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The Use of Fuzzy Spacesin Signal Detection

S.W. Leung and JamesW. Minett

Absract: The Fuzzy CFAR (Congant False Alarm Rate) detector, which is based on the M-
out-of-N binary detector, is characterized and compared with the optima NeymanPearson
detector. It replaces the crisp M-out-of-N binary threshold with a soft, continuous threshold,
implemented as a membership function. This function is chosen o that the output is equa to
the fdse darm rate of the binary detector, and therefore maps the observation set to a False
Alarm Space corresponding to the false darm rate, Pra. An andogous membership function
is dso developed mapping observations to a Detection Space which corresponds to the
detection rate, Pp. These two spaces dlow different detectors to be compared directly with
respect to the two important detection performance indices, Pra and Pp. Comparison of the
Fadse Alam Space and Detection Space indicates that the Fuzzy CFAR detector and
NeymanPearson detector detect sgnds in a different manner and have different detection
properties.  Neverthdess, performance results illusirate that the Fuzzy CFAR detector

achieves detection performance comparable to the optima Neyman-Pearson detector.
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1. Introduction

Congtant False Alarm Rate (CFAR) detectors [4, 8-10] and other threshold-based detectors
[7, 12] form the bass of many decison making systems such as in radar detection and digitd
communication. Detection dgorithms are generdly optimized with respect to a paticular set

of cogt functions chosen for the specific gpplication. In this paper we present the Fuzzy



CFAR detector [5-6] and compare it to the Neyman-Pearson detector [1, 12-13], which
provides optima detection in many Stuations in which cost is too vague for meaningful
assgnment of cost functions [13]. We describe the underlying principles and detection
criteria for each detector, and aso show how the Fuzzy CFAR detector is adapted from the
classc M-out-of-N binary detector [10]. We go on to discuss the use of Fuzzy Spaces [6],
explaning how they dlow andyss and direct comparison of the detection properties of

detectors.

2. Detection Criteria

In dgna detection, we are often interested in determining the presence of a week sgnd,
corrupted by noise. CFAR detectors generadly implement decision rules based on a crisp
threshold producing binary output, either O or 1 [10]. Often, such discontinuous decison
rues give rise to a ggnificant loss of information, producing far from optima detection
performance. The Fuzzy CFAR detector replaces the binary threshold with a soft, continuous
threshold producing smooth output in order to reduce information loss  The following
sections compare the detection criteria of this detector with the optima NeymanPearson
detector, and the classic M-out-of-N detector which it adapts.

Noise can be modded as a random process, reducing the detection problem to a datistical

hypothesistest. An gppropriate hypothess test for detection of asignd in anoisy channd is

H,: y=n "NoTarget"

H;:: y=M+*n "Target" (2.2)
where y represents an observation of the channe, n the observed noise, and M the sgnd
which may be present in the channd. In this sudy, we congder only the basic case of a

congant d9gnd in zero-mean white Gaussan noise, with observaions assumed independent

and, therefore, uncorrdated [1]. Although smple, this modd dlows us to introduce the



concepts required to characterize the Fuzzy CFAR detector, and to compare it to the
Neyman-Pearson and M-out-of-N detectors. We now present a brief review of each detector,

including the derivation of the Fuzzy CFAR detector from the M-out-of-N detector.

2.1 Neyman-Pearson Criterion

The Neyman-Pearson criterion specifies the optima decison rule for a hypothess tes with
condrained rate of fase darm and is often used when the cost functions associated with
hypotheses are unknown. The Neyman-Pearson detector is implemented as shown in Figure
1. For each observation set, N independent measurements of the detection channel are made.
The mean vaue is then thresholded to provide the target decison.

For our chosen noise/'sgnd modd with N independent observations, the NeymanPearson

threshold, THx, isgiven impliatly by [1]

Qo=

P = pr(X 2 THe|H, ). X ==&

1
N (2.2)

'_IJ

where P™ is the chosen fdse darm rate; hypothesis “Target” is accepted when X 3 THy .

This produces the Neyman-Pearson decision rule

Target

X i TH, ::S/WF'l(l- P ), 2.3)

NoTarget

where F! is the inverse cumulaive digribution function of the Sandad Gassan
distribution, and s 2 is the noise mean power. The detection rateis given by [1]
P° := Pr(X s THy|H,), (2.4)

which for Gaussan noiseis

PP = 1- F §F 1 (1- ) mM% : (25)

where F isthe cumulaive digtribution function of the sandard Gaussan distribution.



2.2 M- out- of- N Criterion

The M-out-of-N or Binary detector found widespread gpplication in the early years of radar
when operators were ill usng head-phones to listen to the detection channd [10]. Although
now little used as a detector, it forms the basis for the new class of fuzzy detectors introduced
by the authors in [5-6]. The M-out-of-N detector is shown in Figure 2 as used for radar
detection. At each range bin, N observations are made, as for the Neyman-Pearson detector.

However, each observation, y;, is thresholded independently, producing binary output, niy;),
(2.6)

These binary outputs are then summed and a “Target” is declared when the sum is grester

than or equa to M, i.e.

Snly) M. @7

NoTarget
The threshold, THyY, is defined implicitly by
ly
P™ = (){Pr(\(i s THYN|HO)} , (2.8)

i=j1
or equivaently
— N —
e Pr(\(i S TH, |HO) foral Y, =Y, Vi 2.9)
reflecting the fact that at leest M of the N observations should exceed the chosen threshold

with congrained fse darm rate.

The detection rate is given by

PP = (JN){Pr(\(isTHYN|H1)}, (210

i=j;

which for Gaussan noiseis



PP = il- FgF'l(l- '\J/PFA ) M% Eg : (211)

2.3 Fuzzy Criterion

The Fuzzy CFAR detector adapts the M-out-of-N detector by replacing the binary threshold
of Equation 2.6 with a soft threshold, shown in Figure 3. The reason for adapting the M-out-
of-N detector in this way is to ded with the uncertainty in sdecting a fixed vaue of the
binary threshold, THy": this new fuzzy threshold provides soft decisons with a smooth
trangtion from certain acceptance to certain rgection of a hypothess. In this way the
detector retains more information than the binary detector.

The soft threshold is implemented as a fuzzy membership function [3, 14], Q (yi), assigning
membership to hypothess Hyp, “No Target”. Furthermore, it is defined so that membership
vaues are didributed uniformly on [0,1] under Ho,

Q:y — Pr(z3 yi|z~HO), (2.12)
so that Q(y;) is the probability that an observation exceeds threshold y; under the “No Target”
hypothesis. The reason for this particular definition is two-fold:

The membership function is monotone decreasing, Quaranteeing that  stronger
obsarvations ae assgned sndler membership to the “No Target” hypothess,
ie y2y, 0 Q(y)EQly ) (213)
The M-out-of-N criterion, as interpreted in equation (2.9), requires that the fdse dam
rate associated with a least M individual observations be smdler than some threshold for

a “Target” to be declared. With our choice of membership function, the M-out-of-N

decison rule can be written as

Target
<

Qly) , WP™ "y=y. .y, (2.14)
NoTarget



hence presenting the threshold explicitly in terms of false darm rate.
The Fuzzy CFAR criterion adapts this decison rule by declaring “Target” when the fdse
dam rate associated with the entire observation set is smdl enough. Since observations are

independent, the Fuzzy CFAR decision rule for N observationsis given by

N Target

<
OQly) , P™ (2.15)
=1 NoTarget

where threshold, P™, is just the fdse darm rate of the associated M-out-of-N detector,
alowing the Fase Alarm Space concept to be developed in Section 3. The block diagram of
the Fuzzy CFAR deector is shown in Figure 4. With this detector, if even a single
observation suggests “Target” with aufficdent cetanty (Q(yi)) << 1), the detector outputs
“Target.” Thiswill be discussed further in Section 3.2.

In our smple example, the membership function is
: &/ 0
Q:ym—1 FSA 5 (2.16)

the complement of the cumulaive didribution function under Hp, and has the form shown in

Figure 3. Thefasedarm rate of the N scan detector is

PR™ =a :"Sil (-1) (ina ) , (2.17)

i=1 I '
while the detection rate is given by the integra

P, = O dy, ... dy, - (2.18)
aC)iN:lQ(Yi)

3. Fuzzy Spaces
A sandard method for comparing the performance of detectors is to consider the detection
rate achieved a chosen fdse dam raes. It may often be indructive to consider which

observations give rise to the differences in the quoted detection and fdse darm rates. In this



section, we look into this by defining two new spaces, the Fase Alarm Space and the

Detection Space, which make the comparison of such differencestrivid.

3.1 False Alarm Space
The “No Target” membership function, Q, defined in equation (2.12) maps the observation
space, S:= AN, into a fuzzy hyper-cube [4], AN := [0,1]N. The threshold of each detector
forms an N — 1 dimensiona subspace of AN, partitioning it into a False Alam Region, Aj,
and a Rejection Region, Ag. Under Ho, observations which map to a point in A1 result in an
incorrect acceptance of Hs, i.e. afase darm. Observations which map to a point in Ag result
in a correct rgection of Hiy. Due to the choice of membership function, Q, and the
independence of observations, the fase darm rate of a detector is smply the hyper-volume of
its associated False Alarm Region, A1 [6]. Wethereforecall AN the False Alarm Space.
Figure 5 shows the threshold and Fase Alarm Region for each detector projected into the
Fdse Alam Space. In order to clearly illusrate the form of each threshold, we show the
Fdse Alarm Space a 10% fase darm rate in two dimensions only. However, the thresholds
have the same gened form a highe dimensons  The Fase Alam Regions differ
congderably, highlighting how different observations generate false alarms for each detector:
The Neyman Pearson detector favors selecting the “Target” hypothess, H; when Q(y;) for
both obsarvationsis sufficiently smdl — the False Alarm Region has non-linear bound;
The M-out-of-N binary detector with 2-out-of-2 decison rule sdects Hi, whenever Q(y:)
for both obsarvetions is smdler than the threshold, and with 1-out-of-2 decison rule

sects H; whenever Q(yi)) for ether obsarvation is smdler than the threshold

1[PFA = PFA _the Fase Alam Region is bounded by a square;



The Fuzzy CFAR detector favors sdlecting Hy; when Q(y;) for either observation is
auffidently smal — the False Alarm Region is bounded by a hyperbola.
It is these differences in the False Alarm Regions of each detector that give rise to differences

in detection performance, discussed in the following section.

3.2 Detection Space

A second membership function, Y, is defined to measure the degree to which an observation
is conggent with hypothesis H;, “Target”. This membership function is andogous to the
fase darm membership function described in Section 2.3 and is defined so that membership
vaues, Y (y), ae didgributed uniformly on [0,1] under hypothess H;. Y maps the
observation space, S= AN, into afuzzy hyper-cube, DN :=[0,2]".

The detection threshold partitions DN into a Detection Region, D;, and a Miss Region, D.
Under Hi, observations which map to a point in D1 result in a correct acceptance of Hj, i.e. a
target is detected, while observations which map to a point in Do result in an incorrect
rgection of Hj, i.e. a missed target. The detection rate of the detector is thus the hyper-
volume of the Detection Region, D; [6] hence we call DN the Detection Space.

For Gaussian noise, the “Target” membership function is
Yy 1- F&Y- 'V'/ 0 (3.1)
& S g

the complemert of the cumulative digtribution function under H;.

A plot of the two-dimensiond Detection Space for each detector is shown in Figure 6.
The Neyman-Pearson detector favors detection when Y (y;) for both observations is
sufficently large;
The 2out-of-2 hinary detector has square Detection Region, while the 1-out-of-2 detector

has square Miss Region;



The Fuzzy CFAR detector favors detection when Y (y;) for either observation is
aufficiently large.
Without cdculating the actud detection rates of the detectors, it is gpparent that the Fuzzy
CFAR detector generates fewer detections than the Neyman-Pearson detector when
obsarvations are gpproximately equa (region Di7), but more detections when observations
are dgnificantly different (region D;*). For a generd N scan, the Neyman-Pearson detector
sdects “Target” when dl observaions are aufficiently large, whereas the Fuzzy CFAR
detectors aso alows the “Target” hypothess to be selected when even a single observation is
aufficiently large.
These differences in the Detection Regions of the NeymanPearson and Fuzzy Detectors may
be sgnificant in cetan gpplications, such as in radar detection of Swerling 2 & 4 fluctuating

targets [11] when signal observations may vary more rapidly than expected.

4. Performance

The performance characterigtics of each detector are summarized in Figures 7 & 8. Figure 7
plots the detection rate for each detector a severd practicd fadse darm rates, while Figure 8
shows the dsgnd-to-noise ratio (SNR) required for each detector to achieve the specified
detection performance.

The M-out-of-N detector provides poorer detection performance than ether the Neyman
Pearson detector or the Fuzzy CFAR detector, due mainly to its use of a binary threshold. It
is ds0 evident that for a two scan scheme, the peformance of the Fuzzy CFAR detector
differs by no more than 0.2 dB from that of the optima NeymanPearson detector. As
discussed in Section 3.2, the Fuzzy CFAR detector may adso be less susceptible to
degradation of detection peformance when, due to uncetain knowledge of target

fluctuations, signa observations fluctuate more rapidly than expected.
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5. Conclusion

This paper has reviewed the principles of sgnd detection usng both binay and fuzzy
thresholds to implement decison rules. The Fuzzy CFAR detector has been shown to out-
perform the classc M-out-of-N binary detector, which it extends, and to have performance
comparable to that of the optimal NeymanPearson detector. By particular choice of the
threshold membership function, the threshold of the Fuzzy CFAR detector is related directly
to the false darm rate.

A method for andyzing the performance of a detector by projecting its threshold into two
fuzzy spaces, the False Alarm Space and the Detection Space, has been demondrated. The
fdse darm rate and detection rate of the detector can be cadculated from the hyper-volume of
the Fase Alam Region and Detection Region, respectively. Moreover, detectors can be
characterized and compared in terms of these spaces by examining which obsarvations give

riseto fase darms and valid detections.
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Figure Captions

Figure1l. Block Diagram of the Neyman-Pearson Detector

Figure2. Block Diagram of the M-out-of-N Binary Detector

Figure3. Comparison of Binary and Soft Threshold

Figure4. Block Diagram of the Fuzzy CFAR Detector

Figure5. Threshold and False Alarm Region of the Fuzzy CFAR,
NeymantPearson and M-out-of-N Detector.

(Signal-to-Noise Ratio = 0 dB, False Alarm Rate = 10%)

Figure 6. Threshold and Detection Region of the Fuzzy CFAR,
Neyman-Pearson and M-out-of-N Detector.

(Signa-to-Noise Ratio = 0 dB, False Alarm Rate = 10%)

Figure 7. Plot of Detection Rate against False Alarm Rate

(Signal-to-Noise Ratio 4 dB, 6 dB, and 8 dB)

Figure 8. Signal-to-Noise Ratio against False Alarm Rate

(Detection Rate 90.0 % and 99.9 %)
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