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Concatenated Tree Codes: A Low-Complexity,
High-Performance Approach

Li Ping, Member, IEEEand Keying Y. Wu

Abstract—This paper is concerned with a family of concate- [12], [15] are most suitable for relatively low rates (say, less
nated tree (CT) codes. CT codes are special low-density parity- than 1/3).
check (LDPC) codes consisting of several trees with large spans. g naner is concerned with a family of concatenated tree
They can also be regarded as special turbo codes with hybrid recur- cT d . d h in 1201-123]. Graphicall
sive/nonrecursive parts and multiple constituent codes. CT codes (CT) codes, improved over t ose In [20]-[23]. raphically, a
are decodable by the belief-propagation algorithm. They combine CT code can be seen as a special LDPC code consisting of sev-
many advantages of LDPC and turbo codes, such as low decodingeral trees with large spans. Locally optimal soft-in/soft-out de-
cost, fast convergence speed, and good performance. coding can be carried out over an entire constituent tree code

Index Terms—Bayesian networks, graph codes, iterative de- (Which represents a large portion of an overall CT code). Con-
coding, low-density parity-check (LDPC) codes, multidimensional sequently, decoding convergence is fast for CT codes. For in-

concatenated codes, Tanner graphs, turbo codes. terleaver lengths less than 10000, CT codes also demonstrate
better performance than common LDPC codes. CT codes are
I. INTRODUCTION most suitable for medium to high rates (say, greater thya),

since tree codes constructed from SPC codes inherently have
OW-DENSITY parity-check (LDPC) codes [1]-[10] andhigh rates.

turbo codes [11]-[15] are similar in many respects. They cT codes are also closely related to turbo codes. Some good

both be]ong to the general class of powerfgl concatenated CO@ES codes can be seen as the turbo-type concatenation of un-
employing pseudo-random encoders and iterative decoders. Efentional two-state convolutional codes with both recursive
very long interleaver lengths (say, interleaver 1eng#i®000),  ang nonrecursive parts. By using multiple constituent codes
it has been reported [8], [16] that irregular LDPC codes caghg properly balancing the recursive and nonrecursive parts,
outperform turbo codes. For shorter lengths, turbo codes appgfy performance loss due to the use of very simple constituent

to have better performance [8]. _ _codes can be recovered. CT codes can achieve performance
For an LDPC code, each constituent code [a single-pariysmparable to that of standard turbo codes. However, a CT
check (SPC) code] typically involves only several bits. Relyecoder using the belief-propagation algorithm is much simpler
able information builds up relatively slowly during the |terat|vqin terms of both operations per iteration and memory usage)
decoding process, so global convergence is slow. On the ot}e(, 4 turbo decoder using the BCJR algorithm. These two

hand, each constituent code in a turbo code (a recursive COM¥Pses of decoders have similar convergence speeds. Conse-

Iutiqnal code) involves all _the information bits. De_:coding i”forQUentIy, the overall complexity of a CT decoder is considerably
mation spreads very fast in a turbo decoder, which leads to 1@}aer than that of a turbo decoder.

atively fast convergence speed. However, a turbo decoder basel,g paper is structured as follows. In Section 11, we will de-

onthe Bahl-Cocker—Jelinek-Raviv (BCJR) algorithm [17], [18}ye 5 graphical model for the local encoder and a turbo-type

typically requires more memory and more operations per itef@yhal encoder for the overall CT code. Section Il is concerned

tion than an LDPC decoder. . . with parallel and serial decoding strategies for CT codes. We
It has been demonstrated that increasing the number \gfj hresent some design principles and performance compar-

constituent codes is an efficient technique for low-complexity s for CT codes in Section IV. We will compare CT codes

turbo-type code design [12], [15]. However, more constitue{iiih turbo codes and LDPC codes in Section V.

codes imply lower rate. Although heavy puncturing can be

used to compensate for the rate loss, the resultant performance

loss may offset the benefit. Thus the schemes considered in Il. CT CoDES

A. Tanner Graphs and Tree Codes
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Fig. 1. The Tanner graph for a binary linear code. White, black, and crossed circles represent information, unpunctured parity, and puncthitsd parity
respectively. Square blocks represent parity-check constraints.

B )

Fig. 2. The Bayesian network for the same code as in Fig. 1. White, black, and crossed circles represent information, unpunctured parity, @hplgpitycture
bits, respectively.

adjustment, as denoted by the crossed circigsit Fig. 1. A D » D
punctured bit may be considered to be a hidden or state varial I_' ) o L p©
The degree of a node is the number of edges connected t( 7" (—pf__tree-code encoder P

The degree of a variable node is thus the number of parity che:
involving the variable. For example, in Fig. 1, the informatiol 31 ;® |p| tree-codeencoder [ P
nodes, the unpunctured parity nodes and the punctured pa
nodes have degreds 1, and3, respectively. In this paper, we . : :
only consider codes with low nodal degrees which belong : * *
the general category of LDPC codes. If a Tanner graph does o-1)
Contgain any Ioopg, Iilz/e the one in Fig. 1, itis calle%raz The | w-o b freecodecncoder [ P
corresponding code is calledrae code
Fig. 3. A CT encoder with\/ constituent codes.
B. Bayesian Networks
A Bayesian networf6] as in Fig. 2 is an alternative graphical 0001
representation of a code. It is convenient to use a Bayesian net- 0010
. . 1101
work to illustrate the encoding procedure of a tree code. Here, [\ 1110
every node represents a bit in the code. If a node has no in- P =1 -
coming edges (a white circle), it is an information node whose  , , , P = oo
value can be independently assigned. Otherwise, the node is the v
parity check of the starting nodes of its incoming edges. A tree 0101 0100
code can be easily encoded following the edge directions in the 0110 0111
Bayesian network. In contrast, with general LDPC codes, en- 1001 1000
coding can be a complicated process. . .1.010 N 1011 .o
C. CT Codes Per=0 P
Si . ) U 0000
imple tree codes can be concatenated in a turbo-type manner 0011
[11], [12], [20], [21], as in Fig. 3. The parallel encoder in Fig. 3 1100
consists ofM local tree encoders. Let 1111
D(m) = W(nl)(D)7 m=0,1,...,.M—1 Fig. 4. The trellis representation of the tree code in Fig. 1. Here each state

) ) ) ] represents a valid value pf, and each branch label represents a valid value of
denoteM interleaved versions of an information sequeite {d; ., d, ., dy, pi}.

For eachD™, themth local encoder generates a tree code de-
fined as above with the parity sequené®’. The overall code- is referred to as the:th constituent code. The resultant code is
word is formed by{ D, p@, ..., p™~1}, The pair{ D, p™} called a CT code, which can still be seen as an LDPC code for
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Fig. 5. Two examples of tree codes. They can both be encoded from the bottom upward. They can also be extended indefinitely following the same patterns.

I’p O/P
DEC-0 —»———» DEC-m [—P»————» DEC-(M-1) >

Fig. 6. The global CT decoderT™ denotes a delay of one iteration and™denotes an interleaver.

small M. The degrees of the information nodes in the overall  1ll. BELIEF-PROPAGATION DECODING OFCT CODES
CT code are increased By times from those in the constituent A
codes. In general, there will be loops in a CT code. It is known

that good LDPC codes generally have loopy graphs [1]-[8]. Being Tanner graph codes, CT codes can be decoded _by be-
lief-propagation decoders [1], [3]-[6]. With a parallel realiza-

D. Connection with Turbo Codes tion, messages are exchanged only among neighboring nodes

during each iteration [1], [4], [6]. We will show later that a par-

Some tree codes have simple trellis representations. For %ﬁél decoder has relatively slow converaence speed
ample, the two-state trellis shown in Fig. 4 represents the code y 9 peed.

in Fig. 1. Here, the state variables at depthre the two valid g gerial Decoder

values of the punctured bjif,. The branch labels are the valid ) _
values of the coded bits in the segméd, ,, d, ,, d!/, p!'}. Due to the special structure of CT codes, a serial turbo-type

The trellis representation indicates a connection betwefficoder [20] as in Fig. 6 can be employed. It consista.0f

some tree codes and convolutional codes. Note that the cdffgPed local decoders, each responsible for one constituent
in Fig. 4 is different from a conventional convolutional cod&2de- Between two local decoders, log-likelihood ratios (LLRs)

in two respects. First, the trellis contains parallel branched,information bits are exchanged during decoding. Due to the
For example, letp, , = 0, then four combinations of tree structure, the local decoder can be implemented by the

{d\ ., di ,, & p!}canlead tg), = 0, namely belief-propag_ation algorithm _based on the two-way schedule
’ ’ [6]. It can achieve a locally optimal solution for each constituent
{0,0,0,0}, {0,0, 1,1}, {1, 1, 0, 0}, and{1, 1, 1, 1}. code within each decoding and is suitable for a serial processor.
A detailed discussion of various global decoder structures for
Second, this particular code contains both recursive and norgeneral concatenated codes can be found in [12], [24]. There
cursive parts, as will be elaborated in Section IV-A. may be a convergence problem for such decoders (see [12]).
Many tree codes may not have simple trellis representatiofsom our observation, this problem becomes very serious for
Fig. 5 illustrates two such examples. parallel concatenated codes with > 4. A damping method

. Parallel Decoder
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Fig. 7. The constituent tree code used in the simulatid/’’) is the number of information bits involved in each horizontal (vertical) segment.

using a factoroém) together with a simulated annealing techwhere is the total length of the code (including all the con-

nique have been suggested in [12] to treat this problem. Hostituent codes) and is the average degree of nodes, (see ap-
ever, empirically, we find that the serial decoder of Fig. 6 ofsendix). This applies (approximately) to both parallel and se-
fers a simple as well as very robust solution without the needidl decoders. LeR be the code rate. The normalized decoding

damping factors. complexity is6Nt/N R = 6t/R multiplications andst/R ad-

_ The variables involved in Fig. 6 are ditions per information bit per iteration. For smallnd with

L initial a priori LLR vector for the information bits; similar performance and convergence speeds, the complexity of

L™ a priori LLR vector for the information bits in the a CT decoder is much lower than that of a turbo decoder; see
mth constituent code; Section V. Some additional remarks are as follows.

Lo a posterioriLLR vector for the information bits in

» The lookup table technique [18] applies equally to both
turbo and CT codes.

» The decoding complexity of CT codes decreases at higher

R the mth constituent code;
pim) a priori LLR vector for the parity bits in thenth
constituent code;

E™ extrinsic LLR vector for thenth constituent code, rates.

defined by [11] * It can be shown that the memory usage of a belief-propa-

gation decoder is generally much lower than that of a turbo
Em) — pm) _ (i,(m) _E™. ) decoder.
ashiberation IV. SOME DESIGN PRINCIPLES

whereE{""), . isthe extrinsic LLR vector for thesth con-  Except where specified otherwise, the discussion in this sec-
stituent code generated in the last iteration (with zero initigbn is carried out based on the tree structure in Fig. 7, since
values). it is regular and easy to analyze. The rate of the codg is

At the start,L is fed into DEC-0. TheM local a posteriori (J'+J")/(J'+J"+1). For the concatenation 8f constituent
probability (APP) decoders operate successively. ah@os- codes, the overall rate 8 = (J' + J")/(J' + J"” + M). Some
teriori LLR vector LY from DEC{m — 1) is used, after other tree structures will be briefly compared at the end of this
appropriate interleaving, as tkepriori LLR vector L™ for  section.

DEC-m. L™Y'~" is fed back to DEC-O for the second iteration. We will useR for rate,M for the number of constituent codes,
The process is then repeated iteratively. For the first iterationZ for interleaver length, andt for iteration number. As ex-
plained below, the bit-error rate (BER) bound analysis for CT
codes is a complicated issue that is still under investigation.
Most of our discussion will be heuristic.

L™ =L+ EY ... gmD 1)

and after the first iteration
L™ = [+ g L gmtD) 4 gD A. Recursive and Nonrecursive Parts

from the previous We divide the information nodes int@cursiveand nonre-
iteration cursiveones. For a nonrecursive node, sucrd{ésj in Fig. 7,
+EO + EY ...y gD (2) changing its value will affect a fixed number of parity nodes. On
the other hand, changing the value of a recursive node, such as
dj, ; in Fig. 7, will affect an indefinite number of parity nodes,
_ _ _ depending on code length. The sets{df ;} and{d; ;} are
Notice thatE(™) is generated by DE@», so it should be pre- called the nonrecursive and recursive parts, respectively.
vented from circulating back to DE@r again. This is realized  In terms of graph theory, the recursive nodes belong to
by the subtraction of delayell"™ from L™ shown in Fig. 6. directed paths that grow with the graph length. Along such
i ) a path, an information sequence with finite weight may pro-
C. Decoding Complexity duce a codeword with infinite weight (when the code length
The complexity of the belief-propagation decoding algorithrapproaches infinity). Recall that a standard turbo code is
is about6 Nt multiplications ands Nt additions per iteration, the concatenation of two recursive convolutional codes. A

~
from the current
1teration
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nonrecursive code tends to link low parity weights with low 1.E+00 —M=2
information weights. For a recursive code, such combinations LE-01 ~&—M=3
are reduced. With random interleavers, the resultant codewords ’ ——=M=4
are more like those in random codes and, as is well known, LE-02 \\ —a-M=5
random codes can approach the channel capacity. For CT codes, = 1.E-03 ‘ \ —o—M=6
a similar principle applies. Furthermore, we find that a hybrid 1.E-04 —M=7
recursive and nonrecursive structure can lead to improved \
; 1.E-05 N
performance for CT codes, as discussed below. X
1.E-06 !
B. A Design Criterion for CT Codes 0 1 2 3 4 s

According to [11], [13], the recursive encoders play a funda- Ey/No (dB)

mental role in turbo codes. If at least two recursive constituent

codes are used which are separated by random interleavers, r'lﬁazlﬁ,- t F:effOTmla”Cftf rzompflﬂ‘[f)';g“{m t?e cT Coge;basefgo?f'gf??ﬁte
T . 2, interleaver leng = , iteration numbedt = 18, (J’, J”) =
tiplicities of_ Iow-w_elght co_dewords are greatly reduce_d afteié70)7 (3,0), (4,0, (5.0), (6,0), and(7,0) for M = 2,3,4,5,6, and7,
concatenation. This effect is referred to as the interleaving gaigspectively.

As pointed out in [13], the interleaving gain is critical to good

performance of turbo codes. Take a weighformation se- . .
\Rﬁﬁlsed separately for the recursive and nonrecursive parts to en-

uence as an example and consider constituent encoders
9 b gure good performance for a CT code. Therefore, the formulas

only recursive parts (such as for an ordinary turbo code). T . . o
parity weight generated by such an input word is approximatelp(glsst]”?{jesgfztl directly applicable here, although the principles

proportional to the distance between the positions of the t
information ones. With at least two recursive constituent codes ) )
and random interleavers, the probability that the two inform&- Selection of the Number of Constituent Codes

tion ones are close to each other in all encoders is small. Basegtig. 8 examines the impact of the number of constituent tree
on the same principle, to achieve good performance, every gdes on CT codes. Performance improves as the number of
formation bit in a CT code should appear in the recursive paignstituent codes increases updb = 4, and then starts to

at least twice. decline. Similar observations have been made for other param-
eters, such as different choices of th&, J) pair or the inter-
C. Interleaver Design leaver lengthl.. Notice that, after concatenatirg tree codes

Suppose that one random interleaver per constituent codéfvigq_ the structur(_a in Fig. 7’/ the %egrge of an information node
used for a CT code. There is a possibility that some informis. SIMPly M. Define.J = .J" 4-.J”. With R = 1/2, we have
tion bits may appear in the nonrecursive part for all the con? = */» and the average degreef the variable nodes (in-
stituent codes, which is not preferred according to Section Iv-84ding the punctured nodes and considering all the constituent

The following interleaver design can avoid such an event. ngdes) IS
convenience, assume thdt= .J' x M/(J' + .J") anda” =

J" x M/(J'+J") are both integers for the code in Fig. 7. Also
assume thaf/ divides interleaver lengtth.. Divide the infor-

mation arrayD into M subsets of equal size For M = 2,3,4,5,6,7, and we have = 2,2.3,2.7, 3, 3.3, and
3.7, respectively. The values fav/ = 4,5, and6 are close to
the common choice af = 3 for LDPC codes [4].
We conjecture that more constituent codes may lead to a

) ) __lower error floor but this is difficult to verify using simulation.
Define(z) = » modulo}M. For themth constituent code, define /s 410 currently trying to find bounds

(J+4M M +4
o J4+2M 3

(4)

D= {D<O>, Dw D<M—1>} . 3)

Also notice that increases witd/ in (4). From the appendix,
D = {D(<rn>) pém+) D(<m+a'—1>)} the decoding complexity is proportional toTherefore, more
’ T constituent codes imply higher decoding cost.

" . _ In view of the above discussion, we will fix/ = 4 below.
and letD” be the complement ab’ in D. Two independent

random interleavers are applied ¥ and D", respectively, to
obtain the recursive and nonrecursive parts. In this way, every
will appear inD" and D" exactlya’ anda” times, respectively.  We use the codes witk = 1/2 and M = 4 as examples.
This interleaver design is adopted throughout the discussidnsthis case A = J’' + J” and (J’, J) can be chosen as
below. (4,0), (3,1), (2,2), (1,3), and (0,4). The corresponding
In [13], an elegant technique has been developed to generatdes will be distinguished by thg’, J") pair below.

the distance spectra of turbo codes based on the assumption th@learly, the(0, 4) and(1, 3) codes are not good choices, since
a “uniform” interleaver is used for each constituent code. Hovevery information bit appears in the recursive part fewer than
ever, as mentioned above, two independent interleavers shauld times in these two codes (see Section IV-B and Fig. 9). We

Eit Relative Sizes of Recursive and Nonrecursive Parts
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=CT code, (I, I)=(4,0) 1.E-01 —o—rate=1/2
By R
code, (', J)=(2,
1.E-02 ~J —8—CT code, (7', I)=(1,3) 1.E-02 J —&—rate=9/10
——CTcode, (I, =(0.4) o )
py 1.E-03 —a— (21, 37) turbo Q 1.E-03

g 1.E-04 ﬂ\s;._ (37, 23) turbo L E.04 ) ‘
1.E-05 ?‘K\ | e
1.E-06 - 1.E-05

0 1 2 3 4 0 1 2 3 4 5

Ey/N, (dB) Ey/N, (dB)

Fig. 9. Performance comparison for different CT codes Wiith- 1/2, M = Fig. 10. Simulated performance for the CT codes with= 4, L = 65 536,
4, L = 1024, andIt = 18. Performance of two punctured turbo codes withi¢ = 18, and(J’, J') = (3,1) for R = 1/2,(J’, J”) = (9,3) for R =
R=1/2,M =2, L = 1024, andIt = 18 are included as references. Their3 /4, (J’, J') = (27,9) for R = 9/10. Theoretical limits{ R, E,/No) =
generators arg21, 37) and(37,23). The(37,23) turbo code has a low error (1/2, 0.2dB), (3/4, 1.63 dB), and{/10, 3.2 dB).

floor [25].

interesting that thé2,2) CT code and thé21, 37) turbo code

will only compare(4,0), (3,1), and (2,2) codes. For these have very similar performance.

codes, the codewords with minimum distance are all generated™or a thorough performance analysis, especially in the error
by weight2 information sequences. (Note that a weight-floor range, a BER bound technique such as the one developed
information sequence will generate at least one nonzero pafiy13], [14] for turbo codes can be employed. However, as men-
bit per constituent code.) For tif¢, 0) CT code, the minimum tioned above, the uniform interleaver assumption introduced in
distance is2, corresponding to the event that the two ondd3]is notapplicable to CT codes using the two-interleaver tech-
(more precisely, their corresponding nodes in the Tanner grafifjue outlined in Section 1V-C. We are now investigating the
are connected to a common check node in every constituéfte of generating a weight-distribution function for general
tree code and produce zero parity. This is referred to as thé codes.

zero-parity event. Similarly, it can be shown that {Be2) code

also has a minimum distance 2f Notice that here we assumeF. High-Rate CT Codes

random interleavers. The probability of the zero-parity event is Fig. 10 shows the performance of CT codes with different
small but not zero. rates, which are all about a half decibel away from the theo-
For the(3,1) CT code, every information bit will appear inretical limits. Based on the discussion in Section IlI-C, the de-
the nonrecursive part once (using the interleaver design of Seeding costs of CT codes decrease for higher rate. This is in con-
tion IV-C). Two parity ones will be produced when two infor-rast to punctured turbo codes, for which decoding complexity
mation ones are in the nonrecursive part. Thus the minimu@mains the same regardless of the puncturing rate [26]. In the
distance of th¢3, 1) code is4. This implies an advantage com-limiting case ofR — 1, the complexity ratio between a CT code
pared with the(4,0) and(2,2) CT codes, which can be seerand a 16-state turbo code [26] is about a fraction@f(Note
from the simulation results shown in Fig. 9. The performangfat for B — 1, ¢ — 4 for a CT code withd = 4 constituent
of the (3,1) CT code is better than that of tti¢, 0) CT code codes.)
by about 0.3 dB at BER equal tt)—>. The other choices of
(J', J") pairs clearly result in performances with worse erras, Other Tree Structures
floors.
For the punctured37, 23) and(21, 37) turbo codes [11], [25] tu
compared in Fig. 9, the minimum distances aisnd4, respec-
tively. This implies that for very higlt, /Ny, the(37, 23) turbo

CT codes can also be generated using more general tree struc-
res than the one in Fig. 7. Furthermore, different structures can
be used for different constituent codes. Fig. 11 includes the sim-

code mav have an advantage. However. for LDPC/turbo-t ulation results for some CT codes based on the tree structures
y hav v ge. rowever, u Y Fig. 5. Some of these are quite close to (but not better than)

concatena_te_q codes, performan_ce is also s.trongly aﬁeqtgdt Y best ones in Fig. 9.
the multiplicities of codewords with small weights, in addition
to the minimum distance. (Recall that an ideal random code can
have codewords with ver)(/ small weights and very small mul- V. COMPARISONS WITHTURBO CODES AND LDPC CoDES
tiplicities.) A detailed discussion of this issue can be found in Fig. 12 is a comparison of CT codes with turbo codes with
[13], [14] for turbo codes. From [14], increasing the number dfifferent interleaver lengths. All the other parameters are fixed
constituent codes can further reduce the multiplicities of codas for those in Fig. 9. We only include tf&, 1) and(2,2) CT
words with small weights. This explains the good performana®des for clarity. It is seen that the performance curves of the
of the CT codes that use more constituent codes than the tufBa2) and(3,1) CT codes are, respectively, quite close to those
codes, although the former have lower minimum distances. Asthe (21, 37) and(37, 23) turbo codes.

seen from Fig. 9, thé3, 1) CT code and thé37,23) turbo code  For the CT codes considered, the ratio between the total num-
have very similar performance over a quite wide range. Itis albers of edges and the total number of information nodes is eight
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1.E-01 4 1.E-01
1.E-02 \\" 1.E-02 Literation
& —B—-aaaa \ N 2 ~.
E&] LE-03 —&—aaab \EX % LE03 RN
——abab s M N 3
teot| 20500 L 1505 o
—bbbb | - L \\
LE-05 & . 1.E-05 + AN
0 0.5 1 15 2 ’ NG
Ey/N, (dB) 1.E-06

Fig.11. Simulated performance for some CT codes based on the tree structt

of Fig. 5. Here we used” and “b” to indicate the tree structures in Fig. 5(a) and E/No (dB)

(b), respectively. For exampleg&iab” means the structure of Fig. 5(a) is used . .

in three constituent codes and the structure of Fig. 5(b) in one constituent cdgi§; 13. Convergence comparison for CT and turbo codes it 1/2,
etc.R = 1/2, L = 1022, and/t = 18. L =200andlt =1.2,3,5,18 . The parameters of the CT code die= 4

and(J’, J”) = (3, 1). The parameters of the turbo code afe= 2 and the
generator= (21,37). The solid lines are for the CT code and the dashed lines
are for the turbo code.

1.E-01 4 —4—CT code, J'J)=(2,2) & RAIOA
o —8—CT code, (I'J")=(3,1) 1.E01 ™ ——CT1024
1.E-02 A
SRR —}200 —a— (21, 37) turbo \:\ --0-- LDPCA4986
1.E-03 R LEG2 = o—CT5000
& 60000 nk N (37,23 turbo -~ LDPC10000
® B4 — X LE03 . | —&—CTI0000
3000 o o £
1.E-05 gﬁ] B"‘-cL
4 : 1E04
1.E-06 ;
0 1 2 3 4 1.E-05
Ey/No (dB)
1L.E06
Fig. 12. Simulated performance of CT and turbo codes Witk 1/2, It = 0 05 1 15 2 25
18, L = 200,400,1000,3000, and60 000, with A/ = 4 for the CT codes E/N, (dB)

andM = 2 for the turbo codes.

Fig. 14. Simulated performance of various codes decodable by the

. . elief-propagation algorithm. All the CT codes have four constituent codes
(using the Tanner graph, not the Bayesian network, to count {gn th% S‘t)ru%ture Shc?wn in Fig. 7.

gree). There is no operation required for the edges connected
to the unpunctured parity nodes of degie€Considering this, « CT1024: a hybrid(2,0)-(1,1) CT code [each tree code

and using the results of the appendix, the decoding cost of a CT consisting of alternativé2, 0) and(1,1) sections],L =
code is about 42 multiplications and 35 additions per informa- 1994 g — 1/3, 1t — 18, ’ ’ ’

tion bit per iteration. This is about six times lower than the de- ) . _ _
coding complexity of 16-state turbo codes. (The latter is about * LDPC4986: the LDPC code in [9}, = 4986, K = 1/2,

256 multiplications and 192 additions per information bit per it- 1t < 50,

eration, including normalization.) + CT5000: the(3,1) CT code,L = 5000, R = 1/2, It =
Fig. 13 compares the convergence properties of3he) CT 18.

code and thé€21, 37) turbo code, both wittR = 1/2 andL = « LDPC10000: the LDPC code in [8], = 10000, R =

200. The convergence speeds of the two codes are quite similar. 1/2.
Fig. 14 is a comparison between CT codes and some LDPC« CT10000: the(3,1) CT code,L = 10000, R = 1/2,
codes reported in the literature, including the repeat—-accumulate  j: = 18.

(RA) code. An RA code consists of an inner repetition code, aF Fio. 14, it hat the CT cod ¢ he RA
random interleaver, and an outer two-state convolutional code. rom Fig. 14, it is seen that the codes outperform the

This is somehow similar to the CT code based on Fig. 7 wifiP9€ fmd the LDPC code for interleaver lengthsl@24 and
J" = 0, except that the RA code employs a single interleav out5000. For an interleaver length df 000, the LDPC code

for the whole code (which makes it easier to analyze). Eas better performance [8]. All the codes compared in Fig. 14

The performance curves of the LDPC codes and the RA e decodable by the belief-propagation algorithm. However, for

. . erial processing, the CT codes exhibit faster convergence due
are taken from the respective references listed blow. Some Qé- .
. i 0 the use of the two-way schedule (see Fig. 15).
tails for the code structures compared in Fig. 14 are as follows. . . . .
The influence of different decoder structures is also an inter-

* RA1024: the RA code in [19]L = 1024, R = 1/3, esting issue. Fig. 15 compares the serial and parallel decoders
It = 30. (see Sections IlI-A and 111-B) for the same CT code. The serial
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LEOL s to the variables used in [4] bearing the same names. They are
LE00 initialized asqy, ,, = /) andq}, ., = f}.
Message from a check node,,,:
o 1E-03
A 1+ I1 (@, s = T, )
1.E-04 = (m, n)EE(cm)\(m, n) G
- I1 (G, = Do 1)
1.LE-05 A (m,n/YEE(cm)\(m,n)
1.E-06 ; ‘ Message from a variable nodes,,:
1 2 3 4
Ey/No (dB) smon = fr 11 ml,n (62)

(m/ n)EE(v,)\(m, n)
Fig. 15. Comparison of the convergence speeds for serial and parallel
decoders. The same CT code (based on Fig. 7) is used Mith= 4, Also update
(J’, J”) = (4,0),andL = 1024. The solid lines are for the serial decoder in

Fig. 4, and the dashed lines for the parallel decoder based on [4]. s
0 m, n

= and ¢t . =1-¢° . 6b

an,n 1 + Srn,n an,n an,n ( )
decoder demonstrates better convergence speed as expected.

This implies that, for a serial processor, the convergence speef€onsider the evaluation of (5). For evety, we first compute
of a general LDPC code may also be improved if it can be

decomposed into several trees with large spans (so that the A, = H (qu, = qun, ) @)

two-way schedule can be applied). B (7)€ Eens)

VI. CONCLUSION The product in (5) can then be generatedzbyl/(qgly =
1 N ) . !
In summary, CT codes can be encoded straightforwardgmz w) for every (m, n') in E(cn). With this technique, (5)
They are decodable by the belief-propagation algorithm "ké)sts (approximately) three additions and three multiplications
common LDPC codes, but exhibit faster convergence speed gﬁé_ed.ge.
better performance for short interleaver length. They achieve imilarly, for (6), let
performance comparable to turbo codes, but with significantly
lower decoding cost. Ro=fu [I  rwne (8)
For further research, the capacity analysis of general CT (m'n)CE(vy,)

codes is still an issue. Some tree structures have simple trellis ) )
representations (see Fig. 4), based on which their distarld®Nsm, » = Ry, /1, for every(m, n) n E_(Un_)- Itis easy to
spectra can be generated. For codes with only a recursive Y&y that (62) and (6b) cost three multiplications and two ad-
and employing one interleaver per constituent code, the unifofiions per edge. Incidentallyz, is thea posteriorilikelihood
interleaver assumption of [13] is applicable. A BER bountftio forlvn and its Iogarlthm |s.the LLR used in Section III—B.
analysis for this special case can be found in [23]. However, /N Pelief-propagation decoding, (5) and (6) are evaluated iter-
for general CT codes with both recursive and nonrecursi@&vew- With the_ parallel (flooding) schedule, one iteration con-
parts, the uniform interleaver assumption is not applicable §tSts of evaluating (5) concurrently for all the check nodes and
the interleaver design is based on the technique (two randdign ev_aluatmg (6) concurrently for all the variable nodes. With
interleavers per constituent code) outlined in Section IV-C. THige serial (two-way) schedule, (5) and (6) are evaluated alter-

complicates the problem of analyzing the weight distributiopatively following a proper sequential order within an iteration,
function. We will discuss this issue elsewhere. according to the tree structure. For a detailed discussion of the

two methods, see [6] and [27]. In both cases, each of the two
messages above is generated once for every edgéV betthe
THE BELIEE-PROPAGATION DECODING ALGORITHM total number of variable nodes (i.e., the code Iength.)fal’rrré
[4], [6], AND [27] average variable nodal degree. Based on the analysis above, the
PR total cost (for either parallel or serial schedule) is thng mul-
Consider a Tanner graph. Denote{ley, } and{v,, } the check tiplications and>/N¢ additions per iteration.
and variable nodes, respectively. Denote(by, n) the edge  As a final note, the algorithm above is based on the manipu-
betweenc,, andv,,. Let E(x) be the set of edges connectedation of the difference between two probability values. Such an
to a noder and letE(z)\c be E(x) excludinge. Let f0 andf!  approach is sensitive to quantization. A modified method is dis-
be thea priori probabilities ofv,, being0 and1, respectively, cussed in [28] to overcome the difficulty by operating on likeli-
based on the observation of an individual channel output. Defiheod ratios. The latter requires considerably fewer quantization
o= fO/fL bits and so lower decoding cost. The two methods are equiva-
For every edgém, n), two messages are defined below. It i$ent with perfect arithmetic precision and have similar operation
easy to verify thay, ,, andg,,, ,, in the following are equivalent counts.

APPENDIX
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