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Abstract

Machine-to-Machine (M2M) communications is a key enabling tech-

nology for the emerging Internet of Things paradigm, which offers

pervasive wireless connectivity for autonomous devices with minimum

human intervention. It has been identified by the Third-Generation

Partnership Project (3GPP) as a new service type to be supported by

the Long Term Evolution (LTE) networks. However, due to the ex-

plosive growth of M2M markets, thousands of Machine-Type Devices

(MTDs), e.g., sensors and actuators, will be deployed in each LTE cell.

With many MTDs attempting to initiate connections with the network,

the deluge of access requests will cause severe congestion with intoler-

ably low access efficiency. How to efficiently accommodate the access

of a massive number of MTDs has become a significant challenge for

supporting M2M communications over LTE networks.

A great deal of works have been done for modeling and evaluating

the access performance of M2M communications in LTE networks. The

existing models, however, either ignore the queueing behavior of each

MTD or become unscalable in the massive access scenario, making it

extremely difficult to further study how to optimize the access perfor-

mance by properly tuning system parameters, e.g., backoff parameters.

The crucial effect of data transmissions on the access performance of

MTDs is also little understood.

This thesis is devoted to modeling and optimizing the access through-

put and access delay performance of massive random access of M2M

communications in LTE networks. The study begins by proposing a

novel double-queue model for each MTD, which can both incorporate

the queueing behavior of each MTD and be scalable in the massive

access scenario. The proposed model also captures the essence of the

connection-based random access in LTE networks, where a connection
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is first established between a device and the base station before the

device starts to transmit its data packets.

Based on the proposed double-queue model, the access throughput

performance and the access delay performance are further character-

ized and optimized with the assumption that the data transmission

rate is sufficiently large, i.e., each MTD with a successful access re-

quest can always clear its data queue in one time slot. The maximum

access throughput and corresponding optimal backoff parameters, in-

cluding the access class barring (ACB) factor and the uniform backoff

(UB) window size, are derived as explicit functions of key system pa-

rameters. Explicit expressions of the minimum mean access delay and

the corresponding optimal ACB factor are also obtained. The anal-

ysis shows that with a sufficiently large data transmission rate, the

maximum access throughput is solely determined by the number of

preambles, while the minimum mean access delay further depends on

the network size and the traffic input rate of each MTD.

To further evaluate the effect of limited data transmission resources

on the access performance, the analysis is extended to incorporate a

finite data transmission rate, with which it may take more than one

time slot for MTDs to clear their data queues. The maximum access

throughput and the corresponding optimal ACB factor are both ob-

tained as explicit functions of the data transmission rate. The analysis

reveals that the maximum access throughput is a monotonic increas-

ing function of the data transmission rate, which becomes zero if the

data transmission rate is too small. It is also shown that the crucial

resource tradeoff between access and data transmission is determined

by the time slot length. To further optimize the access throughput per-

formance, the optimal time slot length for maximizing the normalized

maximum access throughput is characterized. The analysis in this the-

sis sheds important light on the practical system design for supporting

massive access of M2M communications in LTE
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Chapter 1

Introduction

1.1 Machine-to-Machine Communications

1.1.1 Wireless Communications Towards the Era of Inter-

net of Things

“We are all now connected by the Internet, like neurons in a giant brain.”

—— Stephen Hawking

This quote is a true portrayal of our lives today. The Internet, nowadays, is

affordable and pervasive. Almost all of us have access to it and we are using it

for anything and everything, e.g., paying bills, watching videos or playing mobile

games. The Internet has long been an integral part of our daily lives. Yet, it still

keeps evolving and will reach every corner of human society by connecting not

only the people but also the everyday objects, such as doors, vehicles, watches

and even buildings. This irresistible trend proclaims that the era of Internet of

Things (IoT) is coming.

IoT is a new wave in the technological revolution. It is generally referred

to as a global network of connected devices having identities and virtual person-

alities operating in smart spaces and using intelligent interfaces to communicate

within social, environmental, and user contexts [1]. Although the definition seem-

s complicated at first glance, the basic goal of the IoT vision is simple, that is,

connecting the unconnected [2]. When everyday objects join the Internet, an

ever-tight integration between the physical world and the computer network can
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2 Chapter 1

be created, which enables us to sense, interact and control the physical objects

by making them smart. This integration can also improve the efficiency, accuracy

and automation of the existing applications and further give birth to a myriad of

new use-cases. From small wearable devices such as Google glass, Apple watch,

Fitbit, to large-scale intelligence systems such as Tesla autopilot, Industry 4.0,

earthquake early detection, the potential impact of IoT applications is impressive.

A UK government report shows that in the next few years, over 50 billion IoT

devices will join the Internet [3]. Needless to say, the world of IoT is around the

corner.

Although IoT is broad and multifaceted, wireless communications is always

the heart of it. Since the invention of wireless telegraphy in the 19th century, wire-

less communications has been one of the most common approaches for connecting

everyone and everything. From the indoor venues, like offices, homes, and cafes,

that are normally covered by WiFi, to the satellite communication with global

coverage, wireless communications provides a convenient, flexible and accessible

way for transmitting information over a distance without the help of wires, cables

or any other forms of electrical conductors. The wireless connectivity thus will

be an indispensable element for realizing many IoT applications, such as the fleet

management, driverless cars and smart city.

On the other hand, IoT will in turn have a far-reaching influence on the fu-

ture development of wireless communication technologies. For decades, by going

to a larger bandwidth and higher data rates, typical wireless networks, such as

WLAN and cellular networks, are designed and optimized in a way that they

fit best for conventional Human-to-Human (H2H) communications, such as video

streaming and mobile games, where a small number of devices access the network

but transmit a significant amount of data. In IoT, on the other hand, devices

just transmit and receive small data packets while the number of devices could be

very large, orders of magnitude above what current communication networks are

capable of dealing with. This fundamental difference changes the principle of wire-

less communication system design from increasing link capacity to implementing

low-overhead signaling protocols and highly scalable network architectures that

can handle a large number of simultaneous connections [4].

Enormous endeavors have been made by the industry and academia in de-

veloping new solutions or enhancing the existing networks for the emerging IoT

applications. For instance, Low-Power Wide-Area Networks (LPWAN), such as
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Sigfox and LoRa, have been developed and used to create a private wireless sensor

network for long range and low rate transmission [2]. Bluetooth Low Energy (BLE)

was recently released by Bluetooth standardization body and is a customized pro-

tocol for meeting the short range transmission demand among energy-sensitive

IoT devices [5]. Moreover, 3rd Generation Partnership Project (3GPP), the stan-

dardization body for cellular system, has already included massive Machine-Type

Communications (mMTC) as a generic service type to support in the upcoming

5G network [6]. To conclude, wireless communication technologies are undergoing

a new and pervasive evolution, without a doubt, towards a better support for the

era of IoT.

1.1.2 M2M Communications: Concepts and Features

In the IoT vision, billions of everyday objects are connected, and disparate

systems are brought together into one large, connected ecosystem. It can be

seen that the key foundation for this vision is the seamless connection among a

wide range of everyday objects. For developing such foundation, it is known that

Machine-to-Machine (M2M) communications will be one of the most important

paradigms, which can provide pervasive wireless connectivity for autonomous de-

vices with minimum or no human intervention. M2M communications has been

used in a variety of IoT applications, including home automation, industrial au-

tomation, intelligent transportation systems, healthcare, surveillance and smart

metering [7, 8].

M2M communications is different from the conventional H2H communica-

tions. One obvious difference is the device type. The device domain of M2M

communications is comprised by autonomous objects such as sensor and meters,

which are generally referred to as Machine-Type Devices (MTDs). On the other

hand, the device domain of H2H communications is comprised by devices such as

cellphone, laptop, etc, that have interfaces for human control, and are generally

referred to as Human-Type Devices (HTDs). Indeed, the differences between M2M

communications and H2H communications are far more than the type of devices.

In the following, we summarize some unique characteristics of M2M communica-

tions that differentiate it from conventional H2H communications [9, 10]:

• Amount of devices: Industrial reports have shown that the number of MTDs

will soon exceed the sum of all HTDs [11]. An increased order of magnitude
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in the number of MTDs will generate massive transmissions, challenging the

scalability of existing networks.

• Small packet transmissions: Although the number of devices can be large,

most of MTDs transmit small-size messages, which can be just a few bits, or

even just 1 bit to inform the occurrence of an emergency event. Therefore,

the network should support small packet transmissions with minimal cost,

e.g., signaling overhead, resource, etc.

• Low mobility: For many M2M applications, such as home automation and

smart parking, MTDs are usually static or move in a predefined region.

Thus, the mobility is not a major concern.

• Traffic direction: Different from H2H communications, motivated by applica-

tions such as video streaming, where most traffic is in the downlink direction,

in M2M communications, the traffic is usually in the uplink direction. For

example, the smart meter periodically sends its metering report but may

rarely receive downlink messages.

• Energy constraint: In most cases, MTDs are battery operated and an M2M

network may be deployed in areas where frequent human access and battery

replacement is impossible. Therefore, energy efficiency is a critical metric

that needs to be considered.

• Device heterogeneity: A wide range of M2M applications have emerged and

MTDs in different applications have diverse service requirements. For in-

stance, in earthquake early detection systems, MTDs transmit critical in-

formation and require ultra-low latency wireless transmission services. Yet,

for the smart metering case, the meters are delay-insensitive. Hence, the

network should be capable of providing service differentiation and diverse

quality-of-service guarantees for different MTDs.

1.1.3 Enabling Wireless Technologies for M2M Communi-

cations

With the booming M2M market, the potential of the M2M paradigm has been

widely recognized by both academia and industry. A number of enabling wireless

technologies that are promising to be used in M2M networks have been developed.
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Depending on whether the connectivity is provided by the cellular system or not,

we can broadly divide them into two categories: 1) capillary M2M communications

and 2) cellular M2M communications.

In capillary M2M communications, MTDs form a private or relatively isolat-

ed local area network by using short-range communication technologies, such as

ZigBee and Bluetooth, or long-range communication technologies, such as Sigfox

and LoRa. Capillary M2M communications are usually characterized by a large

number of low-data-rate, low-cost and low-complexity MTDs, requiring high ener-

gy efficiency, flexible deployments but may be insensitive to reliability. The target

for deploying capillary M2M networks is to simplify the system architecture for

realizing specific network functionalities, e.g., limiting the signaling to a local area,

by exploiting the cooperation among neighboring MTDs without the aid of core

network components [10]. Typical examples of capillary M2M communications

include wireless sensor networks in the battlefield, home security and industrial

automation.

Although capillary M2M communications is an attractive solution, the net-

work coverage is usually limited, that is, MTDs have to be deployed in a certain

area, near to the M2M gateways, through which they can get connected to the ex-

ternal world. Such limitation in network coverage makes it hard, if impossible, to

realize large-scale IoT systems, such as smart city or intelligent transportation sys-

tem, where smart objects can be distributed in an area of several thousand square

kilometres. Therefore, to release the full potential of M2M communications, the

most ideal scenario is MTDs need just to be placed in the desired locations to get

connected to the rest of the world [12]. Satellite communications can offer global

scale network coverage. Yet, it is the least choice due to the prohibitively high

cost and energy consumption.

So far, the most appealing solution that can provide widespread coverage with

low complexity at MTDs, low energy consumption and reliable connectivity, is the

existing cellular networks. In cellular M2M communications, MTDs are equipped

with embedded SIM cards and can communicate autonomously with the cellular

network like normal user equipments. With decades of development, the cellular

system nowadays is stable, reliable and offers high capacity, security and a flexible

interface for radio resource management. Thanks to the world-wide footprint of

the network infrastructures, the cellular system becomes the most natural and

ideal candidate for supporting M2M communications.
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Therefore, in this thesis, we will specifically focus on the cellular M2M com-

munications. A brief introduction to the current cellular system, i.e., Long Term

Evolution (LTE), will be presented in the following section.

1.2 An Overview of Long-Term Evolution (LTE)

Networks

LTE is a standard for wireless broadband communication for mobile devices

and data terminals [13]. It was proposed by 3GPP, a telecommunication stan-

dardization body founded collaboratively by countries, research institutions and

enterprises around the world. LTE evolves from an earlier 3GPP system known

as Universal Mobile Telecommunication System (UMTS), which was in turn e-

volved from the Global System for Mobile Communications (GSM). Compared

to its predecessors, LTE improves the system capacity, network coverage, data

rates while reduces latency by using advanced radio interface technologies, new

frequency band and simplifying the network architecture to an all IP-based sys-

tem. Nowadays, LTE has been a global standard with network connectivity all

over the world, which naturally becomes the most appealing solution for enabling

M2M communications.

In this section, we will first present a system-level view on the LTE network

architecture, and then demonstrate the access and data transmission procedures

in LTE networks.

1.2.1 Network Structure

A graphic illustration of the LTE system is shown in Fig. 1.1 [14], from which

we can see that two main components comprise the LTE system: the Evolved

Universal Terrestrial Radio Access Network (E-UTRAN), and the Evolved Packet

Core (EPC).

Specifically, the E-UTRAN is the air interface of network and has just one

component, eNodeBs, where eNodeB is an LTE terminology for Base Station (BS).

In this thesis, we use the terminology BS for simplicity. The E-UTRAN manages

the radio connection between the EPC and user equipments, i.e., MTDs in the
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Figure 1.1: Graphic illustration of the LTE system [14].

context of M2M communications. Each MTD communicates with just one BS.

The functionalities of the E-UTRAN can be divided into two categories: data

packet transmission and operation control. First, the BS sends data packets to

MTDs or receives data packets from MTDs by using the signal processing func-

tions of the LTE air interface. Second, by sending signaling messages, such as

handover command, connection setup and security mode command, the BS con-

trols the operation of MTDs in regard to mobility, security, etc. Each BS may have

connections with nearby BSs. The connections between BSs are used for signaling

and packet forwarding during handover [13].

The EPC mainly consists of three network components: the Mobility Manage-

ment Entity (MME), Service GateWay (S-GW), and Packet data network Gate-

Way (P-GW). Specifically, the MME handles the signaling related to mobility and

security for E-UTRAN access, and is responsible for the tracking and the paging

of user equipments. S-GW routes data packets through the network. P-GW is

EPC’s point of contact with external IP networks, such as Internet.

It is clear that if an MTD needs to transmit a stream of information to the

remote server, then it should first send packets to E-UTRAN, and E-UTRAN

forwards to EPC, and finally, EPC relays the packets to the Internet. In this

process, only the transmission between the MTD and E-UTRAN, i.e., BS, is built

upon wireless channels. To gain a detailed understanding of the wireless data

transmission link between the MTD and BS, in the following subsections, we will

first demonstrate the uplink resource structure of the LTE networks, and then

elaborate on the access and data transmission procedures.
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Figure 1.2: Uplink time-frequency resource structure of the LTE system.

1.2.2 Uplink Resource Structure of the LTE Networks

In LTE networks, a connection1 between the MTD and the BS should first be

established before the MTD transmits data packets to the BS. Therefore, besides

data packets, a lot of signaling messages need to be exchanged for connection

establishment. In LTE networks, data packets and signaling messages have to be

delivered in different time-frequency resources.

Fig. 1.2 demonstrates the uplink resource structure of the LTE networks.

Specifically, the radio transmissions in LTE are based on the Orthogonal Frequency

Division Multiplexing (OFDM) scheme. The time is divided into fixed-length

radio frames, and each frame contains multiple sub-frames, where each sub-frame’s

duration is 1 millisecond [16]. Note that the resource scheduling is performed in

both time domain and frequency domain. In the time domain, the resources are

allocated in every 1 millisecond. In the frequency domain, the transmissions are

scheduled in the unit of physical resource blocks, where a physical resource block

is 180 kHz wide in frequency, as shown in Fig. 1.2.

To segregate different types of data and transmit them across the radio access

network in an orderly fashion, in LTE networks, various physical “channels” are

defined, where each “channel” is a group of physical resource blocks that are used

with specific purposes [16]. According to the standard [17], there are three types

of physical channels defined for uplink:

1That is, the MTD enters RRC (Radio Resource Control) CONNECTED state, in which the
transmissions of unicast data to/from MTD, and the transmissions of broadcast/multicast data
to MTD can take place [15].
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• Physical Uplink Control CHannel (PUCCH), which delivers control signal-

ing, such as channel quality indicator report.

• Physical Random Access CHannel (PRACH), which is used for random ac-

cess.

• Physical Uplink Shared CHannel (PUSCH), which is used to carry user data

packets and radio resource control messages.

Particularly, each subframe contains at most one PRACH. PRACH will be al-

located periodically and the period is broadcasted by the BS. According to the

standard [16], the period of PRACH varies between a minimum of one PRACH

every 20 subframes and a maximum of one PRACH per subframe. Note that s-

ince the total time-frequency resources in LTE networks are limited, the period of

PRACH subframe determines a crucial resource tradeoff between the access and

data transmission, where more frequent PRACH subframes lead to fewer resources

for data transmission. Later in this thesis, we will investigate this tradeoff.

1.2.3 Access and Data Transmission Procedures

Note that in LTE networks, if an MTD has data packets in the data queue

but does not have a connection with BS, then it needs to perform the random

access procedure to establish the connection, through which the MTD can further

apply for uplink resources to deliver its data packets [18]. The contention-based

random access procedure in LTE networks consists of four steps, as shown in Fig.

1.3a:

1. An MTD sends a randomly selected preamble to the BS via PRACH. In LTE

networks, preambles are a series of orthogonal sequences. If two or more

devices transmit the same preamble in the same PRACH subframe, then

a collision occurs, i.e., the BS fails to decode it. Otherwise, the different

preambles can be detected by the BS thanks to their orthogonality.

2. If the preamble is successfully decoded, then the BS sends a random access

response to the MTD. The information included in the random access re-

sponse contains the backoff window size, the timing advance value for timing

synchronization and the uplink grant resource in PUSCH for the MTD to

send the Radio Resource Control (RRC) connection request in Step 3.
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Figure 1.3: (a) Contention-based random access procedure. (b) Uplink data
transmission procedure.

3. Upon receiving the random access response, the MTD sends the RRC con-

nection request, which specifics its identity and connection establishment

cause, e.g., request radio resources for data transmission [19, 20]. If the MT-

D does not receive the random access response, then it knows the preamble

transmission fails.

4. Upon receiving the RRC connection request, the BS will then send the RRC

connection setup, which contains the information for the MTD to config-

ure its physical layer, MAC layer and signaling radio bearer, e.g., Channel

Quality Indicator (CQI) reporting mode, the maximum number of Hybrid

Automatic Repeat reQuest (HARQ) transmissions, and the periodic dedi-

cated uplink resources for scheduling request transmission [13].

If the RRC connection setup is successfully received, then the MTD considers the

random access procedure is successfully completed, and the connection with the

BS is established. The MTD can then further request uplink resources from the

BS for data transmission. A brief introduction of the uplink data transmission

procedure in LTE networks is shown below, as illustrated in Fig. 1.3b:

1. For an MTD that has successfully completed the random access procedure,

it would first transmit a scheduling request on the PUCCH to the BS to

request uplink resources [18].

2. Upon receiving the scheduling request, the BS sends a scheduling grant on

the Physical Downlink Control CHannel (PDCCH) to the MTD. The grant
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includes all the transmission parameters that the MTD should use, for ex-

ample, the transport block size, the resource block allocation in PUSCH and

the modulation scheme [13].

3. Upon receiving the scheduling grant, the MTD can then transmit the data

packets in the dedicated uplink resources. Along with the data packets, the

MTD may also attach the Buffer State Reporting (BSR) message, which

provides the information about the amount of pending data in the buffer of

the MTD [18]. This information is useful for the BS in uplink scheduling

process to determine the amount of resources to allocate to the MTD in

future subframes [21].

4. If the BS receives the data correctly, then it sends the MTD a positive

acknowledgment (ACK) on the Physical Hybrid ARQ Indicator CHannel

(PHICH). Otherwise, the BS can adopt the non-adaptive retransmission

scheme, in which it sends a negative acknowledgment on PHICH and the

MTD then retransmits the data by using the set of resource blocks identical

to the previous transmission [21].

Based on the BSR messages, the BS can keep track of the buffer status of the

MTD and assign proper amount of resources to the MTD, i.e., Steps (2)-(4) in

Fig. 1.3b are repeated until the data buffer of the MTD is cleared.

We can see from the above description that the access process of the LTE

networks is connection-based random access, that is, a connection would first be

established between a device and the BS before the device starts to transmit its

data packets. Such a connection-based random access differs from the conventional

packet-based random access in that the data packets do not contend for the channel

individually. Instead, each device with data packets to transmit first sends a

connection request to the BS, and if a device’s request is successfully received,

then the BS will allocate resource blocks for the device to clear its data queue.
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1.3 Modeling and Performance Optimization of

Massive Random Access of M2M Communi-

cations in LTE Networks

The connection-based random access procedure adopted in the LTE networks

is designed based on Aloha, where each MTD determines when to transmit the

access request in a distributed manner. The access request fails when a collision

occurs, i.e., two or more MTDs transmit the same preamble in the same PRACH

subframe.

In conventional H2H communications, the collision issue is not serious because

the number of devices, e.g., cellphones, requesting connection establishment at

the same time is usually small. However, in M2M communications, thousands of

MTDs might be deployed in each LTE cell, which may generate a massive number

of simultaneous access requests. For example, in the utility meter reading reports,

many meters transmit with high time correlation; In a railway bridge vibration

sensing scenario, all sensors will be triggered and then transmit sensing data when

a train passes by. In these applications, the MTDs may be idle for a long time

but become active once an external event occurs [9]. In these cases, with massive

access requests generated and transmitted via PRACHs, severe congestion will

occur, leading to intolerably low access efficiency [22]. Considering the exponential

increase in the number of MTDs [11], there is an urgent need to optimize the

access efficiency of LTE networks for accommodating massive access from M2M

communications.

This challenge has drawn wide attention in both academia and industry, and

a lot of related works have been done on evaluating and improving the access

performance of MTDs in LTE networks. In this section, a literature review in this

field is presented.

1.3.1 Modeling Methodology

To understand the new challenges that M2M communications may pose to

LTE networks, a plethora of models have been proposed for modeling the random

access of M2M communications in LTE networks, most of which follow the classical

analysis of Aloha.
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In Aloha networks, due to the uncoordinated nature of transmitters, the ag-

gregate traffic, i.e., the total number of requests in each time slot, in a random-

access network varies with time. In Abramson’s landmark paper [23], the aggre-

gate traffic of Aloha networks was modeled as a Poisson random variable with

parameter G, based on which the network throughput, i.e., the average number

of successful requests per time slot, can easily be obtained as Ge−G. Such an

aggregate-traffic-centric modeling approach captures the essence of contention a-

mong nodes, and has been widely adopted in the follow-up studies on various

random-access networks [24–27]. For M2M communications in LTE networks,

in addition to Poisson [28–31], Beta distribution was also adopted to model the

number of requests (which were also referred to as “active MTDs” or “backlogged

MTDs” in the literature) in the bursty scenarios [32–34]. However, the aggregate-

traffic-centric modeling approach ignores the queueing behavior of each individual

MTD. Little light can be shed on the effects of device-level input parameters such

as the traffic input rate of each MTD on the network performance.

More refined models should therefore be established to include the queueing

behavior of nodes. Various node-centric models have been proposed for Aloha

networks, yet most of them lead to prohibitively high complexity when considering

the interactions among nodes’ queues [35–37]. For M2M communications in LTE

networks, queueing models for individual MTDs were established in [38] and [39]

to evaluate the network performance under various backoff schemes. In both cases,

iterative/recursive algorithms need to be adopted to solve the system equations,

with which the computational complexity increases with the number of MTDs,

rendering the models unscalable in massive access scenarios.

As pointed out in [40], [41], a random-access network can be regarded as

a multi-queue-single-server system, and the key to performance analysis lies in

proper characterization of the service time distribution, which is difficult to obtain

with either each node’s queue completely ignored or interactions among nodes’

queues taken into full consideration. To reduce the modeling complexity, it was

demonstrated in [40], [41] that a scalable node-centric model can be established

by treating each node’s queue as an independent queueing system with identically

distributed service time, which consists of two parts: 1) state characterization of

each individual Head-Of-Line (HOL) packet; and 2) characterization of network

steady-state points based on the fixed-point equations of limiting probability of

successful transmission of HOL packets. The proposed modeling methodology
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has been successfully applied to various random-access networks, and shown to

be accurate [42–45]. In most scenarios, the network steady-state points can be

obtained as explicit functions of key system parameters such as the number of

nodes and the backoff window size/transmission probability of each node, based

on which the optimal network performance can further be characterized.

However, the above model cannot be directly applied to M2M communications

in LTE networks. Specifically, a basic assumption of the aforementioned studies

is that each single data packet in nodes’ queues has to contend for channel access.

In LTE networks, however, as we have pointed out in Section 1.2.3, a connection

would first be established between a device and the BS before the device starts to

transmit its data packets [18]. The connection-based random access adopted in the

LTE networks differs from the conventional packet-based random access in that the

data packets do not contend for the channel individually. Thus, to properly model

the massive random access of M2M communications in LTE networks, new scalable

node-centric models for connection-based random access should be developed.

1.3.2 Performance Optimization

In the existing literature, two key performance metrics have been widely used

for evaluating the access performance of MTDs in LTE networks, which are the

access throughput, i.e., the average number of successful requests per time slot,

and the access delay, i.e., the time spent from the generation of an access request

until its successful transmission. Extensive works have shown that both the access

throughput performance and the access delay performance of MTDs are crucially

determined by the backoff parameters [46–50] and the amount of time-frequency

resources that the BS allocates for access transmission [9, 51–55]. Therefore, a

great deal of efforts have been devoted to studying how to improve the access

performance by properly tuning backoff parameters or the amount of random

access resources.

In LTE networks, the backoff parameters include the Access Class Barring

(ACB) factor (i.e., the initial transmission probability of each MTD) and the

Uniform Backoff (UB) window size. To tune the backoff parameters for improving

the access efficiency, various algorithms were proposed to adaptively adjust the

ACB factor [46–49] or the UB window size [50] based on the number of access

requests in each time slot. Such information, however, is usually unavailable in
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practice due to the uncoordinated nature of MTDs. Most efforts thus focused on

developing algorithms to estimate the aggregate traffic according to the number

of collision slots [47–49] or idle slots [50, 52] in each time slot. However, tracking

the time-varying number of access requests is highly challenging and demanding

for practical LTE systems.

Besides the backoff parameters, the access efficiency of the LTE networks

is also crucially determined by the amount of random access resources [9], i.e.,

PRACH subframes, through which MTDs transmit access requests. To improve

the access performance, in [51], a static resource allocation mechanism was pro-

posed, in which different amounts of random access resources were assigned for

different classes of MTDs depending on their priorities. In [52–55], dynamic re-

source allocation mechanisms were proposed, in which the amount of random

access resources was adaptively tuned according to the number of access requests

in each time slot. By assuming that the MTDs with successful requests can always

obtain sufficient data transmission resources to clear their data queues within one

period of PRACH subframes, it was observed that the access performance could

always be improved with more random access resources. Yet, the above studies

ignore the crucial resource tradeoff in LTE networks, as shown in Section 1.2.2,

that is, more frequent PRACH subframes lead to fewer resources for data trans-

mission. Intuitively, with a lower data transmission rate, the data transmission

time of MTDs would be prolonged, and newly generated access requests may not

be accommodated until the ongoing data transmissions complete, resulting in low-

er access efficiency. Therefore, it is of significant importance to characterize the

effect of data transmission on the access performance of MTDs, which, however,

has remained untouched.

1.3.3 Summary

In summary, despite great efforts on modeling and evaluating the access per-

formance of M2M communications in LTE networks, a series of fundamental issues

still remain open.

Firstly, existing models for the random access of M2M communications in LTE

networks either exclude the device-level input parameters by ignoring the queueing

behavior of each MTD, or become unscalable in the massive access scenarios,

neither of which can facilitate the optimization of access performance of massive
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MTDs. Therefore, to analyze and optimize the massive random access performance

of M2M communications in LTE networks, it is important to first establish a

scalable node-centric model, which is able to capture the essence of connection-

based random access and incorporate the queueing behavior of each MTD.

Secondly, although various algorithms have been proposed to tune backoff

parameters for improving the access efficiency, how to optimize the access efficiency

is less understood. Moreover, most of them require the realtime information of the

time-varying number of access requests, which is difficult to collect. In practice, it

would be desirable to develop optimal tuning of backoff parameters based on the

statistical traffic information such as the traffic input rate of each MTD and the

total number of MTDs, which is usually available at the BS.

Finally, in the existing studies, a widely adopted assumption is that each

MTD with a successful access request can always clear its data queue within one

period of PRACH subframes. This assumption, nevertheless, does not hold true in

practical LTE networks because the amount of time-frequency resources allocated

for data transmission is always finite and may not be sufficient for the MTDs to

clear their data queues in time. It is, therefore, important to study how the access

performance of MTDs is affected by limited resources of data transmission.

1.4 Thesis Contributions and Outline

This thesis is devoted to modeling and optimizing the access performance of

M2M communications in LTE networks by addressing the fundamental open issues

aforementioned.

Specifically, in Chapter 2, we propose a new analytical framework for M2M

communications in LTE networks. To capture the key feature of connection-based

random access, a novel double-queue model for each MTD is established, where

each MTD has one request queue and one data queue, and only the request queue

is involved in the contention. Each newly arrival data packet in the data queue

generates an access request in the request queue, while only one request can be

kept. By treating each MTD’s request queue as an independent queueing system

with identically distributed service time, a discrete-time Markov renewal process

is established to characterize the behavior of each individual access request, where

a data transmission state is introduced to describe the case of a data transmission
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lasting for more than one time slot. The modeling complexity is independent of

the number of MTDs even with the queueing behavior of each MTD taken into

consideration, which is highly attractive in the massive access scenario.

In Chapter 3 and Chapter 4, we focus on the optimization of the access

throughput and the access delay performance, respectively, and start the analy-

sis by assuming that for each MTD, once its access request is successful, it can

always clear its data queue within one time slot. In Chapter 3, by deriving the

access throughput as a function of key system parameters including the number

of preambles M , the number of MTDs n, the traffic input rate of each MTD λ,

the ACB factor q and the UB window size W , the access throughput is further

maximized by optimally tuning the backoff parameters of each MTD, i.e., the ACB

factor q and the UB window size W . Explicit expressions of the maximum access

throughput and the corresponding optimal backoff parameters are obtained, which

reveal that the maximum access throughput is solely determined by the number

of preambles M , and yet to achieve it, either the ACB factor q or the UB window

size W should be tuned based on the number of MTDs n, the traffic input rate

of each MTD λ and the number of preambles M . It is shown that although the

tunings of ACB factor and UB window size are equally effective in optimizing the

access throughput performance, the latter is more robust against the variation of

network size and traffic input rate.

In Chapter 4, we focus on the optimization of the access delay performance of

MTDs. Based on the probability generating function of the access delay, the first

and second moments of access delay are obtained. The analysis shows that when

the UB window size W = 1, the minimization of the second moment of access

delay is equivalent to the minimization of the first moment of access delay, i.e.,

the mean access delay. Explicit expressions of the minimum mean access delay

and the corresponding optimal ACB factor are obtained, which show that the

minimum mean access delay linearly increases with the number of MTDs n and is

inversely proportional to the number of preambles M when the aggregate traffic

input rate of MTDs is large.

To further study the effect of data transmission on the access performance,

in Chapter 5, we relax the assumption of the infinite data transmission rate, and

assume that the total number of data packets that can be transmitted in each

time slot, denoted by β, is finite. Both the maximum access throughput and the

corresponding optimal ACB factor are obtained as explicit functions of the data
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transmission rate β, the number of preambles M , the number of MTDs n and the

traffic input rate of each MTD λ. The analysis shows that the maximum access

throughput is a monotonic increasing function of the data transmission rate β.

If the data transmission rate β is small, then the maximum access throughput

decreases as the number of MTDs n grows, and superlinearly increases with the

number of preambles M , which is in sharp contrast to that in the asymptotic case,

where the maximum access throughput is independent of n and linearly increases

with M . If the data transmission rate β is smaller than the aggregate traffic

input rate of MTDs, then the maximum access throughput would be zero and the

network becomes unstable as the data queues can never be cleared.

The remainder of this thesis is organized as follows. Chapter 2 introduces

the basic assumptions of this thesis and the double-queue model of each MTD.

By assuming that the data transmission rate β = +∞, Chapter 3 and Chapter

4 characterize the optimal access throughput and access delay performance, re-

spectively. The effect of a finite data transmission rate β < +∞ on the optimal

access throughput performance is analyzed in Chapter 5. Chapter 6 provides the

conclusions and suggestions for future work.
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System Model

This chapter presents the system model and basic assumptions which will

be used throughout the analysis in the following chapters. It is organized as

follows. Section 2.1 introduces the key system parameters that determine the

access performance of MTDs in LTE networks. Section 2.2 describes the double-

queue model of each MTD. The state characterization of each access request is

presented in Section 2.3. Performance metrics are further defined in Section 2.4.

Consider a single-cell LTE system with n ∈ {1, 2, . . .} MTDs attempting to

access the BS for uplink data transmission. Different from [56–60] where various

access schemes were proposed for M2M communications, in this thesis, we focus

on the random access process of the current LTE networks without assuming any

modification to the standard. Moreover, out of the four steps of the random access

process of LTE standard [18], the success of contention is mainly determined by

the first step [9, 12]. Therefore, similar to [29, 30, 34, 38, 39, 46–49, 51, 52], in

this thesis, we only focus on the access performance of the first step.

Specifically, in the random access process, each MTD randomly selects one out

of M ∈ {1, 2, . . . , 64} orthogonal preambles and transmits via the PRACH to BS

[18]. The PRACH consists of a series of subframes that appear periodically [16],

as Fig. 2.1 shows. We define a time slot as the interval between two consecutive

PRACHs. In each time slot, if more than one MTDs transmit the same preamble,

then a collision occurs and all of them fail. The access request is successful if and

only if there is one single MTD transmitting for a given preamble at each time

slot. Upon successful access, the BS will assign the resources to the MTD for its

data transmission.

19
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Figure 2.1: Frame structure of the LTE system in the Frequency Division
Duplex (FDD) mode.

2.1 Key System Parameters

In the massive access scenarios where a large number of MTDs transmit

preambles simultaneously, collisions may frequently occur, leading to low chances

of success. To improve the access efficiency, the system should be properly config-

ured. In LTE networks, the access efficiency is mainly determined by the following

key system parameters: 1) the number of preambles, 2) the backoff parameters,

3) the data transmission rate and 4) the time slot length. In this subsection, we

will briefly introduce the above system parameters. Their effects on the access

performance of MTDs will be analyzed in the following chapters.

1) The number of preambles : In LTE networks, preambles are a series of

orthogonal sequences. Each time when an MTD wants to access the BS, it will

transmit a randomly selected preamble, which is successful when no other MTDs

select the same preamble. By virtue of the orthogonality of preambles, MTDs do

not affect each other’s chance of successful access if they choose different preambles.

Therefore, we can see that with more preambles, the chance of successful access

should be improved as the probability that two or more MTDs choose the same

preamble in a time slot decreases. Detailed discussion on the effects of the number

of preambles M on the optimal access throughput and access delay performance

of MTDs will be presented in the following chapters.

Since only the MTDs who share the same preamble would contend with each

other, in this thesis, the analysis will start from the scenario where all MTDs share

one preamble, i.e., M = 1, and then be extended to the multi-preamble scenario.

2) Backoff parameters : As the number of preambles is limited, frequen-

t preamble collisions may occur in the massive access scenarios. To relieve the

congestion, backoff schemes have been incorporated in LTE networks. Specifical-

ly, according to the current standards [18, 66], each MTD needs to perform the

ACB check before transmitting its access request. That is, the MTD generates a
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random number between 0 and 1, and compares it with the ACB factor q ∈ (0, 1].

If the number is less than q, then the MTD proceeds to transmit the access re-

quest. Otherwise, it is barred temporarily. Once the MTD passes the ACB check

but involves in a collision, it randomly selects a value from {0, . . . ,W}, and counts

down until it reaches zero, where W is the UB window size in unit of time slots1.

Both the ACB factor q and the UB window size W crucially affect the access

performance of MTDs. Intuitively, with heavy traffic, a small q or a large W

can effectively reduce the average number of concurrent access requests in each

time slot, hereby relieving the congestion. With light traffic, on the other hand, a

large q or a small W leads to more chances of access for each MTD. Therefore, to

optimize the access efficiency for massive M2M communications in LTE networks,

it is of great practical importance to study how to properly tune the ACB factor

q and the UB window size W according to the traffic condition. This is one of the

key issues that we aim to address in the following chapters.

3) Data transmission rate: In LTE networks, MTDs attempt to access the

BS for uplink data transmission. After the access request is successfully received,

a connection will be established between the MTD and the BS, and then the BS

will allocate resources to the MTD for its data transmission. The number of data

packets that can be transmitted per time slot is determined by resource scheduling

and link adaptation strategies. In this thesis, we assume that in each time slot,

totally β ≥ 1 data packets can be transmitted, where β is referred to as the data

transmission rate2.

Both the access and data transmission performance crucially depends on the

data transmission rate β. In LTE networks, the number of MTDs that can transmit

data packets concurrently in each time slot is limited. Therefore, with a small

β, it may take long time for each MTD to clear its data buffer. The access

efficiency would decrease because newly generated access requests may not be

accommodated until the ongoing data transmission completes.

1Note that the UB window size Ws in the LTE standard has the unit of milliseconds [18]. In
a time-slotted system, it needs to be converted into the unit of time slots, which is denoted as
W ∈ {1, 2, . . .}, and we have W =

⌊
Ws

τ

⌋
+ 1, where τ is the length of the time slot.

2It is worth mentioning that the LTE standard does not specify how the BS should allocate
resources to MTDs [13]. In practice, the BS may adopt different kinds of resource scheduling
algorithms. Despite the differences in the resource scheduling algorithms, their effect on the
access performance of MTDs can be well captured by the total number of transmitted data
packets in each time slot, i.e., data transmission rate β.
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In chapters 3 and 4, we will start by considering the asymptotic case with

the data transmission rate β = +∞. In this case, each MTD with a successful

access request can always clear its data queue in one time slot. This assumption

has been widely adopted in the existing literature [38, 39, 58–60], and is a good

approximation for light-traffic scenarios that are common for M2M communica-

tions. In Chapter 5, we will further characterize the effect of data transmission

rate β on the optimal access performance of MTDs.

4) Time slot length: Note that the data transmission rate β is determined

by the amount of resources scheduled for data transmission. A key system pa-

rameter that determines how the resources are allocated between access and data

transmission in LTE networks is the time slot length τ (in unit of subframes3).

As we can see from Fig. 2.1, with a larger τ , there will be more subframes for

data transmission in each time slot, which boosts the data transmission rate β.

However, MTDs can access the channel less frequently, which may degrade the

access efficiency. In light of this tradeoff, we will study how to properly tune the

time slot length τ for optimizing the access performance of MTDs in Chapter 5.

2.2 Double-Queue Model of Each MTD

Note that in LTE networks, for each MTD, a connection would first be es-

tablished with the BS before it starts to transmit its data packets. Specifically,

it generates an access request once it has data packets in the buffer. The access

request stays until it is successfully transmitted, upon which the BS will assign

sufficient resources for the MTD to clear its data buffer.

For such connection-based random access, we propose a double-queue model,

that is, each MTD has one data queue and one request queue, as Fig. 2.2 illus-

trates. Assume that the data buffer has an infinite size and the arrivals of data

packets follow a Bernoulli process with parameter λ ∈ (0, 1). Each newly arrival

data packet generates an access request, but only one request can be kept since

each MTD can have at most one ongoing access request regardless of how many

data packets in its buffer [18]. Each MTD’s request queue can then be modeled

as a Geo/G/1/1 queue.

3According to the LTE standard [16], the length of one subframe is fixed to be one millisecond.
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Figure 2.2: Double-queue model of each MTD.
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Figure 2.3: Embedded Markov chain {Xj} of the state transition process of
each individual access request.

Although each MTD has one request queue and one data queue, only the

request queue is involved in the contention. In the following subsection, we will

focus on the state transition process of each access request, i.e., the behavior of

the head-of-line packet of the request queue.

2.3 State Characterization of Access Request

To model the behavior of each individual access request, a discrete-time

Markov renewal process (X,V) = {(Xj, Vj), j = 0, 1, . . .} is established, where

Xj denotes the state of a tagged access request at the j-th transition and Vj de-

notes the epoch at which the j-th transition occurs. The states of {Xj} can be

divided into three categories: 1) successful transmission (State T), 2) waiting to

transmit (State i ∈ {0, 1, . . . ,W − 1}) and 3) data transmission (State H). Fig.

2.3 shows the state transition process of each individual access request.

Note that with the number of preambles M = 1, an MTD can successfully

transmit its access request only when no other MTD is in the data transmission

state. Let αt denote the probability that no access request is in State H at time

slot t, and pt denote the probability of successful transmission of access requests
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given that no access request is in State H at time slot t, t = 1, 2, . . .. As Fig. 2.3

illustrates, a fresh access request is initially in State T, and remains in State T

if it passes the ACB check and is successfully transmitted4 given that no access

request is in State H. If it passes the ACB check but encounters a collision, it then

goes to State i ∈ {0, 1, . . . ,W − 1}. In State i ∈ {1, 2, . . . ,W − 1}, the access

request counts down at each time slot until it reaches State 0. It leaves State 0

for State H if it passes the ACB check and is successfully transmitted given that

no other access request is in State H. It eventually shifts from State H to State T

when the data transmission finishes.

The steady-state probability distribution of the embedded Markov chain in

Fig. 2.3 can be obtained as
πT =

(
1− qαp+ 1

qαp
+ (1−p)(W−1)

2p

)−1

,

π0 = 1−qαp
qαp

πT ,

πH = (1− qαp)πT ,
πj = (1−p)(W−j)πT

pW
, j = 1, 2, . . . ,W − 1,

(2.1)

where α = lim
t→∞

αt is the steady-state probability that no access request is in State

H, and p = lim
t→∞

pt is the steady-state probability of successful transmission of

access requests given that no access request is in State H.

The interval between successive transitions, i.e., Vj+1−Vj, is called the holding

time in State Xj, which solely depends on State Xj, j = 1, 2, . . .. Let τi denote

the mean holding time in State i, where i ∈ {T,H, 0, 1, . . . ,W − 1}. The holding

time in State T and that in State k for k = 0, 1, . . . ,W − 1 are one time slot, i.e.,

τT = τ0 = τ1 = . . . = τW−1 = 1. (2.2)

On the other hand, the mean holding time in State H τH is determined by the data

transmission rate β and the input rate of each MTD λ. Intuitively, with a larger β,

the mean holding time of State H τH should decrease. Particularly, with β = +∞,

the mean holding time of State H τH = 0. With a finite data transmission rate β,

τH > 0 and a detailed analysis of τH in this case will be presented in Chapter 5.

4Note that a fresh access request would not enter State H if its transmission is successful
because the data queue has only one data packet (i.e., the data queue was cleared when the
previous access request was successfully transmitted), which can be cleared within one time slot.
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Finally, the limiting state probability of the Markov renewal process (X,V)

is given by

π̃i = πiτi∑
j∈S πjτj

, (2.3)

i ∈ S and S is the state space of X. Note that the probability of the access request

being in State T, π̃T , is also the service rate of each MTD’s request queue as each

request queue has a successful output if and only if the access request is in State

T.

2.4 Performance Metrics

In this thesis, we aim to optimize the long-term access performance of M2M

communications in LTE networks. Three key performance metrics are adopted:

• Access throughput λ̂aout, which is defined as the average number of successful

access requests per time slot.

• Access delay DT , which is defined as the time spent from the generation of

an access request until its successful transmission, in the unit of time slots.

• Data throughput λ̂dout, which is defined as the average number of transmitted

data packets per time slot.

In Chapter 3 and Chapter 4, we will consider the asymptotic case with the

data transmission rate β = +∞. In that case, for each MTD, once its access

request is successful, it can always clear its data queue within one time slot,

and the data throughput λ̂dout is thus equal to the aggregate traffic input rate.

Accordingly, we only focus on the access performance, i.e., the access throughput

in Chapter 3 and the mean access delay of each MTD in Chapter 4. Specifically, we

will demonstrate how to maximize the access throughput and minimize the mean

access delay of each MTD by tuning the backoff parameters for given number of

MTDs n and input rate of each MTD λ. The effect of the number of preambles

M on the optimal access throughput and access delay performance will also be

investigated.

In Chapter 5, we will consider the non-asymptotic case, where the data trans-

mission rate β < +∞. With a finite data transmission rate, it may take more than



26 Chapter 2

one time slot for MTDs to clear their data queues, and the time slot length τ will

determine a crucial resource tradeoff between the access and data transmission.

Specifically, in Chapter 5, we first evaluate the effect of the data transmission rate

β on the access throughput λ̂aout and the data throughput λ̂dout, and then a more

refined performance metric, the access throughput normalized by the time slot

length τ , will be used to evaluate the effect of τ on the access throughput per-

formance. The optimal time slot length for maximizing the normalized maximum

access throughput will also be characterized.
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Access Throughput Optimization

This chapter characterizes the maximum access throughput of M2M commu-

nications in LTE networks and the corresponding optimal tuning of the backoff

parameters when the data transmission rate β = +∞. This chapter is organized

as follows. Section 3.1 presents a literature review of previous related work. The

preliminary analysis is given in Section 3.2. Section 3.3 derives the network steady-

state points. The maximum access throughput is further characterized in Section

3.4. The effects of outdated information on n and λ, and bursty arrivals of data

packets on the maximum access throughput are discussed in Section 3.5. Section

3.6 summarizes this chapter.

3.1 Previous Work

It has been shown in Section 1.2 that for LTE networks, the random access

process is designed based on Aloha [9], the simplest and one of the most rep-

resentative random access schemes. The random-access network has long been

observed that significant performance degradation occurs if backoff parameter-

s are not properly selected. For Aloha networks, adaptive strategies have been

developed to adjust the transmission probability of each node based on the real-

time information of the aggregate traffic [61–63]. As such information is usually

unknown at the transmitter side, decentralized control algorithms have been pro-

posed to estimate the aggregate traffic [64], [65].

27
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To improve the probability of successful access of MTDs in LTE systems,

various algorithms were also proposed to adaptively tune backoff parameters in-

cluding the ACB factor [46–49] and the UB window size [50], or system resources

including the number of preambles and the number of slots for random access

[51, 52], according to the number of access requests in each time slot. Similar

to Aloha networks, the effectiveness of adaptive tuning depends on how accurate

the estimation of aggregate traffic is. Therefore, most efforts have been focused

on developing estimation algorithms to track the time-varying number of access

requests based on some measurable network status [47–52].

While the aforementioned developments have been substantial, how to opti-

mally tune the backoff parameters of each device to maximize the access efficiency

has remained largely unknown. The challenge originates from the lack of proper

modeling of the random access process of LTE networks. As we mentioned in

Section 1.3.1, existing models either exclude the device-level input parameters by

ignoring the queueing behavior of each MTD [28–34], or become unscalable in the

massive access scenarios [38], [39], neither of which can facilitate the optimization

of access performance of massive MTDs. Moreover, most of the adaptive tuning

algorithms were developed based on the estimation of time-varying network status

[47–52], which in practice is difficult to track accurately. As we will demonstrate

in this chapter, if the objective is to optimize the long-term network performance

such as the access throughput, such estimation is indeed unnecessary. Instead, the

optimal tuning of backoff parameters can solely be based on statistical information

such as the traffic input rate of each device and the total number of devices.

Specifically, in this chapter, by characterizing the state transition of each ac-

cess request, the network steady-state points are obtained as the non-zero roots of

the single fixed-point equation of the limiting probability of successful transmission

of access requests. The access throughput is further characterized, and maximized

by properly choosing the backoff parameters including the ACB factor and the UB

window size. The effects of outdated information on n and λ, and bursty arrivals

of data packets on the maximum access throughput are also discussed
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Figure 3.1: State transition diagram of each individual access request with
β = +∞.

3.2 Preliminary Analysis

In Chapter 2, the system model has been presented and a discrete-time

Markov renewal process (X,V) = {(Xj, Vj), j = 0, 1, . . .} has been established

to characterize the behavior of each individual access request, with the embed-

ded Markov chain {Xj} of the state transition process of each individual access

request shown in Fig. 2.3. Note that in this chapter, we specifically focus on the

asymptotic scenario in which the data transmission rate β = +∞. That is, for

each MTD, once its access request is successful, it can always clear its data queue

within one time slot. Accordingly, the mean holding time in State H τH = 0 and

the probability that no access request is in State H at time slot t αt = 1. By

removing State H, the state transition diagram shown in Fig. 2.3 reduces to that

in Fig. 3.1.

With α = 1, the steady-state probability distribution of the Markov chain in

Fig. 3.1 can be obtained from (2.1) as
πT =

(
1
qp

+ (1−p)(W−1)
2p

)−1

,

π0 = 1−qp
qp
πT ,

πj = (1−p)(W−j)πT
pW

, j = 1, 2, . . . ,W − 1,

(3.1)

where p = limt→∞ pt is the steady-state probability of successful transmission of

access requests.

In this chapter, we are interested in the access throughput λ̂aout, which is de-

fined as the average number of successful access requests per time slot. According

to Fig. 2.2, the access throughput is determined by the aggregate service rate of n

request queues. Based on the Geo/G/1/1 model of each request queue, the access
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throughput can be obtained as

λ̂aout = λ̂(1− ρ), (3.2)

where λ̂ = nλ denotes the aggregate input rate of MTDs, and ρ denotes the

probability that each request queue is nonempty, which is given by [68]

ρ = λ
λ+πT

. (3.3)

By combining (3.1)–(3.3), we have

λ̂aout = λ̂

λ̂
n

(
1
qp

+
(1−p)(W−1)

2p

)
+1

. (3.4)

We can see from (3.4) that the access throughput λ̂aout is closely determined by p,

the steady-state probability of successful transmission of access requests. In the

following section, we will specifically characterize the network steady-state points

based on the fixed-point equation of p.

3.3 Steady-State Point Analysis

For any given MTD, its access request is successful if and only if all the other

n− 1 devices are either with an empty request queue, or busy with a non-empty

request queue but not transmitting. For each MTD, the probability that it has an

empty request queue is 1− ρ, and the probability that it has a non-empty request

queue but not transmitting is ρ
(∑W−1

j=1 πj + (1− q)(π0 + πT )
)

, according to Fig.

3.1. The steady-state probability of successful transmission of access requests, p,

can then be obtained as

p =

(
1− ρ+ ρ

(
W−1∑
j=1

πj + (1− q)(π0 + πT )

))n−1

=
(

1− ρπT
p

)n−1

. (3.5)
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By combining (3.1), (3.3) and applying n − 1 ≈ n, (1 − x)n ≈ exp{−nx} for

0 < x < 1 if n is large, (3.5) can be approximated by

p
with a large n
≈ exp

− λ̂

λ̂
n

(
1
q

+
W−1

2

)
+p

(
1−

λ̂(W−1)
2n

)
 . (3.6)

Theorem 3.1 shows that (3.6) has either one or three non-zero roots1.

Theorem 3.1. The fixed-point equation (3.6) of p has three non-zero roots 0 <

pA ≤ pS ≤ pL ≤ 1 if n > 2
(

2
q

+W − 1
)

and λ̂1 ≤ λ̂ ≤ λ̂2, where

λ̂1 = 2n

n−2
q
−W+1−

√
n
(
n−4

q
−2(W−1)

)

exp

 −2n

n−
√
n
(
n−4

q
−2(W−1)

)


+W−1

, (3.7)

λ̂2 = 2n

n−2
q
−W+1+

√
n
(
n−4

q
−2(W−1)

)

exp

 −2n

n+

√
n
(
n−4

q
−2(W−1)

)


+W−1

. (3.8)

Otherwise, (3.6) has only one non-zero root 0 < pL ≤ 1.

Proof. See Appendix A.

Note that not all the roots of (3.6) are steady-state points. We follow the

approximate trajectory analysis proposed in [40], and find that:

1. If (3.6) has only one non-zero root pL, then pL is a steady-state point;

2. If (3.6) has three non-zero roots pA ≤ pS ≤ pL, then only pL and pA are

steady-state points. Similar to [69], we refer to pL as the desired steady-

state point and pA as the undesired steady-state point.

1Note that it was also observed in [45, 67] that for Aloha and CSMA networks with a finite
retry limit of HOL packets, the fixed-point equation of steady-state points may have one or three
non-zero roots. Yet they should be distinguished from this thesis as they assume packet-based
random access, rather than connection-based random access.
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n

Figure 3.2: Bistable region B and monostable region M.
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Figure 3.3: Steady-state points pL and pA versus the aggregate input rate
λ̂. M = 1. n = 100. (a) W = 1, q ∈ {0.04, 0.06, 0.08, 0.1}. (b) q = 1,W ∈

{20, 40, 60, 80}.

3.3.1 Bistable Region and Monostable Region

It is clear from Theorem 3.1 that the number of steady-state points is deter-

mined by the number of MTDs n, the aggregate input rate of MTDs λ̂, the ACB

factor q and the UB window size W . Accordingly, we can define the following

stable regions:

• Bistable region B =
{

(n, λ̂, q,W )|n > 2
(

2
q

+ W − 1
)
, λ̂1 ≤ λ̂ ≤ λ̂2

}
, in

which the network has two steady-state points pL and pA.

• Monostable region M = B̄, in which the network has only one steady-

state point pL.
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Figure 3.4: Steady-state points pL and pA versus the number of MTDs n.
M = 1. λ̂ = 0.4. (a) W = 1, q ∈ {0.04, 0.06, 0.08, 0.1}. (b) q = 1,W ∈

{20, 40, 60, 80}.

A graphical illustration of the bistable region B and monostable region M
is presented in Fig. 3.2. It can be observed from Fig. 3.2 that when n ≤
2
(

2
q

+W − 1
)

, the network always falls into the monostable regionM and oper-

ates at the desired steady-state point pL, regardless of the aggregate input rate λ̂.

On the other hand, if the aggregate input rate λ̂ ≥ 4e−2

1+
W−1

2
q

+W−1
e−2

, then the network

stays in the monostable region M, regardless of the number of MTDs n.

Corollary 3.2 further summarises the monotonicity property of the steady-

state points with regard to the aggregate input rate λ̂, the number of MTDs n,

the ACB factor q and the UB window size W .

Corollary 3.2. The steady-state points pL and pA are monotonic decreasing func-

tions of λ̂, n and q, and monotonic increasing functions of W .

Proof. See Appendix B.

Fig. 3.3 demonstrates how the steady-state points pL and pA vary with the

aggregate input rate λ̂ under different values of the ACB factor q and the UB

window size W . It can be seen from Fig. 3.3 that when the aggregate input rate

λ̂ is low, with a smaller ACB factor q or larger UB window size W , the network

has a higher chance of falling into the monostable region with a single steady-state

point pL. As q increases or W decreases, the network may shift to the bistable

region with two steady-state points pL and pA. Similarly, Fig. 3.4 demonstrates

how the steady-state points pL and pA vary with the number of MTDs n. It can
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be seen from both Fig. 3.3 and Fig. 3.4 that as the aggregate input rate λ̂ or the

number of MTDs n increases, the network may first move from the monostable

region to the bistable region, and eventually stays at the monostable region, as

Fig. 3.2 illustrates.

Fig. 3.3 and Fig. 3.4 also corroborate Corollary 3.2 that both steady-state

points pL and pA decrease with the ACB factor q, the aggregate input rate λ̂ and

the number of MTDs n, and increase with the UB window size W . A closer look at

Fig. 3.3 shows that with a high aggregate input rate λ̂, e.g., λ̂ > 0.8, the steady-

state points pL and pA become insensitive to the increment of λ̂. In contrast, as

shown in Fig. 3.4, when the number of MTDs n is large, both steady-state points

rapidly decrease as n increases.

3.3.2 Simulation Results

The above analysis is verified by the simulation results presented in Fig. 3.5

and Fig. 3.6. The simulation setting is the same as the system model described

in Chapter 2 with the data transmission rate β = +∞ and we omit the details

here. Each simulation is carried out for 108 time slots. In simulations, we count

the total number of transmitted access requests from all MTDs and the total

number of successful access requests. The steady-state probability of successful

transmission of access requests p is then obtained by calculating the ratio of the

number of successful access requests to the total number of transmitted access

requests.

Specifically, it has been demonstrated that in the monostable region M, the

network has only one steady-state point pL; in the bistable region B, the network

has two steady-state points, i.e., the desired steady-state point pL and the unde-

sired steady-state point pA. Both pL and pA are non-zero roots of the fixed-point

equation (3.6) of the steady-state probability of successful transmission of access

requests p. As Fig. 3.5 illustrates, with the aggregate input rate λ̂ = 0.3 and

the number of MTDs n = 100, the network operates at the monostable regionM
when the ACB factor q ∈ (0, 0.053) for W = 1 and W ∈ (38,+∞) for q = 1. As

q increases or W decreases, the network will move to the bistable region B, and

may drop from the desired steady-state point pL to the undesired steady-state

point pA. Moreover, when the aggregate input rate λ̂ is sufficiently high, e.g.,
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Figure 3.5: Steady-state probability of successful transmission of access re-
quests p versus the ACB factor q and the UB window size W . M = 1. λ̂ = 0.3.

n = 100. (a) W = 1. (b) q = 1.
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Figure 3.6: Steady-state probability of successful transmission of access re-
quests p versus the ACB factor q and the UB window size W . M = 1. λ̂ = 0.6.

n ∈ {100, 200}. (a) W = 1. (b) q = 1.

λ̂ ≥ 4e−2 ≈ 0.54, Fig. 3.2 has shown that the network will stay in the monos-

table region regardless of the number of MTDs n. As we can see from Fig. 3.6,

with λ̂ = 0.6, the network always operates at the desired steady-state point pL.

Simulation results presented in Fig. 3.5 and Fig. 3.6 well agree with the analysis.

3.4 Access Throughput Analysis

It has been shown in Section 3.2 and Section 3.3 that the access throughput

λ̂aout is crucially determined by the steady-state probability of successful trans-

mission of access requests p, which is a function of the number of MTDs n, the
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e e

e
n

n

Figure 3.7: Unachievable region SN , achievable region SA and uncertain re-
gion SU .

aggregate input rate of MTDs λ̂, the ACB factor q and the UB window size W .

Typically, n and λ̂ are system input parameters. Therefore, in this section, we

focus on optimizing the access throughput by tuning backoff parameters including

q and W for given n and λ̂.

3.4.1 Maximum Access Throughput with M = 1

Define the maximum access throughput as λ̂amax = max
(q,W )

λ̂aout. The following

theorem presents the maximum access throughput λ̂amax and the optimal setting

of q∗ and W ∗.

Theorem 3.3. The maximum access throughput λ̂amax = e−1, which is achieved if

and only if the network operates at the desired steady-state point pL, and (q∗, W ∗)

together satisfy
1
q∗

+ 1−e−1

2
(W ∗ − 1) = n

(
1− e−1

λ̂

)
. (3.9)

Proof. See Appendix C.

We can see from Theorem 3.3 that when n
(

1− e−1

λ̂

)
< 1, the maximum

access throughput λ̂amax cannot be achieved, since (3.9) does not hold for any

q ∈ (0, 1] and W ≥ 1. On the other hand, when the aggregate input rate λ̂ ≥
4e−2 ≥ 4e−2

1+
W−1

2
q

+W−1
e−2

, Fig. 3.2 shows that the network is guaranteed to operate

at the desired steady-state point pL. In this case, λ̂amax can always be achieved if

n
(

1− e−1

λ̂

)
> 1, and q and W are properly tuned based on (3.9). Accordingly,

we can define the following regions of (n, λ̂), which are illustrated in Fig. 3.7:
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Figure 3.8: Access throughput λ̂aout versus the ACB factor q and the UB
window size W . M = 1. n = 100. (a) λ̂ = 0.3, (n, λ̂) ∈ SN . (b) λ̂ = 0.6,

(n, λ̂) ∈ SA. (c) λ̂ = 0.4, (n, λ̂) ∈ SU .

• Unachievable region SN =
{

(n, λ̂)|n
(

1− e−1

λ̂

)
< 1
}

, in which λ̂amax is

unachievable regardless of what values of q and W are chosen. Intuitively,

to achieve the maximum access throughput λ̂amax = e−1, the aggregate input

rate λ̂ needs to be sufficiently large, i.e., λ̂ > e−1

1− 1
n

≈ e−1 for large n. As we

can see from Fig. 3.8a, with λ̂ = 0.3, the access throughput λ̂aout is always

below λ̂amax as (n, λ̂) ∈ SN .

• Achievable region SA =
{

(n, λ̂)|n
(

1− e−1

λ̂

)
≥ 1, λ̂ ≥ 4e−2

}
, in which

λ̂amax can be achieved when q and W are tuned according to (3.9). As we

can see from Fig. 3.8b, with (n, λ̂) ∈ SA, since the network is guaranteed

to operate at the desired steady-state point pL, the access throughput is

maximized at λ̂amax as long as (3.9) holds. In this case, the maximum access

throughput λ̂amax can be achieved by either tuning the ACB factor q or the

UB window size W . For instance, if W is fixed to 1, then the optimal ACB
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factor q∗W=1 can be obtained from (3.9) as

q∗W=1 = λ̂

n(λ̂−e−1)
. (3.10)

Similarly, if q is fixed to 1, then the optimal UB window size W ∗
q=1 can be

obtained from (3.9) as

W ∗
q=1 =

2

(
n−ne

−1

λ̂
−1

)
1−e−1 + 1. (3.11)

• Uncertain region SU =
{

(n, λ̂)|n
(

1− e−1

λ̂

)
≥ 1, λ̂ < 4e−2

}
, in which the

network may operate at the desired steady-state point pL or the undesired

steady-state point pA, and λ̂amax is achievable only if the network operates at

pL. As we can see from Fig. 3.8c, the access throughput λ̂aout may drastically

degrade if the network drops to the undesired steady-state point pA, in which

case the maximum access throughput cannot be achieved.

3.4.2 Extension to Multi-Preamble M > 1

Note that the analysis in previous sections is based on the assumption that

all n MTDs share one preamble, i.e., M = 1. In this subsection, the analysis

will be extended to the multi-preamble scenario in which n MTDs choose M > 1

preambles.

By virtue of orthogonality among preambles, only the MTDs who share the

same preamble contend with each other. Accordingly, the MTDs in the network

can be divided into M groups according to the preamble each MTD chooses. By

doing so, we can extend the previous analytical model to a multi-group one, with

the group parameters defined as follows:

• n(i) denotes the number of MTDs in Group i, i = 1, 2, . . . ,M , and
∑M

i=1 n
(i) =

n.

• λ̂(i) denotes the aggregate input rate of MTDs in Group i, and λ̂(i) = n(i)λ,

where λ is the input rate of each MTD.

• q(i) denotes the ACB factor of each MTD in Group i.

• W (i) denotes the UB window size of each MTD in Group i.
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For each group, denote p(i) as the steady-state probability of successful trans-

mission of access requests for MTDs in Group i, i = 1, 2, . . . ,M . By replacing

n, λ̂, q,W in (3.6) with n(i), λ̂(i), q(i),W (i), the steady-state points of Group i, i.e.,

p
(i)
L and p

(i)
A , can be obtained. Similarly, denote λ̂

(i),a
out as the aggregate throughput

of MTDs in Group i, i = 1, 2, . . . ,M , which can be calculated based on (3.4) by

replacing n, λ̂, q,W with n(i), λ̂(i),a, q(i),W (i). According to Theorem 3.3, the maxi-

mum group throughput λ̂
(i)
max = e−1, which is achieved when the group steady-state

point is at p
(i)
L , and q(i) and W (i) are chosen according to (3.9) for given n(i) and

λ̂(i). The access throughput with M preambles is then given by λ̂M,a
out =

∑M
i=1 λ̂

(i),a
out ,

which is maximized at

λ̂M,a
max = Me−1, (3.12)

when all the groups achieve the maximum group throughput λ̂
(i),a
max = e−1, i =

1, 2, . . . ,M .

Note that according to the standard, each MTD independently and ran-

domly selects a preamble in each access attempt [18]. Therefore, the group size

n(i), i = 1, 2, . . . ,M , may change over time. Nevertheless, when the total number

of MTDs n is large, n(i) can be approximated by n(i) ≈ n
M

. In this case, the access

throughput can be obtained by replacing n and λ̂ with n(i) ≈ n
M

and λ̂(i) ≈ nλ
M

in

(3.4), respectively, as

λ̂M,a
out = n

M

M∑
i=1

1

1
q(i)p(i)

+
(1−p(i))(W (i)−1)

2p(i)
+

1
λ

. (3.13)

Moreover, the optimal setting
(
q∗,M ,W ∗,M) for achieving the maximum access

throughput λ̂M,a
max = Me−1 can be obtained from (3.9) by replacing n and λ̂ with

n(i) ≈ n
M

and λ̂(i) ≈ nλ
M

, respectively, as

1
q∗,M

+ 1−e−1

2

(
W ∗,M − 1

)
= n

M
− e−1

λ
. (3.14)

Specifically, with W = 1, the optimal ACB factor q∗,MW=1 with M preambles can be

written as

q∗,MW=1 = λ
nλ
M
−e−1

. (3.15)

With q = 1, the optimal UB window size W ∗,M
q=1 with M preambles can be written

as

W ∗,M
q=1 =

2

(
n
M
− e
−1

λ
−1

)
1−e−1 + 1. (3.16)
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Figure 3.9: Access throughput λ̂aout versus the ACB factor q and the UB
window size W . M = 1. n = 100. λ̂ ∈ {0.3, 0.4, 0.6, 0.8}. (a)-(b) W = 1.

(c)-(d) q = 1.

Note that (3.15) and (3.16) reduce to (3.10) and (3.11), respectively, when M = 1.

It can be clearly seen from (3.15) and (3.16) that q∗,MW=1 and W ∗,M
q=1 are monotonic

increasing and decreasing functions of the number of preambles M , respectively,

indicating that the ACB factor q and the UB window size W should be adaptively

increased or reduced as more preambles are adopted.

3.4.3 Simulation Results

The above analysis is verified by the simulation results presented in Fig. 3.9–

3.11. In simulations, each MTD independently and randomly selects one out of

M orthogonal preambles in each access attempt. We count the total number of

successful access requests in each simulation run, i.e., 108 time slots, and then
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Figure 3.10: Access throughput λ̂M,a
out versus the ACB factor q and the UB

window size W . n = 1000. λ = 0.006. M ∈ {6, 10}. (a) W = 1. (b) q = 1.

obtain the access throughput by calculating the ratio of the number of successful

access requests to the number of time slots 108.

Specifically, the expression of access throughput λ̂aout with the number of

preambles M = 1 has been given in (3.4), which is determined by the ACB factor

q, the UB window size W , the number of MTDs n and the aggregate input rate λ̂.

Fig. 3.9a-b illustrate how the access throughput λ̂aout varies with the ACB factor

q with the UB window size W = 1 and the number of MTDs n = 100. In Fig.

3.9a, when the aggregate input rate λ̂ is 0.3, we have (n, λ̂) ∈ SN , in which the

maximum access throughput λ̂amax cannot be achieved regardless of what value of

q is chosen. On the other hand, with λ̂ = 0.4, we have (n, λ̂) ∈ SU , in which λ̂amax

again cannot be achieved, because the network shifts to the undesired steady-state

point pA as the ACB factor q increases. In Fig. 3.9b, as the aggregate input rate

λ̂ increases to 0.6 or 0.8, we have (n, λ̂) ∈ SA, where λ̂amax can be achieved when q

is tuned according to (3.10), i.e., q = q∗W=1. Similar observations can be obtained

from Fig. 3.9c-d, where the maximum access throughput λ̂amax is achieved when

(n, λ̂) ∈ SA, i.e., λ̂ = 0.6 or 0.8 with n = 100, and the UB window size W = W ∗
q=1,

which is given in (3.11).

The expression of the access throughput λ̂M,a
out with the number of preambles

M > 1 has been given in (3.13). Fig. 3.10 illustrates how the access throughput

λ̂M,a
out varies with the ACB factor q and the UB window size W with M = 6 and

10. A perfect match between simulation results and the analysis can be observed,

which verifies that n(i) ≈ n
M
, i = 1, 2, . . . ,M, can serve as a good approximation

when the number of MTDs n is large. Moreover, we can see that the maximum
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Figure 3.11: Access throughput λ̂M,a
out versus the number of MTDs n. λ =

0.006. M ∈ {6, 10}.

access throughput λ̂M,a
max linearly increases with the number of preambles M , and

can be achieved by either tuning the ACB factor q according to q∗,MW=1 in (3.15), or

the UB window size W according to W ∗,M
q=1 in (3.16).

Note that in the current standard setting, the ACB factor q and the UB win-

dow size W are preselected from a certain range [18]. To see the performance loss

without adaptive tuning of q and W , Fig. 3.11 illustrates the access throughput

performance with two representative settings of parameters: {q = 0.5,W = 21}
and {q = 1,W = 81} [70].2 It can be clearly observed that in both cases, the

access throughput λ̂M,a
out quickly deteriorates as the number of MTDs n increases,

and becomes much lower than the maximum access throughput λ̂M,a
max when n is

large. In sharp contrast, if the ACB factor q or the UB window size W is optimally

selected, i.e., q = q∗,MW=1 or W = W ∗,M
q=1 , the maximum access throughput λ̂M,a

max can

always be achieved, which does not vary with the number of MTDs n. It corrob-

orates that adaptive tuning of backoff parameters is indispensable especially for

massive access scenarios.

2Note that in the standard [18], the values of UB window size Ws are given in unit of mil-
liseconds. If the PRACH configuration index is 14, for instance, the time slot length τ = 1 msec
[16], and then W = 21 and W = 81 are corresponding to Ws = 20 msec and Ws = 80 msec,
respectively.
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Figure 3.12: Simulated access throughput λ̂M,a
out versus the relative errors γn

and γλ. M = 10. ñ = 1000. λ̃ = 0.01. (a) γλ = 0. (b) γn = 0.

3.5 Discussions

In this section, we will further discuss how the optimal access throughput

performance is affected by practical network conditions such as the outdated in-

formation on the number of MTDs n and the input rate of each MTD λ, and the

bursty traffic.

3.5.1 Effect of Outdated Information on n and λ

So far we have shown that to optimize the access throughput performance, the

backoff parameters of MTDs should be adaptively tuned according to the number

of MTDs n and the input rate of each MTD λ. In practice, the BS can count

the total number of MTDs3, collect the traffic input rate information from the

feedback of MTDs, calculate the optimal backoff parameters based on (3.14), and

broadcast the optimal configuration via the system information block. Each MTD

then updates its backoff parameters accordingly.

Due to the constant change of network states, sometimes the BS may not be

able to update the information on the total number of MTDs n and the input rate

3Note that here the total number of MTDs should be distinguished from the number of active
MTDs, which is usually assumed in the literature [28–34, 46–52]. Specifically, the BS can easily
keep a record of registered MTDs without knowing if they are active or not at each time slot.
In contrast, tracking and estimating the time-varying number of active MTDs can be highly
challenging and demanding.



44 Chapter 3

of each MTD λ in time. To see how much the access throughput may degrade with

outdated information on n and λ, we define γn = ñ−n
ñ

and γλ = λ̃−λ
λ̃

as the relative

error on n and λ, respectively, where ñ and λ̃ denote the outdated information

on the number of MTDs and the input rate of each MTD at the BS, respectively.

Suppose that the optimal backoff parameters q∗,MW=1 and W ∗,M
q=1 are calculated based

on ñ and λ̃ according to (3.15) and (3.16), respectively. Fig. 3.12 presents the

simulation results of the corresponding access throughput under various values of

relative errors γn and γλ.

It can be clearly seen from Fig. 3.12a that due to outdated information of the

number of MTDs, the access throughput would deflect from the maximum value,

and the degradation becomes more significant as the relative error γn increases.

Recall that it has been shown in Fig. 3.4 that both steady-state points are quite

sensitive to the change of the number of MTDs n. Therefore, the access throughput

may quickly drop when n is not updated in time. On the other hand, Fig. 3.3

shows that when the aggregate input rate λ̂ is large, the steady-state points become

insensitive to λ̂. As a result, the access throughput can stay at the maximum value

even with the relative error γλ as large as ±50%, as Fig. 3.12b illustrates. We

can also see from Fig. 3.12 that although the maximum access throughput can

be achieved by either tuning the ACB factor q or the UB window size W , the

throughput performance is more sensitive to the relative errors with the optimal

tuning of q than W . It suggests that the optimal tuning of W is more robust

against the variation of network size and traffic input rate.

3.5.2 Effect of Bursty Arrivals of Data Packets

Note that the preceding analysis is based on the assumption that data packet

arrivals of each MTD independently follow a Bernoulli process. In practical M2M

communication scenarios, packet arrival processes could be bursty in some cases

[22]. Hence, in this subsection, we will investigate the effect of bursty arrivals on

the optimal access throughput performance.

There are two kinds of burstiness: temporal burstiness and spatial burstiness.

As Fig. 3.13a illustrates, temporal burstiness means that a continuous stream of

packets is generated in a short time period for a given MTD. On the other hand,

spatial burstiness means that multiple MTDs generate packets in a synchronous

manner, as Fig. 3.13b shows. To capture the temporal burstiness, the data packet
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Figure 3.13: Illustration of data packet arrival processes at two tagged MTDs.
σ0 = 0.005. λ0 = 0.006. σ1 = 0.005. λ1 = 1. (a) Temporal burstiness. (b)

Spatial burstiness.

0 0.1 0.2
0.3 0.4

0.5 0.6
0.7 0.8

0.9 1

0

0.2

0.4

0.6

0.8

1
0

1

2

3

4

5

,

o
u
t

ˆM
a

10,
1

max
ˆ 10M a e

*,

1

M

W
q q

(a)

0 0.1 0.2
0.3 0.4

0.5 0.6
0.7 0.8

0.9 1

0

0.2

0.4

0.6

0.8

1
0

1

2

3

4

5

*,

1

M

q
W W

,

o
u
t

ˆM
a

10,
1

max
ˆ 10M a e

(b)

Figure 3.14: Simulated access throughput λ̂M,a
out versus the synchronization

ratio θ and the frequency of bursty arrivals ϕ. M = 10. n = 1000. σ0 = 0.005.
λ0 = 0.006. λ1 = 1. (a) q = q∗,MW=1. (b) W = W ∗,Mq=1 .

arrival process of a single MTD is modeled as a two-state Markov Modulated

Bernoulli Process (MMBP) {(Xt, Yt), t = 1, 2, . . . .}, where Xt ∈ {0, 1} and Yt ∈
{0, 1} denote the number of arrivals and the phase of MMBP at time slot t,

respectively. We refer to Yt = 1 as the bursty phase and Yt = 0 as the regular

phase. Assume that the bursty phase and regular phase have packet arrival rates

of λ1 = 1 and λ0 � λ1, respectively, and last for a geometrically distributed

amount of time slots with parameter σ1 and σ0, respectively. To capture the

spatial burstiness, assume that ns out of n MTDs have identical data packet arrival
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processes, i.e., they are all driven by a common MMBP {(Xt, Yt), t = 1, 2, . . . .},
and the remaining MTDs have independent data packet arrival processes. Define

the frequency of bursty arrivals as ϕ =
1
σ1

1
σ1

+
1
σ0

, and the synchronization ratio as

θ = ns

n
. Apparently, a large ϕ and θ indicate high temporal burstiness and spatial

burstiness, respectively.

Fig. 3.14 presents the simulation results of access throughput with bursty

arrivals under various values of the synchronization ratio θ and the frequency of

bursty arrivals ϕ. We set the backoff parameters q and W as q∗,MW=1 and W ∗,M
q=1 ,

respectively, which are calculated based on (3.15) and (3.16) with λ = ϕλ1 +

(1 − ϕ)λ0. We can observe from Fig. 3.14 that the access throughput is close

to the maximum value within a wide range of θ and ϕ. The simulation results

corroborate that by optimally tuning the ACB factor q or the UB window size W ,

the bursty input traffic can be sufficiently randomized. Therefore, the maximum

access throughput can be achieved even when the input traffic has a high degree

of temporal burstiness and spatial burstiness.

3.6 Summary

In this chapter, we study how to optimize the access throughput performance

of M2M communications in LTE networks by properly tuning backoff parameters

when the data transmission rate β = +∞. Starting from the single-preamble

case, the analysis shows that the network can either have one or two steady-state

points, depending on whether it operates at the monostable or bistable region.

The access throughput is derived as an explicit function of the network steady-

state points, and optimized by properly adjusting the backoff parameters of MTDs

including the ACB factor q and the UB window size W according to the number

of MTDs and the traffic input rate of each MTD. The analysis is further extended

to the multi-preamble scenario, where explicit expressions of the maximum access

throughput and the corresponding optimal backoff parameters are both obtained.

The analysis sheds important light on practical network design for supporting

massive access of M2M communications in LTE networks. Specifically, it shows

that a preselection of the ACB factor q and the UB window size W always leads to

severe degradation of access throughput as more MTDs attempt to access the BS.

Only by optimally tuning q or W can the access throughput remain at the highest
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level regardless of how many MTDs in the network. The proposed optimal tuning

is solely based on statistical information including the number of MTDs and the

traffic input rate of each MTD, with which the throughput performance is found

to be robust against feedback errors of the traffic input rate and burstiness of data

arrivals.

Note that in this chapter, we only focus on the access throughput perfor-

mance. In practice, however, many emerging M2M use-cases, such as industrial

automation, rely on the realtime control, which imposes stringent latency require-

ments on wireless connectivity. For those applications, the access delay DT is an

important performance metric that needs to be considered. In the next chapter,

we will specifically focus on the access delay performance of MTDs and study how

to minimize the mean access delay of each MTD.
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Chapter 4

Access Delay Optimization

In this chapter, the analysis will be further extended to study how to properly

tune the backoff parameters to optimize the access delay performance of M2M

communications in LTE networks when the data transmission rate β = +∞.

This chapter is organized as follows. Section 4.1 presents a literature review on

previous related work. Section 4.2 derives moments of access delay. The minimum

mean access delay and the corresponding optimal ACB factor are characterized in

Section 4.3. Finally, concluding remarks are summarized in Section 4.4.

4.1 Previous Works

In Chapter 2.4, we have defined the access delay of each MTD as the time

spent from the generation of an access request until its successful transmission.

In LTE networks, the access delay of each MTD closely depends on the backoff

parameters including the UB window size and the ACB factor (i.e., the initial

transmission probability of each MTD). The access delay performance with UB

or ACB scheme has been analyzed in [32–34, 47, 49, 50, 52, 71], where the mean

access delay [32, 34, 47, 49, 50, 52] or the probability mass function of access

delay [33, 71] was calculated based on the number of access requests1 in each

time slot. In practice, however, such information is usually unavailable due to

the uncoordinated nature of MTDs. Therefore, various algorithms were developed

to estimate the number of access requests according to the number of idle slots

1In [32–34, 47, 49, 50, 52, 71], the data buffer of each MTD was ignored. Thus, the terms
“MTD” and “access request” were often used interchangeably in those studies.

49
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[50, 52], or collision slots [47, 49]. In [32–34, 71], iterative methods were further

proposed to calculate the current number of access requests based on previous

ones.

Despite the above extensive studies, effects of key system parameters on the

access delay performance have not been well understood. For instance, the data

arrival rate of each MTD, which determines the traffic load of the network, has

been ignored in previous studies, where MTDs were usually assumed to be buffer-

less. How the mean access delay varies with the total number of MTDs or the

number of preambles under different traffic conditions thus remains largely un-

known. More importantly, due to the lack of accurate information of the number

of access requests, the mean access delay has to be numerically calculated based

on the estimated or iteratively updated number of access requests. The implicit

nature renders it extremely difficult to further study how to optimize the access

delay performance of each MTD by properly tuning backoff parameters.

In previous chapters, a new analytical framework has been proposed for M2M

communications in LTE networks to maximize the access throughput. In this

chapter, the proposed analytical framework will further be extended to optimize

the access delay performance of MTDs. Specifically, based on the discrete-time

Markov process of each access request, the probability generating function of the

access delay and moments of access delay are derived, from which explicit ex-

pressions of the minimum mean access delay and the corresponding optimal ACB

factor will be obtained.

4.2 Moments of Access Delay

In Chapter 3.2, a discrete-time Markov process has been established to char-

acterize the behavior of each access request, with the state transmission diagram

of each access request shown in Fig. 3.1. Let Di denote the time spent from the

beginning of State i until the service completion, where i ∈ {T, 0, 1, . . . ,W − 1}.
It can be obtained from Fig. 3.1 that

Dj=


1 with probability qp,

1+D0 with probability 1−q+ q(1−p)
W

,

1+Di with probability q(1−p)
W

, i=1, . . . ,W−1,

(4.1)
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j ∈ {T, 0} and

Di = 1 +Di−1, i = 1, 2, . . . ,W − 1, (4.2)

where p = lim
t→∞

pt is the steady-state probability of successful transmission of access

requests, q ∈ (0, 1] denotes the ACB factor and W ∈ {1, 2, . . .} represents the UB

window size.

Note that a fresh access request is initially in State T and its service completes

when it shifts back into State T. Therefore, DT is the access delay of each MTD.

Let GDT
(z) denote its probability generating function. According to (4.1) and

(4.2), we have

GDT
(z) = W (1−z)zqp

W (1−z)(1−(1−q)z)−zq(1−zW )(1−p) . (4.3)

The first moment of the access delay, i.e., the mean access delay (in unit of time

slots), E[DT ], and the second moment of the access delay E[D2
T ] can then be

obtained from (4.3) as

E[DT ] = G′DT
(1) = 1

qp
+ (1−p)(W−1)

2p
, (4.4)

and

E[D2
T ] = G′DT

(1) +G′′DT
(1) (4.5)

= E[DT ](2E[DT ]− 1) + 1
3
(1
p
− 1)(W 2 − 1),

respectively.

We can see from (4.4) and (4.5) that both E[DT ] and E[D2
T ] are crucially

determined by the ACB factor q and the UB window size W . It is interesting

to observe from (4.5) that when the UB window size W = 1, the minimization

of the second moment of access delay E[D2
T ] is equivalent to the minimization of

the mean access delay E[DT ]. Therefore, in this chapter, we assume W = 1 and

focus on the optimization of mean access delay. We are specifically interested in

minimizing the mean access delay E[DT ] by optimally tuning the ACB factor q.

4.3 Minimum Mean Access Delay

Let us start by establishing the relationship between the mean access delay

and access throughput. In Chapter 3, the access throughput, which is defined as
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the average number of successful access requests per time slot, was derived as

λ̂out = λ̂

λ̂
n

(
1
qp

+
(1−p)(W−1)

2p

)
+1

, (4.6)

where λ̂ = nλ is the aggregate input rate. By combining (4.4) and (4.6), we can

see that

E[DT ] = n

λ̂out
− 1

λ
, (4.7)

indicating that the mean access delay E[DT ] is minimized when the access through-

put λ̂out is maximized.

It has been shown in Chapter 3 that the network has either two steady-state

points, i.e., the desired steady-state point pL and the undesired steady-state point

pA with pL > pA, or one steady-state point pL, depending on whether it operates

at the bistable region or monostable region. Both pL and pA are non-zero roots of

the fixed-point equation of p, which was derived in Chapter 3 as

p = exp
(
− λ̂/M

p+λ̂/(nq)

)
, (4.8)

when the UB window size W = 1. The maximum access throughput λ̂max = Me−1

is achieved only when the network operates at the desired steady-state point pL

and the ACB factor q is set to

q∗ = λ̂/n

λ̂/M−e−1
. (4.9)

It is clear from (4.7) that the minimum mean access delay is achieved at n

λ̂max
− 1

λ
=

ne
M
− 1

λ
(time slots), when the ACB factor q = q∗ and the network operates at the

monostable region. If the network operates at the bistable region for q = q∗,

however, then the network may shift to the undesired steady-state point pA, at

which the minimum mean access delay ne
M
− 1

λ
is unachievable. To see how to

optimally tune the ACB factor q to minimize the mean access delay in that case,

in the following, we will start from the single-preamble scenario, where all MTDs

share one preamble, i.e., M = 1. The analysis will be extended to the multi-

preamble scenario in Section 4.3.2.
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4.3.1 Minimum Mean Access Delay with M = 1

Let us first determine the conditions for the network to operate at the de-

sired steady-state point pL with q = q∗. In Chapter 3, the bistable region and

monostable region were defined in terms of the quadruple (n, λ̂, q,W ). With the

UB window size W = 1, for given the number of MTDs n and the aggregate input

rate λ̂, the bistable region and monostable region in terms of the ACB factor q

can be written as:

• Bistable region Bq = {q|q1 ≤ q ≤ q2}, in which the network has two steady-

state points pL and pA.

•Monostable regionMq = B̄q, in which the network has only one steady-state

point pL. q1 and q2 are given by

q1 = −
4W2
−1

(
−
√
λ̂/2

)
n+2nW−1

(
−
√
λ̂/2

) , q2 = −
4W2

0

(
−
√
λ̂/2

)
n+2nW0

(
−
√
λ̂/2

) , (4.10)

respectively2, where W0(·) and W−1(·) are two real-valued branches of the Lambert

W function with W0(·) as the principal branch.

Fig. 4.1 illustrates the bistable region Bq and monostable region Mq. It can

be clearly seen from Fig. 4.1 that q∗ is included in the monostable regionMq only

when the aggregate input rate λ̂ is sufficiently high, i.e., λ̂>λ̂0, where λ̂0≈0.48 is

the single non-zero root of the equation λ̂−λ̂
(

1+1/W−1

(
−
√
λ̂/2
))2

=4(λ̂−e−1),

which is derived by combining q∗ = q1, (4.9) and (4.10). With λ̂>λ̂0, the network

2q1 and q2 are the roots of λ̂1 = λ̂ and λ̂2 = λ̂, respectively, where λ̂1 and λ̂2 are given in
(3.7) and (3.8).
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Figure 4.2: Mean access delay E[DT ] versus the ACB factor q for q ∈ Bq when

λ̂ ≤ λ̂0.

is guaranteed to operate at the desired steady-state point pL when the ACB factor

q is set to q∗, with which the access throughput is maximized and the mean access

delay is minimized. We then have

arg min
q
E[DT ]|λ̂>λ̂0 = q∗. (4.11)

On the other hand, if λ̂ ≤ λ̂0, then q∗ ∈ Bq, indicating that the network

has two steady-state points with q=q∗. In this case, q∗ may not be the optimal

ACB factor for minimizing the mean access delay as the network may shift to the

undesired steady-state point pA that is much lower than the desired steady-state

point pL. As Fig. 4.2 illustrates, for q ≤ q∗ ∈ Bq, the mean access delay E[DT ]p=pL

monotonically decreases as the ACB factor q increases if the network operates at

the desired steady-state point pL. If it operates at the undesired steady-state point

pA, on the other hand, E[DT ]p=pA increases with q, and E[DT ]p=pA > E[DT ]p=pL .

It is unknown when the network would shift from the desired steady-state point

pL to the undesired steady-state point pA. Yet, the larger q, the higher risk of the

network shifting from pL to pA. Therefore, to minimize the chance of operating at

the undesired steady-state point pA, q should be set at the lowerbound q1, i.e.,

arg min
q
E[DT ]|λ̂≤λ̂0 = q1. (4.12)
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Finally, by denoting the optimal ACB factor for minimizing the mean access

delay as q∗D and combining (4.9)–(4.12), we have

q∗,M=1
D =


λ̂

n(λ̂−e−1)
if λ̂ > λ̂0,

4W2
−1

(
−
√
λ̂/2

)
n

(
−2W−1

(
−
√
λ̂/2

)
−1

) otherwise.
(4.13)

It can be seen from (4.13) that the optimal ACB factor q∗,M=1
D decreases as the

number of MTDs n or the aggregate input rate λ̂ increases.

4.3.2 Extension to Multi-Preamble M > 1

The above analysis is based on the assumption that all n MTDs share one

preamble, i.e., M = 1. In this section, by applying the multi-group model proposed

in Chapter 3, the analysis will be extended to the multi-preamble scenario in which

n MTDs choose M > 1 preambles. Specifically, as the preambles are orthogonal to

each other, we can divide n MTDs into M groups according to the preamble each

MTD chooses. Since each MTD independently and randomly selects a preamble

in each access attempt, the group size n(i) can then be approximated as n(i) ≈ n
M

if

the number of MTDs n is large. By replacing n and λ̂ with n(i) ≈ n
M

and λ̂(i) ≈ nλ
M

in (4.13), respectively, the optimal ACB factor can be obtained as

q∗D =


λ

nλ
M
−e−1

if λ > M
n
λ̂0,

4MW2
−1

(
−
√
nλ/M/2

)
n
(
−2W−1

(
−
√
nλ/M/2

)
−1
) otherwise.

(4.14)

By substituting (4.14) into (4.4) and (4.8), the corresponding minimum mean

access delay can be derived as

min
q
E[DT ]=


ne
M
− 1
λ

if λ>M
n
λ̂0,

n
(
−2W−1

(
−
√
nλ/M/2

)
−1
)

4MW2
−1

(
−
√
nλ/M/2

)
p
q=q1
L

otherwise,
(4.15)

where pq=q1L is the desired steady-state point of the network with q = q1, which is

the larger non-zero root of the fixed-point equation nλ
(

1 + 2W−1

(
−
√
nλ/M/2

))
−

4MpW2
−1

(
−
√
nλ/M/2

)
= 4nλW2

−1

(
−
√
nλ/M

2

)
/ ln p.
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Figure 4.3: Mean access delay E[DT ] (in unit of time slots) versus the ACB
factor q. n = 1000. M = 10. λ ∈ {0.004, 0.01}.

We can see from (4.15) that the minimum mean access delay minq E[DT ]

increases as the number of preambles M decreases or the network size n grows.

For large n or λ, i.e., nλ > Mλ̂0, a linear increase of the minimum mean access

delay minq E[DT ] with regard to n and 1
M

can be observed.

4.3.3 Simulation Results

In this subsection, simulation results are presented to verify the above analy-

sis. The simulation setting is the same as the system model described in Chapter

2 with the data transmission rate β = +∞ and the UB window size W = 1. Each

simulation is carried out for 108 time slots. In simulations, the mean access delay

is obtained by calculating the ratio of the sum of access delay of all successfully

transmitted access requests to the total number of successful access requests.

Specifically, the expression of mean access delay E[DT ] has been given in (4.4)

and illustrated in Fig. 4.3, where the number of preambles M=10 and the number

of MTDs n=1000. For large data arrival rate λ, i.e., λ = 0.01 > Mλ̂0
n
≈ 0.0048,

the analysis has shown that the network is guaranteed to operate at the desired

steady-state point pL for q = q∗ = 0.016, with which the mean access delay is

minimized. It can be seen from Fig. 4.3 that the minimum mean access delay

minq E[DT ] = ne
M
− 1
λ

= 171 time slots is indeed achieved with q∗D = 0.016.

On the other hand, for λ = 0.004 < Mλ̂0
n

, the network operates at the bistable

region with two steady-state points, i.e., the desired steady-state point pL and the

undesired steady-state point pA, when the ACB factor q = q∗ = 0.125. As Fig.
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4.3 shows, for q ∈ Bq = {q|0.048 ≤ q ≤ 0.13}, the network quickly shifts to pA

as q increases, at which the mean access delay E[DT ] is much higher than that

at pL. Therefore, to minimize the mean access delay, the optimal ACB factor

q∗ should be set to the lowerbound q∗D = q1 = 0.048, with which the minimum

mean access delay minq E[DT ] = 41 time slots is achieved according to (4.15).

Simulation results presented in Fig. 4.3 well agree with the analysis.

Note that the analysis further shows that with the ACB factor optimally

tuned as q = q∗D, the minimum mean access delay minq E[DT ] linearly increases

with n and 1
M

for large number of MTDs n, which is verified by simulation results

presented in Fig. 4.4. In sharp contrast, if the ACB factor q is fixed, as the current

standard does [19], then the mean access delay E[DT ] exponentially increases with

n and 1
M

, as Fig. 4.4 illustrates. The gap between the minimum mean access delay

and the mean access delay with the ACB factor q fixed at 0.1 grows as the network

size n increases or the number of preambles M decreases, indicating that adaptive

tuning of the ACB factor is crucial for massive access scenarios with a limited

number of preambles.

4.4 Summary

In this chapter, we study how to properly tune backoff parameters to optimize

the access delay performance of each MTD in LTE networks. By establishing the
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relationship between the mean access delay of each MTD and the access through-

put, it is shown that the mean access delay is minimized when the access through-

put is maximized, to achieve which the network should operate at the desired

steady-state point with backoff parameters properly chosen. Explicit expressions

of the minimum mean access delay and the corresponding optimal ACB factor are

obtained, which reveal that in contrast to the maximum access throughput that

is solely determined by the number of preambles, the minimum mean access delay

further depends on the network size and the traffic input rate of each MTD. Sim-

ulation results corroborate that compared to the standard setting where the ACB

factor is fixed, the mean access delay of each MTD can be substantially reduced

by optimally tuning the ACB factor according to the number of MTDs and the

traffic input rate of each MTD. The improvement is especially significant in the

massive access scenarios with a limited number of preambles.

So far, we have studied how to optimize the access throughput and access

delay performance of MTDs, in Chapter 3 and Chapter 4, respectively. Note

that the analysis above is developed based on a key assumption that the data

transmission rate β = +∞. In the next chapter, the analysis will be extended to

the non-asymptotic scenario with β < +∞, where the effect of data transmission

rate β on the optimal access throughput and data throughput performance of

M2M communications in LTE networks will be characterized.
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Access Throughput Optimization

with a Finite Data Transmission

Rate

In this chapter, we aim to characterize the effect of data transmission rate

on the optimal access performance of M2M communications in LTE networks.

This chapter is organized as follows. Section 5.1 presents a literature review on

previous related works. The preliminary analysis is given in Section 5.2. Section

5.3 presents the network steady-state points. The access throughput and data

throughput are characterized in Section 5.4. The optimal time slot length for

maximizing the normalized maximum access throughput is derived in Section 5.5.

Finally, concluding remarks are summarized in Section 5.6.

5.1 Previous Works

It has been shown in Chapter 2 that a connection-based random access process

is adopted in LTE networks [18]. That is, each device with packets to send first

transmits an access request to the BS for connection establishment. If the access

request transmission is successful, then the BS will assign the resources to the

device for its data transmission. Extensive works have been done on evaluating

the access efficiency of MTDs in LTE networks [28–34, 38, 39, 58–60]. Yet, most

of them only focus on the access request transmission performance and assume the

data transmission rate β = +∞, in which case each MTD can always clear its data

59
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queue within one time slot once its access request is successful. This assumption

is also adopted in Chapter 3 and Chapter 4, where we have demonstrated how to

optimize the access throughput and access delay performance by optimally tuning

backoff parameters.

Indeed, the assumption that the data transmission rate β = +∞ is a good

approximation for light-traffic scenarios that are common for M2M communica-

tions. However, it no longer holds true when the traffic load becomes heavy or the

resource for data transmission is insufficient. In that case, it may take more than

one time slot for MTDs to clear their data queues. Intuitively, with prolonged data

transmission time, the access efficiency would decrease because newly generated

access requests may not be accommodated until the ongoing data transmission

completes. It may even drop to zero when the data transmission rate is too small

to clear the data queues. To improve the access efficiency, more resources may be

allocated to data transmissions to boost the data transmission rate, with which,

however, the time slot length τ would be enlarged, indicating that the MTDs can

access the channel less frequently. Apparently, the time slot length τ determines

a crucial tradeoff between the data transmission rate and the access frequency,

which should be properly set to optimize the access performance.

In this chapter, the analysis is extended to analyze the effect of the data trans-

mission rate β on the optimal access performance of MTDs in LTE networks. Both

the maximum access throughput and the corresponding optimal ACB factor are

obtained as explicit functions of the data transmission rate. We will also demon-

strate the effect of the time slot length τ on the normalized access throughput,

i.e., the average number of successful access request per millisecond, and charac-

terize the optimal time slot length for maximizing the normalized maximum access

throughput.

It is worth mentioning that for data transmission performance of M2M com-

munications, a lot of efforts have been made to maximize the sum rate [72–74]

or the energy efficiency [75–77] by optimally allocating resource blocks to MTDs

based on constraints such as the maximum transmit power of each MTD [73–75], or

queueing delay bound of data packets [75]. By assuming that connections between

the BS and MTDs have already been established, the access process is usually ig-

nored in those studies. Moreover, this chapter should also be distinguished from

[57, 58, 78–81], where the focus is on proposing new access and data transmission
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Figure 5.1: Embedded Markov chain {Xj} of the state transition process of
each individual access request with a finite data transmission rate β and the

UB window size W = 1.

schemes for M2M communications, rather than optimizing the performance of the

current LTE random access process.

5.2 Preliminary Analysis

In Chapter 3, it has been demonstrated that the tunings of ACB factor q and

UB window size W are equally effective in optimizing the access throughput per-

formance. Accordingly, in this chapter, we let W = 1 and only consider the ACB

factor q. Therefore, by removing State k for k = 1, 2, . . . ,W − 1, the embedded

Markov chain {Xj} of the state transition process of each individual access request

shown in Fig. 2.3 reduces to that in Fig. 5.1.

With W = 1, the steady-state probability distribution of the embedded

Markov chain in Fig. 5.1 can be obtained from (2.1) as
πT =

(
1− pαq + 1

pαq

)−1

,

πH = (1− pαq)πT ,
π0 = 1−pαq

pαq
πT ,

(5.1)

where α = lim
t→∞

αt is the steady-state probability that no access request is in State

H, and p = lim
t→∞

pt is the steady-state probability of successful transmission of

access requests given that no access request is in State H.

Let τi denote the mean holding time in State i, where i ∈ {0,T, H}. The

holding time in State T and that in State 0 are both one time slot, i.e.,

τ0 = τT = 1. (5.2)

The mean holding time of State H τH is determined by the data transmission rate

β and the input rate λ of each MTD’s data queue. Appendix D shows that τH
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can be obtained as

τH ≈ λ
βpαq

, (5.3)

where the approximation is introduced mainly by dropping the rounding down

operation for analytical tractability.

Finally, the limiting state probability of the Markov renewal process (X,V)

is given by

π̃i = πiτi∑
j∈S πjτj

, (5.4)

i ∈ S, where S is the state space of X. Specifically, the probability of the access

request being in State T can be obtained by combining (5.1)–(5.4) as

π̃T = pαq

1+
λ
β

(1−pαq)
. (5.5)

Note that π̃T is also the service rate of each MTD’s request queue. Based on the

Geo/G/1/1 model of each request queue, the probability that each request queue

is nonempty is given by

ρ = λ
λ+π̃T

. (5.6)

5.3 Steady-State Point Analysis

The analysis above indicates that the steady-state performance of the network

is crucially determined by p, the limiting probability of successful transmission of

access requests given that no access request is in State H. In this subsection, the

network steady-state points will be characterized based on the fixed-point equation

of p.

Specifically, for a given access request, its transmission is successful if and only

if all the other n−1 devices have empty request queues or have non-empty request

queues but without requesting any transmission, given that no access request is in

State H. Accordingly, we have

p =
(
Pr{request queue is empty|no access request is in State H}

+ Pr{request queue is non-empty but not transmitting|no access request is in State H}
)n−1

=
(

1−ρ
1−ρπ̃H

+ ρ(π̃T +π̃0)(1−q)
1−ρπ̃H

)n−1

. (5.7)
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By combining (5.1)–(5.4), (5.6) and applying n− 1 ≈ n, (1− x)n ≈ exp{−nx} for

0 < x < 1 if n is large, (5.7) can be approximated by

p
with a large n
≈ exp

(
− nq

1+
pαq
λ

)
. (5.8)

Appendix E shows that the steady-state probability that no access request is in

State H, α, is given by

α = 1 + λ ln p
βq

. (5.9)

By substituting (5.9) into (5.8), the fixed-point equation of p can be obtained as

p = exp

− λ̂q

λ̂
n

+pq

(
1+

λ̂ ln p
nqβ

)
 , (5.10)

where λ̂ = nλ denotes the aggregate input rate. It can be seen that with β = +∞,

(5.10) reduces to p = exp

(
− λ̂q

λ̂
n

+pq

)
, which is consistent with (3.6) with the UB

window size W = 1. Theorem 5.1 shows that (5.10) has either one or three non-

zero roots.

Theorem 5.1. The fixed-point equation (5.10) of p ∈ (0, 1] has either three non-

zero roots 0 < pA ≤ pS ≤ pL ≤ 1 or one non-zero root 0 < pL ≤ 1.

Proof. See Appendix F.

Note that not all the roots of (5.10) are steady-state points. We follow the

approximate trajectory analysis proposed in [40], and find that:

1. If (5.10) has only one non-zero root pL, then pL is a steady-state point;

2. If (5.10) has three non-zero roots pA ≤ pS ≤ pL, then only pL and pA are

steady-state points. We refer to pL as the desired steady-state point and pA

as the undesired steady-state point.

It could be shown from (5.10) that the steady-state points pL and pA are both

monotonic decreasing functions of traffic input rate of each MTD λ, the number

of MTDs n, and the ACB factor q, and monotonic increasing functions of the data

transmission rate β.



64 Chapter 5

q

q

(a)

H

q

q

(b)

Figure 5.2: Limiting probability that no access request is in State H, α, and
mean holding time in State H, τH , versus the aggregate input rate λ̂. n = 100.

M = 1. q ∈ {0.01, 0.1}. β = 1. (a) α versus λ̂. (b) τH versus λ̂.

5.3.1 Stability

By combining (5.9) and (5.10), we can see that the limiting probability that

no access request is in State H, α, is also a monotonic decreasing function of the

input rate of each MTD λ. As λ increases, α would eventually drop to zero, with

which the mean holding time in State H, τH , becomes infinite according to (5.3),

and the Markov chain in Fig. 5.1 becomes non-recurrent. In this case, one MTD

would occupy the channel for data transmission for an unlimited amount of time.

Meanwhile, as other MTDs’ access requests cannot succeed, the queue length of

their data queues would become infinite, indicating that the network has become

unstable.

In this thesis, we define that the network is stable if and only if the Markov

chain in Fig. 5.1 is recurrent. It can be seen from (5.9) and (5.10) that α = 0 when

the aggregate input rate λ̂ is equal to the data transmission rate β. As Fig. 5.2

illustrates, when the aggregate input rate λ̂ grows, the limiting probability that

no access request is in State H, α, decreases and the mean holding time in State H

τH increases. α drops to zero when λ̂ ≥ β, with which τH = +∞, and the network

becomes unstable1. Intuitively, when the data transmission rate β is smaller than

the aggregate input rate λ̂, the data queues can never be cleared.

1Note that in Chapter 3, the network is always stable because the data transmission rate
β = +∞.
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Figure 5.3: Limiting probability of successful transmission of access requests
given that no access request is in State H, p, versus the aggregate input rate λ̂
and the ACB factor q. β ∈ {1, 10}. n = 100. M = 1. (a) q = 0.05. (b) λ̂ = 0.4.

5.3.2 Simulation Results

The above analysis is verified by the simulation results presented in Fig.

5.3. In this thesis, event-driven simulations are conducted and each simulation is

carried out for 107 time slots. The simulation setting is the same as the system

model described in Chapter 5.2, and we omit the details here. In simulations,

we count the total number of transmitted access requests from all MTDs and the

total number of successful access requests when no MTD is in the data transmission

state. The limiting probability of successful transmission of access requests given

that no access request is in State H, p, is then obtained by calculating the ratio of

the number of successful access requests to the total number of transmitted access

requests.

Specifically, the analysis has shown that the network can have either one

steady-state point pL or two steady-state points, i.e., the desired steady-state

point pL and the undesired steady-state point pA, which are non-zero roots of the

fixed-point equation (5.10) of p. Fig. 5.3 presents how the steady-state points

pL and pA vary with the aggregate input rate λ̂ and the ACB factor q when the

data transmission rate β is 1 or 10. It can be seen that when λ̂ or q is small,

the network has only one steady-state point pL and operates at pL. As λ̂ or q

increases, the network will have two steady-state points, i.e., the desired steady-

state point pL and the undesired steady-state point pA. It may first operate at the

desired steady-state point pL and then drop to the undesired steady-state point

pA. Both steady-state points decrease as the ACB factor q increases, and are
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slightly improved when the data transmission rate β increases. Simulation results

presented in Fig. 5.3 well agree with the analysis.

5.4 Access Throughput and Data Throughput

Based on the steady-state point analysis, in this section, we will focus on

the throughput performance. In particular, we will derive the access throughput

λ̂aout and the data throughput λ̂dout, and study how to optimally choose the system

parameters to maximize λ̂aout and λ̂dout, respectively.

5.4.1 Access Throughput

In this thesis, the access throughput λ̂aout is defined as the average number of

successful access requests per time slot. Based on the Geo/G/1/1 model of each

access request queue, the access throughput λ̂aout can be obtained as

λ̂aout = λ̂(1− ρ), (5.11)

where ρ denotes the probability that each request queue is nonempty. By combin-

ing (5.1)–(5.4), (5.6), (5.9) and (5.11), we have

λ̂aout = npαq

1+
λ(1−pαq)

β
+
pαq
λ

=
np

(
q+

λ̂ ln p
nβ

)

1+
λ̂
nβ

(
1−pq− λ̂p ln p

nβ

)
+
npq

λ̂
+
p ln p
β

. (5.12)

Note that when the data transmission rate β = +∞, (5.12) reduces to lim
β→+∞

λ̂aout =

nλ̂qp

λ̂+npq
, which is consistent with (3.4) with the UB window size W = 1. Moreover,

when the aggregate input rate λ̂ ≥ β, the network will be unstable, in which case

λ̂aout = 0 because the limiting probability that no access request is in State H, α,

is 0. Typically, the number of MTDs n, the aggregate input rate λ̂ and the data

transmission rate β are system input parameters. Therefore, we are interested in

how to optimally tune the ACB factor q to maximize λ̂aout for given n, λ̂ and β.

Define the maximum access throughput as λ̂amax = max
q
λ̂aout. The following

theorem presents the maximum access throughput λ̂amax and the optimal ACB

factor q∗.
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Figure 5.4: Maximum access throughput λ̂amax and optimal ACB factor q∗

versus the transmission rate β. λ̂ ∈ {1, 5}. n ∈ {100, 1000}. M = 1. (a) λ̂amax

versus β. (b) q∗ versus β.

Theorem 5.2. The maximum access throughput is given by

λ̂amax = nβ(β−λ̂)

β(enβ−n−1)+
λ̂β(ne−1)

n
+
λ̂2

n

, (5.13)

which is achieved if and only if the network operates at the desired steady-state

point pL, and

q∗ = λ̂(β−e−1)

nβ(λ̂−e−1)
. (5.14)

Proof. See Appendix G.

Fig. 5.4 illustrates how the maximum access throughput λ̂amax and the optimal

ACB factor q∗ vary with the data transmission rate β, the number of MTDs n and

the aggregate input rate λ̂. Specifically, Fig. 5.4a shows that λ̂amax is a monotonic

increasing function of the data transmission rate β. With β = +∞, (5.13) reduces

to lim
β→+∞

λ̂amax = e−1, which is consistent with Theorem 3.3. Moreover, λ̂amax de-

creases as the aggregate arrival rate λ̂ increases, and becomes zero when λ̂ = β,

in which case the network becomes unstable. As for the optimal ACB factor q∗, it

can be seen from Fig. 5.4b that as the data transmission rate β grows, q∗ increases

and quickly converges to lim
β→+∞

q∗ = λ̂

n(λ̂−e−1)
, which is consistent with (3.10). q∗

decreases as the aggregate input rate λ̂ or the number of MTDs n increases.

We can also see from Theorem 5.2 that when nβ(λ̂−e−1)

λ̂(β−e−1)
< 1, the maximum

access throughput λ̂amax cannot be achieved because (5.14) does not hold for any
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ACB factor q ∈ (0, 1]. Similar to that in Chapter 3, we define the following regions

of (n, λ̂):

• Unachievable region SN =
{

(n, λ̂)|nβ(λ̂−e−1)

λ̂(β−e−1)
< 1
}

, in which λ̂amax cannot

be achieved, because (5.14) does not hold for any q ∈ (0, 1].

• Uncertain region SU =
{

(n, λ̂)|nβ(λ̂−e−1)

λ̂(β−e−1)
≥ 1, λ̂ < 4e−2

}
, in which the net-

work may operate at the desired steady-state point pL or the undesired

steady-state point pA. λ̂amax is achieved only if the network operates at pL.

• Achievable region SA =
{

(n, λ̂)|nβ(λ̂−e−1)

λ̂(β−e−1)
≥ 1, 4e−2 ≤ λ̂ < β

}
with a large n
≈{

(n, λ̂)|4e−2 ≤ λ̂ < β
}

, in which the network is guaranteed to operate at

the desired steady-state point pL, and λ̂amax can be achieved when the ACB

factor q is tuned according to (5.14).

• Unstable region SS =
{

(n, λ̂)|λ̂ ≥ β
}

, in which the network is unstable

and the access throughput λ̂aout = 0.

Note that when the data transmission rate β = +∞, the unstable region SS
vanishes, and the remaining three regions reduce to the counterparts defined in

Chapter 3.

5.4.2 Data Throughput

Let us now consider the data throughput λ̂dout, which is defined as the average

number of transmitted data packets per time slot. When the network is stable,

i.e., λ̂ < β, the data throughput is equal to the aggregate input rate λ̂, i.e.,

λ̂dout|λ̂<β = λ̂. (5.15)

On the other hand, when the network is unstable, i.e., λ̂ ≥ β, it has been shown in

Section 5.3.1 that in this case, one MTD would capture the channel and transmit

its data packets with rate β, while other MTDs cannot access. As a result, the

data throughput is given by

λ̂dout|λ̂≥β = β. (5.16)

We can see from (5.15) and (5.16) that when λ̂ < β, the data throughput λ̂dout|λ̂<β
grows as the aggregate input rate λ̂ increases, and approaches β as λ̂→ β; When
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λ̂ ≥ β, the network achieves its maximum data throughput

λ̂dmax = β. (5.17)

It can be seen from (5.12) and (5.17) that when the maximum data throughput

λ̂dmax is achieved, the network is unstable and the access throughput λ̂aout = 0. On

the other hand, to achieve the maximum access throughput λ̂amax, the network

should operate at the achievable region SA, where the data throughput λ̂dout =

λ̂ < λ̂dmax = β. We can conclude that the maximum access throughput λ̂amax and

the maximum data throughput λ̂dmax cannot be achieved simultaneously.

5.4.3 Extension to Multi-Preamble M > 1

The analysis in previous sections is based on the assumption that the num-

ber of preambles M = 1. In this subsection, we extend the above analysis to

the multi-preamble scenario M > 1 by applying the multi-group model proposed

in Chapter 3. Specifically, by virtue of orthogonality among preambles, MTDs

that use different preambles do not affect each other’s chance of successful access.

Therefore, we can divide them into M groups according to the preamble that each

MTD chooses. The group parameters can be defined as follows:

• n(i) denotes the number of MTDs in Group i, i = 1, 2, . . . ,M , and
∑M

i=1 n
(i) =

n.

• λ̂(i) denotes the aggregate input rate of MTDs in Group i and λ̂(i) = n(i)λ.

• β(i) denotes the transmission rate in Group i.

By replacing n, λ̂, β in (5.10), (5.12) and (5.15)–(5.16) with n(i), λ̂(i), β(i), the

steady-state points of Group i, i.e., p
(i)
L and p

(i)
A , the group access throughput

λ̂
(i),a
out , and the group data throughput λ̂

(i),d
out can be obtained, respectively.

As each MTD independently and randomly selects a preamble in each access

attempt [18], when the total number of MTDs n is large, n(i) can be approximated

by n(i) ≈ n
M

. Moreover, for fairness, we assume that all the groups have the

same data transmission rate, that is, β(i) = β
M

. Similar to (5.15)–(5.16), the data
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throughput is still given by

λ̂M,d
out =

λ̂ if λ̂ < β,

β otherwise,
(5.18)

with the maximum data throughput λ̂M,d
max = β when λ̂ ≥ β.

On the other hand, the access throughput can be obtained by replacing n, λ̂

and β with n(i) ≈ n
M
, λ̂(i) ≈ nλ

M
and β(i) = β

M
in (5.12), respectively, as

λ̂M,a
out = n

M

M∑
i=1

p(i)
(
q+

λM ln p(i)

β

)
1+

λM
β

(
1−p(i)q−λMp(i) ln p(i)

β

)
+
p(i)q
λ

+
Mp(i) ln p(i)

β

, (5.19)

which is maximized at

λ̂M,a
max = nβ(β−nλ)

β

(
enβ
M
−n−M

)
+λβne−Mλ(β−nλ)

, (5.20)

with the optimal ACB factor

q∗,M = λM(β−Me−1)
β(nλ−Me−1)

. (5.21)

When the data transmission rate β = +∞, we can obtain from (5.20)–(5.21) that

lim
β→+∞

λ̂M,a
max = Me−1 and lim

β→+∞
q∗,M = λ

nλ
M
−e−1

, which are consistent with (3.12) and

(3.15), respectively. We can also see from (5.20) that for large number of MTDs

n, λ̂M,a
max ≈

M(β−nλ)
eβ−1

, indicating the maximum access throughput λ̂M,a
max decreases as

n increases, and drops to zero when β = nλ, in which case the network becomes

unstable. If the data transmission rate β is large, i.e., β � nλ, then λ̂M,a
max will

approach Me−1 and become insensitive to the number of MTDs n.

As we can see from Fig. 5.5, both the maximum access throughput λ̂M,a
max and

the corresponding optimal ACB factor q∗,M are monotonic increasing functions

of the data transmission rate β and the number of preambles M . Intuitively,

with more orthogonal preambles, more MTDs can successfully access the network,

and thus the maximum access throughput λ̂M,a
max is increased. The increasing rate,

however, depends on the data transmission rate β. When β is small, a superlinear

increase of λ̂M,a
max with M can be observed. As β increases, the maximum access

throughput λ̂M,a
max tends to linearly increase with M .
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Figure 5.5: Maximum access throughput λ̂M,a
max and optimal ACB factor q∗,M

versus the number of preambles M . n = 1000. λ = 0.005. β ∈ {10, 20, 100}.
(a) λ̂M,a

max versus M . (b) q∗,M versus M .
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Figure 5.6: Access throughput λ̂aout versus the ACB factor q. λ̂ ∈ {0.2, 0.38, 1}.
n = 100. M = 1. (a) β = 1. (b) β = 10.

5.4.4 Simulation Results

In this section, simulation results are presented to validated the analysis

above. In simulations, each MTD independently and randomly selects one out

of M preambles in each access attempt. If the selected preamble is used by anoth-

er MTD in the data transmission state, then the MTDs will perform the random

preamble selection again in the next time slot2. An MTD with a successful access

request clears its data queue with the data transmission rate β
M

, and at most M

2In practice, the BS knows which MTDs are in the data transmission state, and what pream-
bles are used. If an MTD chooses a preamble that is used by another MTD in the data trans-
mission state, then the BS would consider the request failed and not acknowledge it. The MTD
then performs random preamble selection again.
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Figure 5.7: Data throughput λ̂dout versus the aggregate input rate λ̂. n = 100.
M = 1. q = 0.001. β ∈ {1, 10}.

MTDs can be accommodated for concurrent data transmissions. We count the

total number of successful access requests and the number of transmitted data

packets in each simulation run, i.e., 107 time slots. The access throughput and

data throughput are then obtained by calculating the ratios of the number of suc-

cessful access requests and the number of transmitted data packets to the number

of time slots 107, respectively.

Specifically, the expression of access throughput λ̂aout with the number of

preambles M = 1 has been given in (5.12), which is determined by the number of

MTDs n, the aggregate input rate λ̂, the data transmission rate β and the ACB

factor q. Fig. 5.6 illustrates how the access throughput λ̂aout varies with the ACB

factor q with the data transmission rate β = 1 or 10 and the number of MTDs

n = 100. As Fig. 5.6 shows, when the aggregate input rate λ̂ = 0.2 ∈ (0, 0.37),

we have (n, λ̂) ∈ SN , in which the maximum access throughput λ̂amax cannot

be achieved regardless of what value of q is chosen. On the other hand, with

λ̂ = 0.38 ∈ [0.37, 0.54), we have (n, λ̂) ∈ SU , in which λ̂amax again cannot be

achieved, because the network shifts to the undesired steady-state point pA as the

ACB factor q increases. With λ̂ = 1, if the data transmission rate β = 1, as shown

in Fig. 5.6a, then we have (n, λ̂) ∈ SS , in which the network is unstable and the

access throughput λ̂aout = 0. If β = 10, then (n, λ̂) ∈ SA, where the maximum

access throughput λ̂amax can be achieved when the ACB factor q is tuned according

to (5.14), i.e., q = q∗ = 0.015, as shown in Fig. 5.6b. Note that a slight deviation

between the analysis and simulation results is observed in this case because of the

approximation introduced in (5.3).

As for the data throughput λ̂dout, the analysis has shown that λ̂dout = λ̂ for
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Figure 5.8: (a) Access throughput λ̂M,a
out and data throughput λ̂M,d

out versus
the ACB factor q. n = 1000. λ = 0.006. β = 10. M ∈ {5, 10}. (b) Access
throughput λ̂M,a

out versus the number of MTDs n. q = 0.05 or q∗,M . λ = 0.006.
β ∈ {10, 20, 50, 200}. M = 10.

λ̂ < β and λ̂dout = β for λ̂ ≥ β. Simulation results presented in Fig. 5.7 verify that

λ̂dout linearly increases with the aggregate input rate λ̂ when λ̂ is below the data

transmission rate β, and reaches the maximum data throughput λ̂dmax when λ̂ ≥ β.

In this case, however, (n, λ̂) ∈ SS and the access throughput λ̂aout = 0, as shown in

Fig. 5.6, indicating that the maximization of data throughput is achieved at the

cost of sacrificing the access throughput.

Moreover, for the number of preambles M > 1, Fig. 5.8a illustrates how the

access throughput λ̂M,a
out and the data throughput λ̂M,d

out vary with the ACB factor q

when multiple preambles are adopted, i.e., M = 5 or 10. It can be clearly seen that

the access throughput is quite sensitive to the value of ACB factor q. To achieve

the maximum access throughput λ̂M,a
max, q should be carefully tuned based on the

number of preambles M , the number of MTDs n and the input rate of each MTD

λ according to (5.21), i.e., q = q∗,M . Moreover, in contrast to the case of infinite

data transmission rate β = +∞ where λ̂M,a
max increases linearly with the number of

preambles M , with β = 10, λ̂M,a
max is nearly tripled when M is doubled, indicating

that the improvement in the maximum access throughput brought by increasing

the number of preambles M is more significant when the data transmission rate is

small. The data throughput λ̂M,d
out , on the other hand, is independent of the ACB

factor q, and equal to the aggregate input rate λ̂ as long as λ̂ < β.

Fig. 5.8b further illustrates how the access throughput λ̂M,a
out varies with the

number of MTDs n under various values of the data transmission rate β. It can
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be seen that even with the ACB factor optimally tuned, i.e., q = q∗,M , the access

throughput performance may still deteriorate when the network size n increases if

the data transmission rate β is small. The maximum access throughput becomes

insensitive to the number of MTDs n only when β is sufficiently large, i.e., β �
nλ. On the other hand, if the ACB factor q is fixed, e.g., q = 0.05, then the

access throughput λ̂M,a
out quickly drops as the number of MTDs n increases no

matter how large the data transmission rate β is. Compared to the maximum

access throughput, the throughput loss is significant especially when the data

transmission rate β and the number of MTDs n are both large.

Note from Fig. 5.8b that for given data transmission rate β, the access

throughput drops to zero when the aggregate input rate exceeds β, in which case

the network becomes unstable. Intuitively, to avoid being unstable, the time slot

length should be enlarged to allocate more resources for data transmission, which,

however, leads to fewer chances for access. In the next section, we will further

study how to properly choose the time slot length to optimize the access efficiency.

5.5 Optimal Time Slot Length

Recall that the access throughput λ̂M,a
out is defined as the average number of

successful access requests per time slot. In practice, however, the access through-

put normalized by the time slot length, that is, the average number of successful

access requests per millisecond, could be of more interest. In the LTE standard,

the length of one time slot, τ (in unit of subframes3), is indeed a system param-

eter that can be adaptively tuned. As Fig. 2.1 shows, the time slot length τ

determines how the system resources are allocated between access and data trans-

mission. With a smaller τ , MTDs can access the channel more frequently, but

the data transmission rate would be lower as there are fewer subframes for data

transmission per time slot. In this section, we will focus on the optimal tuning of

the time slot length τ for maximizing the normalized access throughput4.

3According to the LTE standard [16], the length of one subframe is fixed to be one millisecond.
4Note that it has been shown in Sections 5.4 that the maximum access throughput λ̂M,a

max and

the maximum data throughput λ̂M,d
max cannot be achieved at the same time. In this section, we

only focus on the maximum access throughput λ̂M,a
max.
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5.5.1 Normalized Maximum Access Throughput

Specifically, as the BS dynamically allocates time-frequency resources every 1

millisecond, i.e., every subframe, in LTE networks [21], the total number of data

packets that can be transmitted in each subframe, which is determined by the

amount of resources and scheduling algorithm, is a given system parameter and

denoted by β0. With τ − 1 subframes for data transmission within each time slot,

the data transmission rate β can be written as

β = β0(τ − 1). (5.22)

Similarly, denote the probability that an MTD generates a new data packet in one

subframe as λ0. The input rate of each MTD λ can then be written as

λ = λ0τ. (5.23)

By combining (5.20) and (5.22)–(5.23), the normalized maximum access through-

put λ̂M,a
max

τ
can be obtained as

λ̂M,a
max

τ
=

β0−nλ0−
β0
τ

eβ0(τ−1)
M

−1−M
n

+λ0τ

(
e−M

n

)
+
Mλ20τ

2

β0(τ−1)

. (5.24)

Here we are interested in how to optimize the normalized maximum access

throughput by properly choosing the time slot length τ : max
τ>1

λ̂M,a
max

τ
. Note that it

has been shown in Section 5.4.1 that to guarantee the maximum access throughput

λ̂M,a
max is achievable, the number of MTDs n and the aggregate input rate λ̂ should

fall into the achievable region SA. By replacing λ̂ and β in SA with nλ
M

and β
M

,

and further combining (5.22)–(5.23), we can obtain the following constraints on

the time slot length τ :

τ ≥ 4e−2M
nλ0

and τ > β0
β0−nλ0 . (5.25)

Let τ ∗,a denote the optimal time slot length to maximize the normalized maximum

access throughput, which can then be written as

τ ∗,a = arg max
τ>τ0

λ̂M,a
max

τ
, (5.26)

where τ0 = max{1, 4e−2M
nλ0

, β0
β0−nλ0} denotes the minimum requirement on the time

slot length τ according to (5.25). Fig. 5.9 presents the optimal time slot length
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Figure 5.9: Optimal time slot length τ∗,a and the corresponding normalized

maximum access throughput λ̂M,a
max
τ |τ=τ∗,a versus β0. n = 1000. M = 5. (a)

λ0 = 0.001. (b) λ0 = 0.006.

τ ∗,a and the corresponding normalized maximum access throughput λ̂M,a
max

τ
|τ=τ∗,a

with λ0 = 0.001 or 0.006.

Specifically, we can clearly see from Fig. 5.9a that when the traffic is light,

i.e., nλ0 � β0, the optimal time slot length τ ∗,a → τ0, indicating that in this case,

τ should be tuned as small as possible, approaching the minimum requirement τ0.

Intuitively, with light traffic, the data transmission requires few resources. There-

fore, the time slot length τ should be reduced such that MTDs can access more

frequently. Moreover, neither the optimal time slot length τ ∗,a nor the correspond-

ing normalized maximum access throughput λ̂M,a
max

τ
|τ=τ∗,a varies with the number of

data packets that can be transmitted per subframe β0 because data queues can

always be cleared within two subframes.

In sharp contrast, with heavy traffic, e.g., λ0 = 0.006 as Fig. 5.9b shows, the

optimal time slot length τ ∗,a becomes much larger than the minimum requirement

τ0, because more resources need to be allocated to data transmission. As β0

increases, data queues can be cleared within shorter time. The time slot length

can then be reduced to allow for more frequent access for MTDs, and thus the

corresponding normalized maximum access throughput λ̂M,a
max

τ
|τ=τ∗,a is significantly

improved.
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Figure 5.10: Normalized maximum access throughput λ̂M,a
max
τ versus time slot

length τ . M = 5. q = q∗,M . (a) n = 1000. λ0 = 0.001. β0 ∈ {8, 12, 20}. (b)
n = 1000. λ0 = 0.006. β0 ∈ {8, 12, 20}. (c) n ∈ {1500, 2500, 3000}. λ0 = 0.006.

β0 = 20.

5.5.2 Simulation Results

Simulation results are presented in Fig. 5.10 to validate the preceding analy-

sis. The simulation setting is the same as that in Section 5.4.4, except that each

MTD generates a packet with probability λ0 in each subframe, rather than with

probability λ in each time slot.

Specifically, Fig. 5.10 illustrates how the normalized maximum access through-

put λ̂M,a
max

τ
varies with the time slot length τ under various values of the data trans-

mission rate per subframe β0 and the number of MTDs n. We can see from Fig.

5.10 that the normalized maximum access throughput λ̂M,a
max

τ
crucially depends on

the setting of τ , indicating that to optimize the throughput performance, the time

slot length τ should be carefully selected. The values of the optimal time slot
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length τ ∗,a have been shown in Fig. 5.9, and are verified by simulation results pre-

sented in Fig. 5.10. It is worth noting that in LTE networks, the time slot length

τ (in unit of subframes) is an integer. Therefore, when choosing the optimal time

slot length, τ ∗,a should be rounded to the nearest integer properly.

In the current standard, one representative value of the time slot length is

τ = 5 subframes5 [22]. It can be seen from Fig. 5.10 that with τ = 5 , the

network may suffer from severe throughput degradation. Specifically, when the

traffic is light, i.e., nλ0 � β0, we can observe from Fig. 5.10a that the normalized

maximum access throughput with τ = 5 is only half of that with the optimal time

slot length τ ∗,a ≈ 3. As the traffic input rate of each MTD per subframe λ0 or

the network size n increases, the time slot length should be properly enlarged to

allocate more resources to data transmission. If the time slot length τ is still fixed

at 5, then the corresponding normalized maximum access throughput would be

far below that with the optimal time slot length τ ∗,a. For instance, with n = 3000,

λ0 = 0.006 and β0 = 20 as shown in Fig. 5.10c, the network becomes unstable with

the maximum access throughput dropping to zero when τ = 5. We can conclude

that by optimally choosing the time slot length based on the traffic conditions and

the data transmission rate, significant gains in the normalized access throughput

can be achieved over the default setting.

5.6 Summary

In this chapter, we study how to optimize the random access performance

of M2M communications in LTE networks with a finite data transmission rate β.

Specifically, explicit expressions of the maximum access throughput and the opti-

mal ACB factor are obtained. The analysis shows that when the data transmission

rate β is small, the maximum access throughput decreases as the number of MTDs

grows, and superlinearly increases with the number of preambles, indicating that

significant improvements can be brought by allocating more preambles. It is in

sharp contrast to the case of infinite data transmission rate where the maximum

access throughput is independent of the number of MTDs and linearly increases

with the number of preambles.

5 More specifically, in [22], PRACH configuration index=6 is used as one representative value,
which, according to the PRACH configuration index table [16], specifies that within 10 subframes
for each frame, the subframes with index 1 and 6 are PRACH subframes. In this case, PRACH
subframes appear every 5 subframes, indicating that the time slot length τ = 5 subframes.
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The analysis also reveals that the maximum access throughput drops to zero

when the aggregate input rate exceeds the data transmission rate, in which case

the data throughput reaches the maximum, but the network becomes unstable.

To efficiently accommodate the massive access of MTDs, the data transmission

rate should be sufficiently large, which indicates that the time slot length should

be properly increased for allocating more resources to data transmission as the

number of MTDs grows. The effect of time slot length on the normalized maximum

access throughput is further analyzed, and shown to be crucial. By optimally

choosing the time slot length according to the aggregate traffic rate and data

transmission rate per subframe, substantial gains are observed over the default

setting in various scenarios.
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Conclusion and Future Work

6.1 Conclusion

As one key enabling technology for the emerging Internet of Things paradig-

m, M2M communications expands the scope of entities connected to the Internet

beyond just humans. Billions of MTDs, such as sensors, actuators and meters, are

predicted to come into existence over the next few years and most of them will

require ubiquitous wireless connectivity service from the LTE networks. However,

with a large number of MTDs attempting to initiate connections with the BS, the

massive access requests transmitted via a shared channel would cause severe con-

gestion and intolerably low access efficiency. Although extensive works have been

done for improving the access efficiency, how to optimize the access performance

of M2M communications in LTE networks by properly tuning system parameters,

such as backoff parameters and time slot length, still remains largely unknown.

The work in this thesis addresses this issue from both the theoretical and

practical perspectives. From the theoretical aspect, the proposed double-queue

model captures the key feature of the connection-based random access in LTE

networks. It incorporates the queueing behavior of each MTD and is scalable in

massive access scenarios, which enables us to reveal a complete picture of through-

put maximization and delay minimization for the massive random access of M2M

communications in LTE networks. For throughput maximization, the maximum

access throughput, the maximum data throughput and the corresponding optimal

backoff parameters, including the UB window size and the ACB factor, are derived

as explicit functions of system parameters. The analysis shows that the maximum

81
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access throughput is a monotonic increasing function of the data transmission

rate. When the data transmission rate is small, the maximum access throughput

superlinearly increases with the number of preambles, while decreases as the net-

work size or the traffic input rate of each MTD grows. On the other hand, if the

data transmission rate is sufficiently large, then the maximum access throughput

linearly increases with the number of preambles and becomes insensitive to the

network size and the traffic input rate of each MTD. For delay minimization, the

minimum mean access delay and the corresponding optimal ACB factor are de-

rived. The relationship between the mean access delay of each MTD and the access

throughput is established, which shows that the mean access delay is minimized

when the access throughput is maximized. However, in contrast to the maximum

access throughput that is solely determined by the number of preambles when the

data transmission rate is large, the minimum mean access delay further depends

on the network size and the traffic input rate of each MTD.

From the practical aspect, the work in this thesis sheds important light on

network design for supporting massive access of M2M communications in LTE

networks. For instance, the analysis shows that with the current LTE standard

setting where the backoff parameters are fixed, both the access throughput per-

formance and the access delay performance drastically degrade as the number of

MTDs increases. To optimize the access performance, the backoff parameter, i.e.,

the UB window size or the ACB factor, should be adaptively tuned according to the

network size, the traffic input rate of each MTD and the data transmission rate.

It is worth mentioning that the proposed optimal tuning of backoff parameters

does not rely on the realtime information of the aggregate traffic that is difficult

to collect in practical LTE networks. Instead, it is solely based on statistical traffic

information, which is usually available at the BS. Moreover, the analysis reveals

that the time slot length has a crucial impact on the normalized access through-

put performance, as it determines how the system resources are allocated between

access and data transmission. The optimal time slot length for maximizing the

normalized maximum access throughput is characterized, and shown to lead to

significant gains over the default setting in various scenarios.
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6.2 Future Work

The work in this thesis only provides a starting point. In the future, it is

important to further extend our analytical framework to incorporate more realistic

assumptions. For instance, the analysis in this thesis is developed based on a key

assumption that each access request stays in the queue until it is successfully

transmitted. In practice, however, an access request could be dropped if it reaches

the maximum number of retransmissions. Therefore, the next step is to extend

the analytical framework to further incorporate a retry limit, and study how such

a retry limit affects the access performance and the optimal backoff parameter

tuning.

Note that in this thesis, we focus on the homogeneous case where each MT-

D has an identical traffic input rate and no quality-of-service requirements. In

practice, MTDs in different applications may have distinct traffic characteristics.

For some applications, such as industrial automation and healthcare, MTDs trans-

mit critical information and thus require higher priority. The analysis should be

extended to heterogeneous scenarios to incorporate distinct traffic characteristics

and quality-of-service requirements of MTDs.

Moreover, in this thesis, we assume that the total number of data packets

that can be transmitted in each time slot, β, does not change with time for the

tractability of analysis. In practice, as the BS dynamically allocates time-frequency

resources every one millisecond, the data transmission rate β may not be constant

due to the dynamics of the resource scheduling process. How the time fluctuation

of the data transmission rate β affects the optimal access performance of MTDs

and the optimal backoff parameter tuning is an interesting topic that deserves

much attention in the future study.

Last but not least, the analytical framework developed in this thesis is not

limited to M2M communications in LTE networks, and can be applied to other

wireless communication systems that adopt the connection-based random access.

For instance, NarrowBand Internet of Things (NB-IoT), a new 3GPP radio-access

technology exclusively designed for IoT applications in cellular systems, also adopt-

s connection-based random access [82]. Although NB-IoT and LTE share the same

network infrastructure, NB-IoT is not backward compatible with existing LTE s-

tandards because it redesigns its physical layer and introduces many new features.
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For example, to enhance the network coverage, in NB-IoT, an MTD would repet-

itively transmit the preamble several times, and the BS determines the presence

of the preamble by comparing the accumulated received power with a predefined

detection threshold [83]. With more repetitions, the system can combine each

repetition and reach a higher effective signal-to-noise ratio, which improves the

preamble detection probability and the network coverage. However, it would con-

sume more random access resources and lead to fewer resources for data trans-

mission. We can see that the crucial resource tradeoff between access and data

transmission also exists in NB-IoT systems and further depends on the number of

repetitions of preambles. It would be interesting to study how to extend our pro-

posed analytical framework to include the newly emerging features of the NB-IoT

systems and optimize the access performance of MTDs in NB-IoT systems.
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Proof of Theorem 3.1

Proof. Let f(p) = − ln p− a
b+p

, where

a = 2n
2n

λ̂
−W+1

, and b =
2
q

+W−1

2n

λ̂
−W+1

. (A.1)

It can be seen from (3.6) that f(p) = 0 has the same non-zero roots as the fixed-

point equation (3.6). Hence, we will focus on f(p) = 0 in the following. The

derivative of f(p) can be obtained as f ′(p) = g(p)
p(b+p)2

, where

g(p) = −
(
p+ b− a

2

)2
+ a2

4
− ab. (A.2)

Lemma A.1 shows that the number of non-zero roots of f(p) = 0 for p ∈ (0, 1] is

crucially related with the number of non-zero roots of g(p) = 0 for p ∈ (0, 1].

Lemma A.1. f(p) = 0 has three non-zero roots 0 < pA ≤ pS ≤ pL ≤ 1 if and only

if g(p) = 0 has two non-zero roots 0 < p′1 < p′2 < 1 with f(p′1) ≤ 0 and f(p′2) ≥ 0;

Otherwise, f(p) = 0 has only one non-zero root 0 < pL ≤ 1.

Proof. Since lim
p→0

f(p) = +∞ and f(1) = − a
b+1

= − n
1
q

+
n

λ̂

< 0, f(p) = 0 has at least

one non-zero root for p ∈ (0, 1]. To further determine the number of non-zero

roots of f(p) = 0 for p ∈ (0, 1], let us consider the following scenarios.

1. If g(p) = 0 has no non-zero roots for p ∈ (0, 1], then g(p) < 0 for p ∈ (0, 1].

As a result, f ′(p) < 0 for p ∈ (0, 1], indicating that f(p) monotonically

decreases for p ∈ (0, 1], as shown in Fig. A.1a. We can then conclude that

in this case, f(p) = 0 has only one non-zero root 0 < pL ≤ 1.
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Figure A.1: f(p) has one root in (a), (b), (c), (d), (e) and three non-zero roots
in (f).

2. If g(p) = 0 has one non-zero root 0 < p′1 ≤ 1, then g(p) < 0 for p ∈ (0, p′1)

and g(p) > 0 for p ∈ (p′1, 1]. As a result, f ′(p) < 0 for p ∈ (0, p′1) and

f ′(p) > 0 for p ∈ (p′1, 1], indicating that f(p) monotonically decreases for

p ∈ (0, p′1), and then increases for p ∈ (p′1, 1], as shown in Fig.A.1b. Since

f(1) < 0, we can conclude that in this case, f(p) = 0 has only one non-zero

root 0 < pL ≤ 1.

3. If g(p) = 0 has two non-zero roots 0 < p′1 < p′2 ≤ 1, then we have:

(a) If p′2 = 1, then g(p) < 0 for p ∈ (0, p′1) and g(p) > 0 for p ∈ (p′1, 1]. As a

result, f ′(p) < 0 for p ∈ (0, p′1) and f ′(p) > 0 for p ∈ (p′1, 1], indicating

that f(p) monotonically decreases for p ∈ (0, p′1), and then increases for

p ∈ (p′1, 1], as shown in Fig.A.1c. Since f(1) < 0, we can conclude that

in this case, f(p) = 0 has only one non-zero root 0 < pL ≤ 1.

(b) If p′2 < 1, then g(p) < 0 for p ∈ (0, p′1)
⋃

(p′2, 1) and g(p) > 0 for

p ∈ (p′1, p
′
2). As a result, f ′(p) < 0 for p ∈ (0, p′1)

⋃
(p′2, 1) and f ′(p) > 0

for p ∈ (p′1, p
′
2), indicating that f(p) decreases for p ∈ (0, p′1)

⋃
(p′2, 1),

and then increases for p ∈ (p′1, p
′
2), as shown in Fig.A.1d-f. We can

see from Fig.A.1d-e that if f(p′1) > 0 or f(p′2) < 0, f(p) = 0 has one

non-zero root 0 < pL ≤ 1; Otherwise, f(p) = 0 has three non-zero roots

0 < pA ≤ pS ≤ pL ≤ 1, as shown in Fig.A.1f, in which f(p′1) ≤ 0 and

f(p′2) ≥ 0.



Appendix A 87

Lemma A.2 further presents the necessary and sufficient condition for g(p) = 0

having two non-zero roots 0 < p′1 < p′2 < 1 with f(p′1) ≤ 0 and f(p′2) ≥ 0.

Lemma A.2. g(p) = 0 has two non-zero roots 0 < p′1 < p′2 < 1 with f(p′1) ≤ 0

and f(p′2) ≥ 0 if and only if n > 2(2
q

+W − 1) and λ̂1 ≤ λ̂ ≤ λ̂2, where λ̂1 and λ̂2

are given in (3.7) and (3.8), respectively.

Proof. According to (A.2), g(p) = 0 has two non-zero roots 0 < p′1 < p′2 < 1 if and

only if 0 < b < 1 and 4b < a < (b+ 1)2, which can be further written as

λ̂ < min

{
2n
W−1

, n

W−1+
1
q

}
= n

W−1+
1
q

, (A.3)

2
(

1
q

+ n

λ̂

)2

> n
(

2n

λ̂
−W + 1

)
, (A.4)

n > 2
(

2
q

+W − 1
)
, (A.5)

according to (A.1).

The two non-zero roots of p′1 and p′2 of g(p) = 0 can be written as


p′1 =

n−2
q
−W+1−

√
n
(
n−4

q
−2(W−1)

)
2n

λ̂
−W+1

p′2 =
n−2

q
−W+1+

√
n
(
n−4

q
−2(W−1)

)
2n

λ̂
−W+1

(A.6)

if (A.5) holds, i.e., n > 2
(

2
q

+W − 1
)

. It can be obtained from (A.6) that

f(p′1) ≤ 0 and f(p′2) ≥ 0 if and only if λ̂1 ≤ λ̂ ≤ λ̂2, where λ̂1 and λ̂2 are given in

(3.7) and (3.8), respectively.

Now, we prove that if (A.5) holds and λ̂ ≤ λ̂2, then (A.3) and (A.4) hold.

(1) Let us first show that when n > 2
(

2
q

+W − 1
)

, λ̂2 monotonically de-

creases with n. Specifically, according to (3.8), λ̂2 can be written as λ̂2 = 2
F (n)

,

where
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F (n) = 1
n

((
n− 2

q
−W + 1 +

√
n
(
n− 4

q
− 2(W − 1)

))

· exp

 2n

n+

√
n
(
n−4

q
−2(W−1)

)
+W − 1

)
. (A.7)

It can be obtained that dF (n)
dn

∣∣∣
n>2

(
2
q

+W−1
) =

(q(W−1)+2) exp

 2n

n+

√
n
(
n−2(W−1)−4

q

)
−q(W−1)

qn2 >

q(W−1)(e2−1)
qn2 > 0. Therefore,

λ̂2 < lim
n→2

(
2
q

+W−1
) λ̂2 = 2n(

2
q

+W−1
)
e2+W−1

< n

W−1+
1
q

. (A.8)

It can be seen from (A.8) that if (A.5) holds and λ̂ ≤ λ̂2, then (A.3) holds.

(2) We rewrite (A.4) as H(λ̂) > 0, where H(λ̂) is given by H(λ̂) = 2n2

λ̂2
+

1

λ̂

(
4n
q
− 2n2

)
+ 2

q2
+ n(W − 1). It can be obtained that H(λ̂) = 0 has two non-

zero roots of λ̄1 =
n

(
n−2

q
−
√
n
(
n−4

q
−2(W−1)

))
n(W−1)+

2
q2

and λ̄2 =
n

(
n−2

q
+

√
n
(
n−4

q
−2(W−1)

))
n(W−1)+

2
q2

with λ̄1 < λ̄2, if (A.5) holds, i.e., n > 2
(

2
q

+W − 1
)

. When λ̂ < λ̄1 or λ̂ > λ̄2,

H(λ̂) > 0. According to (3.8), we can have

λ̄1
λ̂2
>

(
n− 2

q
−
√
n
(
n− 2 (W − 1)− 4

q

))
·

(
n−2

q
+

√
n
(
n−2(W−1)−4

q

))
2
(

(W−1)n+
2
q2

) = 1. (A.9)

Therefore, we can conclude that for λ̂ < λ̂2, H(λ̂) > 0, which indicates that (A.4)

holds.

Finally, Theorem 3.1 can be obtained by combing Lemma A.1 and Lemma

A.2.
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Proof of Corollary 3.2

Proof. According to the fixed-point equation (3.6), we can obtain that

∂p

∂λ̂
= p

g(p)

(
ln p

λ̂

)2 (
λ̂
n

(
1
q

+ W−1
2

)
+ p

(
1− λ̂(W−1)

2n

))2

, (B.1)

∂p
∂n

= p
g(p)

(
1
n
· λ̂

1−
(W−1)λ̂

2n

)2 (
1
q

+ (1− p)W−1
2

)
, (B.2)

∂p
∂q

= 1
ng(p)

(
ln p
q

)2

·
(
λ̂
n

(
1
q

+ W−1
2

)
+ p

(
1− λ̂(W−1)

2n

))2

, (B.3)

∂p
∂W

= − (ln p)2(1−p)
2ng(p)

·
(
λ̂
n

(
1
q

+ W−1
2

)
+ p

(
1− λ̂(W−1)

2n

))2

, (B.4)

where g(p) is given in (A.2). Let us consider the following scenarios:

1. If g(p) = 0 has no non-zero roots for p ∈ (0, 1], then g(p) < 0 for p ∈ (0, 1].

In this case, as Fig.A.1a shows, (3.6) has one non-zero root pL, which is a

steady-state point according to the approximate trajectory analysis in [40].

We then have g(pL) < 0.

2. If g(p) = 0 has one non-zero root 0 < p′1 ≤ 1, then g(p) < 0 for p ∈ (0, p′1)

and g(p) > 0 for p ∈ (p′1, 1]. In this case, as Fig.A.1b shows, (3.6) has

one non-zero root pL < p′1, which is a steady-state point according to the

approximate trajectory analysis in [40]. We then have g(pL) < 0.

3. If g(p) = 0 has two non-zero roots 0 < p′1 < p′2 ≤ 1, then we have:

(a) If p′2 = 1, then g(p) < 0 for p ∈ (0, p′1) and g(p) > 0 for p ∈ (p′1, 1].

In this case, as Fig.A.1c shows, (3.6) has one non-zero root pL < p′1,
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which is a steady-state point according to the approximate trajectory

analysis in [40]. We then have g(pL) < 0.

(b) If p′2 < 1, then g(p) < 0 for p ∈ (0, p′1)
⋃

(p′2, 1) and g(p) > 0 for

p ∈ (p′1, p
′
2). In this case, as Fig.A.1d-f show, (3.6) may have one

steady-state point pL ∈ (0, p′1)
⋃

(p′2, 1), or three non-zero roots pA <

p′1 < pS < p′2 < pL, among which pA and pL are the steady-state points

according to the approximate trajectory analysis in [40]. We then have

g(pL) < 0 and g(pA) < 0.

Finally, we can conclude that g(pL) < 0 and g(pA) < 0, It can then be ob-

tained from (B.1)-(B.4) that ∂p

∂λ̂

∣∣∣
p=pL,pA

< 0, ∂p
∂q

∣∣∣
p=pL,pA

< 0, ∂p
∂n

∣∣
p=pL,pA

< 0 and

∂p
∂W

∣∣
p=pL,pA

> 0.
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Proof of Theorem 3.3

Proof. According to (3.3), (3.4) and (3.6), the access throughput λ̂out can be writ-

ten as λ̂out = −p ln p. It can be clearly seen that λ̂max = e−1, which is achieved

when p∗ = e−1. (3.9) can then be obtained by substituting p∗ = e−1 into (3.6).

At the bistable region, the network may operate at the desired steady-state

point pL or the undesired steady-state point pA. In the following, we prove that

when (3.9) holds, pA < e−1, implying that λ̂max can only be achieved when the

network operates at pL. Specifically, (3.9) can be written as

2n

λ̂
− (W ∗ − 1) =

(
2n− 2

q∗
− (W ∗ − 1)

)
e. (C.1)

From Fig. A.1f, we can see pA ≤ p′1 < p′2 ≤ pL, where p′1 and p′2 are roots of

g(p) = 0, which are given by (A.6), respectively. If (C.1) holds, then we have

p′2 =
n− 2

q∗
−W ∗+1+

√
n(n− 4

q∗
−2(W ∗−1))

2n− 2
q∗
−W ∗+1

e−1 < e−1. Therefore, pA < p′2 < e−1.
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Appendix D

Derivation of (5.3)

Proof. To derive the mean holding time in State H, τH , let us first denote the

holding time in State i as Yi, where i ∈ {0,T, H}, the number of packets in the

data queue when the access request enters State H as NH , and the number of new

arrival packets when the access request is in State H as N̂H . We can then obtain

that

YH + YT = d N̂H+NH

β
e, (D.1)

where β is the data transmission rate. Note that YT = 1 and τH = E[YH ].

According to (D.1), the mean holding time in State H, τH , can therefore be written

as

τH = E[YH ] = EdNH+N̂H

β
e − 1 = Eb1 + NH+N̂H−1

β
c − 1 ≈ E[NH ]−1

β
+ E[N̂H ]

β
, (D.2)

by applying dx
y
e = b1+ x−1

y
c for x, y ∈ {1, 2, . . .}, and dropping the rounding down

operation for analytical tractability. We can see from (D.2) that τH is determined

by the average number of new arrival packets when the access request is in State

H, E[N̂H ], and the average number of packets in the data queue when the access

request enters State H, E[NH ]. In the following, we focus on E[N̂H ] first and then

E[NH ].

As the traffic input rate of each MTD is λ and the mean holding time in State

H is τH , we can easily obtain the average number of new arrival packets when the

access request is in State H as

E[N̂H ] = λτH . (D.3)
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On the other hand, to derive the average number of packets in the data queue

when the access request enters State H, E[NH ], let us first define Di as the time

spent from the beginning of State i until the service completion. According to Fig.

5.1, we can see that before the access request enters State H, it should first be in

State T, in which case the data queue has one data packet, and then in State 0,

in which case the average number of new arrival packets when the access request

is in State 0 is λE[D0 −DH ]. Therefore, we have

E[NH ] = 1 + λE[D0 −DH ]. (D.4)

According to the Markov chain in Fig. 5.1, it can be obtained that

D0 =

Y0 +DH with probability pαq,

Y0 +D0 with probability 1− pαq.
(D.5)

Let GDi
(z) denote the probability generating functions of Di, where i ∈ {0,T, H}.

Based on (D.5) and Y0 = 1, we can have

GD0(z) =
pαqzGDH

(z)

1−(1−pαq)z , (D.6)

and furthermore,

E[D0 −DH ] =
(
GD0

(z)

GDH
(z)

)′
|z=1 = 1

pαq
. (D.7)

Finally, by further combining (D.2)–(D.7), we can obtain the mean holding

time in State H, τH , as

τH = λ

βpαq

(
1−λ

β

) ≈ λ
βpαq

, (D.8)

by ignoring λ
β

in the denominator because λ
β
< 1

n
� 1 for large n.
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Derivation of (5.9)

Proof. To derive the limiting probability that no access request is in State H, α, let

us first define a discrete-time Markov renewal process (XH ,VH) = {(XH
j , V

H
j ), j =

0, 1, . . .}, where XH
j denotes the number of access requests in State H at the j-th

transition and V H
j denotes the epoch at which the j-th transition occurs. As there

is at most one access request in State H in any time slot, XH
j only has two states,

i.e., State S0 with XH
j = 0 or State S1 with XH

j = 1, and the embedded Markov

chain XH = {XH
j } is shown in Fig. E.1, where γt denotes the state transition

probability from State S0 to State S1 at time slot t.

The steady-state probability distribution of the embedded Markov chain can

be derived as

πS0 = 1
γ+1

, πS1 = γ
1+γ

, (E.1)

where γ = lim
t→∞

γt. Since the mean holding time in State S0 is 1 and that in

State S1 is τH , we can then obtain the steady-state probability distribution of the

discrete-time Markov renewal process (XH ,VH) as

π̃S0 = 1
1+τHγ

, π̃S1 = τHγ
1+τHγ

. (E.2)

Note that the limiting probability that no access request is in State H, α, is given

by π̃S0 , which is determined by γ as (E.2) shows.

To derive γ, let us first focus on γt, which is the probability that given no

access request in State H at time slot t − 1, one access request is in State H at

time slot t. We can see from Fig. 5.1 that when one access request shifts to State

H at time slot t, it must stay in State 0 at time slot t − 1, and is successfully
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S S

t

t

Figure E.1: Embedded Markov chain {XH
j }.

transmitted at time slot t. Let wt denote the probability that one access request

is transmitted at time slot t given no access request in State H at time slot t− 1.

γt can then be written as

γt = nwt(1− wt)n−1 · π̃0
π̃0+π̃T

, (E.3)

where nwt(1 − wt)
n−1 represents the probability that an access request is suc-

cessfully transmitted at time slot t, and π̃0
π̃0+π̃T

is the probability that the access

request stays in State 0 at time slot t− 1. Note that the probability of successful

transmission of access requests given that no access request is in State H at time

slot t, pt, can be written as

pt = (1− wt)n−1 ≈ exp(−nwt), (E.4)

by applying n − 1 ≈ n, (1 − x)n ≈ exp{−nx} for 0 < x < 1 if n is large. By

combining (5.1)–(5.4), (E.3) and (E.4), we can obtain that

γ = lim
t→+∞

γt = −p(1− pαq) ln p ≈ −p ln p, (E.5)

where pαq is ignored because it is typically very small.

Finally, the limiting probability that no access request is in State H, α, can

be obtained by combining (5.3), (E.2) and (E.5).



Appendix F

Proof of Theorem 5.1

Proof. To determine the number of non-zero roots of the fixed-point equation

(5.10), let us first define

f(p) = h(p)

1+
pq
λ

(
1+

λ ln p
βq

) , (F.1)

where

h(p) = −p(ln p)2

β
− (pq+λ) ln p

λ
− nq. (F.2)

As 1 + pq
λ

(
1 + λ ln p

βq

)
= 1 + pqα

λ
> 0, it can be seen from (5.10), (F.1) and (F.2)

that h(p) = 0 has the same non-zero roots as the fixed-point equation (5.10).

Therefore, we focus on h(p) = 0 in the following.

Since lim
p→0

h(p) = +∞ and h(1) = −nq < 0, h(p) = 0 has at least one non-zero

root for p ∈ (0, 1]. To further determine the number of non-zero roots of h(p) = 0,

according to (F.2), we can obtain that

h′(p) = − (ln p)2

β
−
(

2
β

+ q
λ

)
ln p− pq+λ

pλ
, (F.3)

with lim
p→0

h′(p) = −∞, h′(1) = − q+λ
λ

, and

h′′(p) = −2 ln p
pβ
− 2

pβ
− 2q

pλ
+ pq+λ

λp2
, (F.4)

with lim
p→0

h′′(p) = +∞, h′′(1) = 1− 2λ+qβ
λβ

. The single non-zero root of h′′(p) = 0 is

given by

pE = β

2W0

(
β
2

exp

(
1+

qβ
2λ

)) , (F.5)
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where W0(·) is the principal branch of the Lambert W function. It can be obtained

from (F.4)–(F.5) that if 2λ + qβ ≤ λβ, then pE ≥ 1 and h′′(1) ≥ 0; Otherwise,

0 < pE < 1 and h′′(1) < 0.

In the following, we discuss the number of non-zero roots of h(p) = 0 based

on the monotonicity of h′(p) for p ∈ (0, 1].

• If 2λ + qβ ≤ λβ, then h′′(p) ≥ 0 for p ∈ (0, 1]. As a result, h′(p) is a

non-decreasing function for p ∈ (0, 1]. Since lim
p→0

h′(p) < 0 and h′(1) < 0, we

have h′(p) < 0 for p ∈ (0, 1], indicating that h(p) monotonically decreases

for p ∈ (0, 1]. We can then conclude that in this case, h(p) = 0 has only one

non-zero root 0 < pL ≤ 1.

• If 2λ+ qβ > λβ, then h′′(p) > 0 for p ∈ (0, pE) and h′′(p) < 0 for p ∈ (pE, 1].

As a result, h′(p) monotonically increases for p ∈ (0, pE), and then decreases

for p ∈ (pE, 1].

– If h′(pE) ≤ 0, then we have h′(p) ≤ 0 for p ∈ (0, 1], indicating that h(p)

is a non-increasing function for p ∈ (0, 1]. We can then conclude that

in this case, h(p) = 0 has only one non-zero root 0 < pL ≤ 1.

– If h′(pE) > 0, then h′(p) = 0 should have two non-zero roots p1 and p2,

where 0 < p1 < pE < p2 < 1, and h′(p) < 0 for p ∈ (0, p1)
⋃

(p2, 1] and

h′(p) > 0 for p ∈ (p1, p2), indicating that h(p) monotonically decreases

for p ∈ (0, p1)
⋃

(p2, 1], and increases for p ∈ (p1, p2). If h(p1) > 0 or

h(p2) < 0, then h(p) = 0 has one non-zero root 0 < pL ≤ 1; Otherwise,

h(p) = 0 has three non-zero roots 0 < pA ≤ pS ≤ pL ≤ 1, in which

h(p1) ≤ 0 and h(p2) ≥ 0.
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Proof of Theorem 5.2

Proof. To derive the maximum access throughput λ̂amax and the optimal ACB

factor q∗, let us first rewrite the expression of the access throughput λ̂aout as

λ̂aout = −nλβ
λ(1+λ)+ng(p)(β−λ2)

+ n2λβ
λ
g(p)

(1+λ)+n(β−λ2)
, (G.1)

by combining (5.8) and (5.12), where g(p) = − q
ln p

. It can be clearly seen from

(G.1) that λ̂aout is maximized when g(p) is maximized. Therefore, we focus on g(p)

in the following.

The derivative of g(p) with regard to p can be written as

g′(p) = q
p(ln p)2

− q′(p)
ln p

, (G.2)

where q′(p) is the derivative of q with regard to p. According to (5.10), we can

obtain that

q = −λp(ln p)2−βλ ln p
β(nλ+p ln p)

, (G.3)

and

q′(p) = −λ(βnλ+p(ln p)2(nλ+p−β)+2nλp ln p)
βp(nλ+p ln p)2

. (G.4)

By combining (G.2)–(G.4), we can then rewrite g′(p) as

g′(p) = −λ(β−nλ)(1+ln p)
β(nλ+p ln p)2

. (G.5)

It can be seen from (G.5) that g′(p) > 0 for p ∈ (0, e−1) and g′(p) < 0 for

p ∈ (e−1, 1], indicating that g(p) monotonically increases for p ∈ (0, e−1) and
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decreases for p ∈ (e−1, 1]. Thus, it can be concluded that g(p) is maximized when

p∗ = e−1. Accordingly, the optimal ACB factor q∗ in (5.14) can be obtained by

substituting p∗ = e−1 into (5.10), and the maximum access throughput λ̂amax can

be derived by substituting p∗ = e−1 and (5.14) into (5.12).

Note that it has been shown in Chapter 5.3 that the network may have t-

wo steady-state points, i.e., the desired steady-state point pL and the undesired

steady-state point pA. In the following, we prove that pA < e−1, implying that the

maximum access throughput λ̂amax can only be achieved when the network operates

at pL. Specifically, when the network has two steady-state points pL and pA, we

can see from Appendix F that 0 < pA < pE < pL ≤ 1 and h′(pE) > 0, where h′(p)

and pE are given in (F.3) and (F.5), respectively. By combining (F.3) and (F.5),

we have

h′(pE) =

(
qβ
2λ
−W0

(
β
2

exp(1+
qβ
2λ

)

))(
qβ
2λ

+W0

(
β
2

exp(1+
qβ
2λ

)

))
+1−2W0

(
β
2

exp(1+
qβ
2λ

)

)
β

. (G.6)

Note that for β ≥ 1, 1−2W0

(
β
2

exp(1 + qβ
2λ

)
)
< 1−2W0

(
βe
2

)
< 0. Therefore, it can

be seen from (G.6) that if h′(pE) > 0, then we must have qβ
2λ
>W0

(
β
2

exp(1 + qβ
2λ

)
)
,

with which ln pE = −1− qβ
2λ

+W0

(
β
2

exp(1 + qβ
2λ

)
)
< −1, indicating that pA < pE <

e−1.
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