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Abstract-We propose a family of binary erasure codes, namely,
quasi-systematic doped LT (QS-DLT) codes that are almost sys­
tematic, universal, and asymptotically capacity-achieving with
encoding and decoding complexity O(K1og(l/e)), where K is the
information length, and e is the overhead. Finite-length analysis is
carried out to study the error-floor behavior of our proposed
codes. Numerical results verify that our proposed codes provide a
low-complexity alternative to systematic Raptor codes with com­
parable performance.

Index Terms-LT codes, Raptor codes, quasi-systematic doped
LT (QS-DLT) codes.

I. INTRODUCTION

Properly designed low-density parity-check (LDPC) codes
can achieve performance arbitrarily close to the capacity of
binary erasure channels (BECs) with reasonable complexity
[1]-[4]. In a conventional approach, a code is designed for a
specific channel erasure rate (denoted by 0) that is assumed
known by the encoder. A coding scheme is said to be rateless if
it can generate coded bits potentially limitlessly. A rateless
scheme is said to be universal if it is capacity-achieving without
requiring the knowledge of Jin encoding. Universal codes are
useful, e.g., in digital fountain applications [5].

Luby Transform (LT) codes [6] are a well-known family of
universal codes. A standard LT code requires encoding and
decoding complexity O(KlogK) for reliable decoding, i.e., to
ensure an error probability diminishing at least in a polynomial
order of K [1] [7], where K is the information length. In prac­
tice, linear complexity O(K) is mostly preferable. An LT code
can be designed with linear complexity by reducing the average
degree of information bits, but it then suffers from a
high-error-floor problem. This problem can be solved using the
Raptor code approach [7] by serially concatenating a conven­
tional LDPC code with an LT code. Raptor codes can reliably
recover all ofthe information bits with complexity O(Klog(l/£))
[7], where e is the overhead, i.e., the normalized difference
between the numbers of the received and information bits.

Systematic codes, a class of codes with information bits in­
cluded in transmission, are preferable in many practical situa­
tions. The encoding and decoding of a systematic code is not
necessary when no erasure occurs in a transmission block,
which can greatly reduce the cost. LT and Raptor codes are, in
their straightforward forms, non-systematic. A technique to
design systematic Raptor codes was proposed in [7] with en­
coding complexity roughly aK2

, where a is a relatively small
positive number independent ofK.

This paper is concerned with a family of quasi-systematic
doped LT (QS-DLT) codes that are almost systematic and
universally capacity-approaching with encoding and decoding

complexity of O(Klog(l/£)). The key idea is the parallel con­
catenation ofan LT code and a doping code. The coded bits of
the doping code are randomly sampled and doped into the LT
output bits, and hence the name. Compared to the serial con­
catenation structure of Raptor codes, one major advantage of
this parallel structure is that it allows the use of the belief
propagation (BP) algorithm in quasi-systematic encoding,
which ensures linear encoding complexity. 1 Stopping-set
analysis [10] is presented to study the error-floor behavior of
QS-DLT codes with finite length. Numerical results demon­
strate that QS-DLT codes provide a promising low-complexity
alternative to systematic Raptor codes.

II. PRELIMINARIES

We begin with an outline of LT codes. Denote by G the
graphic representation of an LT code. An example of G is
shown in Fig. 1(a), where each black node represents a state bit
z.; each white node represents an output bit Yj, and each square
node represents a parity check. The encoding rule is

v, = L Zi (1)
{z,} connected to Y j via a parity check

where the summation is binary. In a conventional LT code,
state bits represent information, but in this paper state bits will
be formed differently, as detailed later.

The degree of a black node is defined as the number of
connected white nodes (via parity checks); and that of a white
node as the number of connected state bits. The edges are
randomly connected to the black nodes, and so the left degrees
(the degrees of black nodes) follow a Poisson distribution [7].
The right-degree distribution (Le., the degree distribution of
white nodes) is specified by an optimized polynomial P(x) =

LiPiX\ where Pi is the proportion of degree-s white nodes.
The code defined on G can be equivalently represented in an

algebraic form. Let z == [zo, Z}, ... , zN_dT and y == [Yo, Y}, ... ,
YM_d T be the state-bit and output-bit vectors, respectively,
where N (or M) is the number of state (or output) bits. Each Yi
can be represented as the inner product oftwo vectors, Le.,Yi =

g?z, where g, is the binary vector with its "1"s corresponding to
the state bits connected to Yi. Then

y = Gz (2)

where G == [go, g}, ... , gM_dT is the LT generation matrix.
The output bits are transmitted over the erasure channel. The

receiver is to recover the state bits from a partially recon-

1 Other advantages include that this parallelism facilitates the density
evolution analysis [1] and the optimization based on the overall code structure.
We will not discuss details in this paper due to space limitation.
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III. SYSTEMATIC LT CODES

Table 1. The average number of trials to successfully construct GENe for the
LT codes with P(x) in (3) and N= 65536.

B. Optimal Number ofState Bits

Let K be the number of information bits. We show that the
best choice ofN (the number ofstate bits) is N = K. To see this,
first suppose K > N. From (1), each output bit can be viewed as
a linear equation. The first step of the systematic LT encoding
process corresponds to solving N unknown variables from K
linear equations. Since the values of the information bits are
arbitrary, the solution may not exit ifK > N.

On the other hand, suppose K < N. The codes in Fig. 1 have
exactly the same decoding performance in terms of frame error
rate (FER) since they share the same structure. Let M be the
number of received output bits required to achieve a certain
FER performance for the code in Fig. I(a). The overhead of
this code is MIN-I. To achieve the same performance for the
code in Fig. I(b), the required overhead is MIK-I (> MIN-I).
Thus, N> K leads to inefficiency.

Therefore, the optimal choice is N = K, i.e., the numbers of
black and white nodes in GENC should be the same. We hence­
forth always assume N = K, except explicitly specified.

C. Construction ofGENC

Now consider the construction of GENC
• We need to ensure

that GENC is BP-decodable, and that the degree distributions on
GENC resemble those of a typical LT code, i.e., Poisson on the
left and P(x) on the right. A brute-force approach to con­
structing GENC is to repeatedly generate GENC using LT en­
coding and check whether it is BP-decodable. The checking
process is equivalent to LT decoding with zero overhead,
which fails with high probability. This implies a time-con­
suming design procedure. On the other hand, even if it suc­
ceeds, the realized distribution may not match P(x) since GENC

is selected from an event with a very small probability.
The author in [7] suggested to construct GENC by identifying

K information bits from a larger LT coding graph G' with
K(I +e) output bits. The BP algorithm can be applied to G' for
this purpose. If the BP algorithm ends successfully, GENC can
be formed by removing the Ke redundant rows in G' (or
equivalently speaking, by the coding graph induced by the set
of K deleted {Yj} in the BP algorithm in Section II). Clearly,
GENC so constructed is BP-decodable. However, the error-floor
problem of LT codes causes difficulties. We explain this for
small and large evalues separately below.

When e is small, a large number of trials is required (cf.,
Table 1). The characteristics of a small probability event may
significantly deviate from the average behavior. This means,
the more trials are required, the more deviation of the realized
right degree distribution from P(x). On the other hand, suppose
that e is large enough to ensure a reasonable success rate of
constructing GENC using BP decoding. Clearly, the degree-I
output bits in G' have a high probability of being selected in
constructing GENC

• Let PI be the coefficient of x in P(x). The
total number of degree-I output bits is (1+e)PIK in G' and so
the portion of degree-I output bits in GENC is close to (1+e)P I.
This can be quite different from the desired value ofPI when e
is large. Similarly, considerable changes occur for other coef­
ficients when e is large. Thus, the realized right degree dis­
tribution may still considerably deviate from P(x).

parity output
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structed coding graph with some output bits lost. The belief
propagation (BP) algorithm can be employed for this purpose.

BP Algorithm: Identify a degree-I output bit Yi. Recover the
unique state bit Zj connected to Yi via a parity check. Delete Zj, Yi,
and the edges connected to Zj and Yi. Repeat the above steps
until all state bits are recovered (decoding success) or until no
degree-I output bits can be found (decoding failure).

We say that a graph G is BP-decodable if the above algo­
rithm ends at "decoding success". The complexity of the BP
algorithm is proportional to the average degree of the state bits
(denoted by d). This complexity is generally much lower than
other alternatives, such as the Gaussian elimination. The
overhead e of the LT code can be expressed as e== MIN-I. LT
codes with a small e and d suffer from an error-floor problem,
i.e., some portion of bits cannot be recovered by the BP algo­
rithm. For example, for the LT code with [7]

P(x) == 0.008x + 0.494x 2 + 0.I66x3 + 0.073x4

+ 0.083x5 + 0.056x8 + O.037x9 + 0.056x19 (3)

+ O.025x65 + 0.003X66
,

N = 65536 and e= 0.03, the number of residue erasures after
BP decoding ranges from 200 to 500 with high probability.

(a) (b)

Fig.T. (a) The coding structure of an LT code. (b) The systematic LT code
formed by the code in (a). A portion of output bits represent the information.

A. The Basic Idea

A systematic approach to LT encoding is illustrated in Fig.
1(b). The code therein has the same structure as the LT code in
Fig. I(a). The only difference is that in Fig. I(b) the informa­
tion bits form part of the output bits. Information bits here are
also called systematic bits. Denote by GENC the sub-graph
induced by the information bits and still by G the overall
coding graph. The encoding process of systematic LT codes
consists of two steps: determine the state bits from the infor­
mation bits; then determine the other output bits from the state
bits. The first step can be accomplished by LT decoding on
GENC

. To reduce complexity, we need to ensure that GENC is
BP-decodable. As shown later, this is one ofthe key difficulties
in realizing systematic LT codes with linear complexity.
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The bits inYdare illustrated in Fig. 2(b). Clearly, the number of
"l"s in RGd is roughly the length of the encoding line. Thus,
BP decoding on RGd requires r additions per bit.
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C. QS-DLT Codes

We next describe the construction of QS-DLT codes based
on DLT codes, as illustrated in Fig. 3(b). With abuse of nota­
tion, let Y be the LT output bit vector (cf., (2)), and Yd be the
differentiated doping bit vector (cf., (5)). Then, we can rep­
resent the DLT code by

[~] =GHz with G
H

= [R~J (6)
where G and Gdare the generation matrices ofthe LT sub-code
and the doping sub-code, respectively. As mentioned before,
DLT codes can perform reliable decoding at a small overhead.

The above doping code falls into the family of repeat ac­
cumulate (RA) codes [8]. It can be treated as a randomly
punctured RA code, with some of {hj } (see Fig. 2(a)) punctured.
However, we emphasize that the doping code differs from the
conventional RA codes in that the doping bits can be generated
independently and limitlessly, so as to satisfy the requirement
of ratelessness. We note that this independency implies a
non-zero probability of the repeated reception of a same dop­
ing bit (that can provide no extra information in decoding).
However, it can be shown that the related performance loss is
marginal. We omit details here due to space limitation.

B. DLTCodes

The parallel concatenation of an LT code with the above
doping code results in the so-called doped LT (DLT) codes, as
illustrated in Fig. 3(a). Let p be the doping ratio, i.e., the pro­
portion of the doping bits in the overall output bits (including
both LT output bits and doping bits). A DLT encoder generates
each output bit as follows: randomly draw a number I between
oand 1; if I> p, generate an LT output bit; otherwise, generate
a doping bit. The doping and LT output bits are mixed in
transmission, though they are drawn separately in Fig. 3(a). Let
Yd be the received doping-bit vector. A DLT decoder performs
the following steps: (i) calculate Yd = RYd; (ii) recover Z from
the LT output bits and Yd using BP decoding. The complexity
of either DLT encoding or decoding is d+ r additions per bit.

Asymptotic analysis shows that, similarly to Raptor codes,
DLT codes can perform reliable decoding at a cost of
O(Klog(I/£)), where e is the overhead. We omit details here
due to space limitation.

Fig. 3. (a)The structure ofa DLT code. (b)AQS-DLT code constructed based
ontheDLT code in(a).
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Fig. 2. (a)The structure ofthedoping code with K = 4 and r = 2. Note thatbs
is selected asa doping bittwice asYd(2) and Yd(3). (b)Anequivalent repre­

sentation ofthecode in(a).

The precoding technique used in Raptor codes can be em­
ployed to overcome the error-floor problem. Similarly to sys­
tematic LT codes, the information positions of a systematic
Raptor code need to be identified in the LT output bits. How­
ever, the serial concatenation nature of the precode and LT
sub-code makes the overall code not directly BP-decodable. As
a result, the complexity involved in systematic raptor encoding
is significantly increased to O(K2

) [7].

IV. QUASI-SYSTEMATIC DOPED LT (QS-DLT) CODES

We propose the use of the doping technique [9] to solve the
error-floor problem of systematic LT codes, while maintaining
linear encoding and decoding complexity.

A. The Doping Technique

The structure of the doping code is illustrated in Fig. 2(a).
The doping encoder is initialized as follows: (i) repeat each of
the K state bits by r times to generate rK encoding bits; (ii)
randomly interleave these encoding bits to form an encoding
line. A doping bit is generated as follows: (i) randomly select
an integer i in {I, 2, ... , rK}, and (ii) set the doping bit as the
binary sum ofthe first i bits in the encoding line (denoted by hi,
where {hJ can be calculated in batch by accumulating addition
along the encoding line). In the above encoding, the repeated
selection of a same hi is allowed, and so the doping bits can be
generated independently and potentially limitlessly.

The decoding process is outlined below. Let Yd == [Yd,h Yd,2,
Yd,3, ... ]Tbe the received doping bits (ordered by their positions
in the encoding line) that can be represented by

Yd = GdZ (4)
where Z is the state-bit vector, and Gd is the generation matrix
of the doping code. Gd is not a sparse matrix due to the ac­
cumulating nature ofthe doping bits, but it can be converted to
a sparse matrix by calculating the differential ofYd as

Yd = RYd = RGdz (5a)
where R is a lower bi-diagonal matrix defined as

R =[ :J. (5b)
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This is equivalent to say that G″ with a small overhead is 
BP-decodable with high probability. 

A square and BP-decodable GENC can be constructed by 
removing redundant rows of G″ using BP decoding. The bits in 
{y, y′d} corresponding to the rows of GENC are selected as the 
information bits. It is possible that some rows of RGd are se-
lected in forming GENC, or equivalently, some of the informa-
tion bits are selected from y′d. Direct transmission of these bits 
is not desirable since they will destroy the structure of the 
doping code (and so its error-correcting capability). To avoid 
this, we define the quasi-systematic bits to be the doping bits 
connected to the information bits in y′d, as illustrated in Fig. 
3(b). Quasi-systematic bits, together with the information bits 
in y, are first transmitted over the channel. 

We note that a small proportion of information bits (those 
identified in y′d) are not transmitted. They can be decoded from 
the quasi-systematic bits (if received) using differentiation. 
The total number of the systematic and quasi-systematic bits is 
larger than that of the information bits. Therefore, strictly 
speaking, QS-DLT codes are not systematic. However, the 
portion of information bits identified in y′d is bounded by 
p(1+ε), and the decoding cost related to these bits using 
quasi-systematic bits is trivial. Thus, we say that QS-DLT 
codes are quasi-systematic. 

The overall encoding and decoding process is outlined be-
low. GENC can be constructed as: (i) generate G″ of K(1+ε) 
rows, and apply BP decoding to G″; (ii) if G″ is BP-decodable, 
identify the information bits x in {y, y′d} and the systematic bits 
in {y, yd}; (iii) otherwise, return to step (i). In encoding, the 
QS-DLT encoder solves z from x by BP decoding, and then 
generate other LT output bits and doping bits based on z. The 
LT output bits and the doping bits are transmitted over the 
channel. In decoding, the QS-DLT decoder first recovers z 
from the received bits, and then recovers x from z. 
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Fig. 4. The error transfer functions of the doping code with K = 65536, and r = 
4 and 5, respectively. 

V. FINITE LENGTH ANALYSIS 

We next analyze the error-floor behavior of QS-DLT codes. 
Let l be the number of residue erasures in state bits after LT 

decoding, q(l) be the probability density distribution of l, and 
p(l) be the transfer function of the residue erasure rate against l 
for decoding the doping code. The residue erasure rate of the 
overall code is then bounded by Σlq(l)p(l). It can be shown that, 
with a proper selection of the doping ratio, the error floor of a 
QS-DLT code is mainly determined by the doping code. 

The error-floor behavior of a code can be estimated by 
enumerating stopping sets [10] [11]. This motivates us to de-
termine p(l) by analyzing the stopping-set distribution of the 
doping code. The main result is summarized below. 

Proposition 1: For the doping code, the residue erasure 
probability of the state bits is bounded by 
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where Nd is the number of doping bits, and 
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with the summation taken over all possible non-negative in-
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The proof of Proposition 1 can be found in the appendix. Fig. 
4 shows the transfer function of the doping code with various 
values of r. The bounds calculated using (7a) are also included 
for comparison. From Fig. 4, the error floor reduces with the 
increase of r. This implies that one can meet the error-floor 
requirement (if exists) by increasing r, at the expense of a slight 
increase in complexity. 

Similarly to Raptor codes, we can also apply extended 
Hamming coding to QS-DLT codes, so as to remove the 
stopping set of size less than 4. Specifically, we first deter-
mined the value of the K state bits from the information bits by 
BP decoding on GENC; apply extended Hamming coding to the 
state bits, which increases the number of state bits to K+log2K, 
with the extra log2K state bits being the extended hamming 
coded bits; then generate other LT output and doping bits 
based on the expanded set of state bits. The above approach 
may lead to certain performance loss by noting the fact that the 
number of state bits now exceeds K (see Section III.B). 
However, such loss is negligible since log2K K≪ . 

The remaining problem is that, for each extra state bit pro-
duced by the extended hamming encoding, we need to insert r 
extra encoding bits into the encoding line. Random insertion is 
not feasible. To see this, we divide the encoding line into 
segments with the encoding bits in each segment connected to 
one bit in y′d (cf., Fig. 3(b)). An extra encoding bit cannot be 
inserted into a segment connected to an information bit in y′d 
since the values of both the information bit and the existing 
encoding bits in this segment are already determined at this 
stage, and so such an insertion may invalidate the parity check. 
However, this can be avoided since there are sufficient 
non-information bits in y′d. For example, for the QS-DLT code 
based on (3) with K = 65536, r = 5, p = 0.015, and ε = 0.035, 
the doping code has about 1000 doping bits and needs to re-
cover at most 500 residue erasures left by LT decoding, im-
plying that the number of information bits identified in y′d is at 
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Considering the stopping sets of various sizes, we obtain (7a).

(A4)

accumulating
direction----. 000 0

enc?ding ~ 0 0 ~.O ~.O 0.0 0 ~ 0.0 0
line

We next determine the error probability of the state bits after
DLT decoding. Suppose that LT decoding is applied, leaving I
state bits un-recovered. The probability that a state bit has not
been recovered is l/K. Suppose that this bit belongs to a size-n
stopping set of the doping code. The total number of such
stopping sets is the number of combinations for selecting n-I
elements from a set of size K-1. This bit produces an error if
the n state bits forming any of the above stopping sets are
un-recovered. The probability of this event is bounded by

( l )n(K-IJK n-I f(Nd,nr).

most 500. Thus, we can insert rflog2Kl = 80 extra encoding
bits randomly into the other (no less than 500) segments. This
approach can significantly reduce the error-floor. Numerical
results show that, for the QS-DLT code considered, the residue
erasure rate of state bits is bounded by 6.3xIO-1

0; after ex­
tended Hamming coding, this rate can be reduced to 2.4xIO-14

•

V. CONCLUSIONS

In this paper, we have proposed QS-DLT codes that are a
family of quasi-systematic universal erasure codes with ca­
pacity-achieving property at a cost of O(Klog(I/£)). Stop­
ping-set analysis is carried out to analyze the error-floor be­
havior of QS-DLT codes. Numerical results demonstrate that
our proposed codes can perform as well as systematic Raptor
codes, but with linear encoding and decoding complexity.

ApPENDIX PROOF OF PROPOSITION 1 remove uninterested bitsD-
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three segments in this pattern
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Fig. 5. The pattern of an encoding line.

Thus, the probability that n state bits form a stopping set can be
expressed asj(Nd, nr), wherefis defined in (7b).

Consider K state bits with each repeated by r times to form
the encoding bits. Randomly interleave the rK encoding bits to
form an encoding line. Select n state bits and mark their nr
repeats in the encoding line as interested bits, and the others are
marked as uninterested bits. Nd doping bits are randomly and
independently inserted into the encoding line. An example of
the overall encoding line is illustrated in the upper part ofFig. 5.
There are three types of bits in the encoding line and

(rK:dNd)(::) (AI)

different encoding lines (without distinguishing the bits of a
same type). These encoding lines are equally probable by
assuming rK»Nd• The pattern of an encoding line can be
obtained by removing the uninterested bits from the encoding
line. Clearly, each encoding line has a unique pattern, and each
pattern corresponds to

(:::::)
different encoding lines. Thus, the total number of different
patterns is given by

(
rK + Nd )(rK)/(rK + Nd) =(Nd + nr). (A2)

N d rn rn+ N d nr

As shown in Fig. 5, the doping bits divide the pattern into
segments of consecutive interested bits. If every segment con­
tains no less than 2 interested bits, we say that the n selected
state bits form a stopping set of size n.

We can calculate the total number of patterns that form a
stopping set of size n as follows. Let the segment-length dis­
tribution w == {W2' W3, ... , wnr } , where w, denotes the number of
length-i segments in the pattern. Then, the number of stopping
sets characterized by w is given by

(
Nd) ( Nd-W2)...[Nd - L~:~lWj) == fi[Nd - L~~2WJ ) . (A3)
w2 w3 W

nr
1=2 l1j
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