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Performance Analysis of Turbo-SPC Codes
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Abstract—This correspondence concerns the performance analysis of
turbo-single-parity-check (SPC) codes based on the union bound of bit-
error rate (BER). A treatment of the special interleavers used in turbo-SPC
codes is discussed. It is shown that simple two- or four-state turbo-SPC
codes with multiple component codes can perform comparably as (or even
better than) the 16-state standard turbo codes. Using more complex trellis
codes (with state number more than 4) appears unnecessary for such
codes. Instead, performance improvement can be achieved by increasing
the number of component codes, which maintains the low decoding
complexity property of turbo-SPC codes.

Index Terms—Free distance, parallel concatenated codes, single-parity-
check (SPC) codes, turbo codes, union bound.

I. INTRODUCTION

Turbo codes are powerful error-correcting codes [1]. Recently, it has
been shown that turbo-single-parity-check (SPC) codes [2] provide a
low-complexity alternative to the standard punctured turbo codes [1]
for adjustable coding rates. The decoding cost of a turbo-SPC code is
usually much lower (5-10 times) than that of a standard turbo code
with comparable performance, which is important from the implemen-
tation point of view. Previous work [2] on turbo-SPC codes is mainly
based on simulation for the bit-error-rate (BER) range above 10=%. For
high-quality systems, such as data communication and storage systems,
a BER of 10~ or even lower may be required but then simulation be-
comes excessively time consuming. In this case, the bound technique
is a more efficient approach for performance assessment [3]-[9].

This correspondence concerns the performance analysis of turbo-
SPC codes in the error floor range. The union bound [3] is adopted
for this purpose that provides an upper bound on the optimal max-
imum-likelihood (ML) decoding. However, the decoding of turbo-SPC
codes is accomplished by a suboptimal iterative process. Thus, the
union bound is actually “an upper bound of the lower bound” on the
BER performance of turbo-SPC codes. Nevertheless, this approach is
still useful since it has been repeatedly observed that simulation results
of turbo codes agree well with the union bound results in the error floor
range.

Based on the union bound results, we will show that increasing
the number of component codes is an efficient approach to improve
the performance of turbo-SPC codes without seriously increasing the
decoding cost [2]. It will be shown that some simple two- or four-state
turbo-SPC codes can achieve performance comparable to (or even
better than) much more complex 16-state standard turbo codes, and
the use of more complex trellis codes (with more than four states)
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Fig. 1. The encoder of a convolutional-SPC code. The codeword is formed by
{E.F.p}.

seems unnecessary. These findings serve as a helpful guideline for the
design of turbo-SPC codes.

It can be shown that some concatenated tree codes studied in [10] are
special cases of turbo-SPC codes. Thus, the discussion in this corre-
spondence also provides a means for the performance analysis of such
codes in the error floor range, where simulation is difficult.

II. TURBO-SPC CODES

In this section, we briefly review the structure of turbo-SPC codes
and propose a two-interleaver technique to solve the error floor problem
of such codes.

A. Convolutional-SPC Code

Convolutional-SPC codes [2] are component codes of turbo-SPC
codes, in which an SPC precoding technique is adopted for rate ad-
justment. Compared with other rate adjustment techniques based on
puncturing, the SPC precoding technique leads to greatly reduced de-
coding complexity [2].

A convolutional-SPC encoder [2] is illustrated in Fig. 1. The infor-
mation sequence is divided into two arrays E and F with Jr and Jr
rows, respectively, and K columns. The encoding procedure can be
summarized as follows.

e Foreach k (k= 1,..., K), calculate the parity check ¢, of the
kth column of E.

* Use ¢ = {¢x} to drive a systematic trellis code C', producing a
parity vector ¢ = {q}.

e Foreach k (k = 1,..., K), calculate the parity check ps of the
kth column of |

* The final output is {E, F,p}, where p = {ps}.

(Note: The intermediate vectors ¢ and ¢’ do not appear in the final
output.) The trellis representation of a convolutional-SPC code can be
derived directly from that of C [2], [10]. Based on its trellis representa-
tion, the input—output weight distribution of a convolutional-SPC code
can be obtained using the technique introduced in [11], which is useful
in calculating the union bound [3] for the overall turbo-SPC code (as
will be discussed in Section II-C).

B. Recursive and Nonrecursive Parts

The recursive linear code has the property that a weight-1 informa-
tion sequence will always produce a codeword with infinite weight
(assuming an infinite code length). For convolutional-SPC codes in-
troduced in Section II-A, it is easy to verify that if C is recursive, a
weight-1 information sequence will always produce an infinite-weight
codeword if the information one is in E. Otherwise, if the information
one is in F', it will produce only one parity one. For this reason, we call
E the recursive part and F' the nonrecursive part, respectively.

0018-9448/04$20.00 © 2004 IEEE
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C. Turbo-SPC Codes

A turbo-SPC code C' is constructed by concatenating M component
convolutional-SPC codes in parallel via interleavers [2]. The overall
codeword of a turbo-SPC code is formed by {D,p®, ... p™M~—D},
where D = {E, F} and p'™ is the parity sequence generated by the
mth component encoder.

With uniform interleavers [3], the input—output weight distribution
of a turbo-SPC code can be obtained from those of its component codes
[3], based on which the union bound on BER can be generated as [3]

1 w EvR
h <= T w,j A/ —F
P < 3 Ed Ej LA Jerfc< d N ) (€))
‘ w+J7':d

where L is the interleaver length, I? the coding rate, and 4. ; the
number of codewords with information weight w and parity weight j.

D. Error Floor Problem of Turbo-SPC Codes With Uniform
Interleavers

The concept of uniform interleaver [3] greatly simplifies the analysis
of turbo-type codes. However, we will show that the use of uniform
interleavers leads to a serious error floor problem for turbo-SPC codes.
A cyclic interleaver will be proposed to solve this problem.

The conditional redundancy weight enumerating function (CRWEF)
of a code C' is [3]

AS(zZ) = ZJ Ay 70 )

where A, ; has the same definition as in (1). With uniform interleavers,
the CRWEF of a turbo-SPC code C' can be derived from those of its
component codes C™)(m = 0,..., M — 1) as

o M—-1 o(m) L M—1
Au(2) = <H AL <Z>>/<w> 3)

m=0

where AS'™ (Z) is the CRWEF of "™, (Note: The weight distribu-
tion obtained in this way is an average over the ensemble of all possible
interleavers.) Assume Jr > O andlet J = Jg + Jp. Forw = 1 we

have
M—1 - M—1
e _ Lotm) KJ
AV (2) = <H Aj (Z))/( ) )
Mot
= <H A7 (Z))/(I{J)Ml. )
m=0
Let Alc(m) (Z)= Nlc(m) (Z)+ other terms, where Nlc(m (Z) con-

sists of the terms generated by those weight-1 information sequences
whose only information one appears in F for the mth component code.
It is easy to see that Nlc(m) (Z) = KJrZ with K Jr the size of the
nonrecursive part. Then (4) becomes

AV(Z)y=KJp (Jp) D)V Z™ 4 other terms. 5)

The first term in the right-hand side of (5) represents codewords with a
relatively small weight of M + 1 (parity weight = 3 and information
weight = 1), whose multiplicity grows linearly with the interleaver
length. Such codewords lead to a high error floor, which has been con-
firmed by simulation results.

E. Two-Interleaver Technique to Overcome the Error Floor Problem

In the following, we propose a two-interleaver technique to treat the
error floor problem mentioned above. Partition the information array D
into M nonoverlapping subsets D, D(1),..., D™~ with equal
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Fig.2. Union bounds on BER for a two-state turbo-SPC code with L = 200,
M =4,(Jp,Jr) = (4,0), generator = 1 /(1 + ), and different dvalues.
Simulated result is included for reference. Notice that the simulated result is
above the bound results for 2.3 dB < Ej/Ny <4 dB. Similar phenomenon
has been observed in other literature [8], which may be due to the suboptimal
iterative decoding.

size J x K/M.Leta' = JyM/.J anda” = Jp M/.J. We assume that
a' and @ are both integers.! Define

(x) = x modulo M.

For the mth component code, E is obtained by applying a random in-
terleaver to the elements in D) pUm+1) , DUm+a'=1) 4pg
F is obtained by applying an independent random interleaver to the el-
ements in the complementary of E in D. In this way, every information
bit will be in E and F for exactly a’ and a” times, respectively, over M
component codes. With Jg > 0, the above two-interleaver technique
eliminates the error events related to weight-1 information sequences
(assuming an infinite interleaver length), since the information one will
appear in E at least once and generate an infinite parity weight if C'is
recursive.

Recall that (3) is based on the assumption that one uniform inter-
leaver is used for each component code [3]. This assumption is no
longer valid if the two-interleaver technique is used. A solution to this
problem is given in the Appendix.

III. PERFORMANCE COMPARISONS

In this section, we present a comparative study between turbo-SPC
codes and turbo codes. We will focus on the performance in the error
floor range where the union bound is relatively accurate. Simulated re-
sults will be used as supplements in the waterfall range where the union
bound is quite loose. Let L be the interleaver length, M the number of
component codes, .S the state number of the reference convolutional
code C, and R the code rate. Throughout the following discussions,
we will use a standard 16-state 1/2-rate punctured (37, 23) turbo code
(with generator (1 + = + 2% 4+ 2® + 2*) /(1 + 2 + 2*)) as reference,
which is known for its low error floor [12].

A. A Numerical Consideration

Denote by dmax the maximum value of d in (1). With large dmax, the
generation of the whole { A, ;} is very time consuming. One solution
is to choose a number d < dmax and approximate the summation in (1)
by a smaller one containing only those terms with d < d. Fig. 2 reports
the impact of d on the union bound of a two-state turbo-SPC code. It
is seen that all curves merge around E; /No = 3 dB and stay together

IThis may not be satisfied for every (R, M) pair, but usually we can find
suitable values to meet the requirement.
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Fig. 3. The comparison of the free-distance asymptotes for turbo-SPC codes
and the reference turbo code with L = 200 and R = 1/2. The turbo-SPC
codes have S = 2, (Jr,Jr) = (M,0),and M = 2 ~ 7. All the
codes are terminated using approximately eight extra bits. The solid lines are
for turbo-SPC codes and the dashed line for the turbo code.

from there on. Therefore, d = 20 appears sufficient for analyzing the
error floor behavior, and will be used throughout the later discussion.

B. Asymptotic Behavior of Turbo-SPC Codes With Only
the Recursive Part

For high signal-to-noise ratio (SNR) values, (1) is dominated by the
free-distance term [13]

TT,’frCQ " JVfrcc 1 N EbR
P, ~ — T X §t‘lfL <m> ©)

where wee 1S the average weight of the information sequences
generating free-distance codewords, and Ny.. is the multiplicity, or
thetotal number, of free-distance codewords. Equation (6) is some-
times referred to as the free-distance asymptote of a code [13].

We first consider the turbo-SPC code with only the recursive part,
ie., Jr = 0. In this case, the two-interleaver technique simplifies
to generating one random interleaver, so (3) is applicable assuming
one uniform interleaver. This helps to gain some insights into the code
structure.

With Jr = 0 and Ji > 2, the free-distance codewords correspond
to the situation of weight-2 information sequences with both infor-
mation ones appearing in the same column in every component code.
Thus, dfee = 2 and [14]

e (5) (4 (2)/(4)

M—=2
~ LT - Y (l) . ™)

Clearly, increasing either L or M leads to lower Nyec, i.e., lower
error floor. Fig. 3 illustrates the free-distance asymptotes for turbo-SPC
codes with different M. The free-distance asymptote of the reference
turbo code is also included, which has dfree = 4 and Nipee =~ 2.22 X
107%. The turbo code has better asymptotic performance at very high
SNRs due to its larger d.e, but in the range of practical interest (e.g.,
BER > 10~®), turbo-SPC codes demonstrate better potential.

C. Impact of the Numbers of States and Component Codes

Based on the above discussion, for turbo-SPC codes with Jr = 0
and .Jp > 2, their diree and Niree are independent of the convolutional
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Fig. 4. Performance comparison among turbo-SPC codes with L = 200,

(Je,Jr) = (M,0),M = 4,5,6,and S = 2,4, 8. The solids lines are
for simulated results and the dashed lines for union bounds.

code €' used. However, the use of more complex C can reduce the
multiplicities of other small-weight codewords and still lead to better
performance.

The effects of increasing M and/or S are compared in Fig. 4.
Turbo-SPC codes with two, four, and eight states are based on genera-
tors 1/(1+a),(14+2)/(1+a+2?),and (1+2° +27) /(1 +x+2?),
respectively. It can be observed that the advantage of increasing S to
more than four is marginal, and increasing M can suppress the error
floor more efficiently.

We make a brief comparison for the decoding costs of the codes in
Fig. 4. Use the (M = 4, S = 2) code as a reference. Increasing M
from 4 to 5, the decoding complexity increases only by a factor of 5/4
[2], while increasing .S from 2 to 4, the decoding complexity at least
doubles. (It is shown in [2] that based on a normalizing technique, the
decoding cost of a two-state trellis code is only about 1/3 of that of
a four-state one.) Therefore, increasing M appears a better choice if
only the error floor performance is concerned. Overall, we have the
following observations.

* For BER above 2 x 107", the (M = 4, S = 4) turbo-SPC code
seems the best choice. Although the turbo code has comparable
performance in this range, its decoding cost is about five times
higher.

« For BER below 2 x 1077, the (M = 6, S = 2) turbo-SPC code
is a favorable choice.

Notice that increasing M to more than 5 leads to performance degra-
dation in the waterfall range. We are still investigating this issue.

D. Turbo-SPC Codes With Hybrid Recursive and Nonrecursive Parts

We now consider the impact of the relative sizes of the recursive
and nonrecursive parts on the performance of turbo-SPC codes. We use
turbo-SPC codes with R = 1/2, M = 4, § = 2, generator = 1/(1 +
x), (Jg,Jr) = (4,0) and (3,1) as examples. The two-interleaver
technique discussed in Section II-E is employed for the (3,1) code.

Compare dfree and Nee for these two codes. As explained in Sec-
tion III-B, for the (4,0) code we have

N o 1 w (1YY 81 1
dﬁ-ee =2 and —’\ﬁ'ee = A270 ~ 5(] - 1) <E) = 7 . ﬁ‘
(8a)

The free distance codeword of the (3,1) code corresponds to the
event of weight-2 information sequences with both information ones
appearing in the same column in E in three component codes (and
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Fig. 5. Performance comparison for turbo-SPC codes with (Jg, Jr) =
(4,0) and (3,1). M = 4,5 = 2, generator = 1/(1 + z), L = 200 and
1024. The solids lines are for simulated results and the dashed lines for union
bounds.

they generate two nonzero parity bits when they are in F in the rest
component code). Thus, for the (3, 1) code, we have

c
dfrce =4 and Niroe = A3 5

S5/ ()

Lo (Je=1\"T 61
T2 T2 L

JpK

Comparing (8a) and (8b), N decreases faster as L increases for the
(4,0) code. This effect can be seen from Fig. 5, where comparison is
made for L = 200 and 1024. It is seen that the (3, 1) code is always
superior to the (4, 0) code for L = 200. However, for L = 1024, the
later outperforms the formerin 2 dB < Ej/No < 5 dB. This is because,
as L increases, Ngee decreases faster for the (4,0) code than for the
(3,1) code. For very high Ej,/No(> 5.5 dB), the (3,1) code (with
L = 1024) still has lower error floor due to its larger free distance.
Another advantage of the (3, 1) code resides in its waterfall behavior,
which is always better than that of the (4,0) code. The performance
improvement due to the increase of L agrees well with the results for
standard turbo codes [3], [5].

(8b)

-1

IV. DiscussION AND CONCLUSION

We have applied the union bound technique to assess the error floor
behavior of turbo-SPC codes. Based on the bound results, we have
shown that simple turbo-SPC codes with two or four states can achieve
similar (or better) performance compared with the standard 16-state
turbo code.

From Figs. 3-5, it is seen that for a specific required BER value, we
can always find some two-state turbo-SPC codes to achieve comparable
performance as the standard turbo code at much lower decoding costs.
If the BER requirement is specified over a wide range, then four-state
turbo-SPC codes seem to be good choices. Using more complex com-
ponent codes has only marginal benefit. Instead, performance improve-
ment in the error floor range can be achieved more efficiently by in-
creasing the number of component codes, which is an attractive ap-
proach since it maintains the low-cost property of turbo-SPC codes.
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APPENDIX
WEIGHT DISTRIBUTION FUNCTION OF TURBO-SPC CODES WITH
TWO-INTERLEAVER TECHNIQUE

In this appendix, we outline a technique to obtain the CRWEF of
turbo-SPC codes using the two-interleaver technique introduced in
Section II-E. The key problem is to separate the input weights involved
in two interleavers for every component code. We use two dummy
variables U and V' to indicate the weights of E and F, respectively.
Thus, the definitions of CRWEF in (2) should be modified to

> AueaZ ©)

where Aum, ; denotes the number of codewords with v ones in E, v
ones in F' and j ones in p.

Consider a turbo-SPC code C' consisting of M component codes
c©, cM ., ™D Letw be the information weight and

Au(2) =

© w

w=(w @)

the numbers of ones in D®, DM ... D™M=1 with

M—1

Z ’U’( =) — = w.

=0

Considering all the possible distributions of w ones in D(O),
DW, ..., DY~ the probability of a particular event w is

M—1 .
aK J K
=10 (00)/ ()

where « is the number of rows in each subset D(*) and a K the size of
each subset D) (0 < # < M — 1).

Using the two-interleaver technique in Section II-E, the E
part of the mth component code is composed of the elements in
D(<m>), cee, DUm+a’—1)), Thus, for ¢, the number of ones in E
is

10)

7n+u’—1
u(m) = Z w((x)), 0<m<M-1 (11a)
and the number of ones in F' is
v(im) =w —u(m), 0<m<M-1 (11b)

where a” and {-} are defined in Section II-E. Therefore, r’ifé,::)) o) (Z)
represents the conditional weight distribution of C'"™) for a particular
w. Then, two independent uniform interleavers are applied to E and
F, respectively. Considering all the possibilities, the event of a specific
interleaver pair has the probability of

1
Jp KK Jr K\’
u(m) v(m)
Based on the work of [3], the parallel concatenation of M such com-

ponent codes has the following conditional weight distribution for a
particular w:

/jm =

12)

M—1

~c(m)
3 H '1u(m) U(m) )

m=0

13)
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where
M—1
3= H B (14)
m=1
Considering all possible w, we have the CRWEEF of C'
M-—1 ()
AG(Z) = Z <0¢/3 H Af(wn),u(nz)(Z)> . (15)
w m=0

Keep in mind that w(m), v(m), o, and 3 are all functions of w as
defined in (11), (10), and (14).

The complexity of the above technique is considerably higher than
that of the standard method for generating CRWEF in (3) [3]. There-
fore, it is most useful when d is relatively small, say, d < 30. Such d is
sufficient to provide reasonably accurate assessment for the error floor
behavior, see Fig. 2, but it is not sufficient for the waterfall behavior,
for which we still rely on simulation. For the waterfall behavior, the
tangent sphere bound [7]-[9] is much tighter than the union bound but
it requires the whole weight distribution { A, ;} for a turbo-type code
[7]-[9]. This constitutes a difficulty for the two-dummy-variable tech-
nique introduced above due to complexity.
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Burst Erasure Correction Codes With Low Decoding Delay

Emin Martinian, Member, IEEE, and
Carl-Erik W. Sundberg, Fellow, IEEE

Abstract—We present a new class of systematic, time-invariant, convolu-
tional encoders suitable for low delay burst erasure correction. Specifically,
we show that the new encoders have the shortest possible decoding delay
required to correct all bursts of a given length with a fixed redundancy.
By comparing the new encoders to maximum distance separable (MDS)
codes, we show that the latter generally require either more redundancy or
more delay to correct bursts of a given length. In addition, we show that
the new encoders can achieve better performance than MDS codes on a
simple two-state Markov erasure channel. Thus, we demonstrate the ad-
vantages of using cross packet coding for delay-sensitive applications such
as Voice over Internet Protocol, video-conferencing, etc., on bursty packet
networks. Finally, we discuss suitable performance measures for encoders
designed to correct both burst and random erasures and report the results
of a computer search for such hybrid encoders.

Index Terms—Convolutional codes, erasure channel, low-delay coding,
maximally short codes.

I. INTRODUCTION

Recent investigations suggest that, in a variety of networks, packet
losses occur in bursts [3]-[7]. Conventional application of error-cor-
recting codes or retransmission (e.g., automatic repeat request (ARQ))
for packet recovery often requires interleaving and long decoder de-
lays. Since long delays are usually unacceptable in real-time multi-
media communication applications such as Voice over Internet Pro-
tocol, video-conferencing, tele-medicine, etc., erasure correction codes
with low decoding delays are desirable.

Specifically, consider a scenario where a source (e.g., audio or video)
must be transmitted over a packet channel (e.g., the Internet). Specif-
ically, imagine that every second, one frame of the source consisting
of k bits is provided to the encoder. Similarly, each second the trans-
mitter can send a packet of n bits which is either received correctly at
the receiver or erased (e.g., due to congestion at an intervening Internet
router). Due to delay constraints, the receiver must attempt to repro-
duce source packet ¢ from the received packet stream with a delay of at
most T packets. How should the transmitter encode each source packet
into a channel packet such that the system is robust to bursts of packet
losses?

Previous researchers have mostly focused on codes designed to
maximize burst error-correcting capability without regard to decoding
delay (see [8]-[16] and references therein). An important metric in
such work is the relationship between rate, correctable burst length,
and guard space (the number of correctly received symbols required
between bursts). In contrast, we consider codes for burst erasure
correction and are primarily concerned with the relationship between
rate, correctable burst length, and decoding delay.
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