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Abstract

In this paper, a new topological approach for studying a sufficiently long random number sequence is proposed. By segmenting

the sequence into groups of digits which represent the node identities while the undirected edges symbolize the adjacency between

them, a network is constructed for analysis. In particular,the network constructed from aπ sequence is examined in detail and

its properties are contrasted with the Erdos-Renyi (ER) random graph model. Based on the observation that there are morenodes

with even degrees than the adjacent odd counterparts in the constructed network, a new random graph model named random

Eulerian (RE) model and its extension are finally proposed and analyzed.
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I. I NTRODUCTION

Graph representation has been applied in many fields of scientific studies, such as social, biological and communication

systems. By representing individuals or organizations as nodes and interaction or relation between them with edges, complex

networks can be constructed and analyzed [1]–[3]. Examplesincludes the Internet, World Wide Web, social networks of

acquaintance between individuals, metabolic networks, food webs, etc. [4]–[8].

Recently, the general theory of complex dynamical networks, which is an extension to the classical graph theory, has been

reconsidered for a better understanding of the intrinsic relations, common properties and shared features of possiblyall kinds

of networks in the real world. Empirical results show that some common characteristics are generally quite different from

random networks and regular networks in our real world networks, but they usually have some special properties in common.

In this paper, a new topological approach is introduced to analyze a random number sequence with sufficiently long length.

The number sequence is used to construct a network from whichits properties are studied under the general complex network

framework.

The rest of the paper is organized as follows. Section II describes the network construction from a number sequence and

π is used as an example for the study, where a comparison with the Erdos-Renyi (ER) model is also made. Based on the

observation that there are more nodes with even degrees thanthe adjacent odd counterparts in theπ network, a new random

graph model is then proposed to characterize this feature inSection III. Section IV contains some analytical comparisons

between the ER model and the proposed model. The new random graph model is further modified in Section V to characterize

the π network in a better sense. Finally, conclusions are drawn inSection VI.

II. N ETWORK CONSTRUCTION FROMπ SEQUENCE

In this section, the proposed network construction from a number sequence is illustrated and particularly theπ sequence is

examined in detail.
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Given a sequence of number with lengthD, we segment it intoN non-overlapping groups where each group consists

of d = D/N digits. Each number group represents a unique node identityin the network to be built, which thus contains

N = 10d nodes. The edges are determined by the adjacency of nodes. For identical groups, we treat them as the same node

in the network. For example, the sequence314159111314 with D = 12 andd = 3 has node identities314, 159 and111, and

they form a loop.

Prior to studying the topological properties of theπ network, we briefly define the following feature parameters:

• Average node degree, denoted by〈k〉, is the average degree of all nodes in the network; here and below, 〈〉 represents

the average operator.

• Average clustering factor, denoted by〈C〉, is the average percentage of adjacently connected nodes.

• Average path length, denoted by〈L〉, is the average number of steps along the shortest paths for all possible pairs of

directly or indirectly connected network nodes.

• Diameter, denoted byD, is the maximum length of a path connecting two nodes within the network.

As we can see, there are two parametersD andd in the network construction. Computer simulation has been performed to

investigate the network properties of a truncatedπ sequence and the results are shown in Table 1 and Figure 1. Thereason

of choosingπ is because the corresponding number sequence is roughly random, and it can be easily generated and repeated

for verification. In our study, the value ofπ is generated by Super Pi Mod [9]. As it is of infinite length, wetruncate it with

a sufficiently large value ofD = 61203 while a relatively small value ofd = 3 is used to reduce the dimensionN = 10d.

From Table 1, it is observed that theπ network shares some common features with the ER random graphmodel [10],

namely, short average path length and relatively small average clustering coefficient, withM = N(N − 1)/2 = 499500 ways

of connecting the nodes andD/d−1 = 20400 connections. There are19980 edges in the network, which imply20400−19980 =

420 repeated edges. Therefore, the probability of connection,denoted byp, is given byp = 19980/499500 = 0.04. With the

average node degree〈k〉 = 39.96 ≈ pN = 40, the average cluster coefficient〈C〉 = 0.0422 ≈ p = 0.04 and the average path

length 〈L〉 = 2.1519 ≈ N/ln〈k〉 = 1.8726, it is convinced that the network by nature is a random graph.

π Network

Average Node Degree,〈k〉 39.96

Average Clustering Factor,〈C〉 0.0422

Average Path Length,〈L〉 2.1519

Link Added (including repeated edges) 20400

Total Number of Edges 19980

Diameter 3

TABLE I

FEATURE PARAMETERS OFπ NETWORK

Figure 1 shows the degree distribution of theπ network. Although its shape is quite irregular, it roughly corresponds to a

Poisson distribution. However, there are more nodes with even degrees than the adjacent odd counterparts, and this disagrees

with a true Poisson distribution. Because of this contradicting feature, traditional random graph models [10], including the ER

random graph model, are not suitable to represent theπ network.

III. R ANDOM EULERIAN GRAPH MODEL

In this section, we propose a new form of random graph, which constructs a network in a random manner with the basic

characteristics of Eulerian graphs, to represent theπ network in a better way, which will be referred to as a random Eulerian

(RE) graph model.
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π Network

Fig. 1. Probability versus node degree forπ network withD = 61203 andd = 3

Unlike the ER model which connects two randomly chosen nodesat a time in network construction, the RE model modifies

it by randomly picking one node, denotednodei+1 with i indexing the time of the choosing process, and connecting itto the

previously chosen one,nodei. This means that the process explores all the nodes one by one, and there is at most one edge

between two arbitrary nodes withnodei+1 6= nodei−1. As a result, the network will only consist of loops and chains. Except

for the starting and ending nodes, all nodes have even degrees. Following this construction procedure, the network is simply

a large-scale semi-Eulerian graph, which can visit all edges once if we start at an arbitrary odd-degree node to walk through

the network. A simple example is illustrated in Figure 2.

•1 •2 •3

•4

•5

•6 •7 •8

Fig. 2. Illustration of RE graph generation with sequence:1, 2, 3, 4, 2, 5, 6, 7, 4, 8

Furthermore, by connecting the starting and ending nodes, unless they are already connected, an Eulerian graph can be

obtained, which implies that all nodes have even degrees.

Although the RE model provides an extremity in the ratio between the numbers of odd- and even-degree nodes, this in fact
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agrees with the distribution ofπ network shown in Figure 1. In Section V, the RE model will be further modified to increase

the chance of having odd-degree nodes, which can simulate networks with essential features comparable to theπ network.

IV. COMPARISON BETWEENER AND RE GRAPHS

In this section, comparison is made between the traditionalER and the proposed RE models. Basic network features, namely,

degree distribution, average node degree, average clustering factor and average shortest path, are examined, respectively.

A. Degree Distribution

For the ER model [10], it is well known that its degree distribution, denoted byPER(k), is Poisson:

PER(k) =
µk

k!
e−µ (1)

whereµ = pℵ is the expected number of edges to be added, with probabilityp to connect two randomly picked nodes and

the process continues forℵ times. By specifyingℵ = M , the connected network will roughly containµ = pM edges.

The degree distribution of the RE is similar, with some changes on the parameters. Let us carefully study its parameterp

which corresponds to connecting two picked nodes. For an arbitrary nodei, it has a probability of1
N

+ 1
N−1 ≈ 2

N
to be picked

up in the ER model, because two nodes will be selected in each process and a degree increment is then obtained. However,

in the RE model, the chance ofnodei selected is 1
N−2 ≈ 1

N
, because only one node will be involved in each process, and

the correspondingp will be reduced by half. Implicitly, there are two degree increments becausenodei will connect to both

the previous and the next nodes. Therefore, the corresponding probability in the RE model is0.5p, which is a half of the

probability in the ER model. Furthermore, when a node gains degree withk, the other connected nodes should be drawn with
k
2 times. Therefore, similar to the ER model, the probability of obtaining exactlyk edges, afterM times steps in the process

for the RE model, is given by the binomial distribution

PRE(k|ℵ) =



















ℵ

0.5k



 0.5p0.5k(1 − 0.5p)ℵ−0.5k , k is even

0 , k is odd

(2)

Taking the limit ofN → ∞, we obtain the degree distribution for the RE model:

PRE(k) =







(0.5µ)0.5k

(0.5k)! e−0.5µ =
√

0.5kk!
(0.5k)! ×

√

PER(k) , k is even

0 , k is odd
(3)

B. Average Node Degree

For an arbitrary node in the ER model, there areN −1 neighboring nodes. This arbitrary node will connect to another node

with probabilityp. Hence, there are roughlyp(N − 1) ≈ pN edges, and it gives exactly the average node degree〈k〉.

In the RE model, the situation is more or less the same. For each connection, the probability of establishing the connection

is p with N − 2 neighbors to which it can be legally connected. WhenN is considerably large, the two models will give an

equal average node degree.

C. Average Clustering Coefficient

Clustering coefficient is defined as the number of arbitrary pairs of nodes having common neighbors over the number of

possible ways to connect them. In both the ER and RE models, any pair of nodes has probabilityp being connected, so their

average clustering coefficients are equal:〈C〉 = p ≈ 〈k〉
N

.
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D. Average Shortest Path-Length

For an arbitrary nodei, there are approximately〈k〉〈L〉 nodes in the network which have a distance toi roughly equal to

〈L〉. Therefore, with the assumption that the network is connected, N ≈ 〈k〉〈L〉, hence〈L〉 ≈ N
ln〈k〉 . In addition, following

[11], adjustment is made to obtain a better analytical prediction, which is:

〈L〉 =
lnN − γ

ln 〈k〉
+

1

2
(4)

whereγ is the Euler constant. As the average node degree〈k〉 and the numbers of nodesN of the two models are the same,

so their expected average path lengths〈L〉 are approximately the same.

E. Total Number of Edges and Diameter

As the process of the edge establishment repeatsM times,pM edges will be added. However, for the RE model, it is not

possible for the network to have odd-degree nodes, the number of possible ways to connect them becomesN(N−2)
2 , considering

it as ”fully connected”. Note that for largeN , its effect is ignorable. On the other hand, both models haveroughly the same

average shortest path length〈L〉, so their diameters will be approximately equal to⌈〈L〉⌉ ∈ Z.

F. ER versus RE Models in Simulation

Computer simulation has been performed to verify the above theoretical analysis, where all results are obtained by averaging

500 independent runs. The network containsN = Dd = 1000 unconnected nodes at the initial stage. There are approximately

M = 499500 ways to connect them. With probabilityp = 0.04, the node-edge adding process is repeated byM times.

Figure 3 shows the degree distribution of the two models as well as their theoretical degree distributions computed from(1)

and (3), respectively. With a sufficiently large value ofN = 1000, the theoretical degree distributions, which assumeN → ∞,

agree with the experimental results. In addition, the number of odd-degree nodes is exactly zero, which provides an evidence

that it is a large-scale Eulerian graph.

Table II shows the feature parameters of the two models as well as their theoretical values. One can see that the simulation

results conform to our analysis. In addition, two models show similarity. It is thus concluded that they all belong to theclass

of random graphs.

ER model RE model Theory

Average Node Degree,〈k〉 39.9546 39.822 ≈ pN = 40

Average Clustering Factor,〈C〉 0.04 0.0418 ≈ p = 0.04

Average Path Length,〈L〉 2.1543 2.1618 ≈ 2.2162 from (4)

Total Number of Edges 19977.286 19911.022 ≈ pM = 19, 980

Diameter 3 3.006 ≈ ⌈〈L〉⌉ = 3

TABLE II

FEATURE PARAMETERS OFER AND RE MODELS

V. EXTENSION OFRE MODEL

In the RE model, the number of even-degree nodes is much more than that of odd-degree nodes. In this section, we extend

the RE model by introducing a new threshold parameter,β, to increase the chance of producing odd-degree nodes. The basic

difference between the RE model and its extended random Eulerian (ERE) model is that the latter allows more than one edge

between two arbitrary nodes andβ is the probability of repeating an existing edge. In other words, thenodei−1 could equal

nodei+1 with probability β. The modification is simply motivated by a basic characteristic of the RE model, namely, having
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ER Model (Simulation)
RE Model (Simulation)
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Fig. 3. Probability versus degree (p = 0.04 andN = 1000)

at most one edge between two arbitrary nodes results in solely a double degree increment and there will be no odd-degree

nodes. Based on Table I, we chooseβ = 20401−19980
20401 ≈ 0.0206. Computer simulation has been carried out withβ = 0.0206,

p = 0.04 andN = 1000, based on500 independent runs, and the results are provided in Table III and Figure 4.

Table III shows the feature parameters of the ERE model and weobserve that they agree very well with those of theπ

network given in Table I. Figure 4 plots the degree distribution, which is similar to the Poisson distribution except that there

are more nodes with even degrees than the adjacent odd counterparts, just as in Figure 1. Figure 5 shows the mean-square

errors in using the ER and ERE models to model theπ network. It is observed that the ERE model has smaller modeling

error than that of the ER model. In summary, the ERE model can more accurately characterize theπ network.

ERE model

Average Node Degree 38.9605

Average Clustering Factor 0.0409

Average Path Length 2.1762

Total Number of Edges 19900.188

Diameter 3.006

TABLE III

FEATURE PARAMETERS OFERE MODEL

VI. CONCLUSION

In this paper, we have studied some basic properties of a network which is constructed by a random-likeπ sequence.

It is found that theπ network shares some common properties with the Erdos-Renyirandom graph, except for the degree



7

0 10 20 30 40 50 60 70 80 90
0

0.01

0.02

0.03

0.04

0.05

0.06

Degree k

P
ro

ba
bi

lit
y 

P
(k

)

 

 
ERE Model 

Fig. 4. Probability versus degree (β = 0.0206, p = 0.04 andN = 1000)

distribution. Based on the observation that there are more nodes with even degrees than the adjacent odd counterparts inthe

π network, a new random graph mode, random Eulerian (RE) modeland its extension, have been proposed to characterize

this feature, which is expected to appear in other random number sequences as well. Some fundamental properties of the new

RE model have been analyzed and confirmed by computer simulations. Furthermore, it has been shown that the extended RE

model can more accurately characterize theπ network. The research results reported here not only provide a new dimension to

analyzing random number sequences, but also give good insights to their modeling. In the future, other important random-like

number sequences, such ase = 2.718281828...... will be studied, hoping that a unified theory of this kind can be developed.
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Fig. 5. Mean Square Error versus degree (β = 0.0206, p = 0.04 andN = 1000)
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