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Mathematical Theory of Source Coding

Operational definition Information-theoretic Computational algorithm
of achievable region A description A* (based on A*)

Example: Shannon’s rate-distortion problem

A* based on mutual -
A based on information Elahgt algi)rlthm_
e-achievability (envelope: rate ased on alternating
(A convex) =NVEIOpE. _ projection onto

distortion function) convex sets

We give a unified formula A* (= A) for source coding problems.
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Generic Multiterminal Source Coding Problem

Consider (X1, ..., Xasr, W1, ..., Wk, S) ~ p and draw i.i.d. copies.
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Reconstructed

Information

e | ossless reconstruction iIn
{1,2, e J}

e [, metrics on
{J+1,J+2,...,M}

e Problem parameters:
M, K, J, L,
presence/absence of S.



Relation among Multiterminal Problems
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Completely Solved:
Slepian-Wolf (1973)
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Special Case:

Slepian-Wolf Problem
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Complete Side Information

Reconstructed

Information

M arbitrary
K=0
J=M

S absent/present



Slepian-Wolf Region: M = 3
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General Setup: Salient Features of Unified Formula A*

T * o0 % .
e Generic form A* = U | Ax:

— Formula A} contains information-theoretic quantities involving n-tuple
(X7, X3, W, WES™) and auxiliary random variables.

e Convexity:

— Individual A* not necessarily convex;
— A* always convex (since A* = A).

e In all (previously) solved special cases (e.g., Wyner-Ziv problem),

— A7 convex;
- A = A7 for each n;
— A* = A7, coincides with known expression.

L linosl

DEPARTMENT OF ELECTRICAL AND COMPUTER ENGINEERING



Expression for A* for M =2, K =2,J =0,L =1
Set of (R1, Rz, R3, R4, D): 3q1(21]27), q2(22|7%), g3(23]wT), qa(za|wi), v

(X?v Xga Wina Wéna Sna Zla Z27 ZS) Z4)
~ H p($1(k), $2(k)> wl(k)7 wQ(k)a S(k))
k=1

q1 (21|77 ) q2(22]75) g3(23|wT’) qa(za|wy)
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Expression for A* for M =2, K =2,J=1,L =1

7, = X7
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Expression for A* for M =2, K =2, J =2

7, = X}
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1

EH(X?X;,Z;;,ZLL,S") < R

CH(XJIXY, 75, Z0,8") < R

%H(X?,XQ\Z;»,,ZLL,S”) < Ri+ Ry
HWIS ZIXT, XD, 20,87 < Ry

1
—I(W3' Z4 X} X3, Z5,S™) < Ry
T

1
EI(Wlnv Wénv Zs3, Z4‘ij7 Xga Sn)
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Steps in Showing A = A*

Proof of inner bound A D A*:

e (Distortion dissociation: key to unified theory) Derivation of
distortion-independent coding principle;

e Incorporation of distortion metric, when applicable.
Proof of outer bound A C A*:

e Applying simple information-theoretic inequalities;

e Limiting set-theoretic argument.
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Outline of Remaining Presentation

Overview: One- and two-terminal problems, both solved and open

Consistency of unified formula: Partial side information (open) problem

Distortion dissociation principle

— Shannon'’s rate-distortion problem (generalization of Berger’s lemma)

— Wyner-Ziv problem
— Joint distortion (open) problem

Derivation of unified solution for joint distortion problem

On sufficiency of first-order description, etc.
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One- and Two-Terminal Problems: Completely Solved

e Shannon's lossless coding problem (1948): M =1, K =0,J =1, no §S.

e Shannon's rate-distortion problem (1959): M =1, K =0,J =0,L =1,
no .S.

e Slepian-Wolf problem (1973): M =2, K =0,J =2, no S.

e Wyner-Ahlswede-Korner problem (1975): M =1, K =1,J=1,no S.
e Wyner-Ziv problem (1976): M =1, K =0,J =0,L =1, S: yes.

e Berger-Yeung problem (1989): M =2, K =0,J=1,L=1,n0 S.
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One- and Two-Terminal Problems: Hitherto Open

e Partial side information problem: M =1, K =1,J=0,L=1,n0o S.
— Inner bound by Berger et al. (1979)

e Joint distortion problem: M =2, K =0,J=0,L=1,no S.

— Inner bound for separable distortion metric by Berger-Tung (1977)
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Shannon’s Lossless and Lossy Coding Problems

X" U X"

Llog|U| < R+

Lossless Coding (1948)
Pr{X™ £ X"} <e H(X)<R

Lossy Coding (1959)
LEd, (X", X") < D +e
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Coding with Complete Side Information

X7 U X7
—1 N 9 —

Slog|Uh]| < Ry + ¢

Lossless Coding: Corollary of Slepian-Wolf theory (1973)
Pr{Xy # X} <e H(X1|X3) < Ry
Lossy coding: Wyner-Ziv (1976)

A I(X1; 21| X2)
LEd (X], XT) < D4e  ming Ed(Xy, (21, X))
(X2 — Xl — Zl)

IA A
S =
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Coding with Partial Side Information

AN

X7 U X1

— N T 1/n log|Uy] < Ri+e
Xg f Z/{Q g 1/n log\U2| < Ro+e
] 2

Lossless Coding: Wyner-Ahlswede-Koérner (1975)

) H(X1|Z3) < Ry
Pr{XT + X7} < ¢ [(X2:Z5) < Ro
(X]_ — X2 — Z2)
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Coding with Partial Side Information (Continued)

Lossless Coding: Wyner-Ahlswede-Koérner (1975)

) H(X1|Z2) < Ry
Pr{XT £ X7} < ¢ [(X9:Z5) < Ro
(X1 — Xy — Z5)

Lossy coding: Inner bound by Berger et al. (1979)

I(X1;Z1|Z2) < Ry

1 n Om (X2,Z2) S R2

nEdn(X1aX1)§D-|—€ minwEd(Xla (Zl,ZQ)) < D
)

(Zo — Xo— X1 — 73
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Reconstruction of Both Sources

X7 U X7
— N T 1/n log|Uy] < Ri+e
Xéz Z/{Q g Xg/ 1/n log ‘Z/{2| < R2—|—6
Lossless Coding: Slepian-Wolf (1973)
o H(X1|X2) < Ry
Pr{(XT, XJ) # (X', X3)} < e H(X3|X1) < Ry
H(X1,X3) < Ri+R,
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Mixed Lossless-Lossy Coding: Berger-Yeung (1989)

H(X1|Z3) < Ry
I(Xg Zg\Xl) < R
Pri X X1 < g
1E{d (1X7éX]; < ;?Jr H(X1)+1(X9;25|X1) < Ri+ Ry
noomA2A2) = ¢ ming Ed(Xo, (X1, %2)) < D
(X1—>X2—>Zg)

Lossy coding with separable distortion metric: Inner bound
by Berger-Tung (1977)

I(Xl; Zl‘ZQ
I(XQ;ZQ‘Zl
I(XlaXQ; Zl) ZQ

)

PT{X1 a X{l} g
miny,, Edq (X1, ¥1(Z1, Z2);
)

IAIAIA
S
_|_
M
VANVAN VAR VANRVAN
=
_i_
&

D +e miny, Eds(Xs, ¥2(Z1, Z2)
(Z1 — X1 — X9 — Zo
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Complete Solution: Partial Side Information

n n
‘Xl fl U Xl 1/n log |U1| < Ri+e
qg 1/n 10g|AZ/[2| S R2—|—€
X4 / Uy 1/n Ed (X7, XT) < D+e
)2
A = U  Ax with A*:
1/n I(Xl,Zl|ZQ) < Rl
1/n I(XY;:7Z5) < Ry
rripml/n Edn(Xl (Zl,ZQ)) S D
(Zo—>X2—>X1—>Z1)
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Consistency with Known Special Cases

AN

n n
A £ U XA 1/n log |U|
q 1/” 1Og |AZ/{2|
XY ! Us 1/n Ed, (X7, X7)
- J2

e Shannon's R-D theory: Ry, =0
e \Wyner-Ahlswede-Korner theory: D =0
e Wyner-Ziv theory: Ry = H(X5)

e Rate-constrained estimation: Ry =0
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IA A IA

R{+ €
Ry + ¢
D +e¢
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Shannon’s
R-D theory

I(X;727) < Ry
Ed(X1,Z1) <D

Ry

Rate-constrained A

D estimation |
dmax [ (XTS5 Z1122) < Ry
[(Xy; Zy) < Ry SI(XY; Zy) < Ry
Ed(Xq,Z9) < D !
L )= LBdn(X], 9(21, %)) < D
(\ 1= Xy = 2 (Z1 = X{' = X5 — Z)
H(X5)  Wyner-Ziv theory
) I(X); Z1|X2) < Ry
S RQ Ed(Xla ¢<Zla X2)> < D
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, // (Z1 — X1 — Xo)
| S H(Xi][Xy)

L /Wyner—Ahlswede—Kémer theory X7 Uy Xln
H(X1|Z2) < Ry LA , —
1(X9; Z9) < Ry X3 Uy

(X1 — X9 — Z9) 12
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Complete Solution: Joint Distortion Problem

—1 N

1 Jo

A =US  Ax with A*:

1/n (X7 Z1]Z2)
1/n I1(X3; Z2|Z1)
1/” I(X1>X27Zb 2)
)
)

(Zo—>X2—>X1—>Zl
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1/n log |U]
1/n log |Uo|

IAIA TN IA

1/n Ed, (X7, X3), (X7, X3))

IA A IA

Ri+ €
Ro + €
D + €
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Relation among One- and Two-Terminal Problems
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A

Shannon’s Lossless Coding (1948)
Shannon’s Lossy Coding (1959)

Lossless Coding with Complete Side
Information: Slepian-Wolf (1973)

General Slepian-Wolf Problem (1973)

Lossless Coding with Partial Side Information:

Wyner/Ahlswede-Korner (1975)
Wwner-Ziv Problem (1976)

Partial Side Information Problem: Inner
Bound on achievable region by Berger et al
(1979); Complete solution hitherto unknown

Berger-Yeung Problem (1989)

Joint Distortion Problem: Hitherto unsohed
[Inner bound for separable distortion

metric by Berger-Tung (1977)]
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Distortion Dissociation Principle: Key to Unification

Distortion-independent problem:

e Depends on structure

e Based on strong typicality
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Shannon problem

Step 1: A
. n n
X" U n | X7 / U 1%
L/ g —
<
1/n logld] < R+e Anl/n 1?§IU\_R+6
1/nEdy (X", X" < D+e |THELZ)ETX Z)} <€
Step 2:
Choose ¢(z|z): Ed(X,Z) < D.
Then

1/n Edn(X", Z") < D + edmax.

Set X" =27
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Wyner-Ziv problem

X7 U X
—1 N 9 —

Xy

1/n log |Z/[1| R+ €
1/n Ed (X7, X") < D+e

INA

Step 1: (X2 — X1 — Zl)
X7 U Z1

X5

1/n log|th| < Ri+e
Pr{(X7, X5, Z;)
¢7;(n)(X17X27Z1)} < €

Step 2:

Choose ¢1(z1|%1):

Ed(Xl,w(Zl,Xg)) < D Then
15

1/71 Ed (Xl 7¢n( )) S D—|—€dmax.

Set X7 = (2, X2).
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X1

Xy

Joint distortion problem Step 1: (Z; — Xo — X1 — Z4)
| XT U Zt
7 U X7 f1 -
1 - g R
g o, X5 U Bz
Us _)(2 J2
/2 1n loglth] < Rite
1/n log|Us] < Ro+e
1/7”L log ‘Ul‘ < Ri+e o oon AT AT
Pr{(X{, X3, 21, 2Z5)
1/n log|ta| < Ro+e
¢ Z(n)(XlaX%Zl)ZQ)} S €
1/n Bd, (X7, X3),
(X7, X)) < D+e | Step 2:
Choose ¢1(z1]|x1) and ga2(z2|x2):
Ed((Xl,XQ),w(Zl,ZQ)) < D. Then
1/n Ed,((XT, X3),¥n(Z1,25))
< D + edmax.
Set Xl 7X2) ¢n(2?aZAZ)
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Distortion-Independent Problems: Inner Bound on
Achievable Rate-Region

e Shannon problem: I(X;Z) < R
o Wyner—Ziv problem: I(Xl; Z1|X2) S Rl
e Joint distortion problem:

I(Xl, Zl‘ZQ)
I(XQ,ZQ‘Zl)
I(Xla X27 Zla ZQ)

VAN VAN VAN
RN
_I_
7
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Distortion-Independent Shannon Problem

e Inner bound: I(X;Z7) <R

e Derivation:

— Using strong typicality: Concise, little insight
— Using method of types: Combinatorial insight (type covering),
generalization of Berger's lemma
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Our Type Covering Result

o P(z,2) = P(z)Q(z|z)
and P’ is Z-marginal.

(P o G(2")={z"}: (z",2") of
joint type P.

o |G(2")| ~ 2nH(X]2),

o LlogU| <I(X;Z)+e.

=
U e G(z™)'s cover T™(P).
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Distortion-Dependent Choice

e For any Q(z|x) such that
Ed(X,Z) < D,

1 mn mn
Tn(P/) Edn(w , 2 ) <D,

V" € G(2"), 2" e U.

e Required bit-rate

M inf Llog 14| < inf I(X: 2)
It — lo 1n s 4 )t€.
U QN 5 - Q

ECE Illinoi wl
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Berger's Lemma as Corollary

e D(z") : D-ball around z".

TP e (Recall) G(z™) C D(z"™) for
any D-admissible Q(z|x).

e D(z")'s cover T"(P).

o Llog|U| <infI(X;Z)+e,
“——,—  inf over admissible Q(z|x)'s.
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Joint-Distortion Problem: Rate-Region in
Distortion-Independent Version

e |Inner bound:

I(Xl;Zl‘ZQ) S Rl
I(XQ;ZQ‘Z:[) S RQ
I(Xl,XQ;Zl,ZQ) S Rl—l—RQ

e Derivation using distortion-independent

— Shannon problem: I(X;Z) < R
— Wyner-Ziv problem: I(X1; Z1|X5) < Ry
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Joint-Distortion Problem: Distortion-Independent Region

Xy U zp 1
fi 91
—
Xy Us Zy
f2 92

S 91 I(X1,X9; 21, Z2) < Ry + Ry
Xy Uy —— ’
J2 92

Ry
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Proof of Inner Bound: A D A*

e Incorporation of distortion: A D A}
o n-tuple = A2 A

e Taking union and closure:
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Proof of Outer Bound: A C A*

(Rl, RQ, D) c A

= For any € > 0 and some n(e), - Decreasing ¢

(Rl—l—E,Rg—l—E,D—I—E) E.A;;

(i.e., (R, Ry, D) € AL

= (Ry, Ry, D) € A9 = s A

= (R1,R2, D) € A* = NespA*©
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Representation by Convex Hulls of A*

o We know: A = A" = U2 | A% is convex.

e Define: B’ = convex hull of AY; B* = U2 ,B~.

e Then: A= B*.
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Necessary and Sufficient Condition: A = B;

For each n and any (R1, Ry, D) € A%:
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Necessary and Sufficient Condition

1. Condition for A = Bj:

2. Convexity of Aj.
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lllustration of Nonconvexity of A}

Partial side information problem: X, = Xo = X ~ (1/2,1/2)

U Xn
xn fl -
— g

Uy

/2
Rate-distortion region: C (= A)
I(X;Z) < Ri+R;
Ed(X,Z) < D
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D C

dmax

o [(X;Z) < Ry + Ry
| Ed(X,Z) < D

Ry
5 s )
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Open Questions

1. Condition for first-order description
2. Topology of A%

3. Computational algorithm
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