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Abstract—This paper presents a peak-power-limited super-
position coding scheme based on clipping. A low-complexity soft
compensation algorithm (SCA) for combating the clipping effect
is investigated. It can be easily combined with soft-input
soft-output (SISO) decoding algorithms in an iterative manner.
Various numerical results show that the SCA can effectively
mitigate the performance loss due to clipping.
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I. INTRODUCTION

Recently, superposition coding [1]-[4] has been studied as
an alternative scheme for high throughput transmission [5][6].
One interesting feature of this scheme is that, the transmitted
signal exhibits an approximately Gaussian distribution since it
is a linear superposition of several independent codewords
(each referred to as a layer). This provides a more straightfor-
ward approach for achieving the so-called shaping gain [7]-[10],
as demonstrated in [3][4] by mutual information analysis and
simulation examples. Compared to the shaped schemes in
[9][10], where special shaping codes and shaping algorithms
are required, superposition coding is conceptually simpler and
has lower encoding complexity. Another feature of superposi-
tion coding is that it can be treated as a perfectly cooperating
multiple-access system by viewing one layer as one user.
Hence the low-cost iterative decoding techniques developed in
[11] can be employed.

Superposition coding has been used in numerous contexts.
One example is capacity analysis, e.g., in the achievability
proof of broadcasting channel capacity [1][2]. Another is
adaptive modulation, achieved by adjusting the number of lay-
ers (and so rate) according to channel conditions [12]. This is
more flexible than the traditional approaches, such as switching
between, say, trellis coded modulation (TCM) using 8-PSK
(8-ary phase shift keying), 16-QAM (16-ary quadrature am-
plitude modulation), 32-QAM etc, for channel adaptation. The
latter has the drawbacks of abrupt rate change and high receiver
cost due to the need for many different TCM decoders. With
superposition coding, rate changes can be made smoothly by
using a low-rate code for each layer. The receiver cost can be
kept low by using the same code for all of the layers and
time-sharing a common decoder.

However, the approximately Gaussian distribution
achieved with superposition coding (and other shaped schemes

' This work was fully supported by a grant from the Research Grant Council of
the Hong Kong Special Administrative Region, China, under project CityU
117305.

Xiao Ma

Department of Electronics and Communication,
Sun Yat-sen University, Guangzhou 510275, China,
email: maxiao@mail.sysu.edu.cn

[7]-[10]) also implies a high peak-to-average power ratio
(PAPR), which can be a serious concern for power amplifica-
tion [7]. Clipping is a simple and efficient method for tackling
this problem, but it may lead to substantial performance deg-
radation [13]-[15] since it introduces non-linear distortion to
the transmitted signal.

In this paper, we consider the clipping issue for superposi-
tion coding systems. A low-cost soft compensation technique
to alleviate the clipping effect is presented. It can be easily
combined with iterative decoding algorithms and has the po-
tential to greatly enhance performance.

II. SYSTEM MODEL

A. Encoding

Fig. 1 shows the encoder structure for a superposition
coding scheme with K layers. The high-speed binary data se-
quence u is partitioned into K equal-length subsequences
{u") }. The kth subsequence u" is encoded by a binary en-
coder (ENC-k) at the kth layer, resulting in a coded bit sequence

M= {c(/‘) } with c(/‘) € {0, 1}. The randomly interleaved
version v of ¢® | from interleaver-k (INTL-k), is then mapped
to a quadrature phase shifting keying (QPSK) sequence

X =x +ixy) according  to  x),=1-2v"  and
xl(lfl)j =1- 2V§/;)+1 , where i =+—1 and j is the time index. The

subscripts g and 1, are used to denote the real and imaginary
parts of complex numbers, respectively.

The independent QPSK sequences are linearly superim-
posed to form the output signal:

K-
= 2 &% (k) (1)
k=0

where p, (p, > 0) is an amplitude factor and 6, (0<6, <7/2)
arotation angle for layer-k. The overall rate is R = 22,’:01 R in
bits/symbol, where R, is the rate of the kth binary component
code.

This scheme is also referred to as a multilevel cod-
ing/sigma-mapping scheme in [3][4]. A notable feature of this
scheme is the use of different amplitude factors {p;} for the
different layers, which is necessary to facilitate the decoding
discussed later. The power allocation strategies developed in
[3][4] can be used to optimize {py}.
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Fig. 1. Encoder of a superposition coding system.

B. Peak-to-Average Power Ratio
The PAPR of x; is defined as

PAPR=—L 2

where E(-) is the expectation and |-| the absolute value. We
assume that all coded bits ¢ are independent, identically
distributed (i.i.d.) random variables. It can be verified that,
given {p;}, the PAPR is maximized when all §’s are equal. As
an example, for a 5-layer system with {p,} = {0.1634, 0.2380,
0.3467, 0.5051, 0.7358}, the maximum PAPR = 5.97 dB is
reached at .= 0, Vk. On the other hand, if we set 8,= k#/10, Vk,
then the PAPR is reduced to 5.39 dB.

In order to further reduce the PAPR, we can clip x; to x;
before transmission according to the following rule: '

{xj, |x; <4
Ax; /x;1, |x;[>4

Xj

€)

where 4 > 0 is the clipping threshold (a real value). Following
[13], we define the clipping ratio (CR) as y=A4" /E(|x; ). The
clipped signal x; is then transmitted over an AWGN channel.
The PAPR of the transmitted signal is given by A’ /E(|x; F).
The received signal can be written as

V=X tw, 4)

where {w;} are samples of a circularly symmetric corélzplex
Gaussian random process with zero mean and variance o° per
dimension. The ratio of energy per bit (£5) to the noise power
spectral density (Np) is given by E,/Ny=E(| X, ') / (2Rd?) .

In this paper, {p} are obtained using the simulation-based
power allocation method in [4] under the assumption that no
clipping is applied. It is of interest to develop new power al-
location strategies taking the clipping effect into account for
best performance. However, this is still an open problem due to
the non-linear characteristic of clipping and is beyond the scope
of this paper.

C. Performance Limit of Clipped Superposition Coding

In general, the linear supergosition in (1) induces a signal
constellation consisting of 4” nonequispaced signal points
which are used with equal probabilities. The achieved mutual

Channel capacity
—=8— Superposition, no clipping, PAPR = 5.39 dB
—— Clipped Superposition, PAPR = 3.68 dB
—— Clipped Superposition, PAPR =2.65 dB

— % — 64-QAM, PAPR =3.68 dB

Mutual Information (bits/symbol)

0 2 4 6 8 10 12 14 16 18
Eb/No[dB]

Fig. 2. Mutual information versus E»/N, for a 5-layer superposition coding
scheme parameterized by {6, = kx/10, V k} and {p,} = {0.1634, 0.2380, 0.3467,
0.5051, 0.7358}.

information between the clipped transmitted signal and the
received signal for a 5-layer example is shown in Fig. 2. The
performance limit of the equiprobable 64-QAM constellation
and the channel capacity are also included for comparison. We
can see that without clipping, the superposition signaling can
provide noticeable shaping gains over the equiprobable
64-QAM signaling, and hence can closely approach the chan-
nel capacity. Although clipping degrades the achievable rate,
the effect is not serious. For example, at the rate of 5
bits/symbol, only 0.16 dB loss in E,/Nj is introduced by clip-
ping with PAPR = 3.68 dB.

III. ITERATIVE DECODING

We now develop an iterative decoding algorithm for
clipped superposition coding systems.

The main drawback of clipping is that it introduces addi-
tional noise at the transmitter [13]-[15]. If the clipping noise is
not carefully treated at the receiver, significant degradation in
the bit-error-rate (BER) performance may be observed, even
when the clipping threshold 4 is moderate. On the other hand,
in contrast to channel noise, the clipping noise is introduced by
a process characterized by the clipping threshold. Exploiting
this fact, we propose the soft compensation algorithm (SCA) to
combat the clipping effect.

A. Receiver Structure

We first outline the overall receiver structure. The decod-
ing/detection principle discussed below is derived based on the
similarity between the superposition coding scheme and the
interleave-division multiple-access (IDMA) scheme [11]. As
illustrated in Fig. 3, the receiver consists of one elementary
signal estimator (ESE) and K soft-input soft-output (SISO)
decoders (DECs). These are connected through the INTLs and
DEINTLs (de-interleavers), operating in a turbo-type iterative
manner. The messages passing between the ESE and the DECs
are the so-called extrinsic information. The DECs perform
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Fig. 3. Block diagram of the iterative decoding/detection algorithm.

standard a posteriori probability (APP) decoding, so we will
only focus on the ESE which undertakes SISO detection to
generate the a posteriori log-likelihood ratios (LLRs) for all
coded bits [11].

In the following, we concentrate on the detection for layer-.
The signal model (4) is rewritten as

=P+l (5)

where f( ) denotes the distortion contained in »; with respect
to x{". There are two parts in &\

k) _ ()
g =g +z; (6)
where z; is the clipping noise and
P =Y pee® i +w, ()

k'#k

is the superposition of the inter-layer-interference and the
channel noise. From (3), z; can be represented by

0, Ix,1<4
z,= . (8)

Ax;/|x;|=x;, [x;[>4

Consider the detection of x based on (5) and (6). If we
simply ignore the clipping noise z in (6), i.e., assuming
that z, =0, then the ESE detection algorithm (with linear
complexity with respect to K) developed for IDMA systems [11]
can be directly applied to deal with ¢, as in the un-clipped
cases [3][4]. Unfortunately, with this approach, the perform-
ance can degrade significantly compared to unclipped cases if
deep clipping (with small y) is used.

B. Soft

We now derive the SCA which uses a joint process to
handle {'* and z. The intuition is that, with extrinsic infor-
mation generated by the DECs, an estimate of the clipping
noise can be obtained and then subtracted from the received
signals, which in turn facilitate the decoding. As will be shown
later, the performance can be significantly improved by the
SCA with complexity only slightly higher than the detection
algorithm for unclipped schemes.

Compensation Algorithm (SCA)

First, some definitions. Let x be a complex random variable
and E(x) be its mean. Define its covariance matrix as

Var(xg,)

C _ E (e X1 ) —E (e E(3y,)
OV(x)_(E(xRexlm )—E(xp ) E(xy,) J

Var(xlm )

where Var(s) denotes the variance function.

Following the strategy developed in [11], we approximate
&Y by an additive complex Gaussian variable. Moreover, we
treat . % and z; in (6) as independent variables. Provided that
the statistics of { “ and z; have been computed (the details will
be discussed later), the mean and covariance matrix of &Y can
be estimated as

B(&Y)=E( ") +E(z,), (9a)
Cov(£") = Cov({")+Cov(z)). (9b)
In order to detect x'*', we generate
W=ey = +el, (10)
B(K) _ -i6 £(K) g 20 :
where &"'=e"* " . The statistics of & are given by
E(¢")=e ™ E(&") (11a)
Cov(E)=(R®) Cov(&" R, (11b)
where
R = cos(g,) —sin(6,)
sin(g,)  cos(6,) )

and the superscript ” denotes transpose of matrixes. Then, the
output LLR ( ey, (xg;) ) for xff ) o € {*1, =1} can be estimated
as follows. (We can handle x, m’ ; in a similar way.)

1(Jie s | % =+1)
eESE(xRe)/) = ( -

Pr(Fre; ke, ==1)

2
(var' &))" exp (3, ~p - (ééi’j ) /(2var &)

_ 12 2
(Var &))" exp (34, +p,—E (&) /(2var (G9))
1 Var™ ( f{;)}) L (yl({ke)] +p,—E( 1(1?,))
27 var )y | 2var &)

+ 2
(3, P —E" (&)
2Var' (&)

(12)

where E"(£%)) and E ( 1‘{’;)1) denote the means of &) under
the hypothesm that x,) is either +1 or —1, respectively.
Var (&) and Var™ (&, 20 ) are defined similarly. From (9) and
(12), we can see that the SCA is essentially a turbo-type clip-
ping noise cancellation technique.

For comparison, if there is no clipping, then (12) becomes

'\(k) k
e (x(k) ) _ . Re/ E(;}ge)/
ESE \"*Re,j / — k Va (é,(k)

Re. /

(13)
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where {® =¢ %™

It can be seen that (12) is slightly more complicated than
(13). This is because that the statistics of f‘ ) are different for
different hypothesis on xy;; since the clipping effect depends
on hypothesis. However, the overall complexity is not s1gn1ﬁ—
cantly increased compared to unclipped cases, since it is usu-
ally dominated by the APP decoding of the component codes,
especially when turbo-like code is used.

The computational details of the generation of the statistics
for {1 and z, are discussed separately in Subsections II-C
and —D. An SNR evolution technique, to analyze the above
detection algorithm for unclipped superposition coding systems,
is also discussed later.

C. Estimation of E({") and Cov({")

Let e, (x)=In(Pr(x=+1)/Pr(x=-1)) be the extrinsic LLR
for coded bit x from the DECs (see Fig. 3). Following [11],
E(x{") and Cov(x'") can be estimated by

E(x{")=tanh(e, (xy.,)/2)+itanh(e,. - (xin) )/2), (14a)
E(xe) 0
Cov(xV) = CE X (14b)
0 1-(E(x1,)) )

(Initially, we set E(x/"’) = 0 and Cov (x*) = I, implying no
feedback from the DECs.) Then, from (7), the statistics of 5
which are required to compute (9) can be generated by

E()=Y pe™ B,

k'#k

(15a)

Cov({"™)= pi RV Cov(x! YR ) +0°1 ,

k'#k

(15b)
where I'is a 2x2 identity matrix.

D. Estimation of E(z,) and Cov(z,)

Now the key to evaluate E(&”) and Cov( &) is to find
E(z) and Cov(z;). We assume that the clipping threshold is
known at the receiver. From (8), if the probability density
function p(x;) of x; is available, then E(z;) and Cov(z)) can be
evaluated using numerical integration. However, it is imprac-
tical to find p(x;) in realistic systems. We propose the following
suboptimal strategy based on Gaussian approximation of x;.

From (5) and (7), we can express x; as

X, =p, e"g"x(k)+§(k) -w;. (16)
Then ;= E(x;) and V;= Cov(x;) can be obtained from (16) if
k k : k k
E(x' ))'and Cov(x") are given and E({") and Cov({1Y)
are available (see Subsection III-C). We now model x; as a
complex Gaussian random variable. Consequently, E(z;) and
Cov(z) are fully determined by (1, V)) from (8). We denote
these two relationships using two functions below:

(17a)
(17b)

E(z))=¢u,.V)),
Cov(z))=y(u.V)).

In general, the two functions in (17) can be generated numeri-
cally using the Monte Carlo method. We can create two
look-up tables to characterize them. Assuming that these two
tables are available, then the computational load of the SCA is
only slightly higher than the ESE algorithm in [11]. We ex-
amine the required memory usage of the look-up tables below.

Since 1 and F; involve five parameters, we need two
5-dimensional (5D) tables. We now consider an approximate
technique to reduce memory cost using

V. =v,I (18)
where
v, = (Var(ch’ ; )+Var(xlm) ; N/2.

This is to approximately characterize x; using a complex Gaus-
sian distribution CN (14, vI). Now there are only three pa-
rameters involved. Furthermore, it is easily shown that

;v D=, Lo a1, v, T) (19a)
Y v, D=y |lv,DY] (19b)
where
“ﬂ@ﬁiﬁiﬁ)

Therefore we only need two 2-dimentional (2D) tables to
characterize ¢(|4|, v;iI) and (|4, v;I) and then use (19) to obtain
Ay, viI) and (1, v;I) during SCA. This requires slightly more
operations but can greatly reduce the memory cost.

E. SNR Evolution

We now outline an SNR evolution technique [11] to
evaluate the performance of unclipped superposition coding
systems, which also provides insight into the convergence
property of the iterative decoding. Recall that in unclipped
cases, z;=0 and the detection is based on (13). With simple
manipulations, we can rewrite (13) as

k
ESE( 1(1e)1)_

——m—M$H$%HﬁH.@m

Var(Sy.))

(k

The SNR in e, (xg,) with respect to xy,; after observing y;

1s calculated as

Sn}’(k) ((pk xl(é:)j) ) _ ,0,3
Re,j
TOE((GW ~ECL ) varE)

Following [11], we define the average SNR as

P
} (Var(géi), ) @b

2

b —E(snrt T kR
nl’(c)_E(S lsc)j) { Va (g(k)
c/
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Define
(k)

Im *

where Jensen’s inequality [I1] is  used.
v =E(Var(xy)))). Similarly, we can definesnzs’ and v
Since x,,; and x,. are the coded bits of the same component
code, we have v =) =v" Then it can be easily verified

from (14) and (15) that the input SNR to DEC-£ is bounded by

2
5 = g B — o (B S ) — P
snr'® =sniY =snr® >/ o NI (22)
Y o +o

k'#k
Notice that v is a function of sn*®. We express this function
as
v =1 (snr?).
We also define the BER performance of DEC-£ as a function of

Sl’ll”(k) as

BER = g(snr'?).

Both f{s) and g() can be obtained by applying Monte-Carlo
method to the underlying forward error correction code. From
(22), we can obtain a lower bound of sn** during the iterations

p2
= N , Vk, (23)
.S (Y y+o
k'#k
where 7;) and ") are * values before and after one itera-
tion. Initially, we set f(7.;)) = 1, Vk. Repeating (23), the SNR
evolution for the iterative detection process can be tracked.
During the final iteration, the BER performance can be esti-

mated by substituting { * } into g(s).
IV. NUMERICAL RESULTS

A. Simulation Model

In this section, we show numerical results that demonstrate
the performance of the clipped superposition coding scheme.
The following examples are considered. A rate-1/2 doped code
with data length 10° [16] is chosen as the component code for
each layer. We set K =4 and 5. The corresponding total rates
R =4 and 5 bits/symbol, and the PAPRs without clipping are
4.74 and 5.39 dB, respectively. For both systems, we set the
clipping ratio ¥ to 4.0, 3.5, and 3.0 dB, and the corresponding
PAPR is reduced to about 4.1, 3.7 and 3.3 dB, respectively. The
number of iterations in the component decoders is set to 200,
and the number of iterations between detection and decoding is
set to 6. The entropy based stop criterion introduced in [3] is
used.

B. Results

The simulated BER performance (averaged over all layers)
is shown in Fig. 4 and Fig. 5. For comparison, the performance
limit of the conventional equiprobable 64-QAM signaling is
also included. The channel capacities for R = 4 and 5
bits/symbol are E,/Ny=5.74 and 7.92 dB, respectively.

In Fig. 4, we present simulation results without clipping
effect compensation. First, we can see that the performance of

1.0E+00
1.0E-01 -
1.0E-02 -
gl 0E-03
m
1.0E-04

1.OE-05

1.0E-06

6 7 8 Hy/No[dB] ° 10 11

® (CR=40dB
No clipping

m (CR=35dB
————— 64-QAM limit

¢ CR=3.0dB

Fig. 4. Performance of clipped superposition coding systems without clipping
effect compensation. For K = 4, {p;} = {0.2430, 0.3529, 0.5124, 0.7442} and
{0 = kn/8, ¥ k}.For K= 5, {pi} = {0.1634, 0.2380, 0.3467, 0.5051, 0.7358}
and {6, = kn/10, V k}.

1.0E+00

1.OE-01 +
1.0E-02
&
2 1.0E-03 1
1.0E-04

1.OE-05

1.0E-06

6 7 8 Eb/No[dn] ° 10 11
m (CR=35dB

————— 64-QAM limit

® (CR=40dB
No clipping

¢ CR=3.0dB

Fig. 5. Performance of clipped superposition coding systems with SCA. The
parameters are the same as those in Fig. 4.

the unclipped superposition coding schemes is quite close to
the channel capacity. At BER of 107, the gaps between the
required £,/N, and the channel capacity are only 0.9 and 1.2 dB
for K =4 and 5, respectively. Note that the performance of the
5-layer scheme surpasses the theoretical limit of the
equiprobable 64-QAM signaling.

It is clearly evident in Fig. 4 that the performance of the
clipped systems deteriorates significantly when the clipping
effect is not compensated. The performance loss increases as ¥
decreases, as expected. It can also be seen that the system with
more layers is more sensitive to the clipping effect. For the
5-layer example, the performance degrades by about 0.7 and
1.8 dB with ¥ = 4.0 and 3.5 dB, respectively, and the per-
formance with ¥ = 3.0 dB is even worse.

Thisfull text paper was peer reviewed at the direction of IEEE Communications Society subject matter experts for publication in the IEEE ICC 2006 proceedings.



1.0E+00 ¢
g —&— 5D Tables
—@— 2D Tables

LOE-01 +
10E-02
& I
1003 ¢

1.0E-04 +

>
o

1.0E-05 +

1.0E-06 t t t  p—
8 Eb/No[dB]
Fig. 6. Performance comparison between 5-D and 2-D look-up tables for

clipped superposition coding systems with y=3.5 dB. The parameters are the
same as those in Fig. 4.
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Fig.7. Performance comparison between evolution and simulation for un-
clipped superposition coding systems. The parameters are the same as those in
Fig. 4.

Fig. 5 illustrates the performance with SCA for different
clipping ratios. Comparing Fig. 4 and Fig. 5, we can see that the
performance loss due to clipping can be largely removed by
SCA. For K = 5, the performances loss relative to the
un-clipped scheme is reduced to within 0.3, 0.5 and 0.8 dB for
y=4.0, 3.5 and 3.0 dB, respectively.

In the simulations, we observed that the poor performance
without compensation is mainly due to the high error rates of
the layers with lower powers (smaller p, ), which is quite rea-
sonable. With high probability, the signals from high-power
layers, which contribute more to the unclipped signal x;, can be
perfectly recovered. So it is not surprising that the SCA, which
is based on the estimation of x;, can offer significant perform-
ance improvement.

The performance loss due to the approximation in (18) is
shown in Fig. 6, where each dimension is quantized to 20 levels.
We can see that the difference between the 5D and 2D methods
is marginal (within 0.1 dB). For the latter, two small tables of
size 20x20 are sufficient for ¢(e) and (s) .

Fig. 7 compares the simulated and predicted (using SNR
evolution) performance for the unclipped 4- and 5-layer su-
perposition coding schemes. We can see that the predicted re-
sults are in good agreement with the simulated results. This
indicates that the SNR evolution technique provides a fast and
reasonably accurate way to predict the performance of the de-
tection algorithm based on (13). Furthermore, given f{s), g(e)
and target BER, this technique can also be used to optimize the
amplitude factors {p}.(See [11] for related discussions.)

V. CONCLUSIONS

We have studied a peak-power-limited superposition cod-
ing system based on clipping. A turbo-type soft compensation
algorithm to alleviate the clipping effect is proposed. Simula-
tion results show that the proposed technique can efficiently
enhance the system performance. Possible subjects for future
work include performance analysis and power allocations for
the clipped schemes considered in this paper.
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