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Abstract—This paper addresses a comparative study of the spectral characteristics of four random-switching schemes that apply
to the basic pulsewidth-modulation (PWM) dc/dc converters operating in discontinuous conduction mode (DCM). They include randomized pulse position modulation, randomized pulsewidth modulation, and randomized carrier frequency modulation with fixed
duty cycle and with fixed duty time, respectively. Mathematical
models that characterize the input current and output voltage of
the three basic PWM converters operating in DCM are derived. In
particular, the effectiveness of spreading the dominant switching
harmonics in the input current that normally exist in the standard
PWM scheme and the introduction of low-frequency harmonics in
the output voltage with respect to the randomness level are investigated. The validity of the models and analyses are confirmed experimentally by using a dc/dc buck converter.
Index Terms—DC–DC power conversion, power electronics,
pulsewidth modulation, random-switching techniques, switching
circuits.

I. INTRODUCTION

N

OWADAYS, switching converters have to be designed not
only to meet electrical specifications, but also to comply
with the international electromagnetic compatibility (EMC)
standards. With the introduction of the EMC directive, there
is an increasing awareness of EMC issues that highlights the
electromagnetic interference (EMI) problem of switching converters [1], [2]. The pulsewidth-modulation (PWM) scheme is
a common technique that controls the power flow of switching
converters. The switching frequency is fixed and the duty cycle
of the semiconductor switches is the control parameter. Under
the steady-state operation, both the duty cycle and the switching
frequency of the gate signals are kept constant. The harmonic
powers of the input current and the output voltage concentrate
on the multiples of the switching frequency. During the last
decade, random switching, which is originated from statistical
communication theory [3], has been applied to switching
converters. Certain parameters, namely, random (stochastic)
variables, in the PWM modulator are subject to randomization.
The methodology is not merely a way to comply with the EMC
regulations, but also provides a flexible and practical approach
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to solving acoustic noise problems in inverter-based motor
drive [4].
In this paper, the use of random-switching schemes for basic
PWM dc/dc converters operating in discontinuous conduction
mode (DCM) is presented. Under DCM, the energy stored
in the inductor is completely transferred to the output load
in every switching cycle. This feature inherently improves
the converter stability and offers the advantage of stable
closed-loop operation [5]. However, the pulsating input current
waveform consists of the harmonics at the multiples of the
switching frequency, which are the major sources of conducted
EMI [6]. With random-switching schemes, the harmonic power
concentration along the frequency spectrum will be relaxed,
and the peak level of the power spectral density (PSD) becomes
less than that of classical PWM. Discrete harmonics are
significantly reduced and the harmonic power is spread over as
continuous noise spectrum of insignificant magnitude. There
are many randomization schemes, which can spread the harmonic energy present at one frequency across other frequencies.
Their syntheses have been addressed in many papers [7]–[9].
Based on the standard PWM scheme, four modulation schemes
can be categorized. They include random-pulse-position modulation (RPPM), random-pulsewidth modulation (RPWM),
and random-carrier-frequency modulation with fixed duty
cycle (RCFMFD) and with variable duty cycle (RCFMVD),
respectively. It has been shown in [11] that, among the four
schemes, RCFMFD introduces the lowest low-frequency output
noise voltage within the passband of the low-pass filter in dc/dc
converters operating in continuous conduction mode (CCM). It
is, therefore, the best choice for application to converters that
require tight output voltage regulation. However, the suitability
and applicability of the use of random modulation schemes for
converters operating in DCM have not been addressed.
A comparative study of the spectral characteristics of the
four random-switching schemes that apply to the PWM dc/dc
converters operating in DCM will be presented in this paper.
Mathematical models that characterize the input current and
output voltage of the three basic PWM converters, including
buck, boost, and buck–boost converters, operating in DCM
are derived. The methodology starts with the derivations of
the spectral characteristics of a generalized current waveform
under different random switching schemes and an equivalent
transimpedance network for the three basic dc/dc converters.
Investigation emphases include the effectiveness of spreading
the dominant switching harmonics in the input current that
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Three PWM dc/dc converters. (a) Buck converter. (b) Boost converter. (c) Buck–boost converter. (d) Theoretical waveforms of g , i , and i .

normally exist in standard PWM scheme and the degree of
low-frequency harmonics introduced in the output voltage
with respect to the randomness level. They are quantitatively
studied with uniform probability density distribution on the
stochastic variables. The validity of the models and analyses
are confirmed experimentally by using a dc/dc buck converter.

,

slopes of the rising edge and the falling edge, respectively.
is the initial value of the pulse at
and can be related to
in the form of
(3)
where

II. RANDOM SWITCHING SCHEMES
Fig. 1(a)–(c) shows the circuit diagrams of the three basic
PWM converters. The gate signal , inductor current , and the
in a generic switching cycle are illustrated in
diode current
Fig. 1(d). Under DCM, all current waveforms can be represented
by triangular pulses and expressed in a general form of

is a constant. In addition,

can be related to

by
(4)

is a constant. Moreover, the duty cycle
where
Fig. 1(d) in the th cycle is defined as

of

in

(5)
(1)
in which
for
for
elsewhere
where
time at which the th switching cycle starts;
duration of the rising slope;
duration of the falling slope;
delay time of the pulse;

(2)

is the switching period of the th cycle.
where
The above equations form the basis for the derivations of the
and the output voltage
of the three coninput current
can be expressed in the form of (2)–(4). The values
verters.
are tabulated in Table I(a). Moreover, as
of , , , and
shown in Fig. 2, an equivalent circuit can be used to represent
the output stage of the three converters. It consists of a current
source , an output capacitor , and an output load . and
form a transimpedance
, which is defined as the ratio beand
tween the spectral magnitude of the output voltage
current source
(6)
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V

OF THE

TABLE II
THREE DC/DC CONVERTERS [5]

Fig. 2. Equivalent circuit of the output stage of the three converters.
TABLE III
CHARACTERISTICS OF STOCHASTIC VARIABLES IN
SWITCHING SCHEMES

THE

FOUR RANDOM

TABLE I
(a) VALUES OF A, B , F , AND H FOR i IN THE THREE DC/DC CONVERTERS.
(b) VALUES OF A, B , F , AND H FOR i IN THE THREE DC/DC CONVERTERS

B. Definitions of the Randomness Level
(a)

Randomness level
For RPPM,

for each scheme is defined as follows.

(7)
. and
are the lower and
where the delay time
upper limits of the pulse delay time in each cycle. is generally
equal to zero. is the nominal switching period.
For RPWM,
(8)

(b)

Depending on the converter, can be or and is defined
in Table I(b), together with the values of , , , and . In
and
are the nominal values of the input and
Table I,
for the three
output voltages, respectively. The values of
converters are tabulated in Table II [5].

A. Characteristics of Different Random Modulation Schemes
and
under different random
As shown in Fig. 1(d)
or
switching schemes are subject to randomization of ,
, which can be considered as stochastic variables. RPPM is
similar to the classical PWM scheme with constant-switching
frequency. However, the pulse position is randomized within
each switching period, instead of commencing at the start of
controls the randomness level
each cycle. The delay time
in RPPM scheme. For RPWM, each pulse starts without time
), but
is randomized. The average value
delay (i.e.,
over the switching period is equal to the nominal duty
of
and
cycle. RCFMFD exhibits randomized switching period
constant duty cycle, while RCFMVD exhibits randomized
and constant pulse duration. Characterisswitching period
tics of the stochastic variables in the four random switching
schemes are summarized in Table III.

. Thus, the duty cycle
where the pulse on-time
varies between the minimum possible value
and the maxaround the nominal duty cycle.
imum possible value
For RCFMFD and RCFMVD,
(9)
varies between a maximum possible value
imum value .
C. Power Spectral Density of

and a min-

and

For RPPM and RPWM, it has been shown in [11] that the PSD
in Fig. 1(d) can be expressed
of the current waveform
as follows:

(10)
is the nominal switching frequency and
is the
where
.
is the expectation opFourier transform of a cycle of
erator taking over the whole ensemble with randomness level .
The expectation terms in (10) are derived as follows.
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For RPPM, the pulsewidth is fixed at . Therefore,

(11)
If is randomized with the probability density function
and within the range between
and , the expected values of
and
equal

Fig. 3.

Buck converter with the test setup.

Hence,
(12)
(13)
is the complex conjugate of
where
uniform distribution,

. If

is of

(14)
otherwise.
Hence,
(15)
where

(16)
can be eliminated in the absolute-squared value of (11). Thus,
(17)
For RPWM,

(18)
If

is uniformly distributed between

and

,

(19)
otherwise.

(20)
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(a)

(b)

(c)

(d)

Fig. 4. Experimental results of the PSD of i

under the four schemes with < = 0:2. (a) RPPM. (b) RPWM. (c) RCFMFD. (d) RCFMVD.

The expected terms in (22) are expressed as follows.
For RCFMFD,

(23)
where
(21)
For RCFMFD and RCFMVD, the PSD of the current has been
shown in [11] that

(22)

is constant duty cycle.
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(a)

(b)

(c)

(d)

Fig. 5. Theoretical results of the PSD of i

under the four schemes with < = 0:2. (a) RPPM. (b) RPWM. (c) RCFMFD. (d) RCFMVD.

(25)

(24)
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(a)

(b)

(c)

(d)

Fig. 6. Theoretical results of the PSD of i

with respect to the changes in < from 0 to 0.2. (a) RPPM. (b) RPWM. (c) RCFMFD. (d) RCFMVD.

(29)

(30)
(31)

(32)
(26)

The PSD’s for RPPM and RPWM are determined by substituting (11)–(17) and (18)–(21) into (10), respectively. The
PSD’s for RCFMFD and RCFMVD are obtained by substituting
(23)–(27), and (28)–(32) into (22), respectively. All calculations
are based on the parameters in Table I(a) and (b). Hence, (10)
and .
and (22) are applicable for both

(27)
D. PSD of the Output Noise Ripple
For RCFMVD,

In Fig. 2, the equivalent source current flows into an
transimpedance network to form the output voltage. The PSD of
of the converter can be obtained by
the noise output
, with
multiplying the PSD of , which is denoted by
the absolute-squared value of the transimpedance [11]. That is,
(33)
(28)

over the
The noise power is calculated by integrating
spectrum. Hence, the root-mean-square value of low-frequency
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Fig. 7. Low-frequency characterizations of v

noise ripple
by

(a)

(b)

(c)

(d)

under the four random switching schemes. (a) RPPM. (b) RPWM. (c) RCFMFD. (d) RCFMVD.

in the converter output can be approximated [10]

For RPPM and RPWM,
the equation of

(34)
can be determined numerically by

(35)
] is the continuous spectral components in
where [
] is the discrete spectral components in (10),
(10), [
is the number of frequency points over the range of
and
].
[
For RCFMFD and RCFMVD,

(36)

and
. The input voltage
is 15 V. The nominal
is 20 kHz and the duty cycle is 0.5.
switching frequency
The nominal output voltage is 11 V. The synthesis of random
switching pulses is accomplished by using a digital signal
processor TMS320C50.
Figs. 4 and 5 show the experimental and the theore]tical reunder the four schemes with randomness
sults of the PSD of
. The measurements are carried out with a signal
level
analyzer HP89410A with resolution bandwidth of 100 Hz. It is
noted that the unit of the experimental results is in decibels per
hertz, which is analyzed as a comparative result of the actual
spectral power with respect to a reference of 1 mW. Hence, for
the sake of comparison between experimental results and theoretical ones, an offset of 30 dB is added to the theoretical solutions from (10) and (22). That is,

dB
dB

(37)

The theoretical predictions show close agreement with the experimental ones, except for the discrete harmonics in RPPM and
RPWM. There is a 20-dB difference in the discrete harmonics.
The reason is that, if a spectrum analyzer measures the PSD of
, the measured PSD at frequency can be approximated by

III. EXPERIMENTAL VERIFICATIONS
A dc/dc buck converter is illustrated with a test setup in
H,
F,
Fig. 3. The component values are

(38)
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(a)

(b)

(c)

(d)

Fig. 8. Measured output noise ripples with different random switching schemes (time: 10 mV/div). (a) RPPM (10 mV/div). (b) RPWM (100 mV/div). (c) RCFMFD
(100 mV/div). (d) RCFMVD (100 mV/div).

where
is the resolution bandwidth of the spectrum anis the actual PSD of , which is dealyzer and
is narrow, the continuous spectrum of
fined in (10). If
and
will be approximately the
same. However, for the discrete harmonics,
will be expressed as
(39)
equals 100 Hz, there is a 20-dB difference between
Since
the theoretical value and the measured value at the discrete harmonics.
with RCFMFD
It can be observed that the spectrums of
and RCFMVD are continuous without discrete harmonics as
occurred in RPPM and RPWM. Moreover, the peak harmonic
in RPPM and RPWM is 12 dBm/Hz, while
component of
the one in RCFMFD and RCFMVD is 40 dBm/Hz, showing
that the latter two schemes are relatively effective in conducted
EMI suppression. Fig. 6 shows the variations of the PSD of
with respect to the variation in
under the four random
switching schemes, in which is changed from 0 to 0.2. When
, the PSD is the same as the PSD of the classical PWM
scheme. In general, the harmonic spectrum is gradually spread
over as increases. Nevertheless, the PSD’s of the RPPM and
RPWM schemes consist of two components: a discrete component at the multiples of and a continuous component over the

frequencies. The PSD’s of the RCFMFD and RCFMVD only
contain continuous spectrum. It is mainly due to the fact that
the switching period in these two schemes is randomized.
The low-frequency characterizations of
are shown in
Fig. 7. It can be seen that. among the four schemes, RPWM
gives the largest low-frequency ripple voltage on the converter
output, while RPPM gives the smallest. This can be explained
qualitatively by considering the energy transferred from the inductor to the output load in a considerable period of time, for
example, in 1 s. As the inductor energy is completely transferred to the output load in a switching cycle in DCM, the energy stored in a switching cycle is independent of the previous
cycle. Hence, although the pulse position of RPPM is randomized in every switching cycle, the total energy transferred to
the load in the considered period is unchanged. This gives the
smallest low-frequency variation in the output voltage. For the
same reason, RCFMVD gives slightly smaller low-frequency
ripple voltage than the RCFMFD. It is because the duty time
of the main switch in RCFMVD is relatively fixed. The energy
transferred to the load is comparatively constant. For RPWM,
the randomized duty time of the main switch causes significant
variation in the output.
At the frequency range beyond the switching frequency
, RCFMFD gives the lowest magnitude in the harmonics.
This phenomenon can be explained by considering the
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energy transferred from the inductor to the output load in every
switching cycle. The duty cycle in RCFMFD in every switching
cycle is constant even if the switching frequency is randomized,
providing a relatively stable input-to-output conversion ratio.
This factor can be observed from the behaviors of RPPM,
RPWM and RCFMVD schemes, in which relatively large
voltage variations are present because of the varying duty cycle.
Although the average duty cycle in RPPM is constant, the
actual ratio between the on time and off time of the main switch
in every switching cycle is randomized. Thus, the magnitude of
the high-frequency harmonics is higher than that of RCFMFD.
under the four schemes are determined
The magnitudes of
,
was found to be
by using (35) and (36). With
8.1 mV in the RPPM scheme, 94.7 mV in RPWM scheme, 24.7
mV in both the RCFMFD and RCFMVD schemes. Fig. 8 shows
the experimental output ripple of the converter under the four
switching schemes. The results show close agreement with the
numerical predictions.
It has been reported previously that, when the converter is
operated in CCM, RCFMFD offers the best spectral characteristics in dc/dc converter applications among the random
schemes under consideration [11]. However, RPPM gives the
smallest low-frequency ripple voltage in DCM. This gives
a different observation in random switching technique for
dc/dc power conversion. Nevertheless, the advantage of small
low-frequency noise in RPPM is offset by the existence of the
discrete components at the multiples of the switching frequency
at the
and the ineffectiveness in spreading the spectrum of
multiples of , counteracting its usage in EMI suppression.
Finally, comparing RCFMVD with RCFMFD, although the
former technique gives a slightly smaller low-frequency noise
ripple voltage, the latter one is still a good method for practical
implementation in a PWM regulator. The gating signal can be
obtained from a PWM modulator that compares the feedback
control signal with a ramp voltage having randomized period,
which is generated by a voltage-controlled oscillator.
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IV. CONCLUSIONS
This paper has given a comparative investigation into the effects of the randomness level on the PSD’s of the four random
modulation schemes that are applied to dc/dc converters operating in DCM. All schemes can gradually spread the discrete
frequency component in the classical PWM scheme to a continuous frequency spectrum. However, continuous noise spectrum within the passband of the low-pass filter results in a noiseinduced low-frequency ripple in the converter output voltage.
Among all schemes, although RPPM gives the lowest low-frequency ripple voltage, RCFMFD is still a good choice because
of its effectiveness in conducted EMI suppression and of its ease
in practical implementation.
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