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In this paper, we present an online approach for frequency
tracking of a noisy sinusoid using sequential Monte Carlo (SMC)
methods, also known as particle filters (PFs). In addition, apart
from employing the classical Cartesian formulation model, we
also develop two alternative dynamical models, namely, nearly
constant frequency (NCF) and Singer, which are adapted from
the maneuvering target tracking discipline, to describe the
evolution of time-varying frequencies, and investigate their
fitness to the frequency tracking application. When compared
with conventional techniques whose performance is restricted
to linear Gaussian models and/or to slowly varying frequencies,
PFs are more flexible to handle situations where these conditions
are violated. Extensive evaluations on the proposed new models
and PF tracking algorithms are conducted with different sets
of frequency inputs and levels of signal-to-noise ratio (SNR).
According to the computer simulation results, it is found that PFs
under all investigated models consistently outperform and are less
sensitive to SNR levels than the extended Kalman filter (EKF).
Furthermore, the results suggest that while none of the models
perfectly fits all types of frequency inputs, NCF model is more
suitable for moderately varying frequencies, whereas the Singer is
more suitable for rapidly changing frequencies.
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I. INTRODUCTION

The problems of frequency estimation and
tracking have received considerable attention [1—4]
because of their numerous applications in science
and engineering. In this paper, we consider the
fundamental frequency tracking problem, namely,
finding the time-varying frequency of a real sinusoid
in additive zero-mean noise. The discrete-time signal
model is

yt = st+ut, t= 1,2, : : : , (1)

where st is the waveform, defined as

st = ®t cos(!tt+Át) (2)

with ®t > 0, !t 2 (0,¼) and Át 2 [0,2¼) being
the sinusoidal amplitude, frequency, and phase,
respectively. The quantity ut 2 R1 is a zero-mean white
Gaussian random variable with constant variance ¾2u .
When the sinusoidal parameters are deterministic

constants, numerous frequency estimation methods
[1—4] which include periodogram, maximum
likelihood, nonlinear least squares, Yule-Walker
equations, linear prediction, notch filtering, and
subspace-based techniques, have been proposed. Some
of these batch-mode estimators have been modified
to the online mode, such as the least mean squares
[5] as well as recursive least squares [6] realizations
of several linear prediction schemes and the adaptive
notch filter [7], for nonstationary frequency tracking.
As the frequency parameter is still assumed

deterministic in their algorithm derivations, they are
not able to respond to rapid frequency changes. On
the other hand, the Kalman filtering (KF) approach
can perform frequency tracking in high dynamic
environments as the parameter is considered as a
time-varying random variable. Although KF provides
optimum tracking performance in linear Gaussian
models, the sinusoidal model is nonlinear and its
linearization is necessary for implementation, and
the resultant approach is referred to as extended
Kalman filter (EKF) frequency tracker [8—13] which
is suboptimal. Recently, the sequential Monte Carlo
(SMC) method, also known as particle filter (PF)
[14—20], which can be considered as a generalization
of KF, has been proposed to provide an efficient
numerical approximation strategy for recursive
estimation of nonlinear signal models. In this paper,
PF is investigated for the single-tone frequency
tracking problem. Specific applications we have in
mind include Doppler tracking in Global Positioning
System [12] and tremor frequency tracking in
biomedical system [13] where high efficiency is
required and it is expected that substituting the
KF with the PF will result in performance gain.
The contributions of this work are summarized as
follows. 1) We have developed two dynamic models,
nearly constant frequency (NCF) and Singer, which
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are adapted from the field of maneuvering target
tracking [21], to formulate the frequency tracking
problem. 2) We have proposed three PF schemes,
namely, bootstrap, data-dependent, and unscented
Kalman filter (UKF), and they are contrasted with
the standard EKF in different frequency tracking
scenarios.
The rest of the paper is organized as follows.

A general description of the state-space model
is presented in Section II. In Section III, we first
review the classical Cartesian formulation [10] for
frequency tracking and then propose the NCF and
Singer models. Section IV examines two variants of
KF, namely, EKF and UKF, while three PF schemes,
bootstrap PF, data-dependent PF and UKF PF, are
suggested in Section V. Section VI provides an
extensive simulation study to show the comparative
frequency tracking performance of the EKF and
proposed SMC algorithms for different dynamic
models, frequency inputs, and signal-to-noise ratio
(SNR) conditions. Finally, conclusions are drawn in
Section VII.
Notations: Bold upper case symbols denote

matrices, and bold lower case symbols denote vectors.
The superscript T denotes the transpose operation,
and the symbol “»” means “distributed as.” The
quantity ¼(¢ j ¢) denotes a posterior distribution,
whereas qa(¢ j ¢) denotes a proposal distribution
function of parameter a. The notation (¢)1:t indicates
all the elements from time 1 to time t. The quantity
N (¹,§) indicates a real normal distribution with
mean ¹ and covariance matrix §. The quantity U(a,b)
indicates a uniform distribution over the interval [a,b],
and UV indicates a uniform distribution within the
volume V.

II. STATE-SPACE FORMULATION

In this section, we provide a general description
of the state-space model. Denoting by xt 2 Rnx the
state vector with nx unknown components, we have
the state evolution equation as follows

xt = fm(xt¡1)+Bmvt (3)

where the subscript m refers to a given model (see
Section III), fm(¢) can be a linear or nonlinear function
and Bm is a known matrix for a given model. The
noise vt 2Rnv with nv components is assumed to be
a zero-mean, white Gaussian random variable with a
fixed and known covariance matrix §v 2 Rnv£nv . More
details of the components in xt for our frequency
tracking problem are given later.
Given the assumption that the state xt is evolving

according to Markovian dynamics [22, 14, 7], we may
express the dynamic prior p(xt j xt¡1) in (3) as follows

p(xt j xt¡1) =N (xt j fm(xt¡1),Bm§vBTm): (4)

At any particular time, the observed signal yt is
characterized by

yt = gm(xt)+ ut (5)

where gm(¢) : Rnx !R1 may be a nonlinear function of
model m and ut 2 R1 is assumed to be a zero-mean,
white Gaussian random variable with variance ¾2u . The
likelihood for the measurement yt due to xt can be
written as

p(yt j xt) =N (yt j gm(xt),¾2u): (6)

III. DYNAMICAL MODELS FOR FREQUENCY
TRACKING

In this section we present the formulation of the
specific state-space models in this paper. They are the
classical Cartesian model [10], and the two proposed
dynamical models adapted from the maneuvering
target tracking discipline, namely, NCF and Singer
models [21] for frequency tracking application.

A. Cartesian Model [10]

In this model, the state vector is xt =
[x1,t,x2,t,x3,t]

T, where x1,t = st, x2,t = ®t sin(!tt+Át),
and x3,t = !t, and the state evolution model (3) can be
compactly written as

xt = f1(xt¡1)+B1vt

=

264cosx3,t¡1 ¡sinx3,t¡1 0

sinx3,t¡1 cosx3,t¡1 0

0 0 1

375xt¡1 +
26400
1

375vt
(7)

where vt is a one-dimensional zero-mean, Gaussian
random variable with variance ¾2v . The associated
observation model is given by

yt = g1(xt) + ut (8)

with g1(¢) =H= [1,0,0]. When compared with other
models, this model is considered the simplest and well
suited to the EKF in which the state x3,t = !t can be
estimated in light of observations yt, provided that the
fluctuations of x3,t are small.

B. Nearly Constant Frequency Model

In this model, in addition to the unknown
frequency !t we explicitly estimate the angle
and amplitude. The development starts from the
continuous-time signal model yt = ®t cos(μt) + ut where
μt is the angle and t is now a continuous variable.
Here we assume that the first and second derivatives
of μt, denoted by

_μt and μ̈t, respectively, are

!t =
_μt (9)

and
_!t = μ̈t »N (0,¾2!) (10)
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where ¾2! is the variance of the change of !t whose
value is considered sufficiently small such that !t is a
slightly perturbed version of its previous counterpart,
namely, !t¡1. As a result we refer to this formulation
as the NCF model which is analogous to the nearly
constant velocity model [21] in the standard target
tracking problems. Applying Taylor series expansion
to μt and

_μt, we have

μt ¼ μ(t¡Ts)+Ts _μ(t¡Ts) +
T2s
2
μ̈(t¡Ts) (11)

_μt ¼ _μ(t¡Ts)+Tsμ̈(t¡Ts) (12)

where Ts is the sampling period. Likewise, we
approximate ®t ¼ ®(t¡Ts) +Ts _®(t¡Ts).
Defining x1,t = μt, x2,t = !t, and x3,t = ®t, we can

express the state dynamical model as

xt = f2(xt¡1)+B2vt

=

2641 Ts 0

0 1 0

0 0 1

375xt¡1 +
264T

2
s =2 0

Ts 0

0 Ts

375vt (13)

where vt = [v!,t,v®,t]
T »N (0,§v) with §v =

diag(¾2!,¾
2
®) and ¾

2
! and ¾

2
® are the variances of !t and

®t. The associated observation model is then

yt = g2(xt)+ ut (14)

with g2(xt) = x3,t cos(x1,t).

C. Singer Model

The Singer model [21] is also very popular in
target tracking, and it can be regarded as something
between the nearly constant velocity and nearly
constant acceleration models. Following [21], we
define an additional parameter, !̈t, in our state vector,
and assume its change is nearly constant such that we
may once again apply the Taylor series expansion as
follows

_!t ¼ _!(t¡Ts)+Ts!̈(t¡Ts) (15)

with !̈t »N (0,¾2!). Defining x1,t = μt, x2,t = !t, x3,t =
_!t, and x4,t = ®t, our Singer model for frequency
tracking is described as follows

xt = f3(xt¡1)+B3vt

=

26664
1 Ts (¯Ts¡ 1+exp(¡¯Ts))=¯2 0

0 1 (1¡ exp(¡¯Ts))=¯) 0

0 0 exp(¡¯Ts) 0

0 0 0 1

37775xt¡1

+

26664
T3s =6 0

T2s =2 0

Ts 0

0 Ts

37775vt (16)

where ¯ 6= 0 is the reciprocal of the maneuver time
constant [21] whose value is positively proportional to
the duration of the changes. That is, the shorter the
change, the smaller is the maneuver time constant
and the larger the value of ¯ becomes. Nevertheless,
in reality the value of ¯ should be time varying
in accordance with the level of maneuvering. The
quantity vt is identical to that of the NCF model. The
associated observation model is given by

yt = g3(xt) + ut (17)

with g3(xt) = x4,t cos(x1,t).

IV. KALMAN FILTER VARIANTS

In this section, we examine two typical variants
of Kalman filters [23, 24], namely, EKF [24] and
UKF PF [25]. The former is used as a benchmark in
the computer evaluation in Section VI while the latter
is utilized for developing the UKF particle filter in
Section V.

A. Extended Kalman Filter

The EKF has been widely used in numerous
recursive estimation problems when the models are
weakly nonlinear and non-Gaussian. LaScala et al.
[8, 9, 11] have proposed to use the EKF to tackle
frequency estimation problem. In something akin to
a Taylor series, we can linearise the estimation around
the current estimate using the partial derivatives of
the process and measurement functions to compute
estimates even in the face of nonlinear relationships.
Given the state-space model in (3) and (5), the

EKF can be applied straightforwardly as follows

x̂tjt¡1 = fm(x̂t¡1jt¡1)

Ptjt¡1 = Fm,tPt¡1jt¡1F
T
m,t+Bm§vB

T
m

which are a pair of prediction equations for state x̂tjt¡1
and its estimation covariance matrix Ptjt¡1 with Fm,t
being defined as

Fm,t =
@f(x)
@x

¯̄̄̄
x=x̂t¡1jt¡1

:

These predictions are updated according to the
following equations in light of the latest observation
yt

ỹt = yt¡ gm(x̂tjt¡1)

St =Gm,tPtjt¡1G
T
m,t+§w

Kt = Ptjt¡1G
T
m,tS

¡1
t

x̂tjt = x̂tjt¡1 +Ktỹt

Ptjt = (I¡KtGm,t)Ptjt¡1
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where Kt is known as the Kalman gain and Gm,t is
defined as

Gm,t =
@gm(x̂)
@x

¯̄̄̄
x=x̂tjt¡1

:

The posterior distribution function ¼(xt j y1:t) can be
fully described by a normal distribution function as
follows

¼(xt j y1:t) =N (xt j x̂tjt,Ptjt):
Note that a fundamental flaw of the EKF is that

after the approximate linearization the distributions of
the various random variables are no longer normal,
degrading the optimality and performance of the filter.
In the event when the models are highly nonlinear the
EKF may suffer from divergence problems.

B. Unscented Kalman Filter

Instead of using local linearization and avoiding
tedious computations of Jacobian matrices, the UKF
[25] utilizes a deterministic sampling technique to
compute (2Ns+1) sigma points around the mean.
These sigma points are then propagated through the
nonlinear functions and the covariance of the estimate
is then recovered. The result is a filter which more
accurately captures the true mean and covariance and
the Gaussianity is maintained. The j = f0, : : : ,2Nsg
sigma points are calculated as follows

X 0
t¡1jt¡1 = x̂t¡1jt¡1

X j
t¡1jt¡1 =X 0

t¡1jt¡1 +
³q

(Ns+·)Pt¡1jt¡1
´
j

X j+Ns
t¡1jt¡1 =X 0

t¡1jt¡1¡
³q

(Ns+·)Pt¡1jt¡1
´
j

where · is a scaling parameter and (C)j represents
the jth column of the square root of a matrix C. The
associated weights of these points are defined as

W(m)
0 =

·

Ns+·

W(c)
0 =W(m)

0 + (1+®2c +¯c)

W(m)
j =W(c)

j = 1
2W

(m)
0

where ®c determines the spread of the sigma points
around x̂t¡1jt¡1, and ¯c is used to incorporate prior
knowledge of the distribution of x̂t¡1jt¡1.
Having specified the sigma points and their

weights, we compute the weighted predictive state and
state estimation covariance matrix as follows

x̂tjt¡1 =
2NsX
j=0

W(m)
j X j

tjt¡1

with
X j
tjt¡1 = f(X j

t¡1jt¡1)

and

Ptjt¡1 =
2NsX
j=0

W(c)
j (X j

tjt¡1¡ x̂tjt¡1)(X j
tjt¡1¡ x̂tjt¡1)T:

The updated state and state estimation covariance
matrix in light of the latest observation are given as

x̂tjt = x̂tjt¡1 +Kt£ (yt¡ ytjt¡1)

Ptjt = Ptjt¡1¡KtPyyKTt
where

Pyy

2NsX
j=0

W(c)
j (Yjtjt¡1¡ ytjt¡1)(Yjtjt¡1¡ ytjt¡1)T

and

Pxy =
2NsX
j=0

W(c)
j (X j

tjt¡1¡ x̂tjt¡1)(Yjtjt¡1¡ ytjt¡1)T

Kt = PxyP
¡1
yy

with Yjtjt¡1 = gm(X j
tjt¡1) and ytjt¡1 =

P2Ns
j=0W

(m)Yjtjt¡1.
The posterior distribution function ¼(xt j y1:t) can
once again be fully described by a normal distribution
function as follows

¼(xt j y1:t) =N (xt j x̂tjt,Ptjt):

V. SEQUENTIAL MONTE CARLO METHODS

In the context of online parameter estimation, we
are interested in the posterior distribution ¼(xt j y1:t),
which can be recursively obtained from two steps
according to the Bayesian sequential estimation
framework described by the following two equations

¼(xt j y1:t¡1) =
Z
p(xt j xt¡1)¼(xt¡1 j y1:t¡1)dxt¡1

(18)

and
¼(xt j y1:t)/ px(yt j xt)¼(xt j y1:t¡1): (19)

The term ¼(xt¡1 j y1:t¡1) in (18) is the posterior
distribution function at (t¡ 1), and the term px(yt j xt)
in (19) refers to the likelihood function. The recursion
is initialized with some distribution, say p(x0).
In very limited scenarios, the models of interest

are “weakly” nonlinear and Gaussian in which one
may utilize the Kalman filter and its derivatives,
including the EKF, to obtain an approximately optimal
solution. In practice, it is well known that the update
expression in (19) is generally analytically intractable
for most models of interest. We therefore turn to
SMC methods [19, 17, 20, 15, 16], also known as
PFs, to provide an efficient numerical approximation
strategy for recursive estimation of complex models.
These methods have gained popularity in recent
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years, due to their simplicity, flexibility, ease of
implementation, and modeling success over a wide
range of challenging applications. In this section, we
briefly describe the PF tracking framework for our
state-space model.

A. Sequential Importance Sampling

The basic idea behind PFs is very simple: the
target distribution is represented by a weighted
set of Monte Carlo samples. These samples are
propagated and updated using a sequential version
of importance sampling as new measurements become
available. Hence statistical inferences, like expectation,
maximum a posteriori (MAP) estimates, and minimum
mean square error (MMSE), can be computed with
these samples.
From a large set of N particles fx(i)t¡1gNi=1 with

their associated importance weights fw(i)t¡1gNi=1, we
approximate the posterior distribution function
¼(xt¡1 j y1:t¡1) as follows

¼(xt¡1 j y1:t¡1)¼
NX
i=1

w(i)t¡1±(xt¡1¡ x(i)t¡1) (20)

where ±(¢) is the Dirac delta function. We would like
to generate a set of new particles fx(i)t gNi=1 from an
appropriately selected proposal function, i.e.,

x(i)t » q(xt j x(i)t¡1,y1:t), i= f1, : : : ,Ng (21)

where this expression q(xt j x(i)t¡1,y1:t) is known as
optimal importance sampling function that minimizes
the variance of the importance weights conditional on
the simulated trajectory x(i)0:t¡1 and the observations y1:t
[19].
With the set of state particles fx(i)t g obtained from

(21), the importance weights w(i)t are recursively
updated as follows

w(i)t /w(i)t¡1£
px(yt j x(i)t )p(x(i)t j x(i)t¡1)
q(x(i)t j x(i)t¡1,y1:t)

(22)

with
PN
i=1w

(i)
t = 1. It follows that the new set of

particles fx(i)t gNi=1 with the associated importance
weights fw(i)t gNi=1 is then approximately distributed
according to ¼(xt j y1:t).
After the set of particles x(i)t and their associated

weights w(i)t for i 2 f1, : : :Ng have been computed, we
may obtain target state estimation according to the
MMSE estimation, given by

x̂t = E[xt j y1:t] =
Z
xt¼(xt j y1:t)dy1:t

¼
NX
i=1

w(i)t x
(i)
t (23)

where E denotes the expectation operator. As the PFs
operate, only a few particles contribute significant
importance weights in (22), leading to the degeneracy
problem [19, 17]. To avoid this problem, one needs
to resample the particles according to the importance
weights. That is, those particles with more significant
weights will be selected more frequently than those
with less significant weights. More detailed discussion
of degeneracy and resampling can be found in [17].

B. Generation of Particles

A key element in generating a set of weighted
particles which well approximate the posterior
distribution function [19] in (19) is the selection of the
proposal importance sampling function q(xt j x(i)t¡1,y1:t)
in (21), but in practice this optimal importance
function is seldom used as it usually does not have
an analytic form. One alternative to generate particles
is to devise the dynamic prior as the importance
sampling function as follows

x(i)t » q(xt j x(i)t¡1,y1:t) = p(xt j x(i)t¡1): (24)

This is also the choice made in the first modern
variant of the PF, known as the bootstrap filter [15].
Subsequently many PF practitioners have adopted
this choice, since it leads to an intuitively simple
strategy where new particles are predicted from
the state dynamics, and the importance weights are
proportional to the corresponding particle likelihoods.
This choice is intuitive and simple to implement,
including all models described in Section III, when
new state particles are generated from the state
dynamics. Nevertheless, this form of proposal function
may be an inefficient strategy as the knowledge of
the latest observation is not involved. One possible
approach to address this shortcoming is to increase
the state noise for the proposal [15]. This, however,
leads to estimated trajectories that are less smooth
than those predicted by the true target dynamics. Note
that even though throughout this paper Gaussian white
noise is chosen, it should not be misled that this was a
condition that had to be satisfied. In fact if the noise
is non-Gaussian or arbitrary, PFs can still perform
satisfactorily under appropriate design of importance
sampler [19, 17, 20, 15, 16]. In cases where the noise
parameters such as mean or covariance matrix are
unknown, PFs can treat these unknowns as part of the
parameters of interest and estimate them in the light of
incoming observations [19, 17, 20, 15, 16].
Another alternative is to approximate the optimal

importance sampling function as suggested in [19].
The basic idea is to transform a weakly nonlinear
Gaussian model into a linear Gaussian one such that
an approximate analytic form of sampling function
can be made possible. In this regard, we propose a
data-dependent importance sampling function for the
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Fig. 1. List of synthesized frequencies used in the experiments. (a) Step 1. (b) Step 2. (c) Ramp 1. (d) Ramp 2. (e) Ramp 3.
(f) Random.

models in Section III with the following form

x(i)t » q(xt j x(i)t¡1,y1:t),
= ¹p(xt j x(i)t¡1) + (1¡¹)qy(xt j x(i)t¡1,yt), 0· ¹· 1

(25)

which is a combination of the state dynamic prior
and a proposal function qy(¢) involving the latest
observations. To sample the state particles using
the observation information, we adopt a proposal
procedure based upon approximate linearization and
the EKF [17]. Given an observation yt, we perform a
first-order Taylor series expansion of the observation
function gm(¢) of model m around the particle f(x(i)t¡1)
with the Jacobian function Gm of gm(¢) evaluated at
fm(x

(i)
t¡1). For all models described in Section III, their

Jacobian matrices are defined as

Gm =
@gm(xt)
@xt

¯̄̄̄
xt=xt¡1

: (26)

This will lead to a Gaussian approximation of the
proposal of the form [17]

qy(xt j x(i)t¡1,yt) =N (xt j ¹(i)t ,§(i)t ) (27)

where

§(i)
t = (§

¡1
v +GTm§

¡1
w Gm)

¡1

¹(i)t =§
(i)
t (§

¡1
v fm(x

(i)
t¡1)+G

T
m§

¡1
w ¢y

(i)
t )

¢y(i)t = yt¡ gm(fm(x(i)t¡1)) +Gmfm(x(i)t¡1):
(28)

Substituting the covariance matrices §v and §w of
different models with the associated Jacobian matrices

to (28), we can construct a data-dependent importance
sampling function for each of these models.
Additional to the two alternative importance

sampling functions, an integration of UKF [25] with
PFs is another option to generate particles [26, 27].
Essentially we propose to draw every state particle at
time t as follows

x(i)t » qy(xt j x(i)t¡1,yt) =N (xt j x̂(i)tjt ,P(i)tjt ) (29)

where x(i)tjt and P
(i)
tjt are the updated state particle and

state estimation covariance matrix obtained from the
UKF as described in Section IVB. Once the particles
fx(i)t g are sampled, the associated weights are updated
according to (22).

VI. SIMULATION RESULTS

In this section we examine the performance of PFs
for different models in Section III, and compare these
results with those obtained from the EKFs. Moreover,
it is of interest to investigate the suitability of the
proposed dynamical models, namely NCF and Singer
for frequency tracking applications under various
kinds of frequency inputs.
For every dynamical model, six different kinds of

frequency samples f!tg are synthesized (see Fig. 1)
and used to generate the observations fytg. In the
evaluation L= 100 independent trials are conducted
on every scenario in which the observations are
regenerated. To evaluate the performance we choose
to compute the root mean square error (RMSE) for
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TABLE I
Common Parameters for the Experiments

Parameters Values

N 1000
Ts (sampling interval) 1
T (no. of samples) 1000

¹ ((25)) 0.5
t0 100

every scenario as follows

RMSE=

vuut1
L

LX
l=1

RMSE2l (30)

with

RMSE2l =
1
¢T

TX
t=t0+1

(!t¡ !̂lt )2 (31)

where !̂lt is the posterior mean estimate of !t for the
lth run, and ¢T = T¡ t0 with neglecting the first t0
transient estimates. For every RMSE, the standard
deviation of the estimation errors ¾ averaged over
100 independent trials in the computer simulations
is also computed. Other common parameters used in
this section are listed in Table I.
Two different experiments are conducted. In

the first experiment we focus our attention on a
comparison between the EKF and the SMC-based
methods, including bootstrap PF, data-dependent PF,
and UKF PF, with the employment of the classical
Cartesian model. Evaluations are conducted on
different values of ¸= ¾2w=¾

2
v which is a control

parameter [10], and different levels of SNR. In the
second experiment we turn our focus on the two
proposed dynamical models, the NCF and Singer
models, and evaluate their performance and fitness
to frequency tracking using the EKF and PFs.

A. Experiment 1. Results on Cartesian Model

In the following tests we evaluate and compare the
performance of the EKF and the PFs on the classical
model over L independent trials. Different values of ¸,
namely, 0, 5, 10, and SNR of 5 dB, 0 dB, and ¡5 dB,
are investigated. The state and observation noises are
assumed zero-mean Gaussian random variables, where
their variances are related via ¸ [10]. That is, we
will have noise-free observations if ¸= 0. For these
experiments we choose ¾2v = 0:02. For every method
the state vector is initialized randomly around the true
value.
Fig. 2 shows a particular example for a

comparison between the true frequencies and their
estimates averaged over L trials obtained from the
EKF and different versions of PFs with SNR= 0 dB
and ¸= 10. It can be seen that the PFs outperform

the EKF in almost all the scenarios when different
frequency inputs are used. In fact in many cases
the EKF tracker is found to have suffered from a
track loss problem, leading to an inferior tracking
performance on average. On the other hand, while PFs
perform fairly consistently and are more robust for all
input types when SNR= 0 dB, they do experience
some estimation difficulties when the frequencies
stay constant over a long period of time. This is
more evident when the bootstrap PF is used where
the frequency particles are generated solely based
on the prior function, relying on the magnitude of
¾2v . It is apparent that when the true frequency stays
constant for a certain period of time, followed by a
sudden and significant jump, the small magnitude of
¾2v may not be sufficient to allow a quick response
to this jump in a short period of time. If ¾2v is set too
large, a quicker response should be enabled but the
estimation is subject to high variance. Nevertheless a
moderate magnitude of ¾2v is good enough to estimate
more dynamic frequency inputs, especially the random
input.
An alternative option is to introduce extra

information when particles are generated in addition
to that solely from the dynamic prior so that sudden
frequency jumps can be adapted more quickly. We
examine the data-dependent importance sampling
and the UKF PF and compare their performance
along with the EKF and the bootstrap particle filter.
It is clear from Fig. 2 that the responses under these
two strategies to the step inputs are faster and their
tracking performance is also superior to that from the
bootstrap strategy and the EKF.
Table II summarizes a quantitative comparison

in terms of RMSE for all these methods for
different types of inputs. It can be seen that for
SNR= 5 dB and ¸= 0 all methods essentially
have comparable performance, but when ¸ 6= 0
their tracking performance begins to deteriorate,
and in particular the EKF and the bootstrap PF are
found to have comparatively poorer performance
than the data-dependent PF and UKF PF. This
finding is more evident when SNR falls to ¡5 dB.
In fact when compared with the other two sampling
methods, the bootstrap sampling strategy has
the worst tracking performance. This may be
explained by the fact that the latest observation is
involved in the other two strategies when particles
are generated, enabling a faster adaptation to the
frequency change. Table III summarizes the number
of times for each method having the best or worst
RMSE performance in a given scenario. It can be
seen that the best performer among different input
types and noise scenarios is the data-dependent
PF (28 times), closely followed by the UKF PF
(14 times), whereas the worst performer is the
EKF (34 times), followed by the bootstrap PF
(11 times).
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Fig. 2. Comparison between true and estimated frequencies from different methods using classical model over L= 100 independent
trials for SNR = 0 dB with ¸= 10 in experiment 1.

In short when the classical dynamical model
is used to model the evolution of the underlying
frequency fluctuations, PFs are able to outperform
the EKF in tracking different types of frequencies
at different values of SNR and ¸ according to the
evaluation results in Tables II and III. In particular,
PFs are far less sensitive to the parameter ¸ when
tracking frequencies than the EKF. Furthermore,
among the PFs evaluated in Experiment 1 the
data-dependent PF is a better sampling strategy than
the other two PFs, and the bootstrap PF, while simple
to use, performs poorly.

B. Experiment 2. Results on Nearly Constant
Frequency and Singer Models

In the following we turn our focus on the two
proposed dynamical models, the NCF and Singer
models, as alternatives to the classical model for the
frequency estimation problem. It is of primary interest
to investigate whether these models are suitable to
all types or frequencies, or which model is more
suitable to certain kinds of frequencies. For each
model L independent trials are once again conducted
for different SNR values and the results obtained from
the EKF and PFs are compared. Note that given a
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TABLE II
Evaluation Results for Classical Model using Different Methods with L= 100 Independent Trials for Different Values of ¸= ¾2w=¾

2
v and

SNR in Experiment 1

SNR= 5 dB SNR= 0 dB SNR=¡5 dB
Inputs Methods ¸ RMSE (1¡¾) RMSE (1¡¾) RMSE (1¡¾)
Step 1 EKF 0/5/10 1.0/11.5/22.1 (1.56/17.1/26.7) 13.1/30.5/27.2 (9.1/15.2/14.3) 22.9/38.3/36.8 (9.3/10.8/10.1)

Bootstrap PF 4.0/5.6/18.2 (3.1/5.15/20.1) 2.2/3.1/21.2 (2.2/2.9/20.2) 2.2/5.3/5.7 (2.1/3.3/3.9)
Data-dependent PF 1.1/2.9/3.1 (0.96/2.1/3.2) 1.2/1.3/3.2 (1.3/1.1/2.8) 1.2/3.7/4.6 (1.3/2.2/2.0)

UKF PF 2.2/3.2/4.0 (2.2/2.8/11.5) 2.5/3.2/3.1 (10.0/3.1/10.1) 1.3/4.6/4.3 (1.2/2.1/2.7)

Step 2 EKF 0/5/10 1.1/4.9/15.4 (1.1/12.2/23.4) 1.4/2.3/9.4 (2.6/5.4/32.3) 1.4/8.3/12.4 (1.2/10.3/30.3)
Bootstrap PF 1.0/11.4/15.6 (1.1/3.2/12.1) 10.5/1.4/8.4 (1.2/2.2/16.8) 1.0/12.4/5.5 (1.1/17.2/11.3)

Data-dependent PF 1.2/1.4/3.3 (1.2/1.1/3.0) 1.7/1.2/1.9 (1.2/1.4/1.3) 1.1/1.8/2.0 (1.5/1.4/1.9)
UKF PF 1.1/1.2/3.0 (2.1/2.0/3.1) 2.1/3.3/3.5 (1.2/1.1/2.1) 4.1/6.3/8.4 (1.1/11.3/8.6)

Ramp 1 EKF 0/5/10 0.96/9.0/14.3 (1.1/17.1/19.4) 1.4/2.3/3.5 (6.3/7.7/10.4) 1.4/10.2/4.1 (6.7/15.4/10.1)
Bootstrap PF 1.1/3.4/1.6 (1.2/9.7/3.7) 1.4/2.0/2.7 (1.1/1.3/1.6) 1.4/3.4/2.7 (1.2/6.2/2.7)

Data-dependent PF 1.1/1.2/1.5 (1.4/1.4/1.7) 1.3/1.7/2.1 (1.1/5.2/1.4) 1.3/2.1/3.0 (1.1/1.5/2.2)
UKF PF 1.3/1.9/2.1 (1.0/1.3/1.5) 1.2/1.9/2.2 (1.1/1.2/1.6) 1.3/1.3/1.7 (1.5/1.2/1.0)

Ramp 2 EKF 0/5/10 0.9/8.1/14.2 (2.0/15.1/17.2) 2.0/2.2/3.2 (6.7/8.2/9.1) 2.1/13.3/22.0 (6.6/8.3/10.3)
Bootstrap PF 1.0/1.1/5.2 (1.4/1.8/7.3) 1.1/5.3/7.2 (2.1/9.2/10.1) 1.2/2.3/2.2 (1.2/1.1/1.7)

Data-dependent PF 1.5/2.0/1.2 (1.2/1.5/1.7) 1.5/1.7/1.7 (0.9/1.8/1.9) 1.2/1.4/1.9 (1.2/1.8/1.5)
UKF PF 1.2/1.6/2.2 (1.5/2.8/2.2) 1.3/1.1/1.7 (1.3/1.4/1.7) 1.2/2.4/2.7 (1.1/0.9/1.3)

Ramp 3 EKF 0/5/10 1.1/10.3/14.9 (2.2/18.3/20.1) 1.2/2.3/6.4 (1.3/7.9/11.2) 1.4/18.3/13.7 (1.2/19.9/17.2)
Bootstrap PF 1.6/3.6/9.9 (2.0/2.2/16.8) 1.1/1.3/6.9 (1.0/3.3/11.7) 1.3/6.4/29.0 (1.9/13.3/31.2)

Data-dependent PF 1.1/1.1/2.3 (1.1/3.2/3.3) 1.9/1.6/2.8 (1.5/3.7/3.9) 3.3/4.3/4.8 (3.2/4.7/9.9)
UKF PF 1.0/1.3/3.3 (1.0/2.2/4.2) 2.0/2.3/3.9 (1.1/1.3/3.1) 2.0/2.0/3.1 (1.7/3.3/1.2)

Random EKF 0/5/10 1.2/11.9/20.4 (1.2/14.3/15.7) 2.9/15.2/33.3 (3.7/21.0/68.3) 1.2/22.4/76.3 (3.0/8.9/46.2)
Bootstrap PF 1.9/1.3/3.3 (2.0/1.1/5.2) 3.3/11.2/15.3 (2.2/6.5/9.1) 1.1/14.7/24.6 (1.2/11.1/22.3)

Data-dependent PF 0.9/0.9/2.0 (2.1/1.8/1.7) 2.0/3.3/3.5 (3.6/3.3/10.2) 1.7/3.1/4.0 (2.2/1.8/14.2)
UKF PF 1.9/2.5/2.1 (1.0/3.2/4.9) 1.0/1.1/3.3 (1.7/3.0/9.2) 1.7/3.1/4.9 (2.9/3.1/9.9)

Note: All values are in the order of 10¡2. Bold (underlined) value represents the best (worst) RMSE and 1¡¾ which refers to the
confidence that the true value will fall within the uncertainty interval in a give comparison.

TABLE III
Distribution of Performance Comparison in Terms of the Best and

Worst RMSE Between EKF and PFs from Table II in
Experiment 1

PF

Methods BS DD UKF EKF

Best RMSE 8 28 14 4
Worst RMSE 11 3 5 34

Note: BS, DD, and UKF stand for bootstrap PF, data-dependent
PF, and UKF PF, respectively.

signal waveform in each scenario, the parameter ¾2w
can be determined for every SNR level as follows

¾2w = signal power£ 10¡SNR=10:
Unlike the classical model, these proposed models do
not have the parameter ¸ but the Singer model has the
parameter ¯.
Figs. 3 and 4 show a comparison between the true

frequencies and their estimates averaged over L trials
from the EKF and bootstrap PF scheme for the NCF
and Singer models when SNR= 0 dB. The figures
reveal that PFs once again outperform the EKF in
almost all the scenarios with different levels of SNR
and frequency inputs under the proposed dynamical

TABLE IV
Parameters used in Experiment 2

Parameters Values

¯ 0.05
¾2® 0.02
¾2! 0.02

models. Furthermore, according to these figures the
tracking results from PFs are less sensitive to SNR
levels than those of the EKF.
According to the figures, none of the models is

perfectly suitable for all frequency types. For instance,
it seems that the estimates obtained under the NCF
model are more likely to follow more closely the
true frequencies when they are varying relatively
slowly or essentially flat as evident in Figs. 3(b)—(e).
On the other hand, when the frequency input either
contains a huge jump as in Fig. 3(a), or changes very
rapidly as in Fig. 3(a), the estimates under this model
suffer.
By contrast, the Singer model with a fixed value of

¯ appears to be performing well when the underlying
frequencies are rapidly and drastically changing
(see Figs. 4(a) and 4(f)). Nevertheless, when the
frequency input is slowly varying or essentially
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Fig. 3. Comparison between true and estimated frequencies from different methods using the NCF model over L= 100 independent
trials for SNR = 0 dB in experiment 2.

flat, the estimates under the Singer model suffer
(Figs. 4(b)—(e)).
The estimation performance by the EKF and

PFs in terms of RMSE under these two models for
SNR of 5 dB, 0 dB, ¡5 dB are found in Table V.
In Table VI a distribution of the best and worst
estimation performance by different methods is
included, where the EKF is once again outperformed
by the PFs. Table VII summarizes a distribution
of the best estimation performance under the NCF
and Singer models according to different types of
frequencies. As discussed before, when compared
with the NCF model the Singer model seems to

be a more suitable model when the frequency
inputs contain a big jump (Step 1/2) and rapid
fluctuations (random). On the other hand, when the
inputs are varying relatively slowly (Ramp 1—3), the
NCF would appear to be a more suitable model to
use.
In summary according to evaluation results none

of the propsed dynamical models is perfectly robust
to deal with different types of frequency inputs. In
particular given the control parameter ¯ that can
be tuned to deal with rapid and relatively large
changes in frequencies, the Singer model would be a
suitable choice to be employed in these situations, but
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Fig. 4. Comparison between true and estimated frequencies from different methods using the Singer model over L= 100 independent
trials for SNR = 0 dB in experiment 2.

would be a poor model when the frequency changes
moderately or even slowly. Under these circumstances
the NCF model should be adopted.

VII. CONCLUSION

A simulation-based approach for online frequency
estimation with the use of PFs has been presented.
Apart from the classical Cartesian model, we have
proposed two dynamical models, namely, NCF and
Singer models, to address the problem. A detailed
performance evaluation on the classical model and two
new dynamical models based on six different types of

frequency inputs has also been conducted. According
to the computer simulation results, it is found that PFs
under all investigated models consistently outperform
and are less sensitive to levels of SNR than the
EKF. Relatively speaking, among the PFs studied
in this paper the bootstrap sampling method has
comparatively inferior tracking performance when
compared with the data-dependent and UKF PF
strategies. Furthermore, the results suggest that none
of the models perfectly fits all types of frequency
inputs, but do provide a general guideline on choosing
a suitable model for different inputs. The NCF model
is more suitable for moderately varying frequencies,
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TABLE V
Evaluation Results for Different Methods using NCF and Singer Models with L= 100 Independent Trials and SNR= 5,0,¡5 dB in

Experiment 2

SNR= 5 dB SNR= 0 dB SNR=¡5 dB
NCF Singer NCF Singer NCF Singer

Inputs Methods RMSE (1¡¾) RMSE (1¡¾) RMSE (1¡¾) RMSE (1¡¾) RMSE (1¡¾) RMSE (1¡¾)
Step 1 EKF 3.60 (1.50) 0.95 (1.20) 10.7 (6.20) 4.18 (3.10) 23.20 (9.75) 12.20 (9.10)

Bootstrap PF 5.15 (3.83) 4.10 (2.13) 8.20 (3.35) 4.41 (2.40) 9.2 (6.0) 7.60 (5.10)
Data-dependent PF 5.21 (2.40) 2.80 (2.10) 7.50 (2.51) 2.7 (1.90) 8.90 (3.51) 8.59 (2.51)

UKF PF 3.60 (1.55) 2.10 (1.60) 8.45 (3.51) 3.25 (2.80) 9.25 (3.00) 8.51 (2.60)

Step 2 EKF 3.00 (1.12) 4.80 (2.25) 4.50 (2.80) 8.20 (2.25) 3.32 (0.98) 9.92 (4.20)
Bootstrap PF 3.11 (3.54) 1.34 (0.95) 3.51 (1.21) 3.01 (0.98) 3.36 (1.34) 4.23 (2.45)

Data-dependent PF 2.50 (3.12) 1.23 (1.09) 2.32 (0.98) 2.28 (1.43) 4.45 (3.54) 6.39 (3.08)
UKF PF 2.30 (2.45) 2.07 (2.89) 2.34 (1.89) 2.00 (0.89) 5.28 (2.30) 8.18 (2.67)

Ramp 1 EKF 2.23 (3.38) 4.87 (3.23) 2.45 (2.40) 5.23 (3.22) 4.21 (2.56) 10.01 (7.67)
Bootstrap PF 2.03 (6.48) 3.32 (1.44) 2.20 (1.21) 4.10 (1.48) 5.56 (3.49) 8.97 (3.22)

Data-dependent PF 1.22 (0.96) 2.13 (4.56) 2.20 (0.93) 3.47 (2.33) 5.97 (3.96) 8.65 (4.03)
UKF PF 1.19 (0.53) 1.8 (0.69) 2.49 (2.23) 4.28 (3.39) 5.21 (2.23) 9.19 (2.07)

Ramp 2 EKF 3.18 (1.35) 4.04 (2.24) 3.38 (2.32) 6.66 (1.20) 6.11 (2.12) 10.23 (4.75)
Bootstrap PF 2.99 (0.95) 4.29 (1.67) 3.20 (2.89) 5.52 (1.54) 4.57 (2.09) 6.97 (3.21)

Data-dependent PF 3.11 (1.08) 3.76 (2.45) 2.90 (1.11) 4.46 (2.21) 4.33 (3.21) 7.47 (3.23)
UKF PF 2.80 (2.10) 3.11 (1.98) 3.16 (1.69) 4.24 (2.89) 4.11 (1.08) 6.04 (1.39)

Ramp 3 EKF 6.21 (3.11) 7.21 (4.22) 3.07 (1.48) 4.33 (2.22) 6.26 (8.09) 9.53 (5.86)
Bootstrap PF 2.21 (1.38) 2.93 (2.23) 3.01 (1.57) 3.09 (1.21) 4.06 (2.19) 3.01 (1.69)

Data-dependent PF 1.25 (0.75) 2.11 (0.92) 2.20 (1.33) 3.29 (1.06) 2.78 (1.90) 3.21 (1.56)
UKF PF 0.99 (0.47) 2.35 (1.75) 1.22 (2.07) 4.28 (2.44) 3.19 (2.33) 3.32 (2.56)

Random EKF 11.56 (5.03) 11.32 (4.09) 14.03 (7.45) 13.45 (7.21) 24.11 (9.60) 21.77 (10.21)
Bootstrap PF 3.87 (1.69) 2.44 (1.05) 5.56 (1.49) 3.09 (2.28) 9.21 (2.11) 5.68 (3.04)

Data-dependent PF 3.92 (1.21) 2.56 (1.11) 5.18 (1.76) 3.54 (2.10) 7.10 (2.56) 5.21 (3.67)
UKF PF 3.79 (1.09) 2.60 (1.21) 6.21 (3.20) 3.11 (2.65) 8.09 (2.88) 5.19 (3.89)

Note: All values in the order of 10¡2. Bold (underlined) value represents the best (worst) RMSE and 1¡¾ which refers to the
confidence that the true value will fall within the uncertainty interval in a given comparison.

TABLE VI
Distribution of Performance Comparison on NCF and Singer
Models in Terms of Best and Worst RMSE Between EKF and

PFs from Table V in Experiment 2

PF

Methods BS DD UKF EKF

Best RMSE for NCF 0 8 10 2
Best RMSE for Singer 4 6 7 1
Worst RMSE for NCF 1 2 2 13
Worst RMSE for

Singer
2 0 0 16

Note: BS, DD, and UKF stand for bootstrap PF, data-dependent
PF, and UKF PF, respectively.

like ramp, whereas the Singer is more suitable for
rapidly changing frequencies, like random.
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