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Abstract

This paper is concerned with the decoding
technique and performance of multi-dimensional
concatenated single-parity-check (SPC) code. A very
efficient sub-optimal soft-in-soft-out decoding rule is
presented for the SPC code, costing only 3 addition-
equivalent-operations per information bit. Multi-
dimensional concatenated coding and decoding
principles are investigated. Simulation results of rate
5/6 and 4/5 3-dimensional concatenated SPC codes
are provided. Performance of BER=10"~10" can be
achieved by the MAP and Max-Log-MAP decoders,
respectively, with Ep/Np only 1 and 1.5 dB away
from the theoretical limits.

I. Introduction

Recently it has been shown that concatenated
coding schemes using relatively simple constituent
convolutional or block codes can achieve
performances close to the theoretical limits [1-4].
The MAP (maximumni a posteriori) soft-in-soft-out
decoding algorithm [S5] together with the iterative
decoding strategy are essential for such schemes. The
trellis based MAP algorithm has been adopted in
most related work so far [1-4]. Although the trellis
approach is also applicable to block codes [5,6],
more efficient alternative soft-in-soft-out algorithms
can be developed in many cases, as shown in this
paper and in some related work [7-9].

The single parity check (SPC) code [10] is
one of the simplest codes. The concatenated SPC
codes have been considered by many authors [11,12]
and it has been shown that high performance coding
schemes can be devised using the multi-dimensional
concatenation technique. In this paper we will
introduce a very efficient sub-optimal soft-in-soft-out

decoding rule for the SPC code, which costs only 3
addition-equivalent-operations per information bit
(AEO/IB). This is compared with 20 AEOQO/IB
required by the equivalent trellis based sub-optimal
approach [13]. We will also propose a modular
multidimensional turbo-type decoder structure which
has demonstrated very good convergence property.
The decoder structure is also applicable to other
concatenated codes [9].

Simulation results of rate 5/6 and 4/5 3-
dimensional concatenated SPC codes will be
provided. Performance of BER=10"~10" can be
achieved by the MAP and the proposed sub-optimal
decoders with Ey/Ny 1 and 1.5 dB, respectively, away
from the theoretical limits. '

II. MAP and Max-Log-MAP rules

Consider a binary code C with values in
{-1,1}. The transmitted codeword is denoted by
u={u[j]} and the distorted signal by x={x[j]}=u+n,
where n={n[j]} is a vector of independent random

Gaussian variables with zero mean and variance o°.

Construct a vector L of the a priori probability
ratios conditioned on individual received symbols
[3.4],
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Assume that all the codewords in C have
independent and equal probability of occurrence.
The output of an MAP soft-in-soft-output decoder
can be described by [3-5],
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where < ¢,I, > is the inner product of ¢ and L. and
the summations are over all the codewords with
c[jl=+1 and -1, respectively. To reduce the
computational cost, we can approximate each of the

summations in (2) by the dominant term, resulting in
the so-called Max-Log-MAP decoder [4,13],

L[]l = l[ max {<¢,L >} - max {<ecL >}) (3)

2\ e[j]=+1 cfj]=-1
The maximizations are over all the codewords with
c[j]=+1 and -1, respectively. The trellis approach
[6,13] can be used to evaluate (3) for the SPC code
which costs about 20 AEO/IB. In the following we
will introduce a faster and simpler method requiring

only 3 AEO/IB.

II1. Efficient Max-Log-MAP soft-in-soft-out
decoding rule for the SPC code

Every codeword in a SPC code considered
below has an even number of -1 bits [10]. Define a

vector s={s[j]} by s[j]=sign(}f,[j]| ). Clearly,
> e

J

Denote by jm and j; the indices such that
"E[jm]’=min{1f[j]l} and ’EUS]] =min{]im] Ci#m),

ie., T[] and L[j,], respectively, have the minimum

“)
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and the second minimum amplitudes among the

entries of L. Let p be the number of -1 bits in s. It is
easy to verify that for p even,

max {<e¢,L>} = <s,L> for all j (52)
cljl=si
= J<sLe> =20 L[+ Lim] D ifi%im  (5b)
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and for p odd,
~ <8,L>-72 Lfjp]] if j# jm ,
<e,L>}= - m (5¢)
C{ﬁ’f"sm{ L} {<s,L>—2\LUS]\ 5=,
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From (5) we have the following rule for evaluating
(),
sUI(CGY + [Elim ] if p even and j= j,
sOIT L)+ [Tl i p even and j= jp,
s[I(CL-1E0m ) if p odd and j = j,
sHI(EGN - [T U1 if p odd and j = j,
(6)

Ignoring the operations for taking the absolute value
and negation, the complexity of the above decoding
rule is 3 AEO/IB, (For a length-n SPC code with n-1
information bits, finding j; and jn requires 2n-3
comparisons and (6) involves n additions.)

Eqn.(5) can be compared with the Wagner rule
[14] for finding & that maximizes <c¢,L> in a SPC
code, i.e., &¢=s for p even and ¢ =s' for p odd, with
s'[j] = s[j] except for s'[j,,]= —s[j,]- The Wagner
rule is the most efficient soft-in-hard-out decoding
method for the SPC code. It costs only 1 AEO/IB
while a trellis based algorithm [6] costs about 6
AEO/IB.

L[j] =

IV. Multi-dimensional concatenation SPC codes

High rate, high gain codes can be constructed
using multi-dimensional concatenated SPC codes.
We adopted the following concatenation scheme. Let
D be an IxJ array of information bits. Let D,=n,(D)
be an IxJ array obtained from D using interleaving
7y, 1=1,2,..., N. The interleaver length is denoted by
Ng=IxJ. Apply a length J+1 SPC code row-wise to
every D,, n=12..N, producing N parity check
vectors {P, | n=1,2.N}, Fig.1(a). The overall
codeword is formed by D and Py, P,, ... Py, Fig.1(b).
We call D,P, the n-th dimension. The overall coding
rate is R=J/(J+N).

The product codes without checks on checks
[4] are special cases of the above scheme, e.g., when
N=2, I=J, Di[i,j]=DIi,j] and Da[i,j]=DI[j.i], the above
scheme is equivalent to a 2-dimensional product
code. However the above scheme has the advantage
of allowing flexible interleaver length. The above
scheme can also be regarded as an instance of the
codes considered in [12]. The regular structure above
facilities the design of the interleavers. Notice that
the dimension in this paper is equivalent to the
degree of systematic nodes used in [12].
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Fig.1 An N-dimensional concatenation scheme. (a)
The encoding process. (b) The overall codeword.

V. Iterative decoder for multi-dimensional
concatenated codes

An iterative decoding strategy for the
multidimensional concatenated code is illustrated in
Fig.2. The global decoder, Fig.2(a), consists of N
decoding modules detailed in Fig.2(b). The block
labeled by F, consists of the interleaver m,, the MAP
or Max-Log-MAP -decoder and the de-interleaver

o . Its input vector of a priori probability ratios in
the m-th iteration can be decomposed into two parts,

denoted by ipn and ffg‘) respectively. Epn is for the

parity check bits in the n-th dimension and it remains
unchanged throughout the decoding process. E(I')“) is

for the information bits which is updated iteratively.
The a posteriori ratio vector I_fg‘) is generated by F,
n

for the information bits and is delivered to the next
decoding module as its input. Following the turbo
decoding technique [1], the extrinsic information
vector is defined by

(m) _ y(m) _ §(m)
WDn Llln L

Q)

As suggested in [1], the extrinsic information
should be prevented from circulating back to its
generator. In the decoder in Fig.2, this is realized by

subtracting the delayed values of w{™ in front of

the MAP decoding block F, as,
7 - ) -1)
Lg) =) -wir ®
Combining (7) and (8) we have a basic
relationship for the decoding module DEC-n,

(m) (m) _ gm)_ y(m-1)
L LD,,_, WDn WDn

(92)
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Fig.2 An N-dimensional decoder. (a) The global decoder. (b) The detailed structure of DEC-n. (¢) The
block labeled by F, in (b) consists of a MAP decoder and an interleaver/de-interleaver pair. The
MAP decoder can be approximated by a Max-Log-MAP one. T represents delay of one iteration.
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with the understandings that

) L[ form=0 (the switch at the input position)
Lp, = L™ form>0 (the switchat the foed back position)
(9b)
and
Wg:]):o n=1,2, caey N (90)

Eqn. (9) can be treated as a difference equation. Its
solution below characterizes the decoder in Fig. 2(a),

+ Y wim e > owim-Do(10)
né n P o n%—: n P v

Fig.2 represents a serial up-dating process, i.e., the N

decoding modules {F, | n=1,2,...N} are activated in a

serial manner. This is somewhat different from the

(m) _+
Ly, =Lp

multi-dimensional ~ decoder in [3], whose
characteristic function can be described by,
(m) _ ¥ (m-1)
L) =L+ Y Wi (11)

n'#n

Eqn. (11) can be regarded as a parallel process in
which all N decoding modules can be activated
concurrently during the m-th iteration, since the left
hand side of (11) depends only on the results of the
(m-1)-th iteration. As indicated in [3], a damping
factor is required in the iterative process based on
(11). We have observed that this is not necessary for
the iterative process based on (10). The good
convergence property of the latter is due to the factor
that the up-dating of the information ratios in (10) is
carried out in a gradual, successive way. The decoder
structure of Fig.2 thus represents a relatively simpler
and more robust solution when a serial processor is
used. The decoder structure based on (11) can be
advantageous when parallel processors are available.

The decoding principle discussed above is
very general and can be applied to other concatenated
codes [9].

V1. Simulation results

) The parameters used in our simulation are
J=20 and I=500. Thus N4=10,000. The dimensions
are chosen as N=4 and 5. The equivalent full size
product codes would require a huge information size
of 20*=160,000 bits and 20°=3,200,000 bits
respectively, that can be undesirable for some
practical systems.
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The interleavers used are described by
Du[1,j]=D[on(i,)), j] with an(i,j)= (i + jxJ,) mod 500.
We have empirically chosen {J,}={0, 1, 25, 127} for
N=4 and {J,}={0, 1, 20, 480, 499} for N=5. The
simulation results are shown in Fig.3 and Fig4,
where the performances of the MAP decoding with
20 iterations are also included. The following can be
observed for the curves with 20 iterations.

BER of about 10™~107° can be achieved by the
MAP and Max-Log-MAP decoders, respectively,
at about 1 dB and 1.5 dB from the theoretical
limits of SNR.

All curves appear to converge at high Ey/Nj.

The maximum difference between the
performances of the MAP and Max-Log-MAP
methods is about 0.6dB for N=5 and about 0.4
dB for N=4, respectively .

The curves have corner points at around
BER~10° and Ey/Ny3dB (flattening effect).
Such phenomenon has also been reported for
turbo codes [2].

For the Max-Log-MAP method most coding gain
is achieved with three iterations. This has also
been observed for the MAP method.
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Fig.3 Simulation results for a four-dimensional
parallel concatenated [21,20,2] SPC coding
scheme. N=4, 1=500, Ny~=10,000 and rate=5/6.
Theoretical limit, E,/Ny~2.3dB. MLM stands for
Max-Log-MAP.
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Fig.4 Simulation results for a five-dimensional
parallel concatenated [21,20,2] SPC coding
scheme. N=5, 1I=500, N4=10,000 and rate=4/5.
Theoretical limit, E;/Ny=2dB. MLM stands for
Max-Log-MAP.

V. Conclusion

A very low cost, sub-optimal, soft-in-soft-out
decoding rule for the single parity check (SPC) codes
has been presented. Multi-dimensional concatenated
coding and decoding principles have been discussed.
Simulation results show that the performance of
BER=10" can be achieved with Ey/Ny only 1~1.5dB
away from the theoretical limits.
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