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Abstract � A computationally e�cient method for two�dimensional direction�of�arrival esti�
mation of multiple narrowband sources impinging on the far �eld of a planar array is pre�
sented� The key idea is to apply the propagator method which only requires linear operations
but does not involve any eigendecomposition or singular value decomposition as in common
subspace techniques such as MUSIC and ESPRIT� Comparing with a fast ESPRIT�based
algorithm� it has a lower computational complexity particularly when the ratio of array size
to the number of sources is large� at the expense of negligible performance loss� Simulation
results are included to demonstrate the performance of the proposed technique�

� Introduction

The problem of estimating the two�dimensional ���D	 directions�of�arrival �DOAs	� namely�
the azimuth and elevation angles� of multiple sources has received considerable attention in
the �eld of array processing �����
�� Although the maximum likelihood estimator ��� provides
optimum parameter estimation� its computational complexity is extremely demanding� Sim�
pler but suboptimal solutions can be achieved by the subspace based approach� which relies
on the decomposition of the observation space into signal subspace and noise subspace�
However� conventional subspace techniques for ��D DOA estimation such as MUSIC ��� and
ESPRIT �����
� necessitate eigendecomposition of the sample covariance matrix �SCM	 or
the singular value decomposition �SVD	 of the data matrix �DM	 to estimate the signal
and noise subspaces� and huge computation will be involved particularly when the dimen�
sions of the underlying matrices are large� for example� in the case of large towed arrays in
sonar� Furthermore� many of the above methods ������� require reasonably accurate initial
DOA estimates� ��D search and�or complex pair matching of the azimuth and elevation
angles� although the ESPRIT�based technique proposed in �
� is direct� that is� free of these
operations�
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The aim of this paper is to develop a computationally simple ��D DOA estimation algorithm
by utilizing the propagator method �PM	 ���� which is also a subspace scheme but does not
involve eigendecomposition or SVD� In fact� ��� has proposed a PM�based DOA estimation
method but unfortunately� a ��D peak search is needed� Our derived algorithm is direct
and has a lower computational complexity comparing with �
�� particularly when the ratio
of the number of sensors to the number of sources is large� at the expense of negligible
performance loss�

The rest of the paper is organized as follows� The data model is presented in Section �� Our
��D DOA estimation algorithm is developed in Section �� In Section �� simulation results
are included to demonstrate the e�ectiveness of the proposed method� while in Section ��
conclusions are drawn�

� Data Model

Consider two parallel uniform linear arrays �ULAs	 with interelement spacing equals d� such
that one ULA consists of �N � �	 sensors while another has N sensors� which is depicted
in Figure �� From this con�guration� we form three sub�ULAs of N sensors� namely� X �
Y and Z� which have coordinates �d � i� �	� �d � i � d� �	 and �d � i� d	� for � � i � N � ��
respectively� As in common ESPRIT�based approach ���� it is necessary to have � subarrays
for ��D DOA estimation� while one�dimensional DOA estimation problem only requires two
subarrays� It is noteworthy that although a con�guration of two ULAs is considered� our
proposed method can be extended to other planar array geometries �����
�� Suppose that
there are p narrow�band sources� s�t	� with same wavelength � impinging on the arrays�
such that the kth source has an elevation angle �k and azimuth angle �k� The observed
signals at the X � Y and Z subarrays are given by

x�t	 � As�t	 � nx�t	
y�t	 � A�ys�t	 � ny�t	
z�t	 � A�zs�t	 � nz�t	� t � �� �� � � � �M

��	

respectively� where each sensor receives M snapshots� The matrices and vectors in ��	 have
the following forms�

x�t	 � �x��t	 x��t	 � � �xN �t	�
T

y�t	 � �y��t	 y��t	 � � � yN�t	�
T

z�t	 � �z��t	 z��t	 � � � zN�t	�
T

s�t	 � �s��t	 s��t	 � � � sp�t	�
T

nk � �nk���t	 nk���t	 � � �nk�N �t	�
T � k � x� y� z

A � �a����� ��	 a����� ��	 � � � ap��p� �p	�

ai��i� �i	 � �� ej��
d
�
cos��i� sin��i� � � � ej���N���

d
�
cos��i� sin��i��T � i � �� �� � � � � p

�y � diag�ej��
d
�
cos���� sin����� ej��

d
�
cos���� sin����� � � � � ej��

d
�
cos��p� sin��p�	

�z � diag�ej��
d
�
sin���� sin����� ej��

d
�
sin���� sin����� � � � � ej��

d
�
sin��p� sin��p�	

��	

where T denotes the transpose operation� It is assumed that the source number p� with
p � N � is known a priori and all sources are not fully correlated while the additive noises
nx�t	� ny�t	 and nz�t	 are stationary zero�mean random processes which are uncorrelated
with s�t	� We further assume that the columns of A are linearly independent and the ��D
angle pairs ��i� �i	 are distinct points in the ��� ���� � ��� ��� plane� Given x�t	� y�t	 and
z�t	� the task is to estimate ��i� �i	� i � �� �� � � � � p� In our proposed method� we �rst �nd
the matrices �y and �z � and the ��D angles can then be obtained easily from their diagonal
elements�
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� Proposed Method

We �rst give the de�nition of the propagator ���� Let B � �AT �A�y	
T �A�z	

T �T � The
matrix A is partitioned into A � �AT

� AT
� �

T � where A� and A� contain the �th to pth
rows and the �p��	th to Nth rows of the matrix A� respectively� Similarly� we partition B
as B � �AT

� BT
� �

T where B� comprises the last �p � �	th to �Nth rows of B� Under the
hypothesis that A� is nonsingular� the propagator P is de�ned as a unique linear operator
of the form

PHA� � B� ��	

where H denotes the Hermitian transpose�

Grouping the sensor output as q�t	 � �xT �t	 yT �t	 zT �t	�T � the propagator can be
estimated from the DM� namely Q � �q��	�q��	� � � � �q�M	� or the SCM� viz R �
�
M

PM
t�� q�t	q

H �t	� as follows� Partitioning Q and R into

Q �

�
Q�

Q�

�
and R � �R� R�� ��	

where Q� and Q� contain the �rst p and last ��N � p	 rows of Q while R� and R� contain
the �rst p and last ��N � p	 columns of R� The least squares solutions for the propagator
based on DM and SCM are given by ���

�PDM � �Q�Q
H
� 	
��Q�Q

H
� and �PSCM � �RH

� R�	
��RH

� R� ��	

From the partitioning of A and B� it is easily seen that

BT
� � �AT

� �A��y	
T �A��y	

T �A��z	
T �A��z	

T �T ��	

On the other hand� we can partition �PH � which denotes the Hermitian transpose of either
�PDM or �PSCM� as

�PH � ��PT
�
�PT
�
�PT
�
�PT
�
�PT
� �

T �
	

where the dimensions of A�� A��y� A��y� A��z and A��z are identical to those of �P��
�P�� �P�� �P� and �P�� respectively�

According to ��	 and comparing ��	 and �
	� we develop the following equations�

�P�A� � A� ��	

�P�A� � A��y ��	

�P�A� � A��z ���	

From ��	 and assuming that N � �p� we get

A� � �P	
� A� ���	

where � denotes the pseudoinverse� Substituting ���	 into ��	 and ���	 yields

�P�
�P	
� A� � A��y

�P�
�P	
� A� � A��z

���	
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This implies that the estimates of the diagonal elements of matrices �y and �z can be

obtained by the p eigenvalues of �P�
�P	
� and �P�

�P	
� � respectively� using eigenvalue factoriza�

tion�

�P�
�P	
� � U�

��yU
��
�

�P�
�P	
� � U�

��zU
��
�

���	

where U� and U� are the corresponding eigenvector matrices while ��y �

diag���y��� ��y��� � � � � ��y�p	 and ��z � diag���z��� ��z��� � � � � ��z�p	 are the estimates of �y and
�z� As a result� the estimated elevation and azimuth angles are computed from

��i � tan��

�
�

�
��z�i
��y�i

��

��i � sin��
�

�

��

�

d

q
�� ���y�i		� � � � ���z�i		�

�
� i � �� �� � � � � p

���	

We also notice that the eigenvectors in U� and U� can be considered as the estimates of
the p column components of the matrix A�� By contrasting these two sets of eigenvectors�
it is easy ��� to determine the correct pairs of ���i� ��i	� It is noteworthy that for �p � N � p�

we can use the equations �P�A� � A��y and �P�A� � A��z� instead of ��	����	�

Regarding major computational complexity� the number of multiplications involved in cal�
culating �P is in the order of �NMp� that is� O��NMp	� Comparing with the direct ESPRIT�
based technique �
� which requires O�N� � �N�M	 in the eigendecomposition of the cross
covariance matrices� we see under typical circumstances that M �� N � the ratio of the
computational requirement of the proposed technique to that of �
� is O�p�N	� This implies
when the array size is large and�or the number of sources is small� it is advantageous to use
the former method for saving computations�

� Simulation Results

Computer simulations have been conducted to evaluate the ��D DOA estimation perfor�
mance of the proposed method� Comparison with the direct ��D ESPRIT algorithm �
� is
also made� The sensor displacement d is taken to be half the wavelength of the signal waves�
We consider two uncorrelated signal sources with identical powers while the additive noises
are white Gaussian processes� The number of snapshots at each sensor is M � ���� We use

root mean square error �RMSE	� which is de�ned as

q
Ef���i � �i	� � ���i � �i	�g� i � �� ��

as the performance measure� All results provided are based on ��� independent runs�

In the �rst test� each subarray consists of N � �� sensors which correspond to a total
number of �� sensors� Figure � plots the RMSEs for the �rst signal source of the proposed
and direct ��D ESPRIT methods as a function of signal�to�noise ratio �SNR	� The actual
��D DOAs of the �rst and second sources are given by ���o� ��o	 and ���o� ��o	� respectively�
We see that the proposed method is comparable to �
� and the performance degradation of
the former is only around ��� dB� because the e�ective aperture size in the latter is larger�
Although not shown� the RMSEs for the second source are very similar to those in Figure ��
The above test is repeated for di�erent N at SNR � �� dB and the corresponding RMSEs
are plotted in Figure �� Again� we have not included the results for the second source
because of similarity to Figure �� It can be observed that the estimation performance of
the proposed algorithm is close to that of the ��D ESPRIT method when N is su�ciently
large�
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� Conclusions

A fast algorithm for ��D DOA estimation is proposed based on the propagator method�
The main motivation of using the propagator is that it only requires linear operations but
does not involve any eigendecomposition or SVD as in common subspace methods� It is
shown that the proposed method is more computationally e�cient than a direct ESPRIT
algorithm when the ratio of array size to source number is large� at the expense of negligible
loss in estimation performance�
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Figure �� RMSE for the �rst source versus SNR
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