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Abstract

This paper proposes a family of modified turbo
codes. The decoding cost, in terms of both operation
number and storage usage, of the proposed scheme is
significantly lower (5~10 times) than the standard
turbo codes with similar performance. The scheme
can also be used to alleviate the error floor problem
and is very flexible for median to high rate code
designs.

L. Introduction

This paper is concerned with a family of
modified turbo codes [1], referred to as the SPC-
turbo codes [2]. An SPC (Single Parity Check)
technique is introduced to replace puncturing
commonly used in the turbo' codes for rate
adjustment. This greatly reduces the lengths of the
convolutional codes involved. Very simple
constituent codes, say 4-state ones, are used and
performance is maintained by a multi-dimensional
concatenation technique ([3,4]. The decoding
complexity, in terms of both operation number and
memory usage, of an SPC-turbo code is only a
fraction of that of a standard turbo code with
comparable performance. For various median to high
rates, the SPC-turbo codes can achieve BER=10" at
about 0.5dB from the theoretical limits. The
proposed scheme can also be used to improve the
noise floor problem.

II. Encoding principles
The proposed code consists of two layers of
concatenations, which are discussed separately.

A. First layer: the SPC-convolutional code
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Fig.1. A is a binary array and ¢ is the parity check
of the k-th column of A.

Let A={4;:} be a binary array and A4, be the &-th
column of A4, Fig.1. Let ay be the parity check of 4,,
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i.e., {Ax, a;} form a SPC code. We call a={a,} the
column-parity-check vector (CPCV) of 4.

The so-called SPC-convolutional code, denoted
by C, is constructed as shown in Fig2. The
information bits of C are arranged into two arrays E
and F. A codeword in C is of the form {E, F, q}.
The redundant vector ¢ is generated as the fo'lows.

e Let p be the CPCV of E.

ep is used to drive a specified systematic
convolutional code C, producing a redundant
vector p’.

o qis the CPCV of [F]
pl

We can'treat C as a rate 1/2 convolutional code
P> (p, p’). Notice that p and p’ do not appear in the
final codeword but their information is carried in E
and [‘1]. A more concise definition follows.

F

Definition 1: SPC-convolutional code .

» Arrange a codeword as 4 =[E F]. (A can have
q

variable column sizes.)
e The CPCV of A4, a={ai}={p,p’}, is in a specified
rate 2 systematic convolutional code C.
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Fig.2. An SPC-convolutional encoder. The codeword
is A={E, F, q} with g containing the redundant bits.
The CVCA of 4 is a=(p, p’)e C.

Let E and F have K columns each. Let J; and Jr
be their row numbers respectively and denote
J=JgtJr. The information length of C is JxK. The
rate of C is

JI(J+1) ¢))
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B. Second layer: the overall SPC-turbo code

Fig.3 illustrates an M-dimensional SPC-turbo
encoder. The information sequence D is interleaved
and encoded M times using the encoder in Fig.2. Let
4™ be the redundant vector of the m-th encoder. The
overall codeword is formed by {D, ¢, ... ¢*}. The
pair {D, g™} is referred to as the m-th dimension.
"Based on (1), the overall rate of this code is

R=J(FM) @)
that is adjustable. The circular technique of [S] is
employed to handle the terminations.

D . » D
SPC-convéluti onal encoder l > q(l)
PC-convqutional encoder 7

! ! !
' SPC-convolutional encoder |, g™

_Fig.3. The encodet of an SPC-turbo code where {7;,}
are interleavers. The SPC-convolutional encoder has
the structure as given in Fig.2.

C. Trellis length

The total trellis length of the SPC-turbo code
(including all the dimensions) is

L=MxK ' 3)
As shown later, L approximately determines the
decoding costs. Combing (2) and (3), we have

L=R"-1)xJxK 4)
Two observations can be made.
e L reduces for increasing R.
o Fixing R, L is independent of M.

These lead to the low decoding cost and low

error floor properties of the code, as detailed later.

IIL. Decoding method
- This section addresses the decoding issue for the
SPL-turbo code. We first describe an efficient three-
step APP (a posteriori probability) decoding
principle for the constituent SPC-convolutional
codes. We then outline an iterative decoding strategy
for the overall SPC-turbo codes.

A. APP decoding of the SPC-convolutional code
Let ¢={¢;} be the codeword in the BPSK format
{01, 11} and x(¢) ={x;}, or simply x, be the
noisy observation of c¢. Define the a priori LR
(Likelihood Ratio) of a bit ¢; conditioned on x; as
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Z,_ EZ(C’)EM (5)
Pric, =-1|x;}

This is equivalent to the definition of LLR
(Logarithm of Likelihood Ratio) [1,6] except that we
have dropped logarithm for convenjence. The APP
decoding is to find the a posteriori LR for ¢; as,

Lic,|xy= 2rie = F1Ix) ©)

Pric, =~1|x}

Denote x excluding y by x\y, with yox. Assuming
that distortions are independent, (6) can be expressed
as,

Ll(xl Ix)= Z: Ei (7)
where

=+ .
E, = E(c, | )y = Ll = Hlxlk} ()
Pr{c, = —1|xW,}

is called the extrinsic LR for ¢; provided by x\x; [1].

Eqn.(6) can be evaluated for a code defined in
Definition 1 using a three-step algorithm listed
below. It is a generalisation of the two-way
scheduling discussed in [7]. Initially, we set

Z(ak)=1 (since there is no observation of {&}).

For simplicity, “decode” below is in the APP sense.
Notice that the algorithm performs an ox.ct APP
decoding.

Algorithm 1:

Step 1: Find Ko, | 4,) for every .

Step 2: Use the results of Step 1 as the a priori LR fo.
{oy}. Decode C and find the extrinsic LR for {au}-
Step 3: Decode A ua; using the results of Step 2 as
the a priori LR for o.

In the above, Step 2 can be implemented by the
standard MAP algorithm [1]. We now give simple
rules for implementing the other two steps.

Implementation of Step 1

Let a be a binary sequence over{-1, +1}. Define
the plr (parity likelihood ratio) function
Pr{a even |x(a)} )
Pr{a odd | x(a)}
where “a even” (resp. “a odd™) is the event that a
contains an even (resp. odd) number of —1. The plr
function can be evaluated as follows. If a contain.
only one bit a, then plr(a)= L(a,). Otherwise a can

plr(a)=
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be partitioned into two non-overlapping subsets b
and c. It can be verified that

_ Pr)xplir@+1 10
pir(a) oir(B)+ pir(e) £ (plr(®), plr(c)) (10a)
with  fxy)=Oo+1)(e+y) (10b)

Back to Algorithm 1. Since @ is the parity check
of A, we have
Pr(a, =+1]x(A4,))
E(a, | x(A,)) = = plr(4,) (11)
CTTET Pr(a, =-11x(4,)) '
Based on (10), plr(Ax) can be evaluated recursively

from smaller set of 4. Start from f; = Z(Au). Let

fi=ffa, L(4,,)) forj=2,3,..r (12)
where r is the size of 4;. Then plr(A,)=/.

Implementation of Step 3
Use the result of Step 2 as the a priori LR for a;.

Step 3 involves the decoding of AU ay. Let

b ={A1,k, Azyk,. . Aj.].k}

c={Aj1 .- Arss O}

a=buc ={A|,k,... Aj.])k, Aj+]'k,..- A,.k, ak} (13)
Combining (7), (10) and (11), for any 4, in 4,

U4,)=L(4,,) pir@) = L(4,,) f(plr(b), plr(c))(14)

Here plr(b)= f has already been generated in Step 1
and plr(c) can be found using a simple recursion.
Start from e,= E(¢, | x\x(4, )) and compute

e;=fej+1, Z(Aj.k)) for j=r, r-1, ...2 (15)
Then pir{c)=e;, .

Complexity analysis
Step 1 costs r-1 f~functions per column. If A,

contains information bits only (such as a column in
E), Step 3 costs r multiplications and 2(r-1) f-
functions per column. If 4, contains a parity check

bit (such as a column in [‘1]) which does not require
F

output, Step 3 costs r-1 muitiplications and 2r-3 f-
functions per column.

B. Iterative decoding of the overall code

Fig.4 shows a global iterative decoder [2] for the
overall SPC-turbo code. It consists of a loop of M
local APP decoders, each corresponding to one
dimension. The variables are explained below.
o [ is the a priori LR vector of information bits.
o L(q™) is the a priori LR vector for g™.
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e L™ is the a posteriori LR vector of information
bits generated by the m-th APP decoder.

o E™ is the extrinsic LR vector of information bits
generated by the m-th APP decoder. It is related to

L and L™ by (7),ie., L™ = L,E™ .

The decoder in Fig.4 is a multi-dimensional
generalisation of the standard turbo decoder [1,4]. At
start, L , calculated from the individual observations,
is fed to DEC-1. The M decoders are operated
successively along the loop. The a posteriori LR
values generated by a local decoder are used as the a
priori values for the next one.

/
~*DEC-m|— DETC-M_ ]-E(:;p

L™

L™ -
Fig.4 An M-dimensional decoder. The block labelled
by T represents delay of one iteration. The switch is

at the input position initially and at the feedback
position afterwards. Initially, { £™ } are setto 1.

It is important to note the function of the block
labelled by the division sign +. It stands for the bit-
by-bit division between the feedback L™ and the
stored extrinsic LR E™={ E™} (equivalent to

subtraction in the log domain [1}). It prevents, to a
large extent, the outputs of a local decoder from
circulating back to itself again. A detail discussion
can be found in [4].

IV. Numerical results

Let M be the dimension number and N the state
number. We observed by simulation that a good
trade-off between decoding complexity and
performance is achieved by setting M=3 and N=4.
As shown in Fig.5 for rate R=1/2, the performances
of the SPC-turbo codes with (Jz,Jr)=(2,1) are almost
the same as the 2-dimansional, 16-state standard
punctured turbo codes.
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The interleavers used in the simulations are
random except that every bit should appear in E and
F for exactly JpxM/J and JpxMJJ times respectively.
For example, with M=3 and (Jg,Jr)=(2,1), every bit
should appear twice in E and once in F. This can be
easily realised by properly grouping the information
bits for E and F in every dimension.

1LE-01 —X— Turbo
—O— SPC-turbo, EJE,JFE?. 1;
—&— SPC-turbo, (JE,JF)=(3,0
LLE-02 < —X— Turbo
—&— SPC-turbo, ?E,JFg:? 13
—&— SPC-turbo, (JE,JF)=~(3,0
1.E-03 j
MY L1023
& 1.E-04 L=
@ p {
L -
1.E-05 e e <~
1=65535] gl 1 —~—
1.E-06
\o
LE-07
0 05 1 LS 2 25 3
Eb/No (dB)

Fig.5. Performance comparison between the SPC-
turbo and standard turbo codes for rate R=1/2 and
information length = 1024 and 65535. For the SPC-
turbo code, M=3, N=4, and C is given by
(1+x)/(1+x+x?). For the standard turbo code, M=2,
N=16 and transfer function is (1+x*)/(1+xtx>x>+x*).

The performances of (JgJr)=(3,0) SPC-turbo
codes is also included in Fig.5, which exhibit
relatively lower error floor. Generally speaking,
increasing the size of E leads to lower error floor.
This is because E is followed by a recursive
convolutional encoder, which introduces an
interleaving gain. However, increasing the size of F
can improve performance in the so-called waterfall
range (where the BER having a steep drop). We are
currently looking into this issue.
 During an iterative decoding process, there can
be information loss at the interfaces of the local
decoders. This may affect the convergence speed of
the multi-dimensional decoder. However, as seen
from Fig.6, the difference between 2- and 3-
dimensional decoders is less than one literation,
which is negligible when iteration number is more
than 10.
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Fig.6. Convergence comparison for the SPC-turbo
and standard turbo codes used in Fig.5 with
information length = 65535. The solid lines are for
the SPC-turbo code and the dashed lines for the
standard turbo code. The labels are iteration
numbers.

The performances of the SPC-turbo codes with
various rates are shown in Fig.7. In all the cases, the
performances are only about 0.5 dB away from the
theoretical limits, which are similar to those of the
standard turbo codes with puncturing [8].

1.E-01 ¢
3
—e—R=9/10
1.E-02 —a—R=3/4 H
—&—R=1/2
#1603
q
1.E-04
1.E05 '
0 2 4 6

Eb/No (dB)

Fig.7. Performances of the SPC-turbo codes with
various rates. The parameters are: M=3, N=4.
JxK=65535 (or nearest integers divisible by
J=Jg+Jg). The values for (Jg,Jr) are: (2,1) for R=1/2,
(6,3) for R=3/4 and (9,18) for R=9/10. Theoretical
limits: (R, Ey/No) = (1/2, 0.2dB), (3/4, 1.63dB) and
(9/10, 3.2dB).

Some other observations are:

e With state number N=4, increasing the
dimension number M to more than 3 can reduce
noise floor but cannot improve the waterfall
range.
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¢ With dimension number M=3, increasing the
state number /N to more than 4 can reduce noise
floor but cannot improve the waterfall range.

e VWith state number N=2, the best choice of
dimension number is M=4. However, the
performance is somehow worst that those shown
in Fig.5 and 7.

Complexity comparisons

The comparison below is made between N=4,
M=3 SPC-turbo codes and N=16, M=2 standard
turbo codes. As shown earlier, these two families of
codes have nearly the same performances.

We estimate the decoding complexity of the
MAP  algorithm following [9]. Including
normalisation, the cost is 8N multiplications and 6N
additions per trellis section. Therefore, setting N=4,
Step 2 of Algorithm 1 requires about 32
multiplications and 24 additions per trellis section.
For R=1/2, L equals information length (see (4)) so
cost per trellis section equals cost per information
bit. :

With R=1/2, M=3 so J=3. The combined costs of
Steps 1 and 3 are 2 f~functions and 2 multiplications
per information bit per dimension (division counted
as multiplication). Including Step 2, the ‘normalised
cost of Algorithm 1 is about 32+3x6=50
multiplications and 24+3x4=36 additions ' per
information bit per iteration.

As comparison, a 2-dimensional, 16-state turbo
code requires about 2x8x16=256 multiplications and
2x6x16=192 additions per information bit per
iteration regardless of rate. It is seen that the
decoding cost of a rate %2 SPC-turbo code is about 5
times lower than a comparable standard turbo code.

Notice that from (4), when rate R increases, the
trellis length reduces and so does the cost involved in
Step 2 of Algorithm 1. For R—1, the decoding cost
of a SPC-turbo code is about 10 times lower than
that of a punctured turbo code.

The costs of Steps 1 and 3 of Algorithm 1
increase with M, but the impact is small compared
with Step 2. Since L is independent of M for fixed R
(see (4)), the total decoding cost of a SPC-turbo code
is only marginally affected by M for median rate
codes. This feature is important since increasing
dimension number can lead to lower error floor. As
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comparison, the decoding complexity of a standard
turbo code increases linearly with M.

The storage requirement can be a serious
concern for long turbo codes, as the MAP algorithm
needs to store NxK real values during the forward
recursion, where K is the trellis length of a local
decoder. For the standard turbo code, N=16 and K is
the same as the information length. For the SPC
turbo code, N=4 and K is only a fraction of the
information length JxK. The advantage of SPC-turbo
code is clearly seen.

V. Conclusions
With comparable performances, the decoding
complexities of the proposed SPC-turbo codes are
significantly lower than the standard turbo codes.
The proposed scheme also provides a low cost means
to treat the error floor problem by adopting the
multidimensional concatenation technique.
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