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Approaching low rate Shannon limit using
concatenated Hadamard codes

W.K. Leung, K.8. Ho and Ii Ping

A family of concatenated Fladumuad codes is presented, which
have ipcl‘fo|'mancc.'; close Lo the low rate Shannon limit. A BER of
~10 7 at an £/N; = —LI15JB has boen shserved using an
interleaver length of 60000,

Fatroduction: 1t is well known that the ultimate capacity of an
additive white Gaussian noise (AWGN) channel is /Ny =Tn 2 =
-1.59dB (the Shannon limit), 1n this Letler, we present a family of
turbo-type {1] concatenated IHadamard codes thal have a perform-
ance which approaches the Shannon limit. We propose to adopt
constiluent two-state trellis codes with a large number of parallel
branches associated with codewords rom a Hadamard code [2].
This makes full advanlage of the inherent ceding gain of IHad-
amard codes as well as 1he intetleaving gain of irbo-Lype concate-
nalcd codes. The new method also has a very modest decoding
complexity. This properly is due to the simple trelfis structure

used, as well as a very cfticient « posreriori probability (APP)
decoding algorithim tor the Hadamard code [2].

We show thal the now scheme ¢an achieve a BER = 109 at an
E /N, = - 115d13 with an interleaving length L = 60000. L is only
~0A4dR away [rom the ultimate Shannon limit, Apart from the
theoretical interest, such codes may also find applications in
CDMA systems,
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Fig. 1 kil section (ktfe depeht) of tredtis concatenation of 2" iladwmard
edles

m=13

Sequenees associated with branches shown, referred Lo as branch out-
puts, form g 1Tadamard code

Code striicture; (1) trellis coneatenation of Hadumard codesy Tig. |
shows the kth trellis scetion of the scheme, associated with a
length 27 bi-orthogonal Hadamard code [3] with 27! codewords,
A simple two-state trellis is used, with an even and odd state in
every section, There are 241 parallel branches between any two
consecutive states. Allogether there are 2040 branches in cvery sec-
tion, each labelled by a unigue Hadaniard codeword. The tretlis
always starts at an even state. The input information bits are
divided into grovps of m bits cach, Given a parlicular state, the
next aroup of # information bits determines a branch along the
cading path and so the next state. The Hadamard code used is
encoded systematically, with the information positions indicated
by the hats in g 1.

A key strategy here is to divide the set of Hadamard codewords
into four subsets. Two of these subsels are called even subsets and
the other two are called odd subsets. Fach of the two even (odd)
subsels contans an even (odd) number of information bits at a
value of 1. The even subscts are assigned 1o the branch belween
the stales of the same parity (i, eveneeven or odd-odd connec-
tiong), The odd subsets are assipned to the branch belween states
with opposite parities (i.c. cven-odd or odd-even comnections), The
all-zero codeword is always assigned to a branch belween iwo
even-sliles,

This trellis structure has & recursive natore sinvilar to that of the
recursive convolutional code commonly used for turbo codes. This
properiy cun be seen by examining the codewords corresponding
lo a weight-1 information sequence (ie. a sequence containing
only one bit of value 1). For a weighl-1 sequence, the encoding
path in Fig. 1 will deviate from an even state 1o an odd stale at
the inpul block containing the only bit-1 and will stay with the
add states therealier, The encoder will then continuously produce
nonzera cutpuls. Therefore, a weight-1 inpot sequence has a very
high probability of generaiing a codeword with a high weight
{unless the bil-1 appears vear the end of the trellis, but this is a
small probability event). Based on the analysis of [4], it can be
shown that this property will lead Lo an interleaving gain, similar
to that of ordinary turbo codes.

Another feature of the scheme is thal every branch {associated
with & [ladamard codeword) now carries mulliple inlormation
bits. ‘This exploves the inherent coding gain of the Iadamard code
lor error protection. It also implics lower normalised decoding
costs measured by the number of operations per information bit.
(i) Overalf code: The code in Fig, | can be cencalenaled again in
a parallel manncr as shown in Uig, 2, referred 1o as a Hadamard-
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turbo code, The coding rate of the propoesed code is mf{m - M2
- m)), where A is the number of dimensions. The principle is simi-
lar to that of mullidimensional wurbo codes and related schemes
studied in [5 - 7).
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Fig. 2 Eneoder for three-dimensional Hadamard-turbo eode

1y is the information sequence. Each constituent encoder here has
same struclure based on trellis section shown in Fig. |, except that
only patity bits arc coliceted which Tovm the veclor PO f= 1,02, 04
a® ;= 1.2, 3 stands for interleavers. Overall codeword is {D, PO,
p(ﬂ, p(,’i)}.
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Fig. 3 Perforinences of concatengted Hodamard-tiwba codes with inrer-
feaver length of 60000

m s order of Hadamard code (Lo, its length is 2% amd M 15 the
number of chmensions, lteration number = 30.

® =7 and M =3, rulc = ¥3I70

Wi =5and M =4, vatc = 5113

Deceding method: The global decoder for the code in Fig. 2 fol-
lows the general itcrative turbo-wype deceding principle studied in
[6]. An efficient APP decoding procedure for the constituent codes
is listed below.,

Step (i Perform a fast Hadamard transform (FHT) on the code-
word in a scgmenl-by-segiment anner, This is used to
gencrate the likelihoad ratios of the Hadamard code-
words associated with the branches, based on the abser-
vations of mdividual branch outputs.

Step (i): Apply the lorward and backward searches of the maxi-
mum ¢ posterior (MAP) algorithm 1o the trellis in
Fig, |. This gencrales the a posteriori likelihood ratios
for all the branches v the trellis. (These ratios arc also
the & posteriori likelihood ratios for HMadamard code-
words associated with the branches).

Stop (iil): Generate the @ posteriors likelihood ratios of every infor-
mation bit using the fast algorithm presented in [2].

For complexity analysis, the cost of MAP decoding in step (ii)
is ~1.5 x 2%m multiplications and 2 x 2%/m additions per

information bil. The combined cost of steps (i) and (iii) is ~2!
exponential functions and 9 x 2%m additions per information bit
[2]. For simplicity, we assume thal the complexitics of an
exponential function and a multiplication are approximately the
same. Then the owerall decoding costs are ~3.5 x 2%
nltiplications and 11 x 27/m additions per information bit. For
example, for s = 7, the cost is only ~64 multiplications and 201
additions, which is very modest. In comparisen, MAP decoding
for a standard l16-state  convolutional code cosls ~250
multiplications and 192 additions [8).

Fig. 3 shows the simulation resulls with an interleaver length L
= 60000, With s = 7, the required Hy/Ay = 1,15 for 2 BER == 103
is only 0.44dB away rom the Shannon limit of —1,59dB. In com-
parison, the best performance achievable by the low-rate lurbo
codes in [9] {with 16 states) is a BER = 10 3 at -0.85dB.

Conclusion: We have introduced a modificd turbo-type concate-
nated Hadamard code., The praposcd scheme can achieve a per-
formance only 0.44dB away (vom (he ultimate Shannon limit with
a modest decoding complexily, The applications of the new
scheme in CDMA communication systems are cnrrently under
mvestigation.
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Class of turbo code interleavers hased on
divisibility

F. Qi, M.Z, Wang, A U.H. Sheikh and D.R. Shao

A class of interleavers for turbo codes is proposed. The
interleavers  possess  propertics thal enable weighl  spectrum
thinning for the resoltant turbo codes, Simulation resulls show
that lurbo codles based on the proposed interleavers outperform
those based on conventional interleavers in terms of the bit creor
rate.

Introdhuction; Turbo codes achieve near Shannon-limit ercor cor-
rection porformance {1] and bave been proposed for W-CDMA
systems. The interleaver of 4 turbo code plays an important role in
enhancing the bit error rate (BER) performance. This is because
the interleaver siructure aflecis the distance spectrum of the result-
ing turbo code. The main function of the interleaver is to permute
the incoming information sequence with a low Hamming weight in
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