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Abstract

Clipping is applied to superposition coding systems to reduce the peak-to-average power ratio (PAPR) of the
transmitted signal. The performance limit is investigated through evaluating the mutual information driven by the
induced peak-power-limited input signals. It is shown that the channel capacity can be approached by clipped su-
perposition coding systems. To aleviate the performance degradation due to clipping noises, we develop a soft
compensation algorithm that is combined with soft-input-soft-output (SISO) decoding agorithms in an iterative
manner. Simulation results show that with the proposed a gorithm, most performance |oss can be recovered.

1 I ntroduction

The traditional trellis coded modulation (TCM) [1] is
based on uniformly spaced constellation with equal
probability for every signaling point. In an additive
white Gaussian noise (AWGN) channel, there is an
asymptotical gap of about 1.53 dB (the so-called
shaping gap) between the achievable performance of
TCM (and other schemes based on uniform signaling
[2][3]) and the channel capacity [4]. To narrow this
gap, Gaussian signaling (that produces signas with
Gaussian distribution) can be applied using shaping
techniques, such as assigning non-uniform probabili-
ties on different signaling points [4]-[9]. The related
advantage is referred to as shaping gain [9].
Superposition coding is an dternative approach to
bandwidth efficient coded modulation [10]-[13]. With
superposition coding, several coded sequences (each
referred to as a layer) are linearly superimposed be-
fore transmission. Conseguently, the transmitted sig-
nal exhibits an approximately Gaussian distribution
that matches to an AWGN channel. This provides an
aternative means to achieve shaping gain. The work
in [10] [11] shows that such a concept is realizable
with practical encoding and decoding methods. Simu-
lation results show that a superposition coding scheme
can operate within the shaping gap [10], surpassing
the theoretical limit of the uniform signaling based
methods.

However, thereis a practical concern on superposition
coding: an ideal Gaussian distributed signal has an in-
finite peak power even its average power isfinite. The
resultant high peak-to-average power ratio (PAPR)
may cause a problem for radio frequency amplifier ef-
ficiency [14]. Clipping is a straightforward technique
for PAPR reduction but it may lead to performance
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degradation [14]-[16]. The same PAPR problem also
existsin other schemes for achieving shaping gain [9].
In this paper, we will investigate the clipping issue for
superposition codes. We will show by mutual infor-
mation analysis that the theoretical penalty due to
clipping is margina for practical PAPR values. Fur-
thermore, with the same PAPR, clipped Gaussian sig-
naling can actually outperform uniform signaling.
This demonstrates the theoretical advantage of the su-
perposition codes.

We will then devise a practical method to recover the
performance loss due to clipping by exploiting the
characteristics of clipping noises. It can be easily in-
corporated into the overall iterative receiver structure
based on the low-cost multiuser detection principles
developed in [17][18]. Compared with other clipping
noise mitigation techniques (such as the hard-
decision-aided methods [14][15]), the proposed
method can achieve noticeable performance im-
provement.

2 Transmitter and PAPR
21  Encoding

We consider a K-layer superposition coding system.
The encoding scheme is shown in Fig. 1. A binary
data sequence u is partitioned into K subsequences
{u™}. The kth subsequence u® is encoded by a binary
encoder (ENC-K) at the kth layer, resulting in a coded
bit sequence ¢ = { ¢} of length J with ¢ I {0,
1}. The randomly interleaved version V& of 9, from
interleaver-k (INTL-K), is then mapped to a quadrature
phase shifting keying (QPSK) sequence X =

. +ixy, where i =+-1 . The subscripts re and im,
are used to denote the real and imaginary parts of
complex numbers, respectively. We will assume that
X0, T {+1, =1} and so does X%, .
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Fig. 1. Encoder of a superposition coding system.
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The output signal at time j is alinear superposition of
independent coded symbols:
S

X; o ka_~0 r ké‘lk ng) (1)
where r (r, >0) is an amplitude factor and qy
(0£q, <p/2) arotation angle for layer-k. The over-
dl rate is R=2§ /R in bits'symbol, where R is
the rate of the kth binary component code. Appropri-
ate r s, which are necessary to facilitate the detection
at the receiver, can be determined by power allocation
methods [10][11].

2.2  Peak-to-Average Power Ratio
Let E(-) denote the mathematical expectation and |- |
the absolute value. The PAPR of X is defined as
max (Jx; )
PAPR=———.
E(F)
We assume that all coded bits ¢ are independent,
identically distributed (i.i.d.) random variables. It can
be verified that, the PAPR is maximized when al g¢’s
are equal. As an example, for a 5-layer system with
{r} ={0.1634, 0.2380, 0.3467, 0.5051, 0.7358}, the
maximum PAPR = 5.97 dB is reached at qc= 0, Vk.
On the other hand, if we set g = kx/10, Vk, then the
PAPR is reduced to 5.39 dB.
In order to further suppress PAPR, we can clip X to
X; before transmission according to the following
rule:

2

ol % [EA 3

SUEA X)L X A ®)
where A > 0 is the clipping threshold (a real value).
The clipped signal X; is then transmitted over an
AWGN channel, and the PAPR of the transmitted sig-
nal is A/E(]X; ) . The received signal can be written
as

Yi :ij W, (4)
where {wj} are samples of a circularly symmetric
complex Gaussian random process with zero mean
and variance s® per dimension. The ratio of energy
per bit (E,) to the noise power spectral density (No
=2s?) is given by Ey/No° E(|X, f)/(2Rs ?) . The task
of the receiver isto estimate u after observingy = {y;}.
We will discussthislater in Section 4.
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3 Effect of Clilgping on the
Achievable Rates

We now investigate the impact of clipping on the per-
formance limits of superposition coding systems.
Consider acomplex AWGN channel Y= X + W, where
X and Y are the input and output signal, respectively,
and W an independent circularly symmetric complex
Gaussian random variable with zero mean and vari-
ance s per dimension. For a given distribution of X,
the maximum reliable transmission rate can be quanti-
fied by the mutual information [12],
1(X;Y) =h(Y) - h(W) = - E(log p(Y)) - log(2pes *)
©)
where h() is the entropy function. For most cases of
interest, E(log p(Y)) (and hence 1(X; Y)) can be com-
puted by numerical integration methods. We will ex-
amine continuous and discrete X separately below.

3.1  Continuous Input Signal

We first consider X as a clipped version of acircularly
symmetric complex Gaussian random variable with
zero mean and variance 1/2 per dimension. The clip-
ping rule given by (3) is used, and the resulting PAPR
is
A2

— s , (6)
QX POOdX+ A7y p(x)dx
where p(x)=1/pexp(—|x°). Specifically, when A=¥, the
PAPR isinfinite and

1 (X;Y)=log(L+E(IX F)/(2s %))
which is the channel capacity.

PAPR =

H

7
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Fig. 2. Mutua information versus Ey/N, curves for
different continuous inputs.

The achieved mutua information for the above
clipped Gaussian signaling is shown in Fig. 2. We set
A = 1.26, and the resultant PAPR is 3.0 dB. We can
see that the performance of the clipped Gaussian sig-
naling is close to the channel capacity. As a compari-
son, we also examine a case where X is uniformly dis-
tributed within a circle centering at the origin. Thisis
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a limiting case for systems based on circular QAM
constellations [ 7], and the associated PAPR is aso 3.0
dB. It is seen that the clipped Gaussian signaling is
dlightly better than the uniform signaling for up to
about 7 bits/symbol and the situation is reversed for
higher rates.

3.2 Discrete Input Signal

We now examine the superposition coding systems
where X is a discrete variable. For the K-layer scheme
described in Fig. 1, X is the summation of K complex
random variables, and so the distribution of X is ap-
proximately Gaussian before clipping.

1

!

Fig. 3. Signa constellation of a superposition coding
system parameterized by K =5, {6y = kz/10," k} and
{p} ={0.1634, 0.2380, 0.3467, 0.5051, 0.7358} .
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Fig. 4. Mutua information versus Ey/N, curves for
clipped superposition coding systems. The parameters
arethe same asthose in Fig. 3.

Wetake aK = 5-layer scheme as an example. The sig-
nal constellation of X before clipping is depicted in
Fig. 3. The related PAPR without clipping is 5.39 dB.
The achievable 1(X; Y) for X with and without clip-
ping is shown in Fig. 4. The performance limit of the
conventional 64-QAM 2 systems (PAPR = 3.68 dB)
and the channel capacity are also included for com-
parison. (In this paper, we are most interested in
transmission rates of 4 and 5 bits/symbol. Hence, the

2 Throughout this paper, a “conventiona QAM” constellation
represents a square QAM constellation in which signal points are
equispaced and utilized with equal probabilities[7].
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64-QAM signaling, which is often applied in tradi-
tional coded modulation schemes for such rates [3]-
[5], is used for comparison.) From Fig. 4, we can
make the following observations:

- Without clipping, the superposition signaling can
provide noticeable shaping gains over the conven-
tional 64-QAM signaling, and hence can closely
approach the channel capacity. For a target rate of
5 bits/symbol, the gap between the required Ey/N
and the channel capacity is only 0.21 dB, repre-
senting a shaping gain of more than 1 dB.

- Although clipping degrades the achievable rate,
the effect is not serious. For example, at 1(X; Y) =5
bits/symbol, only 0.16 dB loss in Ey/Ny is intro-
duced by clipping with PAPR = 3.68 dB. In addi-
tion, even a a low PAPR = 2.65 dB, the clipped
superposition signaling still performs better than
the conventiona 64-QAM signaling with PAPR =
3.68 dB. Thisrevealsthat the clipped superposition
coding scheme can provide a good trade-off be-
tween PAPR and achievable rate.

4 Iterative Decoding

Now we turn our attention to practical superposition
coding systems. So far, we have shown that, theoreti-
caly, the performance penalty incurred by clipping is
not severe for reasonable clipping thresholds A. How-
ever, if the clipping effect is not treated, performance
would degrade significantly even when A is moderate,
aswill be shown by simulation examples later.

The following observations suggest a possible ap-
proach towards a solution:

- If ly;], the amplitude of the received signal, is large,
then the probability is high that x; has been clipped.
- If ly;| is small, then the clipping probability is small.

We may exploit this fact to compensate for the clip-
ping effect. This is the underlying rationale for the
soft compensation algorithm (SCA) presented below.

4.1 The Basic Receiver Sructure

We first outline the basic receiver structure without
the compensation for clipping effect. The superposi-
tion coding systems can be treated as perfectly coor-
dinated multiple-access systems by viewing one layer
as one user. Hence multiuser detection principles can
be applied. Specificaly, due to the similarity between
the superposition coding system and the interleave-
divison multiple-access system, we employ a sub-
optimal iterative receiver similar to that in [17]-[19].

As illustrated in Fig. 5, the receiver consists of one
elementary signal estimator (ESE) and K soft-input
soft-output (SISO) decoders (DECs). They are con-
nected by the INTLs and DEINTLSs (de-interleavers),
operating iteratively. The messages passing between
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the ESE and the DECs are the so-called extrinsic in-
formation values. Since the SISO decoders perform
standard a posteriori probability (APP) decoding, we
will only focus on the ESE which performs SISO de-
tection to generate the a posteriori log-likelihood ra-
tios (LLRs) for al coded bits [17].
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Fig. 5. Block diagram of the iterative decoding / de-
tection algorithm.

We first ignore the clipping effect and concentrate on
the detection for layer-k. Rewrite (4) as
Y =X 4w, =1 @04z [ )
where
o iqL.
2= r X +w )
k' k
represents the interference-plus-noise with respect to
. In order to detect X/, we generate
y(k) —g % y, =t X(k) +Z. ;) 9)
wherez ¥ =e"%z ) . We approximate z ¥ as an addi-
tive complex Gaussian variable. Then the output LLR
(e (X50;)) for x40, T {+1, —1} can be computed as
follows. (We can handle X, in asimilar way.)

BEPr(y e j |XRe _+l)0
eESE(X}(?ke)J) ° |ng A?k)l (k)J — =
Pr(yRe,J |XReJ - l)ﬂ

Hvac®)) e

off 52, .- et)f fovari) 2

=In¢

-E@Y ))z/(ZVar(z ) )

(a0 ekt i, v,
yg:a j E(Z Re, j )
Varz®)

Re,j

=2r, (10)

where Var(-) denotes the variance function. The com-
putational details for E(z{,) and Var(z{),) ae
giveninAppendix A.

4.2 Soft Compensation Algorithm

Next we derive the SCA which performs ajoint proc-
ess to treat the inter-layer interference and clipping
noise. Again, we focus on layer-k. We rewrite (4) as

- oK)y (K)
Y, =X +z;+w, =r &% x* +x (11)
where x{ denotes the distortion consisting of two

terms,

)0 5 (K)
x{ezi+z (12)
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with z ) given by (8) and z the clipping noise. From
(3), z isgiven by

, 10, [% [EA 13)

! %ij/|xj l-x, IxPA

Consider the detection of X, based on (11) and (12).
The optimal solution has an exponential complexity
and henceis not practical (especially when K islarge).
Instead, we can adopt the following sub-optima SCA
with complexity only dlightly higher than the basic
detection algorithm in Section 4.1. As will be shown
later, most of the performance loss can be recovered
by SCA.
Similar to (9), we generate

§ =g %y =r X 4+x, (14)

where xAj(k) =€ %x{ . We again approximate xAj(k’ by
an additive complex Gaussian variable. Similar to
(20), we have

eESE(XI(?ke,)] )

Bl ) e (580, 1, £ ) fovar i) ©
" Va6 e (92,71 E 6] fvar 620)
g vart ) 8 (BB l)S
2 8Var x¥) 5  2var' k)
b+ -E @)
Var (xé';)J)

(15
where E'(x{).) and E (x%,) denote the means of
X%, under the hypothess that Xt is either +1 or
—1, respectively. Var® (xR ;) and Var (xReJ) are de-
fined similarly. Note that here the statistics of x*) are
different for different hypothesis, since the cI|pp| ng
effect depends on hypothesis. The details on the gen-
eration of the mean and variance of x{. can be found
in Appendix B.

As asummary, we have two comments on SCA.

Rel

- Since the sta'ustlcs of x| (® is related to the hy-
pothesis on XRe‘ , (15) appears dlightly more com-
plicated than (10).

- SCA is essentialy a turbo-type clipping noise can-
cellation technique based on the extrinsic informa-
tion produced by the SISO decoders. This distin-
guishes it from the hard-decision-aided clipping
noise cancellation technique in [15] and the signal
reconstruction techniquesin [14][16].

5 Numerical Results

In this section, we present simulation results to dem-
onstrate the performance of clipped superposition
coding systems. The rate-1/2 doped code [20] with
data length 10° is chosen as the component code for
each layer. We set K = 4 and 5. The corresponding to-
tal rates R= 4 and 5 bits/symbol, and the PAPR with-
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out clipping are 4.74 and 5.39 dB, respectively. Clip-
ping is applied to both systems to reduce the PAPR to
3.68 dB. The iteration number in the component de-
coders is set to 200, and the number of iterations be-
tween detection and decoding is set to 6. The entropy
based stop criterion introduced in [10] is used.
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Fig. 6. Performances of clipped superposition coding
systems with different algorithms. For K = 4, {p} =
{0.2430, 0.3529, 0.5124, 0.7442} and {6y = kx/8,"
k}. The parameters for K = 5 are the same as those in
Fig. 3

The simulated BER performances for the above ex-
amples are shown in Fig. 6. For comparison, we also
include the performance of a hard-decision-aided
compensation algorithm (HCA), which is closely re-
lated to the method devised in [15] for OFDM sys-
tems, as briefly discussed in Appendix C.

From Fig. 6, we can see that the performance of su-
perposition coding schemes without clipping is quite
close to the channel capacity. At BER of 107, the gaps
between the required E,/N, and the channel capacity
areonly 0.9 and 1.2 dB for R = 4 and 5 bits/symbol,
respectively. Notice that for R = 5 bits/symbol, the
shaping gap with respect to the conventional 64-QAM
constellation is about 1.25 dB.

On the other hand, seen from Fig. 6, the performance
of the clipped systems deteriorates when no compen-
sation is applied. For example, at PAPR = 3.68 dB, the
performance gaps to the channel capacity increase to
about 1.5 and 3.0 dB for K = 4 and 5, respectively.
Using SCA, however, the performance gaps are re-
duced to 1.2 and 1.7 dB, respectively. This indicates a
possible direction towards the theoretical limit given
in Section 3 for clipped systems.

For comparison, the best simulation results (to the au-
thors’ knowledge) based on trellis shaping and equis-
paced QAM constellations for both R = 4 and 5
bits/symbol are about 0.8 dB away from the channel
capacity, as reported in [5][6]. However, the associ-
ated PAPRs in [5] and [6] are relatively high (7.26 and
8.93 dB for R=4 and 5 bits/symbol, respectively).

It is seen that SCA is superior to HCA. The reason is
that hard decisions based HCA suffers from error
propagations and hence is less robust than SCA. As
read from Fig. 6, at PAPR = 3.68 dB and BER=107,
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SCA outperforms HCA by about 0.3 dB for K =4 and
1dBforK=5.

6 Conclusions

We have investigated a peak-power-limited superposi-
tion coding system based on clipping. By computing
the mutual information achieved with the clipped in-
put signal, we have shown that noticeable shaping
gains can be achieved with reasonable clipping
thresholds. To combat the clipping effect for practi-
caly coded systems, we have derived an efficient it-
erative soft compensation algorithm. The simulation
results show that a good trade-off between PAPR and
performance can be achieved with the proposed algo-
rithm.

7 Appendix A

First, adefinition. Let x be a complex random variable
and E(x) be its mean. Define its covariance matrix as

Var(Xg,) E(XgeXim) = E(Xge) E(le)
Xim) = E(Xge) E(Xm) Var(X,)
Let epec(X) =In(Pr(x=+1)/Pr(x=-1)) be the ex-
trinsic LLR for coded bit x from the DECs (see Fig. 5).
Following [17][18], E(x) and Cov(x*’) can be es-
timated by

E(ng))ztanh(eDEC(xRe])/Z)"'ltanh(eDEc (le i )/2) (163)

[E0w)f 0
0 1- (B(x9,)

where we have assumed that the extrinsic LLRs for
the real and imaginary parts of x{ are uncorrelated,
and thus the off diagonal entries of Cov(x) are ze-
ros. (Initially, we set E(x)=0 and Cov(x{)=1,
implying no feedback from the DECs.)

From (1) and (4),

_&®
Cov(x)= gE Yoy

Cov(x¥) = @ )9 (16b)

g1
E(y,)=a r.&*E(x"), (173
k=0
-1
Cov(y,) =8 r ZR¥Cov(x“)(R¥) +s 21 , (17h)
k=0
where R® E@os(qk) -SG9 , the superscript "
sin@,) cos@y) g

denotes transpose of matrixes and | a 2x2 identity ma-
trix. Then, from (7), we have

Ez{)=E(y;)- r ™ E(x"), (183)
Cov(z )=Cov(y;)- r ZR¥Cov(x{)(R¥)" .(18b)
Finally, we can generate
Ez®)=e*E@z®),
) =(R®)" Cov(z ¥)R¥
( :

(19a)

Cov(z (19b)
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8 Appendix B

The key to evaluate E(x¥) and Cov(x*) is to find
E(z) and Cov(z). Wetreat z; and z in (12) asin-
dependent variables. From (11) and (12), we can ex-
press x; as

X =1 &% x0+z M- w (20)
Then m= E(x) and V;= Cov(x) can be obtained from
(20) if E(XY) and Cov(X“) are given and
E(z{¥) and Cov(z ') are available (see Appendix
A). We treat x; as a complex Gaussian random vari-
able. Then E(z) and Cov(z;) are fully determined by
(4, V;) from (13). We denote these two relationships
using two functions below:

E(z)=f (m.V,), (219

Cov(z)) =g(m.V,) . (21b)
In general, the two functions in (21) can be generated
numerically using the Monte Carlo method. We can
create two |ook-up tables to characterize them.

9 Appendix C

Recalling (11) and assuming that A is known at the re-
ceiver, we can derive the following smple HCA:
(a) Initialization:
Set the estimation of z as%j =0," j.
(b) Main iteration:
i) Taking { ¥,=y,- %} as the received sequence,
generate a hard estimation U of u based on (10).
ii) Taking U as the data sequence, construct an es-
timate { % } of {x} using the encoder shown in
Fig. 1.
iii) Compute { %} using (13), and then go back to
stepi.
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