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ABSTRACT

Quantitative measurements of the progression (or regression) of carotid plaque burden are important in monitor-
ing patients and evaluating new treatment options. 3D ultrasound (US) has been used to monitor the progression
of carotid artery plaques in symptomatic and asymptomatic patients. Different methods of measuring various
ultrasound phenotypes of atherosclerosis have been developed. In this work, we extended concepts used in
intima-media thickness (IMT) measurements based on 2D images and introduced a metric called 3D vessel-wall-
plus-plaque thickness (3D VWT ), which was obtained by computing the distance between the carotid wall and
lumen surfaces on a point-by-point basis in a 3D image of the carotid arteries. The VWT measurements were
then superimposed on the arterial wall to produce the VWT map. Since the progression of plaque thickness is
important in monitoring patients who are at risk for stroke, we also computed the change of VWT by comparing
the VWT maps obtained for a patient at two different time points. In order to facilitate the visualization and
interpretation of the 3D VWT and VWT-Change maps, we proposed a technique to flatten these maps in an
area-preserving manner.

Keywords: Carotid atherosclerosis, carotid plaque, vessel-wall-plus-plaque thickness (VWT ) map, area-preserving
map, 3D ultrasound (US)

1. INTRODUCTION

Recent advances in three-dimensional (3D) ultrasound (US) and magnetic resonance (MR) imaging have allowed
researchers to examine the 3D anatomical structure of the carotid arteries and to acquire accurate measurements
of carotid plaque burden.1, 2 These measurements can aid in managing and monitoring of the patients,3 as well
as in evaluating the effect of new treatment options for patients afflicted with carotid atherosclerosis.4

We have previously described our development and application of a localized metric to quantify, on a point-by-
point basis, the vessel-wall-plus-plaque thickness (VWT ).5 We matched each point on the boundary of the vessel
wall with a corresponding point on the boundary of the lumen. The distance between each pair of corresponding
points gives a local estimate of the VWT, defined as the combined thickness of the plaque, intima and media.
In addition to the plaque burden itself, the change of plaque burden is important in monitoring patients and
in developing treatment strategies. Thus, we also computed the VWT-Change, which was obtained from the
analysis of the 3D US images acquired at two different time points of the patient’s carotid arteries.

The overlay of the VWT measurements and the VWT-Change on the 3D carotid vessel wall provides rich
information on the spatial distribution of plaque burden; however, a flattened representation of the 3D VWT and
the VWT-Change maps is preferable, because a flattened map provides an unobstructed view of the 3D map,
which is especially important for a branched surface such as the carotid artery wall.

Surface flattening has been used to assist researchers in the interpretation of tubular surfaces, such as the
colon and the carotid artery surfaces.6–8 Haker et al.6 flattened the colon surface segmented from a CT image,
which is a tubular surface without bifurcation. They proposed a conformal (angle-preserving) mapping technique,
which defined the longitudinal and circumferential mapping by minimizing two Dirichlet functionals. Antiga et
al.7 used a set of differential geometry criteria to decompose the carotid vessel into the common, internal, and
external carotid arteries (CCA, ICA, and ECA respectively). They used the method proposed by Haker et al.6
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to establish the longitudinal mapping by solving a Dirichlet problem for each branch. Then, they stretched the
resulting map according to the length of the vessel. The circumferential mapping was defined as the angle of
a surface point with respect to the centreline. However, because of the stretching and the use of the angular
circumferential mapping, the results of the mapping are not strictly conformal. Zhu et al.8 proposed a mapping
technique that involved two major components: (i) A conformal mapping followed by (ii) an area-preserving
mapping. A conformal mapping was first computed by minimizing two Dirichlet functionals, which is similar to
that proposed by Haker et al.,6 but the technique was modified to construct the maps for bifurcating vessels. The
resulting conformal map exhibited significant distortions in area if the vessel bifurcates into multiple branches:
the vessel narrows by a factor of two each time it passes through a bifurcation point. To correct this area
distortion, the authors applied the theory of the optimal mass transport in order to deform the conformal map
into an area-preserving map.

In this work, we developed a technique to flatten the 3D VWT and VWT-Change maps into 2D maps,
in order to facilitate the interpretation and comparisons of VWT maps obtained at two different time points.
We combined our previous work9 on arc-length preserving map, which suffers from area distortion, with the
optimal mass transport algorithm by Zhu et al.,8 which corrects the area distortion introduced by the arc-
length preserving algorithm. In addition, we also introduce some modifications to improve the accuracy of Zhu’s
algorithm.8

2. METHODS

2.1 3D US Image Acquisition

Our 3D carotid US system has been described in detail elsewhere1 and is summarized here. The 3D US images
were acquired by translating an ultrasound transducer (L12-5, 50mm, Philips, Bothel Washington) along the
neck of the subject for approximately 4.0cm, which takes approximately 8 seconds. The video frames from the US
machine (ATL HDI 5000, Philips, Bothel Washington) were digitized at 30Hz, saved to a computer workstation,
and reconstructed into a 3D image.1, 10–12 The acquired 2D images were parallel to each other with a pixel size
of 0.1mm × 0.1mm. The spatial interval between adjacent 2D images was 0.15mm.

2.2 3D Vessel-Wall-Plus-Plaque Thickness (VWT) Map

Since manual segmentation is prone to variability due to speckle, shadowing and noise in US images,13 the
trained observer segmented the carotid vessel wall and the lumen in each 3D US image five times to allow the
quantification of the intra-observer variability of the segmentation results. We computed the mean boundary
from these segmentations, before using the mean wall and luminal surfaces for the calculation of the VWT. The
symmetric correspondence algorithm5, 14 was used to match the mean wall and lumen surfaces on a slice-by-
slice basis. The VWT at a point on the arterial wall was calculated as the distance between this point to its
corresponding point on the arterial lumen (Figs. 1(a) and 1(c)).

Since the progression of plaque thickness is important in monitoring patients who are at risk for stroke, we
also computed the change of VWT by comparing the VWT maps obtained for a patient at two different time
points. To obtain the VWT-Change map, two 3D VWT maps must first be registered. The iterative closest
point (ICP) algorithm was used for this purpose.15 We aligned the bifurcation apex of the two VWT maps,
and applied the ICP algorithm to find the optimal rotation by iteratively matching points on the two surfaces
to be registered and minimizing the root mean square (RMS) difference.5 After registration, we matched points
on two surfaces with the same angular position, θ, with respect to the centroids of the 2D contours re-sliced
using the same transverse plane. For each pair of corresponding points, the VWT-Change value was computed
by finding the difference between the VWT values of the pair. The VWT-Change value computed for each pair
was then colour-coded and superimposed onto the arterial wall (Fig. 1(e)).

2.3 2D Area-Preserving Map

The 2D area-preserving VWT map was generated in two steps: (1) The carotid vessel wall was flattened so that
it preserves the arc-length of each transverse slice of the 3D maps.9 (2) The theory of optimal mass transport8

was then applied in order to generate an area-preserving map from the arc-length preserving map.

Proc. of SPIE Vol. 6916  691603-2



VWT(mm)

•140
1.05

0.700

0.350

10.000 I

VWT(mm)

.1.40

1.05

0.702

0.35 1

10.000

VWT(mm) I

0.700 (

I'° I

(/1

0.000

-0.700 )
•40

(a) (b)

(c) (d)

(e) (f)

Figure 1. 2D and 3D VWT and VWT-Change maps of a carotid artery. (a) The 3D VWT map at baseline. (b) The
2D area-preserving VWT map produced by flattening the map shown in (a). (c) The 3D VWT map at two weeks after
baseline. (d) The 2D area-preserving VWT map produced by flattening the map shown in (c). (e) The VWT-Change map.
(f) The 2D area-preserving VWT-Change map.

The ICA, ECA and CCA were cut longitudinally by three different planes shown in Fig. 2(a). Each transverse
slice was mapped onto a line according to the arc-length as shown in Fig. 2(b).9

The arc-length preserving map is not area-preserving since the vertical distance between contiguous slices
is not preserved. This area distortion was corrected by a deformation algorithm proposed by Zhu et al.8 Here
we briefly summarize how the source density µ0 and the target density µ1 were chosen by Zhu et al.8 in the
formulation of the area-preserving problem, and our modifications of their method in determining µ0, which has
reduced the numerical error produced in Zhu et al.8

The area-preserving mapping problem was formulated as a mass transport problem, which is also known as
the Monge-Kantorovich (MK) problem. The solution of this problem is constrained by the mass-preserving (MP)
condition: ∫

Ω0

µ0(x) dx =
∫

Ω1

µ1(x) dx . (1)

This problem has been solved8 by finding a MP mapping u : Ω0 → Ω1 that maps a source density function
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Figure 2. Schematic diagrams demonstrating the 2D area-preserving mapping algorithm. (a) The carotid vessel with the
three planes cutting the internal, external and common carotid arteries (ICA, ECA and CCA). (b) The flattened map
produced by the arc-length preserving mapping algorithm.

Figure 3. Definition of µ0 in the rectangular domain Ω0. The arc-length preserving map spans the domain V , which is
bordered by the black outline.

µ0, defined in Ω0, to a target density function µ1, defined in Ω1, such that the following equation is satisfied:

µ0 = |Du|µ1 ◦ u , (2)

where |Du| denotes the determinant of the Jacobian |Du|, and ◦ denotes the composition of two functions. Eq. 2
is a stronger constraint, since it requires the mass-preserving condition (Eq. 1) to be satisfied in any infinitesimal
domain.

The area distortion produced by the arc-length preserving map was corrected by setting µ1 = 1 everywhere
in Ω1, and µ0 as the ratio between the area of a triangle in the original 3D surface to that of its corresponding
triangle in the arc-length preserving map (called area change ratio hereafter). For efficient computation, the
source domain, Ω0, and the target domain, Ω1, were defined as rectangular domains of equal size. Ω0 has
size large enough to cover the arc-length preserving map, as shown in Fig. 3, where we denote the arc-length
preserving map by V ⊂ Ω0.

Zhu et al.8 chose µ0 to be a constant in Ω0\V . They suggested that this constant could be defined as the
mean (or several times the mean) of µ0 inside V . However, the formulation of the mass transport problem
assumes that the mass-preserving condition (Eq. 1) is always satisfied,16 which was not guaranteed if µ0 in Ω0\V
was chosen by the way described. Consequently, Zhu et al.8 needed to normalize µ0 (by a non-unity scaling
factor) before solving the mass transport problem.16 This normalization operation scaled the values of µ0 at all
points in Ω0, including those inside V . Incorrect area correction would result if µ0 inside V (i.e., area change
ratio) were changed by the required scaling. In our implementation, we corrected this problem by determining
µ0 in Ω0\V in a manner that satisfies Eq. 1 so that no normalization is required.
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Secondly, we found that the numerical error along the edges of V was large if we set µ0 in Ω0\V as a constant
as suggested by Zhu et al.8 (referred to as the constant-µ0 definition hereafter). The numerical error may be
due to the abrupt change of µ0 along the boundary of V . As a further improvement of the algorithm proposed
in Zhu et al.,8 we designed the following scheme to determine µ0, in which µ0 decreases exponentially from the
boundary of V to the boundary of Ω0 as shown in Fig. 3 (referred to as the smooth-µ0 definition hereafter). In
Section 3.3, we will show that this scheme reduces the numerical error.

We defined two scalar functions at each point in Ω0\V : (i) L, the level of neighbourhood, and (ii) R, the
value of µ0 at the nearest pixel inside V . For each point pi in Ω0\V , we searched for a point, x, in the same
row that is inside V and closest to pi. The value of L(pi) was assigned to be the distance between pi and x; the
value of R(pi) was defined as the value of µ0 at x. We modeled µ0 as an exponentially decaying function having
the relaxation constant τ . This function was chosen, so that µ0 changes smoothly from the boundary of V to
the boundary of Ω0:

µ0(pi) = R(pi) exp(−L(pi)/ τ) ∀pi ∈ Ω0\V . (3)

The value of τ must be determined so that it satisfies Eq. 1. Numerically, we need to solve the following equation
for τ : ∑

pi∈Ω0\V

R(pi) exp(−L(pi)/ τ) =
∑

pi∈Ω1

µ1(pi) −
∑
pi∈V

µ0(pi) . (4)

Eq. 4 can be solved using numerical methods, such as the Newton’s method.17 Fig. 3 shows the value of µ0

calculated for the arc-length preserving map computed for the 3D VWT map shown in Fig. 1(a).

3. RESULTS

We used 3D carotid US images acquired for a single subject at two scanning sessions that were two weeks apart
to verify the performance of our area-preserving algorithm and to demonstrate its applications. This subject
did not receive treatment during the interval between the two scanning sessions and no change in the plaque
thickness was expected.

3.1 VWT and VWT-Change maps
Figs. 1(a) and 1(c) show the 3D VWT maps generated for the 3D US images acquired at time point 1 and 2
respectively, and their corresponding 2D area-preserving maps are shown in Figs. 1(b) and 1(d) respectively.
Fig. 1(e) shows the VWT-Change map of the subject, with its corresponding 2D area-preserving map shown in
Fig. 1(f). The 2D VWT-Change map (Fig. 1(f)) gave us a better view of the local change in VWT values, and
allowed us to conclude that the change of VWT between the two scanning sessions was minimal.

3.2 Results on the area correction using the area-preserving algorithm
Fig. 4(a) shows the arc-length preserving map produced by flattening the 3D VWT map shown in Fig. 1(a), with
the area change ratio colour-coded and mapped onto it. The arc-length preserving map preserves the dimension
of the horizontal edge of each triangular element. However, it does not preserve the height of the triangles.
The height of all triangles in the arc-length preserving map is fixed at 1mm,9 whereas the height of a triangular
element in the 3D mesh is greater than 1mm if the orientation of the triangle is not vertical. As an example, there
is one region on the right side of the CCA in Fig. 1(a) where the surface deviates significantly from the vertical
orientation, and it results in the shrinkage of the corresponding triangular elements in the arc-length preserving
map, as shown in the red region on the CCA in Fig. 4(a) (i.e., area change ratio ≥ 1.4). The histogram showing
the distribution of the area change ratio is plotted in Fig. 4(c). By comparing Fig. 4(c) with Fig. 4(d), which
is the area change ratio distribution plotted for the area-preserving map shown in Fig. 4(b), we conclude that
the optimal mass transport algorithm has appropriately corrected the area distortion produced by the arc-length
preserving algorithm, as we observe that ∼95% of triangles in the area-preserving map have an area change ratio
between 0.975 and 1.025 in Fig. 4(d), compared to ∼75% in Fig. 4(c).

Figs. 4(e) and 4(f) show the arc-length preserving map and the area-preserving map generated for the
3D VWT map shown in Fig. 1(c). Figs. 4(g) and 4(h) show the area change ratio distributions of Figs. 4(e) and
4(f), respectively, which also demonstrate that the optimal mass transport algorithm has succeeded in correcting
the area distortion described above.
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Figure 4. The area change ratio maps and histograms. (a) shows the arc-length preserving map, produced by flattening
the 3D VWT map generated for the subject at time point 1 (i.e., Fig. 1(a)), with area change ratio mapped onto it. (b)
shows the corresponding area-preserving map. (c) and (d) are histograms plotting the area change ratio distributions of
(a) and (b), respectively. (e) and (f) show the arc-length preserving map and the area-preserving map generated for the
subject at time point 2 (by flattening the 3D VWT map shown in Fig. 1(c)). (g) and (h) are histograms plotting the area
change ratio distributions of (e) and (f), respectively.

3.3 Effect of different choices of µ0

After the area correction operation, the area change ratio should be equal to 1 everywhere in the 2D flattened
map (i.e., the area of each triangular element in the 2D area-preserving map is the same as its correspondence in
the 3D surface). However, numerical errors exist in practical computation, because of the discrete representation
of the geometry and the need of interpolation when computing the displacements at vertices of the triangular
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Figure 5. The distribution of the area change ratio difference between the map generated using the smooth-µ0 definition
and that generated using the constant-µ0 definition for the subject at (a) time point 1, and (b) time point 2.

elements.16 Thus, the percentage of triangular elements with the area change ratio close to 1 in the area-
preserving map can be used as a metric to quantify the numerical error.

We compared the result produced by the area-preserving mapping algorithm when the constant-µ0 definition
was used to that when the smooth-µ0 definition was used. For each 3D VWT map, we computed the area-
preserving map twice, once using the constant-µ0 definition and once using the smooth-µ0 definition. For each
of the two area-preserving maps, we generated a histogram for the area change ratio distribution. We then
subtracted the histogram associated with the map generated using the smooth-µ0 definition by that associated
with the map generated using the constant-µ0 definition on a bin-by-bin basis (called as the distribution of the
area change ratio difference hereafter).

Figs. 5(a) and 5(b) show the distribution of the area change ratio difference for the carotid arteries of the
subject at time point 1 and 2, respectively. Both cases show that approximately +2.5% of the total number of
triangles (∼ 100 triangles) are inside the interval [0.975, 1.025], while negative percentages show up in other bins.
The results indicate that for a portion of triangles (∼ 2.5%), the area correction was not accurate enough when
the constant-µ0 definition was used (i.e., the area change ratio was outside the interval [0.975, 1.025]), whereas
when using the smooth-µ0 definition, the area change ratio was inside the interval [0.975, 1.025] (i.e., closer to
unity, the theoretical value).

4. DISCUSSIONS

We proposed a surface flattening algorithm to produce a 2D area-preserving map from a 3D VWT map. We
used the optimal mass transport algorithm to correct the area distortion introduced by the arc-length preserving
algorithm described in our previous work.9 The application of the optimal mass transport theory on flattening
vessels was first proposed by Zhu et al.,8 but we made two important modifications that reduce the numerical
error of Zhu’s algorithm:8 (i) We defined the density function µ0 outside the flattening map in a way that the
mass-preserving condition (Eq. 1) was respected, and (ii) we proposed to define µ0 outside the flattening map
as an exponentially decreasing (i.e., smooth) function from the boundary of the flattening map to the boundary
of the rectangular domain Ω0. An example demonstrating the proposed definition of µ0 was shown in Fig. 3.
In Section 3.3, we showed that the computation of the area-preserving map was more accurate if the smooth-µ0

function was used, comparing to the constant-µ0 definition used by Zhu et al.,8 which is associated with an
abrupt change of µ0 at the boundary of the flattening map.

5. CONCLUSIONS

Interpretation and comparison of the VWT maps5 are difficult and prone to variability because the 3D nature
of these maps requires an observer to study them from different angles using 3D visualization tools and develop
a spatial understanding of the plaque burden and its change. We implemented a surface flattening algorithm in
order to allow better interpretation of a 3D VWT map by providing an unobstructed view of the vessel wall and
plaque. We performed experiments on flattening the 3D VWT maps generated at two time points for a single
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subject and verified that our modifications have made significant improvements to the performance of Zhu’s
algorithm.8
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