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Hermitian Precoding for Distributed MIMO
Systems with Individual Channel State Information
Jianwen Zhang, Xiaojun Yuan, Member, IEEE, and Li Ping, Fellow, IEEE,
Abstract—We consider a distributed multiple-input multipleoutput (MIMO) system in which multiple transmitters cooperatively serve a common receiver. It is usually very costly to acquire
full channel state information at the transmitter (CSIT) in such a
scenario, especially for large-scale antenna systems. In this paper,
we assume individual CSIT (I-CSIT), i.e., each transmitter has
perfect CSI of its own link but only slow fading factors of the
others. A linear Hermitian precoding technique is proposed to
enhance the system performance. The optimality of the proposed
precoding technique is analyzed. Numerical results demonstrate
that the performance loss incurred by the I-CSIT assumption is
negligible as compared to the full-CSIT case.
Index Terms—Distributed MIMO Systems, Cooperative Cellular Systems, Hermitian Precoding.

I. I NTRODUCTION

C

ONSIDER a distributive MIMO system in which multiple transmitters located at different places cooperatively
send a common message to a single receiver. Each terminal
is equipped with multiple antennas. This scenario arises, e.g.,
in the following two applications.
• In a cooperative cellular system, several adjacent base
stations simultaneously serve a mobile terminal in the
downlink transmission [1]. Such a scheme is referred to
as coordinated multi-point (CoMP) [2]–[4] in long term
evolution (LTE) standardization documents [5].
• In a parallel relaying system, multiple relays decode and
forward (DF) messages from a common source to a
common destination [6]–[11].
The above scenario has been investigated under various
assumptions on the availability of channel state information
at the transmitters (CSIT). The works in [9]–[11] assumed
no CSIT and proposed distributed space-time coding for
efficient transmission. The works in [1]–[5] assumed full CSIT
(i.e., every transmitter perfectly knows all the channel state
information (CSI)). With CSIT, it is possible to perform beamforming jointly among the transmitters, which can significantly
enhance the system performance.
In practice, however, it is very costly to acquire full CSI
at all transmitters. This problem is especially serious in a
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large-scale multiple-input multiple-output (MIMO) system (in
which each terminal is equipped with a large number of
antennas) [12]. Transmitting CSI from the receiver to the
transmitters imposes heavy stress on the feedback link. It is
also a daunting task if each transmitter has to share its CSIT
with others in a cooperative system.
This difficulty can be partially relieved in the so-called timedivision duplex (TDD) system [13] in which the CSI of each
link is obtained by assuming channel reciprocity. In this way,
no feedback link is required, but then each transmitter has the
CSI of its own link only.
This motivates us to investigate the design of transmission
strategies with partial CSIT. In particular, we focus on an
individual CSIT (I-CSIT) setup, in which each transmitter has
the CSI of its own link but only the slow fading factors of the
others. We propose a linear Hermitian precoding for transforming the equivalent channel, including a physical channel
and a precoder, into a Hermitian matrix form. We show
analytically that the proposed scheme provides an efficient
solution in the distributive environment. The performance of
the proposed scheme with I-CSIT is very close to the system
capacity with full CSIT, as demonstrated by analytical and
numerical results. In particular, we show that the proposed
scheme is asymptotically capacity approaching in a MIMO
system with a large number of antennas at the transmitter side.
The notation (A)diag denotes the diagonal matrix formed
by the diagonal of A; the matrix Re{A} is formed by the real
part of matrix A; A  B means that A − B is positive semi2
definite; |A| is a shorthand of AAH ; and a2 represents
the Euclidean norm of vector a. We say that a function f (x)
is O(g(x)) if there exists a constant c so that |f (x)| ≤ c |g(x)|
for sufficiently large x.
II. S YSTEM M ODEL AND P RELIMINARIES
A. System Model
Consider a distributed MIMO system, in which K transmitters cooperatively transmit common messages to a single
receiver. Each transmitter is equipped with N antennas and the
receiver is equipped with M antennas. The received signal can
be expressed as
r=

K


H k xk + n

(1)

k=1

where r is an M -by-1 received signal vector, Hk is an M -byN channel transfer matrix for the link between the transmitter
k and the receiver, xk is an N -by-1 signal vector sent by
the transmitter k, and n ∼ CN (0, σ 2 I) is an additive white
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Gaussian noise vector. We assume that each transmitter k has
an individual power constraint of


E xk 22 ≤ Pk ,



k = 1, . . . , K,

(2)
n ~ & (0, V 2 I )

where Pk is the maximum transmission power of transmitter k.
We always assume that the receiver perfectly knows {Hk |k =
1, . . . , K}.





B. Haar Matrix
The following properties of Haar matrices are useful for
our further discussions.
Definition 1: A random square matrix U is called a Haar
matrix if it is uniformly distributed on the set of all the unitary
matrices (of the same size as U ) [14], [15].
Property 1: [p.25, [14]] A Haar matrix is unitarily invariant, i.e., the statistical behavior of a Haar matrix U
remains unchanged when multiplied by any unitary matrix
T independent of U . In other words, T U has the same
distribution as U .
Property 2: [p.25, [14]] For any L-by-L Haar matrix U ,




2
∗
= 0,
E |Ui,j | = 1/L, and E Ui,j Uk,l
∀1 ≤ i, j, k, l ≤ L,

i = k

or

j = l.

(3)

where (·)∗ represents the conjugate operation, and the expectation is taken over U . Furthermore, given any L-by-L matrix
A,


E U AU H = (tr {A} /L) I.
(4)
Property 3: [p.25, [14]] Let U be a Haar matrix and Λ
be a random diagonal matrix. Assume that U and Λ are
independent of each other. Denote B = U ΛU H . Then, B is
unitarily invariant, i.e., for any unitary matrix T independent
of B, T BT H has the same distribution as B. Also, B ∗ has
the same distribution as B.

System model for a distributed MIMO channel.

III. T RANSMISSION S TRATEGY WITH I-CSIT
Linear precoding has been studied to shape the channel
input covariance matrix so as to achieve MIMO capacity [16].
The conventional SVD water filling (SVD-WF) approach [16]
can be seen as a special case of linear precoding. However,
SVD-WF requires global CSIT and thus is not suitable for
distributed systems. In this section, we present a distributed
linear precoding technique that can overcome this difficulty.
A. Modeling of the Transmit Signal
We assume that the transmitters share the same data to
be transmitted. However, the transmitters have the freedom
to use the same codebook or different codebooks in channel
coding. This implies that the transmitted signals from different
transmitters may be either correlated or uncorrelated. We use
c0 to represent the correlated signal component shared by all
the transmitters, and ck to represent the uncorrelated signal
component for each transmitter k (for k = 1, . . . , K), where
{ck } are M -by-1 random vectors with the entries

 indepen= I
dently drawn from CN (0, 1). By definition, E ck cH
k
and E ck cH
=
0,
∀k,
j
=
0,
1,
.
.
.
,
K,
k
=

j.
Then,
the
j
transmitted signal of transmitter k can be expressed as
xk = Fk c0 + Gk ck ,

C. Properties of {Hk }
All channels between the transmitters and the receiver are
assumed to be Rayleigh fading, i.e., the entries of the M -byN channel matrix Hk are i.i.d. drawn from CN (0, 1). Then
Hk HkH is a central Wishart matrix and is unitarily invariant.
From Lemma 2.6 in [14], Hk HkH can be decomposed as
Hk HkH = Uk Dk DkH UkH

Fig. 1.

(5a)

with Uk a Haar matrix independent of the M -by-N diagonal
matrix1 Dk . Let the singular value decomposition (SVD) of
Hk be
Hk = Uk Dk VkH
(5b)
Then we conclude that
Property 4: Uk is a Haar matrix independent of Dk [14].
1 For a diagonal matrix with size M -by-N , the only possibly non-zero
entries are located at the (i, i)th position with i = 1, . . . , min{M, N }.

k = 1, . . . , K,

(6)

where Fk and Gk are N -by-M precoding matrices of transmitter k designed to exploit the available CSI. With (6), the
received signal in (1) is rewritten as
K
r=
Hk (Fk c0 + Gk ck ) + n.
(7)
k=1

The corresponding transmission scheme is illustrated in Fig.
1. The remainder of this paper is concerned with the design
of {Fk } and {Gk } to enhance the system performance.
B. Distributive Precoder Design
We say that a transmitter k has individual CSIT (I-CSIT)
if it knows Hk but no knowledge about {Hk , k  = k}. A
precoding design is said to be distributive if it involves ICSIT only, which implies that both Fk and Gk in (7) are
determined solely by Hk , i.e.,
Fk = fk (Hk ) , and Gk = gk (Hk ) , k = 1, . . . , K,

(8)
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where fk (·) and gk (·), k = 1, . . . , K, are precoding functions
to be optimized.
We wish to optimize the distributive precoding functions
{fk (·)} and {gk (·)}, k = 1, . . . , K, so as to maximize
the average achievable rate of the system in (7) under the
individual transmitter power constraints in (2). This problem
can be formulated as


 
K
2
1
E log det I + 2
Hk fk (Hk )
max
{fk (·)},{gk (·)}
σ
k=1

+

K


|Hk gk (Hk )|

2

(9a)

k=1

s.t.

2

tr |fk (Hk )| + |gk (Hk )|

2

≤ Pk ,

∀Hk , k = 1, . . . , K

(9b)

where the expectation in (9a) is taken over the joint distribution of {Hk }, and the power constraint holds for every
possible realization of {Hk }.
C. Locally Optimal Solution
The problem in (9) requires jointly optimizing {fk (·)} and
{gk (·)}, which is difficult to tackle with. From now on, we
will focus on a locally optimal solution in the sense that
any particular transmitter k deviating from its own precoding
strategy leads to performance degradation. More rigorously,
we say that a set of precoding functions {fk (·), gk (·)}K
k=1 is
locally optimal if, ∀k,
{fk (Hk ), gk (Hk )} =

arg max

{Fk ,Gk }:tr{Fk FkH +Gk GH
}≤Pk
k

Ψ (Fk , Gk )
(10a)

with

Ψ (Fk , Gk ) ≡



1
E log det I + 2
σ
2

+ |Hk Gk | +

K



Hk Fk +

K


We first do not impose any restriction on Wk and Σk except
that their sizes are both N -by-M and they are only depend on
Hk (due to the I-CSIT assumption). We have the following
theorem.
Theorem 1: The optimal {Wk } and {Σk ΣH
k } to the problem in (10) (which is a relaxed version of the original problem
in (9)) are real diagonal matrices.
The proof of Theorem 1 is given in Appendix. Theorem 1
gives the optimal precoder structures for the problem defined
in (10). From Theorem 1, the optimal Σk is given by Σk =
Σ̃k Qk , where Σ̃k is a real diagonal matrix and Qk is an
unitary matrix. Since Qk has no impact on the achievable rate
in (9a), in what follows, we will always assume that {Wk } and
{Σk } are real diagonal matrices and discuss their optimization
techniques.
B. Power Allocation: Determining {Σk }
We first consider {Σk }. For simplicity of discussion, we
only consider the case of N = M . The extension of our
discussions to the case of N = M is straightforward.
Due to the symmetry of the transmitters, it suffices to study
the optimization problem in (10) with k = 1. Specifically,
we assume that fk (Hk ) = Vk Wk UkH and gk (Hk ) =
Vk Σk UkH , ∀k  = 1. Then the objective function in (10) is
given by:


K

2
1 
H
E log det I + 2 U1 D1 W1 U1 +
Uk Dk Wk UkH
σ
k=2

+ U1 D1 Σ1 U1H

Hk fk (Hk )

(10b)
where E[·|Hk ] means conditional expectation given Hk . Thus,
the expectation in (10) is taken over Hk , k  = k. In what
follows, we study precoding techniques to meet (10).



H1
2

K


U1H Uk Dk Σk UkH U1

2



D1

k=2



k =k

2

k=2

+ |D1 Σ1 | +

Hk

Uk Dk Σk UkH


K

1 
=E log det I + 2 D1 W1 +
U1H Uk Dk Wk UkH U1
σ
2

2

+

K

k=2

k =k

|Hk gk (Hk )|

2



2
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K

1 
Uk Dk Wk UkH
=E log det I + 2 D1 W1 +
σ

2

k=2

2

+ |D1 Σ1 | +

K


Uk Dk Σk UkH

2



D1

(12)

k=2

IV. H ERMITIAN P RECODING
In this section, we propose a distributive Hermitian precoding technique for the system in (7) and prove its local
optimality. We further study the power control problem for
the proposed Hermitian precoder and analyze its asymptotic
performance in large-scale MIMO systems.
A. Basic Precoder Structure
Let Uk and Vk be given by the SVD of Hk in (5b). As
Uk and Vk are invertible, the precoders in (8) can always be
written into the following form, ∀k = 1, . . . , K
Fk = fk (Hk ) = Vk Wk UkH

(11a)

Gk = gk (Hk ) =

(11b)

Vk Σk UkH .

where (12) follows the fact that Uk Dk Wk UkH and
Uk Dk Σk UkH are Hermitian matrices and that {Uk } are
Haar matrices and independent of {Wk } and {Σk }
seen from Property 4. From Property 3 in Section II-B,
{U1H Uk Dk Wk UkH U1 } and {U1H Uk Dk Σk UkH U1 } have the
same distribution as {Uk Dk Wk UkH } and {Uk Dk Σk UkH },
respectively.
Then the related optimization problem is given in (13) at the
top of next page. This problem is difficult to solve due to its
non-convex nature. Thus, instead of directly solving (13), we
resort to a widely used upper-bound technique (cf., [17]). From
the Jensen’s inequality (as log det(·) is concave), the objective
function in (13) is upper-bounded by the function φ(W1 , Σ1 )
shown in (14) at the top of next page. We formulate the
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K
K



2
1 
2
H
H 2
D1
D
E
log
det
I
+
W
+
U
D
W
U
+
|D
Σ
|
+
D
Σ
U
U
1
1
k
k
k
1
1
k
k
k
k
k
σ2
{W1 ,Σ1 }:tr{W1 +Σ21 }≤P1
k=2
k=2



K
K


2
1
2
H
H 2
Uk Dk Σk Uk D1
φ(W1 , Σ1 ) ≡ log det I + 2 E D1 W1 +
Uk Dk Wk Uk + |D1 Σ1 | +
σ

(13)

max2

k=2

C. Power Allocation: Determining {Wk }

following upper-bound optimization problem:
max

{W1 ,Σ1 }:tr{W12 +Σ21 }≤P1

φ(W1 , Σ1 ).

(15)

We have the following result on the solution to (15).
Theorem 2: The optimal Σ1 to the problem in (15) is given
by Σ1 = 0.
Proof: Using Property 2 in Section II-B, we obtain

1
2
2
φ(W1 , Σ1 ) = log det I + 2 |D1 W1 | + |D1 Σ1 |
σ

+ μD1 W1 + μW1H D1H + νI

1
= log det I + 2 D1 ΛD1H + μD1 W1
σ 

H H
+ μW1 D1 + νI
(16)
where

and

(17)
Λ = W1 W1H + Σ1 ΣH
1

K

1
μ=E
tr {Dk Wk }
(18)
M
k=2

 K

K
2


1
2
ν=E
tr
Dk W k +
|Dk Σk |
.
M
k=2
k=2
(19)

With Λ defined in (17), the problem in (15) can be rewritten
as:

1 
log det I + 2 D1 ΛD1H + μD1 W1
max
σ
{Λ,W1 }:
tr{Λ}≤P1 ,W12 Λ

+μW1H D1H

+ νI



i=1

Λi ≤P1 ,

We next consider {Wk }. We still focus on transmitter 1
(i.e., k = 1). With Theorem 2, the problem in (20b) is reduced
to an optimization problem of W1 as


1 
log 1 + 2 d2i wi2 + 2μdi wi + ν
σ
wi ≤P1 i=1

Mmax2
i=1

M




1 
log 1 + 2 d2i Λi + 2μdi wi + ν
σ
i=1

M


wi2 ≤Λi ,i=1,...,M

L(w1 , . . . , wM , λ)
=

M




1 
log 1 + 2 d2i wi2 + 2μdi wi + ν − λ
wi2 − P1 .
σ
i=1
i=1
(22)

M


The corresponding KKT conditions are given by
λd2i wi3 + 2λμdi wi2 + (λσ 2 + λν − d2i )wi − μdi = 0 (23a)
M


(23b)
wi2 − P1 = 0 and λ ≥ 0
λ
i=1
M


wi2 ≤ P1 and wi ≥ 0.

(23c)

i=1

The above KKT conditions are easy to solve since, for any
given λ, (23a) is a univariate cubic equation of wi (with at
most three different solutions). What remains is to determine
λ, which can be found by a bisection method. The reason is
that λ is a monotonically decreasing function with respect to
each wi , since

(20b)
where wi , di , and Λi are the ith diagonal element of W1 , D1 ,
and Λ, respectively. It is seen that the objective in (20b)
√ is
an increasing function of wi . The optimal wi is wi = Λi .
From (17), Σ21i,i = Λi − wi2 = 0, where Σ1i,i stands for the
(i, i)th element of Σ1 . Therefore, for the problem in (15), the
optimal Σ1 is Σ1 = 0.
Theorem 2 gives the optimal solution of Σ1 = 0 for the
problem in (15) (that is an approximation of the original
problem in (13)). Our numerical results in Section V show
that this scheme performs very close to the full CSIT upper
bound. This demonstrates the effectiveness of the suboptimal
solution.

(21)

The maximum in (21) is achieved when all {wi } have the
same sign of μ, which implies that the optimal W1 must be
either positive semi-definite or negative semi-definite. Noting
the symmetry, it suffices to study the case that W1 is positive
semi-definite.
We next solve (21) using the Karush-Kuhn-Tucker (KKT)
conditions [18]. The associated Lagrangian is

(20a)

or equivalently,
Mmax

(14)

k=2

λ=

d2i wi3

d2i wi + μdi
, ∀i = 1, . . . , M,
+ 2μdi wi2 + σ 2 wi + νwi

which follows from (23a). Therefore, the KKT conditions in
(23) can be numerically solved, which yields the optimal W1
to (21).
From the above discussion, we see that the optimal W1 to
(21) can be determined given μ and ν. From (18)-(19), the
calculation of μ and ν involves the statistical information of
the other transmitters, which may be difficult to acquire in
practice. In our numerical study, we approximately calculate
μ and ν as follows.
(0)
• Initialization: Set μ
= 0, and ν (0) = 0.
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•

•

Step 1: Solve the KKT conditions (23) to obtain {wi }
based on μ = μ(−1) and ν = ν (−1) for the th channel
realization.
Step 2: Update μ() , and ν () by:

 K 
M
1
1  Pk 
()
(−1)
μ =
+
di wi ,
( − 1)μ

M
P1 i=1
k=2
(24a)
and
ν () =


 K 
1
1  Pk
( − 1)ν (−1) +

M
P1

M
2

k=2

d2i wi2 .

i=1

(24b)
Step 3: Update  =  + 1 and generate a new channel
realization, then go to Step 1.
In Step 2,{Dk Wk }, k = 2, . . . , M in (18)-(19) are approximated as Pk /P1 D1 W1 . Intuitively, this is reasonable since
every transmitter statistically experience the same channel
conditions.
The above algorithm only involves I-CSI and is thus distributive.

245

effect provides an intuitive explanation of the related gain of
Hermitian precoding.
The proposed Hermitian precoding scheme can be extended
to the situation with slow fading effect. Let Hk = ρk H̃k and
Hk HkH = Uk Dk DkH UkH as in (5a), where the entries of H̃k
are i.i.d. drawn from CN (0, 1), ρk is the slow-fading factor
including path-loss and shadow fading. Then Theorems 1 and
2 still hold for {Hk } since these two theorems only rely on the
Haar property of {Uk }. In computing μ and ν in (18)-(19),
we may assume {ρk } are known to all transmitters. As {ρk }
are real numbers that change much slower than the Rayleigh
fading factors {H̃k }, feeding back {ρk } incurs much less
overhead than feeding back {Hk }. The related performance
can be found in Fig. 5 in Section V.

•

D. Intuitions and Discussions
From Theorems 1 and 2, given Hk = Uk Dk VkH , our
proposed precoding strategy is, ∀k
Fk = fk (Hk ) = Vk Wk UkH

and Gk = gk (Hk ) = 0.
(25)
Then the transmitted and received signals in (6) and (7) can
be rewritten respectively as

r=

K


xk = Fk c0 = Vk Wk UkH c0 ,

Uk Dk Wk UkH

(26a)

c0 + n = Ac0 + n,

(26b)

k=1

K
where A = k=1 Ak with Ak ≡ Uk Dk Wk UkH . Since each
Ak is a positive semi-definite Hermitian matrix, we refer to
(25) as a Hermitian precoding scheme.
The complexity of Hermitian precoding described above
consists of two parts: (i) the SVD operation for determining
{Vk }, {Dk }, and {Uk }; (ii) power allocation for determining
{Wk }. The complexity of SVD is roughly O(M N 2 ) for each
transmitter [19], and the complexity for computing {Wk }
given in Section IV-C is O(M ) for each round of searching
over λ.
With Hermitian precoding, the received signal power is
given by
 K

K

 
H

 H H
PR = E c0 A Ac0 = tr
Ak
Ak
=

K

k=1

tr{Ak AH
k}+

k=1
K 
K


k=1

tr{Ai AH
j }

(27)

i=1 j=i

It can be shown that tr{Ai AH
j } ≥ 0, ∀i, j when all {Ai } are
positive semi-definite Hermitian matrices. Thus, all the terms
in (27) add together coherently. This coherent-transmission

E. Asymptotic Performance in Large-Scale MIMO Systems
In this subsection, we consider systems in which N is
sufficient large but M remains small, thus N > M . This
scenario arises in practice when multiple base stations jointly
serve a common mobile terminal. The latter typically has a
limited physical size and thus a small M .
For simplicity of discussions, we assume in this subsection
that all transmitters have the same power constraint P (i.e.
Pk = P, ∀k = 1, . . . , K). Let RH be the achievable rate of
the Hermitian precoding scheme. Denote by Im×n an m-by-n
matrix with the only nonzero elements being 1s located at (i,
i)th position for i = 1, . . . , min{m, n}.
Consider the limiting case when N → ∞ and M remains
one (cf.
fixed. Then N −1 Hk HkH → I with probability
√
Lemma
4
in
[20]).
Consequently,
D
→
N
I
k
M×N , Wk →

P/M IN ×M , ∀k, and the Hermitian precoder Fk in (25)
reduces to

(28)
Fk = Vk Wk UkH = P/M Vk IN ×M UkH .
√
Substituting Dk = N IM×N and Fk in (28) into (9a), we
obtain the achievable rate of the Hermitian precoder:

 2
K NP
K 2N P
RH = M log 1 +
≈ M log
. (29)
M σ2
M σ2
On the other hand, as N −1 Hk HkH → I, the capacity with
full CSIT is also given by (29). Thus a Hermitian precoder is
asymptotically capacity approaching when N → ∞ and M
remains fixed.
We emphasize that the above result is the consequence of
the use of UkH in (28), which is a key feature of a Hermitian
H
precoder. Otherwise, suppose that we remove
 Uk in Fk and
construct an alternative precoder: F̃k =
P/M Vk IN ×M .
Substituting F̃k and Dk into (9a), we obtain the achievable
rate of F̃k :



K
K


 
 

RI = E log det I +





= E log det I +
(a)



≤ log det I +

1
σ2

Uk

k=1

PN
M σ2

K


NP
M

k=1

Uk UkH +

k=1

KP N
I+
M σ2

Uk

K
K


i=1 j=1,j=i

K
K


i=1 j=1,j=i



E Ui UjH



NP
M

H

Ui UjH
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KP N
I
2
 KP N M
σ
≈ M log
M σ2
(b)

= log det I +





= M log 1 +

KP N
M σ2


(30)

where step (a) follows from Jensen’s inequality (as log det(·)
is  concave),
and step (b) follows from the fact that

E Ui UjH = 0, ∀i, j, i = j. From (29) and (30), we have
 2

K NP
KP N
RH − RI ≥ M log
−
M
log
M σ2
M σ2
= M log K, when N → ∞.
(31)
The above indicates that in a large scale MIMO system with
N → ∞ but M fixed, Fk in (28) provides at least M log K
rate gain than F̃k .
V. N UMERICAL R ESULTS
In this section, numerical results are used to demonstrate the
performance of the proposed Hermitian precoding technique
in large scale distributed MIMO channels. For comparison,
we list below a variety of alternative choices of Fk and Gk .
Full CSIT capacity with total power constraint is also included
as an upper bound. For simplicity of discussion, we assume
N = M.
(i) Full CSIT capacity with total power constraint (Full
CSIT): The input covariance matrix is determined by
standard SVD water-filling method [16] over H =
[H1 , H2 , . . . , HK ].
(ii) Hermitian Precoding with Optimized Power Allocation
(HP-OPA):
Fk = Vk Wk UkH

and Gk = 0.

Here Wk is obtained using the technique proposed in
Section IV.
(iii) Hermitian Precoding with Equal Power Allocation (HPEPA):

Fk = Pk /M Vk UkH and Gk = 0.

This is obtained by substituting Wk = Pk /M I in
(25).
(iv) Hermitian Precoding with Channel Inverse (HP-CI):
Fk = βk Vk Dk−1 UkH

and Gk = 0.

Here Wk = βk Dk−1 in (25) with βk a scalar chosen to
meet the power constraint.
(v) No-CSIT with Correlated Signaling (No-CSIT-CS):

Fk = Pk /M I and Gk = 0.
(vi) No-CSIT with Independent Signaling (No-CSIT-IS):

Fk = 0 and Gk = Pk /M I.
(vii) Individual Water-Filling (IWF):
Fk = Vk Wk

and Gk = 0.

Here Vk is obtained from the SVD Hk = Uk Dk VkH
and Wk (that is diagonal) is obtained by standard waterfilling [16] over Dk at each individual transmitter.

Fig. 2. Performance comparison among different precoding schemes with
M = N = K = 2 in Rayleigh-fading distributed MIMO Gaussian channels.
SNR = (P1 + P2 )/σ2 with P1 = P2 .

Note that the commonality among choices (ii) - (iv) listed
above is the precoding structure Vk Wk UkH . Their only difference is the choice of Wk . On the other hand, choices (v)
- (vii) do not involve the precoding structure defined in (25),
and thus lack the coherent transmission effect discussed in
Section IV-D.
Firstly, we consider the scenario without slow-fading factors. Figs. 2-4 show the performance of a Hermitian precoder
in this scenario. Note that in these figures, we assume equal
power constraints for all transmitters (i.e., Pk = P, ∀k) due
to the symmetry property among them. The performance of
various precoding schemes are compared in Fig. 2 (with
K = M = N = 2) and Fig. 3 (with K = 3, M = N = 100).
It is seen that HP-OPA performs very close to the upper bound
obtained by assuming full CSIT. This implies that the potential
performance loss due to the I-CSIT assumption is marginal.
We also see from Fig. 3 that HP-OPA significantly outperforms
other alternatives especially when both the transmitters and
the receiver equip with large amount of antennas. Note that
the performance of No-CSIT-CS, No-CSIT-IS and IWF is
relatively poor in both Figs. 2 and 3. The reason is that they
cannot achieve the coherent transmission effect provided by
the precoding structure defined in (25).
Fig. 4 shows the asymptotic performance of the proposed
precoder for large N values and relatively small M values.
We fix K = 3, SNR = KP/σ 2 = 0dB. From Fig. 4, the gap
between the HP-OPA performance and the full-CSIT bound
diminishes when N increases. The performance gaps between
the HP-OPA and the corresponding IWF scheme are marked.
M log K equals to 3.17 for M = 2, 6.34 for M = 4, and
25.36 for M = 16. By comparing the performance gaps with
M log K, we see that these gaps are larger than M log K,
which verifies the result in Section IV-E.
In Fig. 5, we consider the scenario with slow-fading factors
{ρk } as discussed in Section IV-D. We set ρk = 1 for
k = 1, . . . , K/2 and ρk = 2 for k = K/2 + 1, . . . , K. We
assume that {ρk } are known to all transmitters. The power
constraints {Pk } of different transmitters can be optimized
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Fig. 3. Performance comparison among different precoding schemes with
K = 3, M = N = 100 in Rayleigh-fading distributed MIMO Gaussian
channels. SNR = KP/σ2 , with Pk = P, k = 1, 2, 3.

Fig. 4.
Comparisons of average achievable rate between the Hermitian
precoding scheme with OPA and the channel capacity with full-CSIT. The
number of transmitters K = 3, and the channel SNR = KP/σ2 is fixed to
0dB. The values of M are marked on the curves. M log K equals to 3.17
for M = 2, 6.34 for M = 4, and 25.36 for M = 16.

according to {ρk }. The performance curve with full-CSIT is
included for comparison. It is seen that Hermitian precoding
with optimized power constraints slightly outperforms the
scheme with equal power constraints. It is also see that
the HP-OPA scheme achieves an extra 3dB power gain for
every doubling the number of transmitters. This is due to the
coherent effect that more transmitters provide more additional
power
gain.we present some simulation results with practiFinally,
cal channel coding. Return to the received signal in (26b):
r = Ac0 +n. The iterative linear minimum-mean-square-error
(LMMSE) detection principles developed in [21] is directly
applied. Fig. 6 compares the simulated frame error rates
(FERs) of various schemes for a distributed MIMO system
with K = 2, M = N = 16, a (3, 6)-regular LDPC code with
codeword length 8192 for channel coding. We see from Fig. 6
that HP-OPA outperforms other alternatives by about 4-6dB.
This shows that the potential advantage of HP-OPA analyzed
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400
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Average Achievable Rate (bit/sec/hz)
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Fig. 5.
Comparisons of average achievable rate between the Hermitian
precoding scheme with OPA and the channel capacity with full-CSIT in the
scenario with slow-fading factors. We set ρk = 1 for k= 1, . . ., K/2
K
P /σ2 .
and ρk = 2 for k = K/2 + 1, . . . , K. SNR =
k=1 k
M = 50, N = 100. The values of K are marked on the curves.

Fig. 6. FER performance on the Rayleigh fading channel with K = 2,
N = 16, and M = 16. Regular (3, 6) LDPC codes with codeword length
8192 are used for practical channel coding. All transmitters have the same
power constraint P (i.e. P1 = P2 = P ), and SNR = KP/σ2 .

from an information-theoretic perspective (as demonstrated in
Figs. 2-5) is indeed achievable in practice.
VI. C ONCLUSION
We have proposed a Hermitian precoding technique for
distributed MIMO channels with I-CSIT and proved its local
optimality. Numerical results show that the proposed scheme
with I-CSIT can perform close to the channel capacity with
full CSIT in various settings. The proposed technique can be
used to significantly reduce the overhead related to acquiring
CSIT in distributed MIMO channels, especially for large-scale
antenna systems.
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A PPENDIX
P ROOF OF T HEOREM 1

Lemma 2: For any positive semi-definite matrix Λ1 and any
matrix W1 , we have

We first consider the case of K = 2. Since all transmitters experience the same channel distribution, these two
transmitters are symmetric. Then, the problem in (10) can
be rewritten in (32) shown at the top of this page, where
F2 = f2 (H2 ) = V2 W2 U2H , and G2 = g2 (H2 ) = V2 Σ2 U2H .
The expectation is taken over H2 . Due to the local optimality
defined in Section III-C that other transmitters are a priori
fixed to the desired structure, W2 and Σ2 ΣH
2 here are real
diagonal matrices and independent of V2 and U2 . Further2
more, note that H2 F2 = U2 D2 W2 U2H and |H2 G2 | =
H H H
U2 D2 Σ2 Σ2 D2 U2 are Hermitian, and that U2 is a Haar
matrix and independent of W2 and Σ2 ΣH
2 (cf. Property 4
in Section II-C). From Property 3 stated in Section II-B,
U1H H2 F2 U1 and U1H |H2 G2 |2 U1 have the same distribution
as H2 F2 and |H2 G2 |2 , respectively. Thus, with the individual
CSI (i.e. H1 = U1 D1 V1H ) of transmitter 1, the objective
function in (32) can be rewritten as (33) given at the top of
this page.
From (11), we have W1 = V1H F1 U1 and Σ1 = V1H G1 U1 .
Then define


(34)
Λ1 = V1H F1 F1H + G1 GH
1 V1

ϕ(Λ1 , W1 ) ≤ ϕ ((Λ1 )diag , (W1 )diag ) .

From (33) and (34), the problem in (32) is rewritten as an
optimization problem for Λ1 and W1 .
max

{Λ1 ,W1 }:tr{Λ1 }≤P1 ,W1 W1H Λ1

ϕ(Λ1 , W1 )

where ϕ(Λ1 , W1 ) is defined as follow.


1
ϕ(Λ1 , W1 ) ≡ E log det I + 2 ( D1 H2 F2 )
σ


W1
Λ1
D1H
2
×
−1
H
W1 I + F2 G2
F2H H2H

(35)

max

≤

max

Lemma 3: The optimal solution to the problem below is
achieved at real-valued Λ1 and W1 .
max

{Λ1 ,W1 }:tr{Λ1 }≤P1 ,W1 W1H Λ1
Λ1 and W1 are diagonal

ϕ(Λ1 , W1 )

(39)

From Lemma 1 - Lemma 3, we then have
max

{Λ1 ,W1 }:tr{Λ1 }≤P1 ,W1 W1H Λ1
(a)

≤

≤

=

(40a)

ϕ(Λ1 , W1 )

max



ϕ (Λ1 )diag , (W1 )diag

Λ1 :tr{(Λ1 )diag }≤P1
W1 :(W1 )diag (W1 )H
diag (Λ1 )diag

(c)

ϕ(Λ1 , W1 )

max

Λ1 :tr{Λ1 }≤P1
W1 :(W1 )diag (W1 )H
diag (Λ1 )diag

(b)

max

{Λ1 ,W1 }:tr{Λ1 }≤P1 ,W1 W1H Λ1
Λ1 and W1 are diagonal

ϕ(Λ1 , W1 )

(40b)

where step(a)-step(c) follow from Lemma 1-Lemma 3, respectively. Comparing (40a) with (40b), we find that the equalities
hold when both Λ1 and W1 are real diagonal. Hence, we
conclude that the optimal Λ1 and W1 to the problem in (35)
should be real diagonal matrices. Finally, from (34), we have


H1
(36)

which is real diagonal provided that Λ1 and W1 are. Hence
Theorem 1 holds for K = 2.
For a general case K > 2, the optimization problem in (10)
can be rewritten as

K


2
1 
E log det I + 2 H1 F1 +
Hk Fk
max
H
σ
{F1 ,G1 }:tr{F1 F1 }
k=2

+tr{G1 GH
1 }≤P1

2

+ |H1 G1 | +

ϕ(Λ1 , W1 )

Λ1 :tr{Λ1 }≤P1 ;
W1 :(W1 )diag (W1 )H
diag (Λ1 )diag

ϕ(Λ1 , W1 )

H
H
H
H
H
Σ1 ΣH
1 = V1 G1 G1 V1 = Λ1 −V1 F1 F1 V1 = Λ1 −W1 W1

The following lemmas are proven in Subsection A, B, and
C, respectively.
Lemma 1:
Λ1 :tr{Λ1 }≤P1 ;W1 :W1 W1H Λ1

(38)

K


|Hk Gk |

2




H1

k=2

(37)

with
and

Fk = fk (Hk ) = Vk Wk UkH ,
Gk = gk (Hk ) = Vk Σk UkH , k = 2, . . . , K.

(41)
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Uk Dk Wk UkH ,

1
ψ(Λ1 , W1 ) = I + 2 ( D1 H2 F2 )
σ

Ūl Λ1 Ūl
Ūl W1 Ūl
×
Ūl W1H Ūl I + F2−1 G2

k=2
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|Hk Gk | =

k=2

K


K


H H
Uk Dk Σk ΣH
k Dk Uk
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It can be shown that Property 3 in Section II-B also holds for
A and B, and so (41) can be rewritten as:


1
2
max
E log det I + 2 |H1 F1 + A|
{F1 ,G1 }:
σ
tr{F1 F1H +G1 GH
1 }≤P1
2

+ |H1 G1 | + B




H1
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(42)

Following the same reasoning as that from (32) to (40), we
can arrive at Theorem 1 for K > 2.


2

D1H
F2H H2H

.
(46)

Note that log det(·) is concave and ψ(Λ1 , W1 ) is an
affine function of Λ1 and W1 . As composition with
affine mapping preserves concavity [18], ϕ(Λ1 , W1 ) =
E [log det (ψ(Λ1 , W1 ))] is concave in (Λ1 , W1 ). Thus, we
have
M

2
1 
ϕ(Λ1 , W1 ) = M
ϕ(Λ1 , W1 )
2
l=1

M

2

1  
= M
ϕ Ūl Λ1 Ūl , Ūl W1 Ūl
2
l=1

2M
2M
(b)
1 
1 
Ūl Λ1 Ūl , M
Ūl W1 Ūl
≤ϕ M
2
2
(a)

A. Proof of Lemma 1
Let B be a Hermitian matrix. Consider any matrix A
satisfying AAH  B, i.e., B − AAH is positive semiH
definite. Thediagonal elements of B−AA
are non-negative,


2
2
i.e., Bi,i − |Ai,i | + j=i |Ai,j | ≥ 0, for i = 1, . . . , N .
2

Thus, Bi,i − |Ai,i | ≥ 0, for i = 1, . . . , N , or equivalently,
(A)diag (A)H
diag  (B)diag . The above reasoning implies that
 


A|AAH  B ⊆ A|(A)diag (A)H
diag  (B)diag . (43)
Letting A = W1 and B = Λ1 , we see that the region of W1 for W1 W1H  Λ1 is contained in that for
(W1 )diag (W1 )H
diag  (Λ1 )diag . Therefore, (37) holds.
B. Proof of Lemma 2
We first consider the case of M = N . Let Ūl be an M by-M diagonal matrix with the diagonal elements being ±1.
There are in total 2M different such matrices indexed from
l = 1 to 2M . Then (cf. [22]- [23]),
M

2
1 
Ūl AŪl = (A)diag
2M

(44)

l=1

where A be an arbitrary M -by-M matrix.
For the function defined in (36), we note from Property 4
2
that both H2 F2 and I + F2−1 G2 are Hermitian matrices
with the eigen-values and the eigen-direction being independent of each other, and that U2 is a Haar matrix. From
2
Property 3, Ūl H2 F2 Ūl and Ūl (I + F2−1 G2 )Ūl have the
2
same distribution as H2 F2 and I + F2−1 G2 , respectively.
Thus, (36) can be rewritten as:
ϕ(Λ1 , W1 )


1
= E log det I + 2 ( D1 Ūl H2 F2 Ūl )
σ


W1
Λ1
D1H
2
×
−1
H
W1 Ūl (I + F2 G2 )Ūl
Ūl F2H H2H Ūl


1
= E log det I + 2 ( D1 H2 F2 )
σ



Ūl Λ1 Ūl
Ūl W1 Ūl
D1H
2
×
H1
Ūl W1H Ūl I + F2−1 G2
F2H H2H
= ϕ(Ūl Λ1 Ūl , Ūl W1 Ūl ).


H1

(45)

l=1

l=1

(c)

= ϕ ((Λ1 )diag , (W1 )diag )

(47)

where step (a) follows from (45), step (b) follows from the
Jensen’s inequality, and step (c) utilizes (44). Thus, (38) holds
for the case of M = N .
We now discuss the case of M > N . We need to replace
(44) with
2M
1  left
Ūl AŪlright = (A)diag
2M
l=1

where A is an arbitrary M -by-N matrix, Ūlleft = Ūl , and
Ūlright is the N -by-N principle submatrix of Ūlleft with index
set {1, . . . , N }. The other reasoning literally follows the case
of M = N , except for some minor modifications.
The treatment for M < N is similar. This completes the
proof of Lemma 2.
C. Proof of Lemma 3
By definition in (34), Λ1 is Hermitian. This implies that,
any diagonal Λ1 is real-valued. Thus, we only need to consider
W1 . We first show that, for any diagonal matrix Λ1 and W1 ,
ϕ(Λ1 , W1 ) = ϕ(Λ1 , W1∗ ),

(48)

where (·)∗ represents the conjugate operation.
Since det(A) = det(A∗ ) for Hermitian matrix A, we have
ϕ(Λ1 , W1 )


1
= E log det I + 2 ( D1 H2 F2 )
σ



∗
H
W1
Λ1
D
1
2
×
H1
W1H I + F2−1 G2
F2H H2H


1
= E log det I + 2 ( D1 (H2 F2 )∗ )
σ



H
Λ1 
W1∗

∗
 HD1 H ∗
2
×
H1 .
−1
T
W1 I + F2 G2
F2 H2
(49)
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From
Property 3 in Section II-B, (H2 F2 )∗ and

2 ∗
I + F2−1 G2
have the same distribution as H2 F2
2

and I + F2−1 G2 , respectively. Thus, we obtain


1
ϕ(Λ1 , W1 ) = E log det I + 2 ( D1 H2 F2 )
σ


Λ1
W1∗
D1H
2
×
−1
T
W1 I + F2 G2
F2H H2H
= ϕ(Λ1 , W1∗ )


H1
(50)

Then
1
(ϕ(Λ1 , W1 ) + ϕ(Λ1 , W1∗ ))
2
(b)
1
≤ ϕ Λ1 , (W1 + W1∗ )
2
= ϕ (Λ1 , Re{W1 })
(a)

ϕ(Λ1 , W1 ) =

(51)

where step (a) follows from (48), and (b) from the Jensen’s
inequality (as ϕ(Λ1 , W1 ) is concave). The equality in (51) is
achieved when W1 is a real-valued matrix.
Consider the optimization problem in (39). For any diagonal matrix W1 satisfying W1 W1H  Λ1 , we obtain
Re{W1 }Re{W1 }H  Λ1 . This implies that Re{W1 } falls
into the feasible region of (39) if W1 does. Together with
(51), we conclude that the optimal W1 to (39) is real-valued.
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