
Multi-User Gain and Maximum Eigenmode Beamforming
for MIMO Systems with Rate Constraints

Li Ping, Member IEEE and Peng Wang, Student Member, IEEE
Department of Electronic Engineering, City University ofHong Kong, Hong Kong SAR

E-mail: ee1ipinggcityuedu.hk, pwang bee.ctyueduhk

Abstract-We consider the sum-power minimization over all eigenmodes of each user. We will show that MEB
problem for multi-user multiple-input multiple-output is asymptotically optimal when K is large and its
(MIMO) systems with rate constraints. We show that performance is impressive even for a quite small K (e.g., K
significant performance improvements, qualified by multi- 2 or 4).
user gain (MUG), can be achieved by allowing multiple users
to transmit simultaneously on their individual maximum An interesting finding of this paper is that employing
eigenmodes. We also show that a major part of MUG can be multiple antennas only at the base station is a good
achieved even with quite a small number of users and strategy in both multiple access channels (MACs) and
increasing the number of antennas at the base station is an broadcast channels (BCs). Increasing the number of
efficient method for maximizing MUG. antennas at the base station has far more impact on the

system performance than at the mobile units. This finding
I. INTRODUCTION has useful practical implications, since it is much easier to

install more antennas at the base station than at all mobile
Multi-user multiple-input multiple-output (MIMO) units.

systems have attracted much research interest recently If all the mobile units in a multi-user MIMO M\AC can
[1][2]. Eigenmode beamforming techniques [3][4][5][6] cooperate, it results in an equivalent single-user MIMO
have been widely studied for the rate maximization channel with more transmit antennas than receive antennas
problem (with fixed total transmission power). when K is large. It is well known that the performance of

In delay sensitive multi-user applications such as speech such an unbalanced single-user MIMO channel is limited
and video, every user must transmit a certain amount of by the number (denoted by ) of receive antennas for
information within a fixed time period. In this case, sum- which the achievable rate R increases linearly with M at
power (i.e., total power transmitted by all users) fixed average transmission power [9] (when R is large). In
minimization is an appropriate target. This issue is also this paper, we show that this is also true even when mobile
closely related to throughput maximization in cellular units cannot cooperate.
systems where less transmission power implies less Our focus is mainly on MIMO 1\ACs. The discussion
interference to other cells and so potentially higher cellular on MIMO BCs is brief since the duality principle provides
capacity. Several algorithms [7][8] have been proposed a direct connection between them [10].
recently to compute the minimum sum-power (MSP) of a
multi-user MIMO system with a given rate constraint for II. PRELIMINARIES
each user. However, these algorithms involve iterative
joint optimization on the transmission covariance matrices
and decoding order. They become computationally costly A MIMO MAC Model
even when the number of users, denoted by K below, is Consider a K-user system over a quasi-static MIMO
only moderately large. MAC with M antennas at the base station and N antennas

In this paper, we focus on the sum-power minimization at each user side. Denote by Hk and xk the channel matrix
problem for multi-user MIMO systems with rate and transmitted signal for user k, respectively. The
constraints. We will investigate the potential power saving, received signal at the base station is given by
quantified by multi-user gain (MUG) below, by allowing y= KI Hkxk + n (1)
simultaneous multi-user transmission. It is known that, in k1

fading channels, transmission power can be reduced by where n is a vector of complex additive white Gaussian
allowing multiple users to transmit simultaneously [3]. noise (AWGN) samples with zero mean and unit variance.
However, to the best of our knowledge, there is only {Hk} are assumed to be identically and independently
limited effort to quantify the related gain (e.g., for channel distributed (i.i.d.) and perfectly known at the transmitters.
with path loss, lognormal fading and Rayleigh fading). We For simplicity, we assume that the rate of each user is
will, using both analytical and numerical results, show that the same at RIK bits/symbol, where R is referred to as the
M\UG is very significant in practical environments, system sum-rate. The objective below is to identify the

required average (over the distribution of {Hk})
A siple etho to ealze MG isthe o-caled transmitted MSP, denoted by PN,,M(K, R), to support such amaximum eigenmode beamforming (MEB) on the. ''

maximum eigenmode of each user. MEB has lower raeeqimnt
implementation complexity compared with waterfilling B. The MSPfor SISO MACs
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generality, we assume that Ih12< ... .<h- for each 1....d2Rt
channel realization. The MSP of a SISO M\AC is achieved PxI (K,R)>Rln2 (F ) dt. (7)
by the successive interference cancellation (SIC) strategy Txl
with descending decoding order on k (i.e., decoding starts This lower bound is asymptotically tight for large K.
from user K and ends at user 1) [11] at the base station, i.e. B. MIMO IM Cs

yK(2RIK -1 <2R(k-1)lK
Pl(K,R)=ErK( 1)- R -i)/ (2) For each channel realization, let the singular value

yk4hk 2 decomposition (SVD) of channel matrix Hk be
where E[.] denotes the mean over the distribution of {hk}. Hk = UkDkVkH (8)

C. The MSPfor MIMO MACs where Uk and Vk are unitary matrices and Dk is an MxN
diagonal matrix consisting of all the singular values of Hk.

When K= 1, (1) reduces to a single-user MIMO system Denote by dk,max the maximum singular value of Hk. Let
and PNXM(1, R) can be easily obtained. (See Appendix I.) ukmax and vkmax be the corresponding singular vectors in Uk
When K > 1, the sum-power minimization problem for and Vk, respectively. For the MEB strategy, each user k
computing PNXM(K, R) involves joint optimization of the transmits information only in the direction of vk,max, i.e., xk
transmission covariance matrices and decoding order for Vkmax Xk. Then (1) becomes
each channel realization. Detailed discussions on this issue K D VH +
can be found in [7][8]. The existing methods are highly Y = k k k k,maxk
complicated. However, the following proposition shows a K d +n. (9)
good property of the MSP. k=I k kk

Assume that di,max < ... < dKmax. Apply SIC at the baseProposition 1: For a K-user NxMMIMO system with rate stio wthdcein dcdng rernk.W n
constraint RIK for each user, the average transmitted MSP deco dingXeceivedesign k. Theis~~~~~~ ~amoooial eraigfnto fK .. decoding Xk, we correlate the received signal by ukmax. The

iamnoildeesgfcooK. signal-to-noise ratio (SNR) for user k (denoted by SNRk)
PNXM (K, R) < PNxM (K - 1, R) (3) after correlation is

The proof of proposition 1 can be found in Appendix 11. SNR Pkd-i 2 H 2
According to this monotonic property, power saving can 1+ k,d H 2
be achieved by increasing K, i.e., by allowing more users +i=I Pi i,max Uk,maxUi,max
to transmit simultaneously. This indicates the potential pd2(10
advantage of a multi-user system. k-Id121+ i=I Pi i maxolk,i

III. MSP BOUNDS where )ki =1 UmaxUimax and Pk = E lXk12] is the

In the following, we derive a lower bound for PNXM(K, R) transmitted power of user k. Note that in (10), we assumed
that provides many useful insights into the sum-power that the interference from {user i: i > k} has been removed
minimization problem. by SIC. For each channel realization, we can compute the

values of {Pk} using (10) recursively according to the
A. SISO MA Cs channel capacity formula RIK = log2(1+SNRk), Vk. The

resultant sum power Z,kPk (averaged over the fading
We first consider a simple SISO scenario. Recall the rslatsmpwrYP aeae vrtefdn

cnsd a distribution) is realizable based on a conventional FEC
assumption Ihi . ... < IhKl for (2). When K-*o,, in coding scheme. It is also an upper bound for PNxm(K, R).
probability 1 we have

F{lx hk 12) =
k /K (4) Note that the complexity of the above MEB scheme is

lXlVk J - much lower than that of the optimal multi-user MIMO
where F1xl(*) is the cumulative density function (CDF) of scheme. The latter involves array processing with water
{ lhk 2} and can be obtained using Monte-Carlo method. In filling and joint optimization of input covariance matrices
this case, the channel gain of user k can be rewritten as and decoding order.

hk 2 Flx(k/K) (5) The proofs of the following two propositions can be

where FI71 ( ) is the inverse of F1ix(*). Then (2) becomes found in Appendix II.

Plxl(ce, R) = lim Plxl (K, R) Proposition 3: The MSP for a K-user NxM MIMO M\ACKo RklK with rate constraint RIK for each user is lower bounded by

=lmK (1-2 ) Sk=iFi (k/K) K PNMKR)Rn IAt dt (11)

Rln2RtNtM
=R}n2it; I dt .(6) where FNXM() is the CDF of { d2max }. (Note: Since {Hk}

lXl (t) ~~~~~~arei.i.d, so are { dkmax })
Combining (6) with the monotonous reducing property Proposition 4: The lower bound (11) is asymptotically

of MSP against K, we have the following proposition. achievable by MEB for large K.

Proposition 2: The MSP for a K-user SISO M\AC with From propositions 3 and 4, we have the following theorem.
rate constraint R/K for each user is lower bounded by



Theorem 1: For a K-user NxM MIMO M\AC with rate also see from Figs. 1 and 2 that drastic power saving can
constraint RIK for each user, when K becomes infinite, the be achieved by a multi-user system compared with a
MSP of the system converges to single-user one, especially when the sum-rate R is large.

f 2RtIM Furthermore, increasing M, i.e., the number of antennas at
PNxM (ce,R) = In 2 F I ( ) dt . (12) the base station, has a more significant effect (shown in

NXM Fig. 1) than increasing N (shown in Fig. 2).
It is easy to see that (6) and (7) are special cases of (12)
and (11), respectively. 100

C. The Impacts ofR, M andN 80

Some interesting observations can be made from 60 K=1,1x8 l
theorem 1. The first one is regarding the asymptotic MSP
required for very large R. From (12) we have 40

d (PNXM( R))dBlim)d
R->+oo dR20I

d( ( 1 2~RxIM
=IOlog1o 2. lim dlog2 Rln2 2H)) 0

R->±oo dR~ ~ Fu2 (x)

(-R(1-xY)/M 0 5 10 15 20 25 30

=Ilolo2. imd R 1f2 ,x R (bits/symbol)
dR o1g202 F1 dx) j Fig. 1. The MSP versus the sum-rate R for various multiple access

NXM systems with different M and the same N over a single-cell fading channel.

10loglo 2 The outage probability is Po,, 0.01. The antenna settings N x M are
10 (13) marked on the curves.

where (A)dB lOlog1oA. 25
K =1

Equation (13) shows that the asymptotic slope of
(PNxM(O R))dB depends onM only and is independent ofN 20N x4..
and the fading distribution. This indicates that the number 15
of antennas at the base station is the most important factor. 2x4
Next we examine the impact of M and N. Recall that q10 4x4.

FNXM( ) is the CDF of { dk,m, }. Increasing either M or N E4
leads to reduced FNXM(X) for Vx > 0 (which indicates an ,4
increased mean for dk,max ) and so reduced MSP. Moreover, 0
increasing M has an additional benefit since it also reduces
the numerator inside the integral in (12). This can be
quantified based on (13) as 0 1 2 3 4 5 6 7 8

1 0 loglo 2 R (bits/symbol)

(PNa (0c. aR)B 0log10 2 aR (PNx (°, R))dB (14) Fig. 2. The MSP versus the sum-rate R for various multiple access
aM systems with the sameM and different N over a single-cell fading channel.

where a is a positive integer and R is sufficiently large. Po,, 0.01. The antenna settings N x Mare marked on the curves.

Equation (14) shows that, when R is large, it increases D. System behaviorforfinite K
asymptotically linearly with M for a fixed transmission
sum-power. This observation has interesting implications 25
in cellular systems. Suppose that the average transmitted MEB perfonCeK=9~~~~~~~~~~-MSP with finite K
sum-power remains unchanged and cross-cell interference 20 v Lower bound
is also maintained at a fixed level. Then (14) implies that K=2
the cellular capacity increases approximately linearly with 15
M. Generally speaking, a cellular system benefits more
from increasing the number of antennas at the base station P 1o.
than at each mobile unit.
We now illustrate the above observations using 5 Asymptotic MSP

numerical results. In Figs. 1 and 2, MSPs are plotted for
various multiple access systems over a single-cell fading 0
channel involving three factors, namely, Rayleigh fading,
normalized lognormal fading with 0r, 8 and path loss in R (bits/symbol)
an edge-length-i single hexagon cell with uniform user Fig. 3. The MSP versus the sum-rate Rfor a2x2 multiple access system
distribution and fourth power path-loss law. We assume with differentKover asingle cell fading channel. Pout 0.01.
independent Rayleigh fading for every transmit-receive The lower bound (11)is achievable when K-*ej,which
antenna link and equal lognormal fading and pass loss for is not a realizable situation. One may therefore ask
all the links seen by a particular user. We can clearly see whether the MEB approach is efficient for systems with
the change of the slope for different M in Fig. 1. We can



finite K. Fig. 3 shows the MEB performance compared antennas at every mobile unit. (In particular, the dual of a
with the MSPs for a 2x2 multiple access system with SIMO M\AC is a MISO BC.) Consequently, all the results
different K over a single-cell fading channel. The MEB above, in particular, all the observations related to
performance is generated using the procedure outlined in Theorem 1 and Figs 1-4, can be directly applied in MIMO
Section III.B. For K = 1, 2 and 4, the MSP curves are BCs. Again, increasing the number of antennas at the base
computed using the technique introduced in [8]. For K= 8, station is a more efficient way to enhance performance
computing P2x2(8, R) is very time consuming. Instead, we than increasing that at the mobile units.
use the lower bound given in Appendix II for estimation.
From Fig. 3 we can see that for K = 8, the MEB VI. CONCLUSIONS
performance is already very close to the asymptotic MSP,
indicating that the lower bound (11) can be used as a Wenowsummarizethemainfindingsinthispaper.
coarse estimation of the MEB approach provided that K is * In fading channels with rate constraints, multi-user
not too small. systems have a power advantage over single-user

It is also interesting to see that the difference between ones, as indicated by MUG in Fig. 4.
the MEB performance and the true MSP (or the lower * The MEB approach is asymptotically optimal for
bound) is marginal for R < 4. This indicates that the low large K. It is also nearly optimal even for finite K.
cost MEB approach is nearly optimal ifR is not too high. * More antennas at the base station leads to greater

performance improvements than more antennas at
the mobile units.

IV. MULTI-USER GAIN * The above principles apply to both MACs and BCs.

From the examples in Section III, we can clearly see the APPENDIX I: MSP FORK 1
advantage of a multi-user system over a single-user one.
This advantage is quantified by the following ratio. In this appendix, we derive the MSP for a single user

GNXM (K, R) = PNXM(1, R) (15) system. We first consider a SISO system with rate R and K
PNXM (K, R) = 1. If there is no fading, the MSP is simply given by 2R_ 1.

where the derivations for PNXM(1, R) are given in the For a fading SISO channel, we can average the above
Appendix I. Since such an advantage is due to the presence power over the fading distribution as
of multiple simultaneous users in the system, we refer to it 2(1 R) -2-dt (16)
as multi-user gain (MUG) in this paper. x [F71 (t)

Fig. 4 shows the asymptotic (i.e., by setting K = so in Note that (16) provides the average transmitted MSP for a
(15)) MUGs for various multiple access systems over a TDMA system.
single-cell fading channel. We can see from Fig. 4 that For the MIMO case, the MSP is achieved by applying
single-input-multiple-output (SIMO) systems have much the single-user water-filling algorithm to each user
higher MUGs than MIMO ones. (The MUGs for multiple- separately for each channel realization. Suppose one user
input-single-output (MISO) systems are close to those for has its channel matrix with rank r and singular values {d,
MIMO ones and are not shown in Fig. 4 for simplicity.) A . . . . .t
SIMO M\AC involves multiple antennas at the base station d d
only, which is basically the technique used by most current p = [p* -1i/ i] (1 7a)
cellular systems. This indicates the possibility to improve where [x]+ max{x, O} andp* satisfies
system performance without significantly altering the basic * +
system architecture. E 1 log2 I+d -11d = R. (I 7b)

35 lx4/; Then PNxm(l, R) can be obtained by taking the average ofp
over the channel distribution. The details are omitted here

SIMO /x2 for brevity. For a large R, p* in (17) is also large such that
^25- (17a) reduces to

~~~~~~~ 20~~~~~~~~~~~~~~~ 21 a

22015- 2 where p* satisfies

V 4x4 D=1 1og2 (d,2p*) = R. (18b)
Thus we have5L// ~~~MIMO lmd(p)dB lim d(P)dB dp*= 101log102(19

o 2 4 6 8 10 12 14 16 R-> dR R-> dn* dR r

Fig. 4. The asymptotic MUG versus the sum-rate R for various multiple It can be shown that for most practical distributions, the
access systems over a single-cell fading channel. Pout= 0.01. The antenna channel matrices have full rank min(M, N) with probability
settings N X Mare marked on the curves. 1, whc iniaesta

V. MIMOBC lim ~~~~d(PNXM(1,R))dB 101og102 (20)

R<O dR min(M,N)
Based on the duality principle [10], the dual MIMO BC

of (1) still has M antennas at the base station and N



APPENDIX II: PROOFS OF PROPOSITIONS We now prove by induction on k that SIC can be
asymptotically successfully applied to the above system

This appendix gives the proofs of Propositions 1, 3 and when K-*oo. Suppose that the signals of {user i: i > k}
4 have been successfully decoded and removed by SIC. Note
Proof of Proposition 1: The monotonicity of the MSP can that in (9), i=k,=UkHUiI2 ( k X i) is the correlation of two
be seen as follows: For a K-user system, we divide the independent unit vectors with E[ ukHu,l2p=l/M and {p'}
total transmission time during each channel realization into can be rewritten into a continuous form based on (25).
K equal-length slots. We take K- I users out ofK each time When K-ooo and k > eK, according to the law of large
and form K different combinations. Let each combination numbers, (9) can be rewritten as
of K-1 users transmit in a distinguished slot in an optimal RIK RIK k1I
way. The MSP of such a scheme is clearly equal to that of lim SNRk
a (K-1)-user system with optimal transmission (after K- t+oAk(2RyRI )(+(2RIK -I)/M) (1+()R1
average over all possible channel realizations). Thus 1 M
PNXM(K, R) < PNXM(K- 1, R). D (2RK 1)( +(2K k)/M)
Proof of Proposition 3: Define a new multiple access - 2RIK
system as 1+ M .=1l+(2 -1)/M)

Y k
I dkImaxIM 'Xk + 1 (21) 2RIK_ (26)

where IM is an MxM identity matrix and dk,max is the Let the users with indexes k < eK not transmit any
maximum singular value ofHk. In such a system, each user information (i.e., they are in outage and the outage
k sees M parallel sub-channels with equal gain, one for probability now is E). When K-*oo and with probability 1,
each receive antenna. For each channel realization {Hk}, the power allocation scheme (24) can support rate RIK for
assume that {Xk} achieves the MSP to support the target {user k: k . eK} with sum power
rates for (1). Let K K (1+2)2R(kK) R1t

Rhiwe
X~k =Hk /dk,max Xk, (22) liM L Pk =liM

K->ook=sK K->ooks ;l k/Kthen the same target rates can be supported in the system
RtIM
EF ( K

(21) (which can be verified by substituting (22) into (21).) =(1+s)RIn2. 2 dt . (27)
with equal or less power since FNX (t)

<Xk2 Hk 2 Xk 2 Xk 2 (23) The sum-rate of the active users is (I -e)R. Since both banddk,max e can be arbitrarily small, the limit of (27) is an upper
where 1-12 denotes the 2-norm.Hence the MSP of (21) is a bound of PNXM(cO, R) with an arbitrarily small outage
lower bound for that of (1), as shown in Fig. 3 for K= 8. probability E. D
Furthermore, the MSP of (21) can be achieved with every
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