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ABSTRACT

A novel adaptive �lter algorithm based on the linear pre-
diction property of sinusoidal signals is proposed for es-
timating the frequency of a real tone in white noise, as-
suming that the noise power is known a priori. Using the
least mean square algorithm, the estimator is computa-
tionally e�cient and it provides explicit frequency mea-
surements on a sample-by-sample basis. Convergence be-
havior and variance of the estimated frequency are de-
rived. Computer simulations are included to corroborate
the theoretical analysis and to demonstrate the capabil-
ity of the method of tracking time-varying frequencies.

I. Introduction

The problem of estimating the frequency of a real sinu-
soid in white noise has received much attention in the
literature [1-2]. Application examples include angle of
arrival estimation, frequency-shift keying (FSK) demod-
ulation, and Doppler estimation of radar and sonar wave
returns. Given the discrete-time noisy sinusoid,

x(n) = � cos(!0n + �) + q(n) (1)

where the noise q(n) is assumed to be a white zero-mean
random process while the sinusoidal parameters �, !0
and � 2 [0; 2�) which represent the tone amplitude, fre-
quency and phase, respectively, are unknown. Without
loss of generality, the sampling period is assigned to be
unity second. The aim is to �nd !0 2 (0; �), which can
be time-varying, from x(n).
Etter and Hush [3] have proposed a computationally

e�cient algorithm for nonstationary frequency estima-
tion. The idea is to maximize the mean square di�erence
between x(n) and its delayed version using an adaptive
time delay estimator [4] and the frequency estimate is
given by � over the estimated delay. Recently, an im-
provement to this method that provides more accurate
frequency estimates has been suggested [5] with the use
of Lagrange interpolation. Based on autoregressive (AR)
estimation approach [2], a new adaptive frequency es-
timation algorithm which gives direct and accurate fre-
quency measurements is proposed.
The paper is organized as follows. Applying the obser-

vation that a real sinusoid is perfectly predictable from

its past two sampled values, a direct frequency estima-
tor (DFE) is devised in Section II. The frequency esti-
mate is updated explicitly on a sample-by-sample basis
according to the least mean square (LMS) algorithm [6]
and its convergence behavior as well as variance are an-
alyzed. Simulation results are presented in Section III
to corroborate the theoretical analyses and to evaluate
the frequency tracking performance of the DFE. Finally,
conclusions are drawn in Section IV.

II. Direct Frequency Estimator

De�ne an AR prediction error function e(n) which is ex-
pressed as

e(n) = x(n)� 2 cos(!̂0)x(n � 1) + x(n� 2) (2)

where !̂0 represents an estimate of !0. It is easy to show
that in the absence of noise, e(n) = 0 when !̂0 = !0, and
thus an unbiased frequency estimate can be obtained via
minimizing the mean square error function, Efe2(n)g,
with respect to !̂0. However, the estimated frequency
using this approach will be biased for q(n) 6= 0 because
Efe2(n)g has the general form of

Efe2(n)g = 4(cos(!̂0) � cos(!0))
2�2s

+2(2 + cos(2!̂0))�
2

q (3)

where �2s = �2=2 denotes the tone power while �2q is the
noise variance. From (3) and with the assumption that
�2q is known a priori, !0 can be accurately estimated by
minimizing the mean value of the modi�ed square error,
�2(n), which is given by

�2(n) = e2(n)� 2(2 + cos(2!̂0))�
2

q (4)

By di�erentiating �2(n) with respect to the instanta-
neous frequency estimate !̂0(n), a stochastic gradient es-
timate which is similar to that in the Widrow's LMS
algorithm is obtained. The estimated frequency is up-
dated iteratively to minimize Ef�2(n)g according to the
following equation

!̂0(n+ 1) = !̂0(n) � �

4

@�2(n)

@!̂0(n)

= !̂0(n) � � sin(!̂0(n))
�
e(n)x(n� 1)

+2�2q cos(!̂0(n))
�

(5)



where � is a positive scalar that controls convergence rate
and ensures system stability of the DFE algorithm. To
reduce computation, values of the sine and cosine func-
tions are retrieved from a pre-stored sine vector. The
method is computationally attractive because only 7 mul-
tiplications, 4 additions and 2 look-up operations are re-
quired for each sampling interval.
Taking the expected value of (5), the learning behavior

of the frequency estimate is evaluated as

Ef!̂0(n+ 1)g
= Ef!̂0(n)g � �Ef�2 cos(!0n+ �)

� cos(!0(n� 1) + �) sin(!̂0(n))

�2�2 cos(!̂0(n)) cos2(!0(n� 1) + �) sin(!̂0(n))

�2q2(n� 1) cos(!̂0(n)) sin(!̂0(n))

+�2 cos(!0(n� 2) + �) cos(!0(n� 1) + �)

� sin(!̂0(n)) + �2q sin(2!̂0(n))g
= Ef!̂0(n)g � 2��2sEfcos(!0) sin(!̂0(n))g

+��2sEfsin(2!̂0(n))g
� Ef!̂0(n)g � ��2s(Ef!̂0(n)g � !0)

�
�
1� cos

�
3Ef!̂0(n)g+ !0

2

��
(6)

Although a closed form expression for Ef!̂0(n)g is
not available, the convergence trajectory of the fre-
quency estimate can be easily acquired using (6) by
brute force. When Ef!̂0(n)g approaches !0, the term
(1 � cos((3Ef!̂0(n)g + !0)=2) � (1 � cos(2!0)). This
means that the frequency learning rate is maximum at
!0 = 0:5� and it decreases monotonically as !0 increases
to � or as !0 decreases to 0. In addition, the conver-
gence speed for !0 2 (0:5�; �) is identical to that of
(� � !0) 2 (0; 0:5�). We can also observe that the al-
gorithm is stable when the magnitude of 1 � ��2s(1 �
cos((3Ef!̂0(n)g + !0)=2)) is bounded by 1. Since the
maximum value of (1 � cos((3Ef!̂0(n)g + !0)=2)) is 2,
this implies that Ef!̂0(n)g ! !0 upon convergence if
j1� 2��2s j < 1 is satis�ed, that is, 0 < � < 1=�2s.
Assuming that q(n) is of Gaussian distribution and

using (5) again, the steady state frequency variance of
the DFE algorithm, denoted by var(!̂0), is derived as
(See Appendix I)

var(!̂0)
4
= lim

n!1
Ef(!̂0(n) � !0)

2g

� ��2q (2 + cos(2!0))

SNR
(7)

where SNR = �2s=�
2

n is the signal-to-noise ratio. It can
be seen that var(!̂0) 2 [��2q=SNR; 3��

2

q=SNR] and it has
a relatively large value when !0 is close to 0 or � while
it approaches its minimum if !0 ! 0:5�. Moreover, the
frequency variance has zero value in the absence of noise.

III. Simulation Results

Computer simulations had been conducted to evaluate
the sinusoidal frequency estimation performance of the
DFE in the presence of white Gaussian noise. The tone
amplitude was

p
2 and �2q = 0:1 which corresponded to

a SNR of 10dB. The phase parameter � 2 [0; 2�) was a
uniform random variable for each trial. The initial fre-
quency estimate, !̂0(0) was arbitrarily set to 0:5� rad/s
and the step size � was chosen to be 0.005. The results
provided were averages of 400 independent runs.
Figure 1 shows the trajectory for the frequency esti-

mate of the DFE algorithm for a step change in !0. The
actual frequency had a value of 0:9� rad/s during the
�rst 4000 iterations and then changed instantaneously to
0:4� rad/s afterwards. It can be seen that !̂0(n) con-
verged to the desired values of 0:9� rad/s and 0:4� rad/s
at approximately the 3500th and the 4500th iteration,
respectively. We also observe that (6) had predicted the
learning behavior of the frequency estimate very accu-
rately. The steady state frequency variances of the DFE
algorithm for !0 2 (0:05�; 0:95�) rad/s are plotted in
Figure 2. It is observed that the measured mean square
frequency errors agreed with their theoretical values par-
ticularly when !0 was close to 0:2� rad/s or 0:8� rad/s.

IV. Conclusions

An adaptive algorithm, called the DFE, has been pro-
posed for tracking the frequency of a real sinusoid em-
bedded in white noise with known variance. Using an
LMS-style algorithm, the frequency estimate is adjusted
directly on a sample-by-sample basis. Learning behav-
ior and mean square error of the estimated frequency
are derived and veri�ed by computer simulations. It is
shown that the DFE has the most accurate estimation
performance when the frequency is equal to 0:5� while
its learning rate is slow and frequency variance is large if
the frequency is close to 0 or �.

Appendix I

The steady state mean square error of !̂0(n) is derived as
follows. Subtracting !0 from both sides of (5), squaring
both sides, taking expectation and then considering n!
1 yields

2 lim
n!1

Ef(!̂0(n) � !0) sin(!̂0(n))(e(n)x(n � 1)

+2�2q cos(!̂0(n)))g
= � lim

n!1
Efsin2(!̂0(n))(e(n)x(n � 1)

+2�2q cos(!̂0(n)))
2g (A:1)

Assuming that � is chosen su�ciently small such that
!̂0(n) ! !0 upon convergence, the three terms in the



RHS of (A.1) are computed as

� lim
n!1

Efsin2(!̂0(n))e2(n)x2(n � 1)g
� � sin2(!0)Ef(q(n) � 2 cos(!0)q(n � 1) + q(n� 2))2

�(� cos(!0(n� 1) + �) + q(n� 1))2g
= � sin2(!0)Ef(q2(n) + 4 cos2(!0)q

2(n � 1) +

q2(n� 2))(�2 cos2(!0(n� 1) + �) + q2(n� 1))g
= ��2s�

2

q (2 sin
2(!0) + sin2(2!0))

+��4q (2 sin
2(!0) + 3 sin2(2!0)) (A:2)

� lim
n!1

Efsin2(!̂0(n)) � 2e(n)x(n� 1)

�2�2q cos(!̂0(n))g
� 4��2q sin

2(!0) cos(!0)Ef(q(n)
�2 cos(!0)q(n � 1) + q(n� 2))q(n� 1)g

= �2��4q sin2(2!0) (A:3)

and

� lim
n!1

Efsin2(!̂0(n)) � (2�2q cos(!̂0(n)))2g
� ��4q sin

2(2!0) (A:4)

Combining (A.2)-(A.4), the RHS of (A.1) has the form

��2s�
2

q (2 sin
2(!0) + sin2(2!0))

+2��4q (sin
2(!0) + sin2(2!0)) (A:5)

On the other hand,

lim
n!1

Ef(!̂0(n)� !0) sin(!̂0(n))(e(n)x(n � 1)

+2�2q cos(!̂0(n)))g
= lim

n!1
Ef(!̂0(n � 2)� !0) sin(!̂0(n))(e(n)

�x(n� 1) + 2�2q cos(!̂0(n)))g

��
2X

i=1

lim
n!1

Efsin(!̂0(n � i))(e(n � i)

�x(n� 1� i) + 2�2q cos(!̂0(n� i)))

� sin(!̂0(n))(e(n)x(n � 1) + 2�2q cos(!̂0(n)))g
� lim

n!1
Ef(!̂0(n) � !0) sin(!̂0(n))(e(n)

�x(n� 1) + 2�2q cos(!̂0(n)))g

��
2X

i=1

lim
n!1

Efsin2(!̂0(n))(e(n � i)x(n� 1� i)

+2�2q cos(!̂0(n))) � (e(n)x(n� 1)

+2�2q cos(!̂0(n)))g (A:6)

The �rst term of (A.6) can be calculated as

lim
n!1

Ef(!̂0(n)� !0) sin(!̂0(n))

�2((cos(!0) � cos(!̂0(n)))�
2 cos2(!0(n� 1) + �)

� cos(!̂0(n))q
2(n� 1) + �2q cos(!̂0(n)))g

= 2�2s lim
n!1

Ef(!̂0(n)� !0) sin(!̂0(n))

�(cos(!0) � cos(!̂0(n)))g
= �2s lim

n!1
Ef(!̂0(n) � !0)(sin(!̂0(n)� !0)

+2 sin(
!0 � !̂0(n)

2
) cos(

!0 + 3!̂0(n)

2
))g

� �2s lim
n!1

Ef(!̂0(n) � !0)((!̂0(n)� !0)

+(!0 � !̂0(n)) cos(2!0))g
� �2svar(!̂0)(1� cos(2!0)) (A:7)

Moreover, it can be shown that

lim
n!1

Efsin2(!̂0(n))(e(n � 1)x(n� 2) + 2�2q cos(!̂0(n)))

�(e(n)x(n� 1) + 2�2q cos(!̂0(n)))g
� ��2s�2q sin2(2!0) + �4q sin

2(!0) (A:8)

and

lim
n!1

Efsin2(!̂0(n))(e(n � 2)x(n� 3) + 2�2q cos(!̂0(n)))

�(e(n)x(n� 1) + 2�2q cos(!̂0(n)))

� �2s�
2

q sin
2(!0) cos(2!0) (A:9)

Putting (A.5)-(A.9) into (A.1) and after simpli�cation,
we get

var(!̂0) �
��2q (2 + cos(2!0))

SNR

which is (7).
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Figure 1: Frequency estimates of DFE at SNR = 10dB
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Figure 2: Frequency variances of DFE at SNR = 10dB


