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Abstract—T his paper is concer ned with the iterative detec-
tion principles for coded linear systems with cyclic prefixes.
We derive a matrix-form low-cost fast Fourier transform
(FFT) based iterative LMM SE-APP detector and propose an
evolution technique for the performance evaluation of the
proposed detector. Numerical results show a good match
between simulation and evolution prediction.

Keywords—L MM SE-APP detection, Turbo equalization,
iterative detection, SNR-variance evolution.

|. INTRODUCTION

Iterative minimum-mean-square-error (MMSE) detec-
tion has been studied in the context of a variety of applica-
tions involving inter-symbol interference (1SI), multiple-
input-multiple-output (MIMO) transmission, and multiple-
access (MAC) [1-4]. It can provide performance compara-
ble to maximum a posteriori (MAP) detection [5, 6] at
considerably reduced cost.

In this paper, we study the liner MMSE (LMMSE)
approach to systems with circulant channel matrices. Such
matrices arise when cyclic prefixes are added to the
tramnsmitted signals, which is a technique considered, e.g.,
in 3GPP long term evolution systems [7]. We first derive a
matrix form FFT-based iterative LMMSE-APP (APP for
“a posteriori probability”) detector, and then propose an
SNR-variance evolution technique for its performance
evaluation. The extrinsic information transfer (EXIT) chart
technique [2, 8] is a useful tool for the analysis of iterative
detectors in fixed channels. However, its application
becomes difficult when channels are not fixed, such as in
the case of MIMO 1Sl quasi-static fading channels. In this
case, the average performance of a system can be
computed by collecting statistics for a sufficiently large
number of channel realizations. For each realization, a
different pre-simulated transfer function of the detector is
required for the EXIT chart analysis. It is generaly
impractical to store the pre-smulated EXIT transfer
functions for all possible channel realizations. In this paper,
we therefore develop an aternative solution in which the
transfer function is generated analyticaly (rather than pre-
simulated) at very low cost for each channel realization
during the evolution process. The overal system
performance can be evaluated by averaging over different
channel reslizations.

List of Notations: Vectors are expressed in bold letters
and are column vectors by default. Matrices are specified
by bold capital letters. The linear equation in (1) (see be-
low) can be expressed in a block form, where each block
may represent a scalar, sub-vector or sub-matrix. The
length of X, in blocks, is called the “frame length”, and is
denoted by J. The transpose and conjugate transpose are
denoted by “™ and “"", respectively. An identity matrix
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with dimension n is denoted by |, and sometimes the sub-
script is omitted for simplicity. [-];; denotes the (I, j)-th
entry of the matrix in the bracket. The operator ® denotes
the Kronecker product. The operation diag{-} returns a
diagonal matrix with the elements in the brace ordered on
the main diagonal, whilst (-)gag returns a diagonal matrix
that only contains the diagonal part of the matrix in the
parentheses. The operator E(:) is the expectation with re-
spect to thejoint pdf of x and 7.

II. CHANNEL MODELS

A. System Model
Consider a coded system, as shown in Fig.1, character-
ized by the following linear matrix equation
r=Hx+mn, Q)
where r is an observation vector, X a transmitted signal
vector, H a channel matrix and 7 an additive white Gaus-
sian noise (AWGN) vector with zero mean and covariance
ol . We assume that x is generated by an encoding device
(denoted by ENC in Fig.1) using forward-error-control
(FEC) codes and permuted by an interleaver (marked by TT
in Fig.1). Typica examples of (1) include ISI, MIMO and
MAC channels.
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Fig. 1. The genera transmitter and (iterative) receiver structures for a
coded linear system with channel input x, TT and TI* denoting the inter-
leaver and the corresponding de-interleaver, respectively.

B. Circulant Systems
The channel matrix H in (1) is a JxJ circulant matrix if

[HIi; = [H]iy forany j — 1 = (j' = I') modulo J. A circulant
H can be represented as
hy h, h
e 2 @
hJ—l m hO

Let r; and x; (the jth entry in r and X, respectively) be the
received and transmitted signal at time instant j, respec-
tively. The matrix H in (2) isredizable in an ISl channel
(with channel coefficients [hy, ..., h._1] where L denotes
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the channel memory length) by padding x with a cyclic
prefix (CP) [9] that consists of the last L-1 entries of x.
Let F be the normalized discrete Fourier transform (DFT)

matrix with the (j, 1)-th entry given by J™V2exp(-i 2zl /J),
where i =+/-1 . Let {g} bethe DFT of {h} (see (2)),i.e.,
g, =372y hexp(-i2zjl/3)  j=0, .., 31
The following properties are well known for acirculant H.

G=FHF" isdiagonal;

«  G=1"diag{go, G, .-, G}
H =F"GF.

C. Block Circulant Systems

A block circulant system, as a natural extension of the
scalar circulant onein 11.B, can be represented by

fo Ho H, Hyll Xo o
T H, Hg Haoll % R )
f3 Hyy Hy Holl X5 M1

where H is block circulant (i.e., each block-column is a
cyclic shift of its previous block-column by one block),
each H, isan MxN sub-matrix, r; (or 7)) an Mx1 sub-vector,
and x; an Nx1 sub-vector. A typical example of such a sys-
tem is a MIMO ISl channel with CP padding to each
transmit antenna. Let L be the channel memory length, and
N (resp., M) be the number of transmit (resp., receive) an-
tennas. Thus, when| =L, ..., J-1, H, = 0; and when | =
o,...,L-1,

[Hilm=Hmns form=1,...M,n=1..,N, (3b)
where h, ,, denotes the Ith tap coefficient between the nth
transmit antenna and the mth receive antenna. The sub-
vectors rj, X; and 7; are the corresponding sub-blocks inr,
X, and 77 a timeinstant j, respectively.

Let {Gg, Gy, ..., Gy1} be blocks of the same size as H,,
VI, as given in (3). Define the block-wise DFT of {H;} as

G, =3 " H exp(-i2zjl /) for j = 0, ..., 3L
Denote Fy = F®ly, and Fy = F®Iy. Similarly to the case

for a scalar circulant matrix in 11.B, the following
properties hold for ablock circulant H:

e« G=FyHF\{ isblock diagonal;
o G=JIdiag{Go, Gy, ..., Gya};
¢ H=F\'GF

D. Real Representation of a Complex System

The discussion in 11.B and C applies to both real and
complex channel models, since a complex linear system
can be equivaently transformed into a real system (with
doubled dimensions) by equating the real and imaginary
parts separately. Hence, we only discuss rea systems in
this paper.

For simplicity, we assume that each element in x is
modulated by binary phase shift keying (BPSK) over {+1,
—1}. Note that BPSK modulation for the converted real
system model is equivalent to quadrature phase shift key-
ing (QPSK) with Gray mapping for the original system.

[11. THE ITERATIVE LMMSE-APP DETECTION PRINCIPLES

The lower part of Fig.1 shows the iterative LMMSE-
APP receiver. The ESE (for “elementary signal estimator”)
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module is based on the LMMSE principle and the DEC
based on the APP decoding principle, hence the name
“LMMSE-APP". These two modules are connected by the
interleaver TI and the corresponding de-interleaver 17,
and work iteratively. Note that H is assumed to be known
at the receiver.

A. The LMMSE Approach to the ESE
The ESE computes the extrinsic log-likelihood ratio
(LLR) for each x; as
In p(r|x =+1) ,
p(r X, =-1)
with the FEC coding constraint ignored, i.e., the ESE oper-
ates as if x contains un-coded bits. The exact evaluation of
(4) can be realized by the MAP agorithm, but is usualy
prohibitively complicated. Let the diagonal matrix V be the
covariance of x. It is shown in [4] that the LLR in (4) can
be approximated by the following LMM SE estimator
A = 2thRj’l(r —HEX)+hE(X)), =12, ...

©)
where R, =R-v,h;h{, R=HVH" +5% , h; is the jth
column of H, and v; is the variance of x. We adopt initial
conditions E(x) = 0 and V = | (meaning no a priori infor-
mation). During the iterative process, E(x) and V are up-
dated by using the feedback information from the DEC
afterwards, as shown below.

B. The DEC Operations

The DEC performs APP decoding using A = [4g, 44, ...,
4, ...]" as its inputs. The DEC outputs are the extrinsic
LLRsgiven by

P4 x =+1
7/]_ =n———-_ ~
p(4]x =-1)

i=12, ... 4)

, i=1,2 ...

C. The Overall Iterative Process
After the DEC operations, the ESE operations can be
executed again to refine the estimates in (4) using the
feedback =[5, %, .-, %, -..]' from the DEC. Since ; is
taken over {+1, -1}, we have
exp(y.)-1
E(x,) = p(v;)
exp(y,) +1
This process continues iteratively until the algorithm con-
verges. Refer to [1-3] for detalls.

=tanh(y, /2) and v, =1—(E(x,))*.

IV. A FAST IMPLEMENTATION TECHNIQUE FOR THE ESE

Since the APP decoding in the DEC has been well stud-
ied, we focus on the implementation of the ESE here.

A. ESE for Circulant H
Applying the matrix inversion lemmato R,-’l, we can re-
write (5) as
Py h/R™(r —HE(x))+h/ R™h, E(x;)
! 1-v, th R*h j
or in avector form as
2= V(H'R™H), ) '[H'R(r —HEX)) —(H"R*H),, EX)] - (6)

J-1

Let V be the average of {v}, i.e, Vv=J" v (2.

We update V as follows.
V =Vl
Recall that V isthe variance of x. Egn. (7) implies:

()
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(i) x and x are uncorrelated if I#j, which is approxi-
mately ensured by the interleaver IT; and
(i) All {x} have the same varianceV .
Note that (ii) is not an optimal treatment since we actually
know the individual variances {x}. However, this sub-
optimal treatment leads to greatly reduced complexity.
Based on the propertiesgivenin 11.B, we have
H'R'H =F"G"F (W "G"FF"GF +0°l ) 'F"GF
=F"G"(VGG" +°1)'GF.
Since G" (VGG" + 6?1)™G is diagonal, H'/R™H is circu-
lant. Further, we have
(H'R™H), =ul (8)

whereu= Z:pj F(Wig;f +0°)™ . Then we rewrite (6) as

2=21-W) ™ (F"G" (VGG" +6°1 ) 'F (r — HE(X)) +UE(x)) (9)
The ESE can be implemented based on (9) as follows:
Step 1: Takethe FFT of r — HE(X).

Step 2: Multiply the results of Step 1 by a diagonal ma-
trix G" (VGG" +0?1)™.

Take the IFFT of the resultsin Step 2, then add

the weighted a priori mean uk(x), and finally

scale the result by 2(1-vu) ™.

The overall complexity of the above method is roughly

O(log,J) per entry of x. Note that multiplying

G"(VGG" + 0?1 )™ can be regarded as symbol-by-symbol

equalization in the frequency domain. Therefore the above

method is actually equivalent to the FDE method [11]. We
refer to this method as frequency-domain-equalization

MMSE (FDE-MMSE). For convenience of comparison,

we refer to the implementation technique in [1, 2 and 4] as

time-domain-equalization MMSE (TDE-MMSE). One
major advantage of FDE-MMSE is that its complexity is
independent of the channel memory length L, whilst that of

TDE-MMSE is proportional to L? in general.

B. ESE for Block Circulant H

Consider the block circulant H in (3). Denote by V; the
covariance matrix of x; (which isan NxN diagonal matrix).
Similarly to the scalar case, we approximate V by

V=1,8V (10)
where V is the average of Vj for j =0,..., J-1. Based on
the properties givenin 11.C, it can be shown that

2=2(1 -VU)'F'G"(GVG" +o°1)'F,, (r — HE(X))
+2(1 =VU)UE(x) (11)
J-1 — —
whereU = (1, ®Uy,)uy Usp = 2, G'(JGVG]' +0°1,))7G; .
The operations in (11) can be implemented similarly to
thosein IV.A except that block-wise FFT should be used.

Step 3:

V.EVOLUTION ANALYSIS

In this section, we outline an evolution-based technique
to characterize the behavior of the iterative LMMSE-APP
detector discussed previously.

A. Evolution Analysis for Circulant H

The evolution technique tracks a few parameters in the
iterative process using pre-calculated transfer functions.
We require that the parameters involved be as few as pos-
sible so as to reduce the complexity involved. At the same
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time we require that these parameters accurately character-
ize the statistical behavior of the iterative process, so asto
predict its performance. For a system with a circulant
channel matrix asin (2), we find that it is most convenient
to use the input variance (denoted by V) and output sig-
nal-to-noise ratio (denoted by p) to characterize the ESE
and the input SNR p and output Vv to characterize the
DEC. Thus, the density evolution of the iterative decoding
process reduces to a simple recursion between p and Vv,
and the transfer functions of the ESE and the DEC, respec-
tively, can be denoted by
p=¢(V) and V=y/(p).

p=9V)

-
-«

DEC ESE

v=y(p) .

Fig. 2. Anillustration of the evolution process.

Similarly to the generation of EXIT functions [8], both
#(-) and () can be obtained by simulation. Provided that
#(-) and y(-) are available, we can track the evolution of p
and V during the iterative process, as shown in Fig. 2. For
example, we can start with an initial value of v = 1. (For
BPSK modulation over {+1, =1}, Vv =1 implies no a pri-
ori information.) Then the evolution processis as follows
After the first iteration: p=¢1)

After the second iteration: £ =N UH1)))

The SNR value resulting from a specified number of itera-
tions can be used to predict the system performance.

The above principle is similar to the EXIT chart method
in which mutual information is used. The EXIT chart
approach [2] is for fixed channels in which the transfer
functions can be pre-calculated by simulation and stored.
This strategy, however, is not applicable if we want to
evaluate the statistical system behavior in quasi-static fad-
ing channels, since the transfer functions involved (in par-
ticular, ¢(-)) can be different for different channel realiza-
tions. It is not practical to pre-calculate and store ¢(-) and
() for al possible channel realizations.

In the following, we present a solution to this difficulty
that is obtained by making certain approximations. It is
shown via numerical results that the proposed method can
accurately characterize the behavior of the iterative re-
ceiver in Fig. 1.

First, we derive an analytical form for ¢(:). Thisis basi-
caly to find the output SNR p for the ESE with agivenv .
We rewrite 4; in (5) in asignal-plus-distortion form as

A, = ux + ¢, (12
where  x=2h'R’'h,,
$ = 2th Rj’l(r —HE(X)-h, (x, —E())) ,
R, =VHHT -Vhh' +0°I .
Note that ¢j is not a function of x; (since r —h;x; is not a
function of x;). Also, gisinvariant to index j since
2th R&hj 2u
1-vh/R7h, 1-wu

u=2hR*h,
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where the second equality follows from the matrix inver-
sion lemma, and the last equality follows from (8).
Furthermore, it can be verified that the mean of ¢ is zero
and its variance given by E({;*) =4h'R;*R;R*h; . The
average variance of £, denoted by 0;2, isgiven by

J-1 -1 _
of =37 B = 43*12;) h/R'R,R*h,
j= j=
—_— —_— -1 —_— —_
vwh'R*hh'R*h, +> o’h[R*'R;h, ]
j=0

vy

j=#l

hTR*(VHH —vh h + 021 )R *h,

—_ It —_ —_
(h/R*h)? + ZO a’h/R;'R*h,
=

N—

It is known that the residue distortion at the output of the
LMMSE estimator is approximately Gaussian distributed
[10]. Thus, we introduce the following assumption.

Assumption |: ¢ is a Gaussian random variable with zero
mean and variance o;°.

Under the above assumption, the ESE output in (6) can
be modeled as an observation of x; scaled by x (a constant)
and corrupted by AWGN samples {{}. A single SNR,
given by

p=u’lo} =ul-w)™* (13)
is sufficient to characterize this model. From (8), u is a
function of V. Thus (13) provides an analytical form for
p =¢(V) . With (13), we can instantaneously evaluate ¢(-)

at each step instead of pre-calculating and storing ¢(-) for
all possible channel realizations.

The generation of y(-) is straightforward. Recall that { 4}
are interleaved and delivered to DEC as its inputs. Based
on (12), {4} can be modeled as the observation of {x}
through an AWGN channel. (The correlation among { 4}
can be ignored due to interleaving.) Thus, we can generate
¥(-) by simulating the DEC in memoryless AWGN chan-
nels with various SNRs.

B. Evolution Analysis for Block Circulant H

The above evolution analysis can be generalized to
block systems. However, we found that the method be-
comes inaccurate if the ESE outputs are still characterized
by asingle SNR for MIMO systems. Thisis caused by the
fact that the SNR values of the ESE outputs in a MIMO
system can vary significantly because the signals transmit-
ted via different MIMO inputs may experience different
channel fading. It therefore becomes too inaccurate to use
asingle parameter for al of the ESE outputs. However, we
observed that the following approaches are valid.

The ESE outputs corresponding to different time in-
stants but the same MIMO input can be characterized
by a single SNR vaue. (Note: A MIMO input is in-
dexed by n. See (3b).)

If there is only one decoder in the system, then the
outputs of this decoder can be characterized by a sin-
gle variance value. However, if there are multiple de-
coders, such as for a multiple access system, multiple
variance values should be used.
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We will use a vector form SNR denoted byp. p,, denoting

the nth entry in p, represents the SNR value at the ESE

outputs corresponding to a specific index n of the MIMO

inputs. For simplicity, we assume that there is only one

decoder and so one variance value is used, i.e, V =Vl .

Thus we need to find the following two functions, namely
p=¢(V) and V=y/(p).

For H givenin (3), it can be shown that

P= (Usub)diag(l -V (Usub)diag)illz o(v), (14)
where 1 is an all-one vector with length N. The derivation
for (14) is similar to (13). We omit details here due to the
lack of space.

Next we consider the DEC. We divide the entries of 4
into N groups, each characterized by an entry in p. We can
similarly mode! each 4; as a scaled observation of x; cor-
rupted by an additive Gaussian noise, i.e.,

A =X+ (15)
However, the scaling factor 4 now has N different values,
as specified by p. We refer to (15) as an N-state fading
channel. Thus the inputs to the DEC can be treated as an
LLR sequence coming from a memoryless N-state fading
channel, and the corresponding transfer function can be
obtained by simulating the DEC over different memoryless
N-state fading channels. Note that the set of N values for
{1} are different for different channel realizations. We
need to simulate and store all possible combinations, and
thus an N-dimensional table is required. For convenience,
we refer to this method as the full-table (FT) method.

The FT method is impractical even for a moderate N.
The following low-complexity approach is inspired by the
rationale behind the EXIT chart analysis [8], i.e., given an
LLR sequence A4 as the input of a turbo component (the
ESE or the DEC), its output behavior will not be affected
by replacing A with another sequence A’ that contains the
same amount of mutual information (with respect to the
transmitted sequence x) as A does. We write this as an
assumption.

Assumption 11: The decoder behavior over a channel
modeled in (15) remains the same if the amount of mutual
information with respect to {x} contained in { 4} is acon-
stant.

According to the analysis in [8], the mutual information
contained in an LLR A from an AWGN channel with SNR
equal to p (wherex € {+1, -1} istransmitted) is given by

L Tiag—L )6 % da=1(). (16
Mﬂfﬁ(ogmﬁje =f(p). (16)
Let V =pawen(p) be the transfer function of the DEC in an
AWGN channel. This function can easily be generated via
simulation and stored as a one-dimensional table. Now we
adopt the following simple strategy to generate y(-). We
select an effective SNR value pg S0 that the observations
on the AWGN channel with SNR = pg contain the same
amount of mutual information with respect to {x} as {4}
does, i.e.,

[(4X) =

P = TN F ().
Wethenlet y{p) = wawen(per), based on Assumption 11.

Note that both f(-) and ywawen(-) can be pre-calculated
and stored using one-dimensional tables. We refer to this
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method as the equival ent-mutual-information (EMI) tech-
nique.

V1. NUMERICAL RESULTS

In this section, numerical results are given to verify the
proposed implementation method and the evolution analy-
sis. Although the generic system model in Fig. 1 includesa
variety of communication channels, we restrict attention to
MIMO IS channels due to space limitation.

Consider quasi-static Rayleigh fading MxN MIMO [S]
channels. The ENC contains only one encoder employing a
rate-1/2 (7, 5)g convolutional code with information length
1024. The coded bits are BPSK modulated, and then are
randomly interleaved and separated into two streams to
form the real and imaginary part of the transmit symbol
vector. Then, this vector is separated into N streams for
simultaneous transmissions over N transmit antennas. A
typical implementation of this MIMO system can also be
foundin[4].

The quasi-static Rayleigh fading channels are modeled
as follows: the fading coefficients are independently iden-
ticaly distributed complex Gaussian random variables
with zero-mean, and the average total fading gain normal-
izedto 1,i.e,

En =E[|h; F1=1, for Vj,
where the expectation is taken over the channel fading

distribution. Thus the bit-energy-to-noise-density ratio is
calculated as

B _EUxF)E_ 1

No ReNo 2Ro?’
where E, denotes the bit energy, Ny denotes the single-
sideband noise power spectral density, and R, denotes the
rate of x.

In smulation, at least 10 iterations are taken in the
detection to guarantee convergence. For each point on the
performance curve, at least 1000 errors are collected.

Fig. 3 shows the BER/FER performance of the systemin
quasi-static Rayleigh-fading 2x2 MIMO IS| channels with
L = 4. Both FDE-MMSE and TDE-MMSE are considered.
It can be seen that the performance loss with FDE-MMSE
(due to the approximation in (10)) is not significant. Fig. 3
aso includes the performance curves predicted by evolu-
tion. In Fig. 3, it can be seen that the performance of FDE-
MMSE is accurately predicted by the full-table method
(denoted by “FT-Evolution”). Moreover, the prediction
made by the EMI method (denoted by “EMI-Evolution”)
deviates only about 0.1-0.2dB away from the actual per-
formance.

In Fig. 4, we consider a quasi-static Rayleigh-fading 4x4
MIMO ISl channels with L = 2 and 4, respectively. The
evolution results are based on the EMI method since the
FT method becomes too complicated here. We can see that
the EMI method provides better predictions as the MIMO
dimension and/or channel memory length are increased.
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