden was located within each
slice.

We recently developed a localized metric to quantify, on a
point-by-point basis, the change in plaque thickness (Chiu et al.,
2006a). In this study, we matched each point on the boundary of
the vessel wall with a corresponding point on the boundary of
the lumen. The distance between each pair of corresponding points
is a local estimate of the vessel–wall-plus-plaque thickness (VWT). In
addition to the plaque burden itself, the change of plaque burden is
important in monitoring patients and in developing treatment
strategies. Thus, in addition to computing VWT, we also computed
the VWT-Change by analyzing the 3D US image acquired at two dif-
ferent time points of a patient’s carotid artery. Using this tech-
nique, we demonstrated (Chiu et al., 2006a) that the carotid
plaque had regressed significantly for a patient who had under-
gone 3 months of high-dose (80 mg) atorvastatin treatment. This
result agreed with the plaque volume monitoring study performed
for the same patient (Ainsworth et al., 2005).

The overlay of the VWT and the VWT-Change values on the 3D
carotid vessel wall provides rich information on the spatial distri-
bution of plaque burden. However, a flattened representation of
the 3D VWT and the VWT-Change maps is preferable, because a flat-
tened map provides an unobstructed view of the 3D map, which is
especially important for a branched surface such as the carotid ar-
tery wall, and a flattened surface would facilitate the identification
and quantification of a diseased region. Surface flattening has been
used to assist researchers in the interpretation of tubular surfaces,
such as the colon and the carotid artery surfaces (Bartroli et al.,
2001; Haker et al., 2000; Antiga and Steinman, 2004; Zhu et al.,
2005). If the 3D VWT maps obtained at two different time points
were flattened into a 2D map, then a comparison between the
two would involve only a 2D image comparison. In addition, a flat-
tened map can also be generated with flow pattern parameters,
such as oscillatory shear, mapped onto it. A comparison between
the 2D VWT-Change map and the oscillatory shear map may pro-
vide researchers with important data about the relationship be-
tween plaque changes and flow patterns.

It is widely recognized that surface flattening involves distor-
tions in either angle or area unless the surface has a Gaussian cur-
vature of zero everywhere (Floater and Hormann, 2005), and that
surface flattening algorithms have been designed either to pre-
serve angle (conformal) or area. In this paper, we have chosen to
implement an area-preserving map rather than a conformal map,
because, in addition to providing better visualization, one of our
goals is to allow the approximation of the plaque volume from
the flattened VWT map directly. This can be achieved by an area
integration of the VWT values in a diseased region. After the spatial
location of the plaque has been identified on the 2D flattened map,
an area-preserving map would allow the calculation of local
change in vessel–wall-plus-plaque volume in a pathological region.

The VWT quantification algorithm presented in this paper con-
sists of three major steps, namely the generation of 3D VWT and
VWT-Change maps, arc-length and area preserving maps, which
are shown in Fig. 1a as a schematic diagram. We used the 3D US
images acquired for two subjects to demonstrate the performance
of the proposed surface flattening algorithm and its applications.
2. Methods

Algorithms aimed at providing better visualization of tubular
structures with and without bifurcation have been proposed, some
of which focused on cutting and unfolding the tubular structures
(Bartroli et al., 2001; Haker et al., 2000; Antiga and Steinman,
2004; Zhu et al., 2005), and some focused on improving the display
of a view that was captured at a specific viewpoint inside the tubu-
lar organ (Paik et al., 2000; Geiger et al., 2005). Our proposed algo-
rithm falls into the first category.

Bartroli et al. (2001) and Haker et al. (2000) focused on provid-
ing a better view for diagnosis in virtual colonoscopy by flattening
the colon surfaces segmented from CT images. Bartroli et al. (2001)
proposed an algorithm that applied non-linear ray-casting to avoid
capturing a polyp multiple times, and applied non-uniform resam-
pling to reduce the possibility of missed polyp detection in regions
at which the centre path of the colon has high curvature. This
method produced an area-preserving flattened map, which was
not conformal (i.e., angle-preserving). Haker et al. (2000) proposed
a conformal mapping technique, which defined the longitudinal
and circumferential mapping by minimizing two Dirichlet func-
tionals. Antiga and Steinman (2004) used a set of differential geom-
etry criteria to decompose the carotid vessel into the common,
internal, and external carotid arteries (CCA, ICA, and ECA, respec-
tively). According to Haker et al. (2000), they first established the
longitudinal mapping by solving a Dirichlet problem for each
branch. Then, they stretched the resulting map according to the
length of the vessel. The circumferential mapping was defined as
the angle of a surface point with respect to the centreline. How-
ever, because of the stretching and the use of the angular circum-
ferential mapping, the results of the mapping are not strictly
conformal. Zhu et al. (2005) proposed a mapping technique that in-
volved two major components: (i) A conformal mapping followed
by (ii) an area-preserving mapping. A conformal mapping was first
computed by minimizing two Dirichlet functionals, which is simi-
lar to that proposed by Haker et al. (2000), but the technique was
modified to construct the maps for bifurcating vessels. The result-
ing conformal map exhibited significant distortions in area if the
vessel bifurcates into multiple branches: the vessel narrows by a
factor of two each time it passes through a bifurcation point. To
correct this area distortion, the authors applied the theory of the
optimal mass transport in order to deform the conformal map into
an area-preserving map. We adopted this method in order to create
an area-preserving map for this paper.

As the initial motivation of this work is to flatten the 3D carotid
VWT map, which is described in Chiu et al. (2006a), we first de-
scribe how the VWT map is constructed in Section 2.1. Then, the
method of area-preserving mapping is described, which consists
of two steps: (i) The carotid vessel wall is flattened so that it pre-



Fig. 1. Schematic diagrams showing the steps of the proposed algorithm. (a) shows the three major steps of the algorithm with the section numbers in which they are
explained. (b) shows the first step in (a) with more detail, indicating the sub-steps required to generate the 3D VWT and VWT-Change maps.
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serves the arc-length of each slice obtained in Section 2.1 (Chiu et
al., 2006b). As it will be demonstrated, the map produced in this
step is not area-preserving, but the area distortion is much smaller
than that in the conformal mapping used in Zhu et al. (2005). (ii)
The theory of optimal mass transport (Zhu et al., 2005) is then ap-
plied in order to generate an area-preserving map from the arc-
length preserving map.

2.1. Computation of the VWT and VWT-Change maps

The 3D carotid US images were re-sliced at 1 mm intervals by
planes that were approximately transverse to the vessel axis. An
expert observer (ME) segmented the carotid wall and lumen in
each 2D image slice manually, which resulted in a stack of 2D con-
tours. The segmented 2D contours of the wall and the lumen were
reconstructed to form polygonal surfaces (Fig. 2) (Chiu et al.,
2006a).

The carotid vessel wall and the lumen of the subjects were seg-
mented five times each in order to reduce the intra-observer seg-
mentation variability. In each of these segmentation sessions, the
expert observer chose the orientation of the transverse cutting
Fig. 2. Surfaces reconstructed from a stack of 2D contours. (a) 2D mean boundaries stac
boundaries stack and (d) the corresponding triangulated surface, of the arterial lumen. T
the manually segmented contours.
plane, which was used for re-slicing the 3D carotid US image.
The average of the normals of these five transverse planes, NT ,
was computed, and a cutting plane (with the average normal)
was used to cut each of the five segmented surfaces of either the
wall or the lumen. We averaged the resulting five contours using
the method previously described in Chiu et al. (2006a). The mean
surface of the wall and lumen was then reconstructed from its
respective stack of 2D mean boundaries (Fig. 2). We then matched
the mean surface of the wall and lumen using the symmetric cor-
respondence algorithm (Papademetris et al., 2002), and computed
the VWT values by finding the distance between each pair of corre-
spondence points. The 3D VWT map was generated by superimpos-
ing the colour-coded VWT values onto the mean surface of the
arterial wall (Fig. 3).

In order to compute the VWT-Change between the VWT maps
obtained at the baseline and the second scanning session, the
two VWT maps were required to be registered. The iterative closest
point (ICP) algorithm was used for this purpose Besl and McKay,
1992. We aligned the bifurcation apex of the two VWT maps, and
applied the ICP algorithm to find the optimal rotation by iteratively
matching points on the two surfaces to be registered and minimiz-
k and (b) the corresponding reconstructed surface, of the carotid wall. (c) 2D mean
he same surface reconstruction technique was used in reconstructing surfaces from



Fig. 3. 3D vessel–wall-plus-plaque thickness (VWT) map of the patient who did not receive any treatment, obtained by analyzing the 3D carotid US image at baseline. The VWT
map is visualized from (a) the near side (i.e., the mediolateral axis points out of the page), and (b) the far side from the transducer (i.e., the mediolateral axis points into the
page).

B. Chiu et al. / Medical Image Analysis 12 (2008) 676–688 679
ing the root mean square (RMS) difference (Chiu et al., 2006a).
After registration, VWT-Change values were computed on a point-
by-point basis by finding the difference between the VWT values
for each pair of corresponding points on the two VWT maps. The
3D VWT-Change map was obtained by mapping the computed
VWT-Change values on the VWT map obtained at baseline (Fig. 1b).

2.2. Arc-length preserving map

The arc-length preserving mapping algorithm was used to gen-
erate a flattened map on a slice-by-slice basis for the 3D VWT map
introduced in Section 2.1 (Chiu et al., 2006b); it maps 2D contours
at each cross-sectional slice onto straight lines (Fig. 4). Thus, sur-
Fig. 4. (a) Schematic diagram of the carotid arteries with the 3 planes cutting the intern
cross-section of the carotid arteries. (c) The flattened map produced by the arc-length pr
from the 3D to 2D space. Since the cutting plane cuts the CCA on the near side of the tra
right carotid arteries is being analyzed. (d) shows that Vessel 1 and 2 are the ECA and IC
Vessel 1 and 2 correspond to the ICA and ECA, respectively, if the carotid arteries are on
face data input to the arc-length preserving mapping algorithm
were assumed to be represented by a mesh that was reconstructed
by connecting 2D transverse contours (e.g., Figs. 2b and d). How-
ever, this assumption does not restrict the type of data that could
be analyzed, because an arbitrary carotid wall or lumen surface
mesh can be re-sliced using the surface cutting algorithm de-
scribed in Schroeder et al. (2002) and implemented in the Visuali-
zation Toolkit library (VTK).

2.2.1. Common carotid artery (CCA)
In order to flatten a cylindrical surface (e.g., a vessel), it must be

cut open longitudinally. In our mapping, the CCA is cut on the near
side from the transducer. Therefore, the orientations of the internal
al, external and common carotid arteries (ICA, ECA and CCA), respectively. (b) The
eserving mapping. The operator Mð�Þ represents the arc-length preserving operation
nsducer, the orientations of the ICA and ECA depend on the whether the left or the
A, respectively, if the carotid arteries are on the left side of the patient’s neck; and
the right side of the neck.
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and external carotid arteries (ICA and ECA) with respect to the cut-
ting planes depend upon whether the left or the right carotid arter-
ies of a patient is being investigated. Fig. 4a shows a schematic
diagram of the carotid arteries and of the cutting planes viewed
from the near side of the transducer. Fig. 4d shows the different
orientations for the left and the right carotid arteries: Vessel 1 cor-
responds to the ECA and Vessel 2 corresponds to the ICA if the car-
otid arteries are located on the left side; Vessel 1 corresponds to
the ICA and Vessel 2 corresponds to the ECA for the carotid arteries
on the right side of the patient.

We defined the orientation of the plane cutting the CCA by (i)
the bifurcation apex, (ii) the normal vector of the transverse
cross-sectional planes, NT , (computed in Section 2.1), and (iii) the
directional vector, D, of the line splitting the mean boundaries of
the ICA and ECA that are immediately distal to the bifurcation apex
(Fig. 4b). (i), (ii) and (iii) completely define the plane cutting the
CCA, which is shown in Fig. 4a.

We determined the position of the bifurcation apex and the
directional vector, D, using our previously described method (Chiu
et al., 2006a), which is summarized as follows (see Fig. 4): (i) We
located the ICA and ECA mean boundaries immediately distal to
the bifurcation by searching downstream along the CCA for the
first encountered cross-section of the mean arterial wall surface
that is composed of two closed contours; (ii) the centroids of the
contours obtained in Step (i) for Vessels 1 and 2, denoted by CV1

and CV2, were computed and joined together by a line. This line
intersects the contour for Vessels 1 and 2 at IV1 and IV2, respec-
tively; (iii) the bifurcation apex was defined to be the mid-point
of IV1 and IV2 (Fig. 4b); (iv) the tangent vectors of the Vessel 1 con-
tour at IV1 and the Vessel 2 contour at IV2 were computed, and we
defined D to be the average of these two tangent vectors.

The line having the direction of the vector D and passing
through the bifurcation apex was projected on the cross-section
of the CCA contour immediately proximal to the bifurcation. This
line intersects the CCA contour at two points, IC1 and IC2 (see Fig.
4b). Starting from IC2, we mapped the CCA contour, parameterized
by arc-length, onto a straight line with the vertical coordinate, y,
which was equal to the distance between the bifurcation apex
and the plane containing the contour. We used IC1 as a reference
point and mapped it to x ¼ 0 (see Fig. 4c). This procedure was re-
peated for all CCA mean contours. The distance between the con-
tiguous lines on the 2D flattened map was set to be 1 mm, which
was the same as the distance between the adjacent contours in
the 3D map. However, because the vertical distance is not
preserved in the 2D map, the arc-length preserving map is not
area-preserving. This area distortion will be corrected by the
area-preserving algorithm described in Section 2.3.

2.2.2. Internal and external carotid artery (ICA and ECA)
To facilitate the interpretation of the VWT and VWT-Change

maps, we require that the flattened map be continuous from the
CCA to the ICA and ECA. Thus, in defining the planes cutting the
ICA and ECA, we must define proper correspondence relationships
between the contour of the CCA immediately proximal to the bifur-
cation apex and the contours of the ICA and ECA immediately distal
to the bifurcation. To accomplish this requirement, we defined the
orientation of the plane cutting Vessel 1 (or 2) by (i) CV1 (or CV2),
(ii) the vector pointing from CV1 (or CV2) to IC1, and (iii) the direc-
tional vector of the centreline of Vessel 1 (or 2), which was com-
puted by fitting the centroids of the contiguous 2D contours of
Vessel 1 (or 2) using the orthogonal distance regression method
(van Huffel and Vandewalle, 1991). In this way, we have implied
a correspondence relationship between pV1 and IC1 for Vessel 1
(or pV2 and IC1 for Vessel 2), where pV1 (or pV2) is the intersection
between the cutting plane and the contour of Vessel 1 (or Vessel
2) (see Fig. 4b).
We mapped the contour of Vessel 1 starting from pV1 onto a
straight line in the counter-clockwise direction (viewed in the ori-
entation as shown in Fig. 4b). The starting point pV1 (Fig. 4b) was
mapped to MðpV1Þ (Fig. 4c), which was located slightly to the left
to the origin in order to leave a gap between the ECA and ICA in
the flattened map. The straight lines corresponding to the contours
of Vessel 1 were mapped to the negative-x half of the flattened
map, in order to ensure the continuity of the flattened map from
the CCA to Vessel 1 (Fig. 4c). The mapping was repeated for each
of the mean contours of Vessel 1.

We used a similar method for mapping the contours of Vessel 2.
These contours were mapped in the clockwise direction starting
from pV2 (Fig. 4b). The contours of Vessel 2 were mapped to the po-
sitive-x half of the flattened map (Fig. 4c).

2.3. Area-preserving map

The arc-length preserving map is not only continuous in the
bifurcating region but also easy to interpret (Fig. 5). However, in
order to compute the vessel–wall-plus-plaque volume, we must cor-
rect the area distortion. We applied the method introduced by Zhu
et al. (2005) to deform the arc-length preserving map into an area-
preserving map. The method is briefly reviewed, and its modifica-
tion and application to 3D carotid maps are presented here.

The area-preserving mapping problem was formulated as a
mass transport problem, which is also known as the Monge–Kant-
orovich (MK) problem. The solution of this problem is constrained
by the mass-preserving (MP) condition:
Z

X0

l0ðxÞdx ¼
Z

X1

l1ðxÞdx: ð1Þ

This problem has been solved (Zhu et al., 2005) by finding a MP
mapping u : X0 ! X1 that maps a source density function l0, de-
fined in X0, to a target density function l1, defined in X1, such that
the following equation is satisfied:

l0 ¼ jDujl1 � u; ð2Þ

where jDuj denotes the determinant of the Jacobian Du, and � de-
notes the composition of two functions. Eq. (2) is a stronger con-
straint, since it requires the mass-preserving condition (Eq. (1)) to
be satisfied in any infinitesimal domain.

There exist many MP mappings. The optimal MP map chosen in
the L2 MK problem is the one that minimizes the following cost
function:

dðl0;l1Þ
2 ¼

Z
X0

kuðxÞ � xk2l0ðxÞdx: ð3Þ

Before presenting the method used to compute the area-pre-
serving map, we first discuss in Section 2.3.1 how the density
functions l0 and l1 were chosen. The computation of the area-pre-
serving map involves two major steps: (i) An initial map u0 is found
that satisfies the mass preserving constraint (Eq. (2)). Section 2.3.2
describes how u0 was computed. (ii) The steepest descent method
is used to minimize the cost function in Eq. (3). Section 2.3.3
describes the implementation of this method.

2.3.1. The choice of l0 and l1

In the area-preserving problem, l1 ¼ 1 everywhere in X1. In
this special case, the mass preserving constraint (as stated in Eq.
(2)) requires a mapping u that satisfies l0 ¼ jDuj. If l0 is set to
be the ratio between the area of a triangle in the original 3D surface
to that of its corresponding triangle in the arc-length preserving
map (called area change ratio hereafter), then the mapping u
shrinks/expands the region by a factor of l0, which makes the area
change ratio between the final map and the original 3D surface



Fig. 5. The arc-length preserving map spans the domain V, which is contained by the rectangular domain X0 (which is surrounded by the black frame). l0 is defined to be the
ratio between the area in the original 3D surface to that in the arc-length preserving map inside V.
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equal to 1 (i.e., the area distortion in the arc-length preserving map
is corrected).

For efficient computation, the source domain, X0, and the target
domain, X1, are defined as rectangular domains of equal size. X0

has size large enough to cover the arc-length preserving map,
which spans a domain V as shown in Fig. 5. Since the density func-
tion l0 inside V has been defined as the area change ratio in the
above paragraph, it remains to define l0 in the domain X0 n V .

Zhu et al. (2005) chose l0 to be a constant in X0 n V . They sug-
gested that this constant could be defined as the mean (or several
times the mean) of l0 inside V . However, we found a problem with
this choice. The formulation of the MK problem assumes that the
mass-preserving condition (Eq. (1)) is always satisfied Zhu
(2004), which was not guaranteed if l0 in X0 n V was chosen by
the way described. As a consequence, Zhu et al. (2005) needed to
rescale (or normalize) l0 (by a non-unity scaling factor as implied
in Zhu (2004)) before solving the MK problem. This normalization
operation scaled the values of l0 at all points in X0, including those
inside V . However, the purpose of defining l0 inside V as the area
change ratio is to expand/shrink each triangular element on the
flattening map so that its area is the same as the area on the 3D
surface. If the original area change ratio was multiplied by a non-
unity factor, the flattening map would not be area-preserving. In
fact, the area of each triangular element in the flattened map is dif-
ferent from its area on the 3D surface by the non-unity factor used
for the normalization operation. The algorithm described by Zhu et
al. (2005) was successful because they chose a normalization factor
that was close to unity (which was obtained by varying the con-
stant that defines l0 in X0 n V as different multiples of the mean
of l0 inside V).

In our implementation, we chose l0 in X0 n V in a manner that
satisfies the mass-preserving constraint in Eq. (1). This choice of l0

implies that we did not need a normalization factor to scale l0 be-
fore solving the MK problem. In our application, we found that the
numerical error along the edges of V is large if we set l0 in X0 n V
as a constant satisfying Eq. (1) (see Section 4.2). The numerical er-
ror may be due to the abrupt change of l0 along the boundary of V .
We, therefore, propose the following scheme to define l0 in X0 n V .
In this scheme, l0 decreases exponentially from the boundary of V
to the boundary of X0 (Fig. 6c). In Section 4.2, we will show that
this scheme reduces the numerical error.

We defined two scalar functions at each point in X0 n V: (i) L,
the level of neighbourhood and (ii) R, the value of l0 at the nearest
pixel inside V. For each point pi in X0 n V , we searched for a point, x,
in the same row that is inside V and closest to pi. The value of LðpiÞ
was assigned to be the distance between pi and x; the value of RðpiÞ
was defined as the value of l0 at x. Figs. 6a and b illustrate the val-
ues of the functions L and R determined for the carotid arteries
shown in Fig. 5. As shown in Eq. (4), we modelled l0 as an expo-
nentially decaying function having the relaxation constant s. This
function was chosen, so that l0 changes smoothly from the bound-
ary of V to the boundary of X0:

l0ðpiÞ ¼ RðpiÞ expð�LðpiÞ=sÞ 8pi 2 X0 n V : ð4Þ

The value of s must be determined so that it satisfies Eq. (1).
Numerically, we need to solve the following equation for s:X
pi2X0nV

RðpiÞ expð�LðpiÞ=sÞ ¼
X

pi2X1

l1ðpiÞ �
X
pi2V

l0ðpiÞ: ð5Þ

Eq. (5) can be solved numerically by using the Newton’s method
Press et al. (1992). Fig. 6c shows the value of l0 calculated for the
arc-length preserving map shown in Fig. 5.

2.3.2. Finding an initial map
Zhu et al. (2005) proposed a simple method of finding an initial

mapping in X0 ¼ X1 ¼ ½0;A� � ½0;B�. If u0 ¼ ðaðxÞ; bðx; yÞÞ, then aðxÞ
is obtained by solving the following equation:
Z aðxÞ

0

Z B

0
l1ðg; yÞdydg ¼

Z x

0

Z B

0
l0ðg; yÞdydg: ð6Þ

The value of bðx; yÞ is obtained by solving the following
equation:

a0ðxÞ
Z bðx;yÞ

0
l1ðaðxÞ;qÞdq ¼

Z y

0
l0ðx;qÞdq: ð7Þ

The value of a0ðxÞ in Eq. (7) is determined by solving the follow-
ing equation, which is obtained by differentiating Eq. (6) with re-
spect to x:

a0ðxÞ
Z B

0
l1ðaðxÞ; yÞdy ¼

Z B

0
l0ðx; yÞdy: ð8Þ

Since l0 and l1 are assumed to be positive everywhere, aðxÞ is
well-defined and monotonically increasing, and bðx; yÞ is well-de-
fined and monotonically increasing with respect to y for all
x 2 ½0;A�. This initial map is guaranteed to be bijective.

2.3.3. Steepest descent
Zhu et al. (2005) determined the optimal MP mapping by itera-

tively removing the curl of the initial mapping, u0. They decom-
posed a mapping u into two parts:
u ¼ rwþ v ð9Þ



Fig. 6. Definition of l0 in the rectangular domain X0. l0 in X0 n V (see Fig. 5) is
defined in terms of two scalar functions: (i) L, the level of neighbourhood, and (ii) R,
the area change ratio at the nearest pixel inside V. (a) shows the function L and (b)
shows the function R, computed for the 2D flattened map shown in Fig. 5. (c) plots
l0 computed for X0.
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where rw is a curl-free vector field and v is a divergence-free vec-
tor field. The optimal MP mapping, ~u, which minimizes the cost
functional in Eq. (3), is curl-free and can be expressed as ~u ¼ rw.
Zhu et al. (2005) described an iterative method to eliminate the curl
of the mapping u. The curl removal algorithm is presented for the
2D case as follows. v can be written as r?f in 2D, where
r?f ¼ ð�fy; fxÞ. The function f can be obtained by solving the fol-
lowing Dirichlet boundary problem:

� divðu?Þ ¼ Df
f ¼ 0 on oX0; ð10Þ

where oX0 is the boundary of X0.
The evolution equation for u is given by

ut ¼ �
1
l0

Dur?f : ð11Þ
The algorithm starts with the initial MP mapping, u ¼ u0, and u
is updated iteratively according to Eq. (11).

2.4. Implementation

The arc-length preserving map and the initial mapping proce-
dure of the area-preserving mapping algorithm were implemented
using C++. The steepest descent algorithm described in Section
2.3.3 was implemented in MATLAB so that its partial differential
equation toolbox could be used to solve the Dirichlet problem in
Eq. (10). The computation of the arc-length preserving map takes
approximately 20 s, and it takes less than 1 s to compute the initial
map for the area-preserving algorithm. The computation time re-
quired for the steepest descent procedure depends on the number
of iterations, which, in turn, depends on: (i) the termination condi-
tions and (ii) the time step at which the displacement is evaluated.
In our implementation, we set the time step to be 0.5 unit (i.e.,
each iteration updates u by 0:5ut , where ut was defined in Eq.
(11)), and the algorithm terminates when the average magnitude
of the displacement calculated over all points is smaller than �,
where � is a small constant close to zero and was set to 10�5 mm
in our experiments. The steepest descent algorithm took approxi-
mately 6 min to finish. All experiments were performed using an
AMD Athlon 1.53 GHz CPU with 1.0 GB memory, and Microsoft
Windows XP Professional (Version 2002) installed.
3. Experimental methods

3.1. 3D US image acquisition

Our 3D carotid US system has been described in detail else-
where (Fenster et al., 2001) and is summarized here. The 3D US
images were acquired by translating an ultrasound transducer
(L12-5, 50 mm, Philips, Bothel Washington) along the neck of the
subject for approximately 4.0 cm, which takes approximately 8 s.
The video frames from the US machine (ATL HDI 5000, Philips,
Bothel Washington) were digitized at 30 Hz, saved to a computer
workstation, and reconstructed into a 3D image (Fenster et al.,
2001; Fenster et al., 2004; Landry and Fenster, 2002; Landry et
al., 2005). The acquired 2D images were parallel to each other with
a pixel size of 0.1 mm � 0.1 mm. The mean spatial interval be-
tween adjacent 2D images was 0.15 mm.

3.2. Study subjects

We used the 3D US images acquired for two subjects to verify
the performance of our area-preserving algorithm and to demon-
strate its applications. Images of the carotid arteries for the first
subject were acquired at baseline and 2 weeks after baseline. This
subject was recruited from the Premature Atherosclerosis Clinic,
the Stroke Prevention Clinic at University Hospital (London Health
Sciences Centre, London, Canada), and the Stroke Prevention & Ath-
erosclerosis Research Centre (Robarts Research Institute, London,
Canada) for an inter-scan vessel–wall–volume reproducibility study
(Egger et al., 2007). This subject did not receive treatment during
the interval between the two scanning sessions and no change in
the plaque thickness was expected.

The US images of the carotid arteries for the second subject
were acquired at baseline and 3 months after baseline. According
to carotid Doppler flow velocities, this subject, who participated
in a clinical study focusing on the effect of atorvastatin, was
asymptomatic with carotid stenosis >60% (Ainsworth et al.,
2005). During the interval between the two scanning sessions,
the subject received 80 mg of atorvastatin daily. The statin therapy
was expected to cause regression of the atherosclerotic plaque
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Ainsworth et al., 2005. Before conducting our study, we obtained
consent from each of the subjects regarding the study’s protocol,
which was approved by the University of Western Ontario’s stand-
ing board of human research ethics.

3.3. Effect of segmentation variability on the VWT map

As described in Section 2.1 and in our previous publication Chiu
et al., 2006a, we generated the VWT map by matching points on the
mean arterial wall and lumen surfaces, which were computed from
five manual segmentations. In order to analyze the effect of the
segmentation variability on the VWT map, we generated five differ-
ent 3D VWT maps, each of which was computed by matching
points on the arterial wall and lumen surfaces segmented in a sin-
gle session. These five 3D VWT maps were then flattened using the
proposed algorithm. The resulting five 2D VWT maps were then
compared with the average 2D VWT map in Section 4.4.

4. Results

4.1. Results on the area correction using the area-preserving algorithm

Fig. 3 shows the 3D VWT map for the first subject. Fig. 7a shows
the corresponding arc-length preserving map, colour-coded with
the area change ratio. The arc-length preserving map preserves
the dimension of the horizontal edge of each triangular element
of the map; however, it does not preserve the height of each trian-
gle. Since the heights of all of the triangles are equal to or greater
than 1 mm, and the heights of all triangles in the arc-length pre-
serving map are fixed at 1 mm, it is only possible for the triangular
elements to be shrunken (not enlarged) after the arc-length pre-
serving mapping operation (i.e., l0 is always equal to or greater
than unity). As an example, there is one location where the CCA
surface is significantly slanted at the right side of Fig. 3a (or the left
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Fig. 7. The VWT map for the subject who did not receive any treatment (see Fig. 3). Ratio
ratio) (a) after the arc-length preserving mapping and (b) after the area-preserving mapp
and (d) after the area-preserving mapping of the carotid artery.
side of Fig. 3b), and it results in a large area change ratio ðP 1:4Þ at
the corresponding location on the arc-length preserving map (Fig.
7a). Fig. 7c shows the histogram of the area change ratio associated
with the arc-length preserving map, demonstrating that some tri-
angles have an area change ratio greater than 1.

We deformed the arc-length preserving map using the area-
preserving algorithm described in Section 2.3. Fig. 7b shows the
area change ratio of the resulting map after the deformation. It
can be observed that the area change ratios are close to 1 every-
where in the map. This observation was confirmed by the histo-
gram shown in Fig. 7d. Fig. 7d shows that 96% of triangles have
an area change ratio between 0.975 and 1.025, compared to 73%
as seen in Fig. 7c.

The proposed algorithm was also used to flatten the 3D VWT
map that was produced by analyzing the US image acquired for
the second subject at baseline (Fig. 8). The resulting flattened maps
are shown in Fig. 9a and b. Fig. 9d shows that 92% of triangles have
an area change ratio between 0.975 and 1.025, compared to 59% in
Fig. 9d.

4.2. Choice of l0 outside the flattened map

In Section 2.3.1, we explained that the value of l0 outside the
flattened map (i.e., the domain V) can be chosen as (i) a constant
or (ii) a smooth function that exponentially decreases as the dis-
tance from the flattened map increases (Fig. 6c). We also stated
that the numerical error would be smaller if the latter definition
of l0 was chosen. In theory, the area of each triangular element
in the 2D area-preserving map should be the same as its correspon-
dence in the 3D surface (i.e., the area change ratio = 1 everywhere
in the area-preserving map); however, it is not possible in practical
computations because of numerical errors (Zhu, 2004). Thus, the
percentage of triangular elements with the area change ratio close
to 1 in the area-preserving map can be used as a metric to quantify
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Fig. 8. 3D VWT map of the subject who received atorvastatin treatment, obtained by analyzing the 3D carotid US image at baseline. The VWT map is visualized from (a) the
near side and (b) the far side from the transducer.
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Fig. 9. The VWT maps for the subject who had received atorvastatin treatment (see Fig. 8). Ratio between areas in the original 3D surface and that in the flattened map (area
change ratio) (a) after the arc-length preserving mapping and (b) after the area-preserving mapping. Histogram of the area change ratio (c) after the arc-length preserving
mapping and (d) after the area-preserving mapping of the carotid artery.
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the numerical error (i.e., if more triangular elements in the area-
preserving map have an area change ratio close to 1, the numerical
errors are less significant and vice versa).

We compared the numerical errors produced by the area-
preserving mapping algorithm when the constant-l0 definition
was used and that when the smooth-l0 definition was used. We
computed the 2D area-preserving map for two 3D VWT maps (Figs.
3 and 8). For each 3D VWT map, we computed the area-preserving
map twice, once using the constant-l0 definition and once using the
smooth-l0 definition. For each of the two area-preserving maps, we
plotted a histogram for the area change ratio distribution. We then
subtracted the histogram associated with the map generated using
the smooth-l0 definition by that associated with the map generated
using the constant-l0 definition on a bin-by-bin basis (called as the
distribution of the area change ratio difference hereafter).

Fig. 10a shows the distribution of the area change ratio difference
for the carotid arteries of the first subject. Approximately, 2.5% of
the total number of triangles (ffi 100 triangles) are inside the inter-
val ½0:975;1:025�. Fig. 10b shows the distribution of the area change
ratio difference for the carotid arteries of the second subject.
Approximately, 2% of the total number of triangles (ffi 80 triangles)
are inside the interval [0.975, 1.025]. Both cases show that more
triangles had an area change ratio close to 1 (i.e., inside the interval
[0.975, 1.025]) when the smooth-l0 definition was used.
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Fig. 10. The distribution of the area change ratio difference between the map gene-
rated using the smooth-l0 definition and that generated using the constant-l0 de-
finition for (a) the first and (b) the second subject.
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4.3. Flattened VWT and VWT-Change maps computed for subjects

Figs. 11a and c show the area-preserving VWT map for the first
subject obtained at baseline and 2 weeks after baseline, respec-
tively. Fig. 11e shows the area-preserving map for the VWT-Change
of the first subject. Figs. 11b and d show the area-preserving VWT
map for the second subject obtained at baseline and at 3 months
after baseline, respectively. Fig. 11f shows the area-preserving
map for the VWT-Change of the second subject. Fig. 11e shows that
the VWT-Change for the first subject was minimal, and Fig. 11f
shows that there was a 7.5 mm regression in VWT at the CCA of
the second subject.

4.4. Effect of segmentation variability on the VWT map

Fig. 12 shows 2D VWT maps computed from 3D VWT maps. As
can be observed, the range of VWT values is larger in the maps ob-
tained from the single segmentation (Figs. 12b–f) compared to the
map obtained from the mean of five segmentations (Fig. 12a). This
observation is expected, because the segmentation standard devi-
ation at a point is reduced by a factor of

ffiffiffiffi
N
p

, if the boundary is ob-
tained by averaging N repeated segmentations. In fact, instead of
using five repeated segmentations of the wall and lumen bound-
aries, fewer segmentations could be used in order to reduce the
time required for a clinical study. However, an increase of the min-
imum detectable change of VWT would result. Our previous studies
(Chiu et al., 2006a; Gill et al., 2000) have quantified the segmenta-
tion variability by computing the standard deviation of the re-
peated segmentations on a point-by-point basis. The minimum
detectable change of VWT, d, can be computed using the following
equation:

d ¼ ðza=2 þ zbÞrffiffiffiffi
N
p ; ð12Þ

where N is the number of repeated segmentations, r is the standard
deviation of the segmentations at a single point, and za=2 and zb de-
pend on the significant level and power used, respectively (e.g.,
za=2 ¼ 1:96 and zb ¼ 0:84 correspond to a power of 80% and a signif-
icant level of 5%). According to Eq. (12), using five repeated segmen-
tations, instead of only one, reduces d by a factor of

ffiffiffi
5
p

. d can be
further reduced by lowering r, which can be achieved by using a
semi-automatic instead of a manual segmentation technique (Gill
et al., 2000). r is also related to the sharpness of the arterial bound-
ary in the image. The contrast of the boundary in an US image de-
pends on the orientation of the interface. Sections of boundary
perpendicular to the direction of the pulse transmission produce
higher contrast, resulting in a lower r, while sections of the bound-
ary parallel to the pulse transmission direction give lower contrast,
resulting in a higher r (Rohling et al., 1998). In addition, the resolu-
tion in the US image decreases, and therefore r increases, with the
distance from the transducer beyond the focal zone of the ultra-
sound beam (Zagzebski, 1996), unlike CT or MR imaging.
5. Discussion and conclusion

Interpretation of the VWT and VWT-Change maps (Chiu et al.,
2006a) is difficult and prone to variability because the 3D nature
of these maps requires an observer to study them from different
angles using 3D visualization tools and develop a spatial under-
standing of the plaque burden and its change. In this paper, we
combined two methods in flattening these maps in order to facili-
tate the visualization and interpretation. The arc-length preserving
mapping algorithm sliced the CCA, ICA and ECA of the vessel wall
surfaces longitudinally using three different cutting planes. The
vessel wall was then sliced transversely, and each transverse slice
was flattened in an arc-length preserving manner (Chiu et al.,
2006b). Then, the area-preserving mapping algorithm, which is
based on the optimal mass transport theory, was used to correct
the area distortion in the arc-length preserving map. The applica-
tion of this algorithm on flattening vessels was first proposed by
Zhu et al. (2005), but we made two important modifications that
reduce the numerical error of the algorithm: (i) We defined the
density function l0 outside the flattening map in a way that the
mass-preserving condition (Eq. (1)) is respected and (ii) we pro-
posed to define l0 outside the flattening map as an exponentially
decreasing function from the boundary of the flattening map to
the boundary of the rectangular domain X0. An example demon-
strating the proposed definition of l0 was shown in Fig. 6. In Sec-
tion 4.2, we showed that the computation of the area-preserving
map was less prone to numerical error if this continuous definition
of l0 was used, compared to the definition that set l0 outside the
flattening map to be a constant.

The examples in Fig. 11 demonstrate the value of the 2D area-
preserving maps in assisting the interpretation of the VWT and
VWT-Change maps. While 3D maps provide rich information on
the VWT and VWT-Change distribution, 2D flattened maps provide



Fig. 11. The VWT maps at the first and second scan, and the VWT-Change maps for two subjects. (a) and (c): The VWT map at baseline and 2 weeks after baseline, respectively
and (e): The VWT-Change map for the first subject. (b) and (d): The VWT map at baseline and 3 months after baseline, respectively, and (f) The VWT-Change map for the second
subject.
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an unobstructed view of the 3D maps, and facilitate the identifica-
tion and quantification of a pathological region. The design of the
proposed mapping procedure allows the observations made in 2D
image comparisons to be easily transferred to the original 3D space.

The application of this surface flattening approach is not limited
to providing better visualization and allowing more accurate inter-
pretation of the plaque thickness change. We mentioned earlier
that it could be used to measure vessel–wall-plus-plaque volume
by integrating the VWT values on the diseased region. The flattened
map of the carotid arteries facilitates visualization of the plaque
distribution and allows one to investigate the plaque burden in de-
tail before measuring the vessel–wall-plus-plaque volume in regions
of interest. In addition, this 2D visualization approach may be used
to evaluate the location of plaque progression and regression in
relation to localized disturbances of flow patterns, such as oscilla-
tory shear (Thomas et al., 2003).

Although an arc-length preserving map was created in the first
step of our proposed algorithm, the arc-length preserving property
is lost after the area-correction deformation. However, because
one of the applications of the map is to allow the calculation of the
local vessel–wall-plus-plaque volume change in a diseased region,
the area-preserving property is much more important than the
arc-length preserving property in the final 2D map. In fact, with cor-
rect formulation of the area-correction deformation algorithm, it
could deform other initial mappings, instead of the arc-length pre-
serving map, into an area-preserving map. We chose the arc-length
preserving map as the initial mapping because it closely approxi-
mates the desired area-preserving map (if the carotid arteries were
a regular cylinder, the arc-length preserving map would be area-pre-
serving). With a close approximation as the input, the area correc-
tion operation would converge quickly, saving computational cost.

Although we have verified the area-preserving property and
demonstrated the application of the proposed arterial surface flat-
tening approach using four US images acquired for two subjects,
clinical trials involving large number of subjects are required to
validate the benefits of this flattening approach on clinical utility
of carotid plaque management. Such trials, involving patients with
moderate atherosclerosis, are currently ongoing. The feedback on
this flattened map approach obtained from clinicians can be sum-
marized in two points: (1) the flattened maps demonstrate the
location of plaque progression and regression, which is of interest
in relation to studies of flow disturbances and their effects on ath-
erosclerosis. (2) The flattened maps allow a visual matching of a
diseased region on the baseline and follow-up scans, making it pos-
sible to quantify the plaque change over time more reliably.

Until semi-automated techniques (Mao et al., 2000; Gill et al.,
2000) are extensively validated, manual techniques must still be
used, and, in fact, are being used in our clinical trials (Barnett et



Fig. 12. The 2D VWT maps generated by flattening 3D VWT maps. (a) shows the 2D VWT map produced by flattening the 3D VWT map obtained from the mean of five
segmentations. (b–f) show the 2D VWT maps produced by flattening the 3D VWT maps generated from five different segmentation sessions. (a) shows the same map as Fig.
11, but uses a colour map with wider range to accommodate the larger variation of VWT values shown in b–f.
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al., 1997; Ainsworth et al., 2005). It takes approximately 15 min to
segment the arterial wall and lumen surfaces once for each 3D US
image using the manual segmentation method, which may make a
larger clinical trial laborious and time-consuming. In any case, val-
idation of new segmentation algorithms will require manual seg-
mentation results. However, it should be emphasized that our
proposed flattening technique is equally suitable for any segmen-
tation technique.

We have discussed in Section 4.4 that the contrast of the bound-
ary in an US image depends on the orientation of the interface. Sec-
tions of the boundary parallel to the pulse transmission direction
are not well defined, resulting in increased variability and error
in quantifying vessel wall thickness. Compound US imaging has
been proposed as a potential solution to overcome this problem.
The principle of compound imaging is to acquire multiple 3D
images of the vessel from different directions. These images are
then registered and averaged to produce a compounded image
(Rohling et al., 1998). In this way, sections of boundary that are
indistinct in an US image acquired in one direction would be better
defined in the compounded (average) image. In addition, speckle
noise will also be suppressed by the averaging operation.

While this paper focuses on describing a method used to cut
and unfold a 3D VWT-Change map into a 2D map, it is important
to note that a 2D map is useful only if the 3D VWT-Change map rep-
resents the change of plaque burden accurately. The computation
of an accurate 3D VWT-Change map requires an accurate registra-
tion of the two VWT maps obtained at the two imaging sessions.
As described in Section 2.1, we used a rigid surface registration
algorithm (ICP) to register the two VWT maps. Although the use
of a rigid registration algorithm produced accurate registration re-
sults for older subjects used in the current study, whose carotid
arteries were stiff (van Popele et al., 2001), a non-rigid registration
algorithm (such as that described in Nanayakkara et al., 2006) may
be required in analyzing the arteries of younger subjects that are
more distensible. Further studies are required to quantify the effect
of registration error on the computation of the 3D VWT-Change
map for younger subjects.
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