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Precoder Design for Multiuser MIMO ISI Channels
Based on Iterative LMMSE Detection
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Abstract—Precoding has been widely investigated for multiple-
input multiple-output (MIMO) and inter-symbol interference (ISI)
channels. Most related work so far has been on uncoded systems
and the impact of forward-error-correction (FEC) codes has not
been well studied. In this paper, we present an optimized precoding
technique that takes into account iterative joint LMMSE detection
and FEC decoding. The proposed scheme has some interesting fea-
tures. First, the design problem is convex. Second, the proposed
scheme achieves water-filling gain when channel state information
at the transmitter (CSIT) is available and diversity gain when CSIT
is not available, as well as multi-user gain in multi-user environ-
ments. Third, the water-filling gain is achieved using a single code
(instead of multiple codes as in conventional approaches), which
greatly simplifies the design and implementation problems. Both
simulation and evolution analyses are provided to show that sig-
nificant performance improvement can be achieved with the pro-
posed scheme.

Index Terms—Iterative linear minimum-mean-square-error
(LMMSE) detection, multiple-input multiple-output (MIMO)
inter-symbol interference (ISI) multiple-access channel, precoder.

I. INTRODUCTION

C ONSIDER communication in multiple-input mul-
tiple-output (MIMO) and multipath channels. In the case

of perfect channel state information at the transmitter (CSIT), a
well-known approach is to apply singular value decomposition
(SVD) together with orthogonal frequency division multi-
plexing (OFDM) to transform the channel into a set of parallel
sub-channels. Then water-filling [1] can be used to achieve
channel capacity, which involves multiple forward-error-cor-
rection (FEC) codes with different rates. Designing, storing,
and operating these codes are complicated issues. Also, modern
FEC codes, such as turbo and low-density parity-check (LDPC)
codes [2], [3], may involve very long block length, for which
latency is a serious problem. The use of multiple codes in
parallel may worsen the problem.

Linear precoding is an alternative approach that involves a
linear precoder at the transmitter side and an equalizer at the re-
ceiver side. The design objective is to maximize the signal-to-in-
terference and noise ratio (SINR) at the output of the equalizer
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(usually designed based on the linear minimum-mean-square-
error (LMMSE) principle) [4]–[6], although other measures can
be used instead [5]. It has been shown in [7], [8] that perfor-
mance can be improved by coupling linear precoding with de-
cision feedback detection. Most existing work [4]–[8] on linear
precoding so far has been limited to systems without FEC codes.

For channels without CSIT, diversity techniques can be used
to improve performance. The related space-time [9]–[12] or
space–time-frequency codes [13] can be regarded as general-
ized nonlinear precoding techniques.

Overall, various types of treatments have been used for dif-
ferent scenario, e.g., SVD/OFDM/water-filling and linear pre-
coding for channels with CSIT, and/or space-time coding for
channels without CSIT.

In this paper, we develop a unified precoding scheme that is
universally applicable to systems with and without CSIT. FEC
coding is an integrated part in the scheme. The key is to uti-
lize the feedback from a soft-output FEC decoder that is refined
in an iterative process. The design criterion is to maximize the
SINR at the end of the iterative process. Intuitively, the rationale
behind this criterion is that the decoder feedback can be used
to suppress interference and so SINR evolves as the quality of
the decoder feedbacks improves. This process is analyzed using
an SINR-variance evolution technique [14], based on which we
will show that the precoder design problem is convex.

The proposed scheme involves only a single FEC code. In-
terestingly, it can still achieve comparable performance to the
water-filling strategy. It can be shown that the proposed scheme
can achieve near-capacity performance when the precoder and
FEC code are jointly optimized. (This issue is discussed in a
separate paper [15].)

We further extend the proposed precoding technique to mul-
tiuser environments. We show that in the MIMO case, notice-
able multiuser diversity gain can be achieved in addition to the
precoding gain. Again, the advantage of the proposed scheme
is that only one FEC code is used by each user to explore the
benefit in multiuser environments.

The proposed scheme can be implemented at a low cost of
(log ) per symbol based on the fast Hadamard transform

(FHT) technique [16], with being the length of the FHT used.
Both analysis and simulation results are provided to demon-
strate that the proposed scheme can bring about significant per-
formance gains in various channels environments.

The remainder of this paper is organized as follows. We
focus on single-user systems in Sections II–IV. Specifically,
Section II outlines the channel model, channel diagonaliza-
tion, and the water-filling principle. Section III describes the
precoder design based on iterative LMMSE detection. The
application of the proposed precoding technique in OFDM
is described in Section IV. The extension to multiuser en-
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vironments is provided in Section V, and finally Section VI
concludes this paper.

II. PRELIMINARIES

A. Channel Model

Let be the time index. A single-user quasi-static MIMO
inter-symbol interference (ISI) channel can be modeled as

(1)

where is the received signal vector from receive an-
tennas at time the transmitted signal vector over the
transmit antennas at time an vector consisting
of additive-white-Gaussian-noise (AWGN) samples with vari-
ance per dimension, an matrix representing
the MIMO channel with a delay of taps, and the channel
memory length.

Assume that the cyclic prefix (CP) technique is applied [14],
[17] to . (Note that
consists of symbols.) We can then rewrite (1) with times
of channel use into a compact form as

(2)

where and are defined similarly as , and is an
block-circulant matrix

...
. . .

. . .
...

(3)

Channel matrix is assumed to remain unchanged during the
transmission of every segments of .

Define a block-wise discrete Fourier transform (DFT) matrix

. . .
...

. . .
. . .

...

(4)
where and is an identity matrix. The block-
wise circulant form of allows the following decomposition
[18]

(5a)

where and have the same form as in (4), except
their dimensions are and , respectively.
Matrix in (5a) is a block diagonal matrix defined as

(5b)

with the th diagonal block given by

(5c)

Fig. 1. (a) Transmission over a MIMO ISI channel. (b) The equivalent parallel
subchannel model of the system in (a). (c) The precoding scheme based on the
equivalent model in (b).

As special cases, (2) reduces to a single-path MIMO channel
when , and to a single-input single-output (SISO) ISI
channel when .

B. Channel Diagonalization

The SVD technique can be applied to diagonalize the system
in (2) [19]. Let the SVD of in (5b) be

(6)

Then (5a) suggests the following efficient decomposition of :

(7)

With perfect CSIT, we can diagonalize a MIMO ISI channel
based on (7), as shown in Fig. 1(a). It involves a pre-processor
and a post-processor defined as follows:

Pre-processor (8a)

Post-processor (8b)

In this way, (2) is transformed into a set of parallel sub-chan-
nels represented by

(8c)

where and is a diagonal matrix1 with

(8d)

The equivalent system based on (8c) is illustrated in Fig. 1(b).

C. OFDM Systems

We can combine at the transmitter, the channel , and
at the receiver to form an underlying OFDM layer, as il-

lustrated in Fig. 1(a). Then and represent additional opera-
tions to diagonalize the MIMO channel at each subcarrier. The
related complexity, besides the standard fast Fourier transform

1The size of ��� is �� � �� after SVD. We can reduce its size to � � �

by removing all-zero rows or columns. The size of ��� � ��� , and ��� are adjusted
accordingly. With some abuse of notation, we still denote the reduced variables
correspondingly by ������� � ��� , and ��� .
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(FFT) operations for OFDM, is per
sub-carrier [19]. With CSIT, the water-filling technique can be
applied to MIMO OFDM. (See, e.g., LTE Advance [20].)

Due to the equivalence illustrated in Fig. 1(a), the discussion
in this paper applies to both single-carrier and OFDM systems.
We will return to this in Section IV.

III. PRECODING BASED ON ITERATIVE LMMSE DETECTION

A. Precoder Structure

Let be a coded vector generated by a generic encoder (con-
sisting of an FEC encoder followed by random interleaving).
Without loss of generality, the average power per entry of is
normalized to 1. We will treat as a sequence of independent
and identically distributed (i.i.d.) symbols, which is approxi-
mately ensured by random interleaving [21]–[24].

Assume that the channel has been diagonalized as in (8) and
Fig. 1(a). We adopt the precoding scheme illustrated in Fig. 1(c)
defined by linear transform

(9)

where is the transmitted signal vector over the parallel
channel in (8c) and

that is used for power allocation among sub-channels. We will
discuss the optimized selection of later in Section III-F.

The matrix in (9) is the rotation matrix introduced in ([5],
(15)), which can be either a DFT matrix or a Hadamard matrix.
In either case, has the following two properties.

1) is unitary.
2) The entries of have a constant modulus of .

These two properties are useful to our discussion below.
Incidentally, using a Hadamard matrix as is more cost-ef-

fective as then involves additions only.

B. Detection Principles

Return to the diagonalized channel in (8c). The use of the pre-
coder in (9) will reintroduce inter-symbol interference. We now
consider applying iterative LMMSE detection [14] to suppress
this interference. A key in the discussion below is to take into
account the feedback information. This brings about significant
performance improvement, as will be seen later.

Combining (8c) and (9), we have

(10a)

where

(10b)

and is a vector of AWGN samples with variance . The op-
timal estimation for usually involves prohibitively high com-
plexity. We will take a suboptimal alternative shown in Fig. 2.
The receiver consists of two local operators, namely, the ele-
mentary signal estimator (ESE) and the decoder (DEC). The
coding constraint is ignored in the ESE and the impact of the
channel matrix is ignored in the DEC, which implies reduced

Fig. 2. Structure of an iterative receiver.

complexity at the cost of certain performance loss. To compen-
sate for the performance loss, an iterative procedure is applied
to the two local operators, as explained in Section III-E.

For the ESE, even after ignoring the coding constraint, the
optimal detection of is still a very difficult task when is dis-
crete (as in most practical systems). To overcome the difficulty,
we take a two-step approach. In the first step, we treat as ap-
proximately Gaussian distributed. We assume that the a priori
mean (denoted by ) and a priori auto-covariance of are
available. To simplify the problem, we further assume that the a
priori autocorrelation of can be written as . In practice, the
a priori information can be initialized to and ,
and updated using the feedbacks from the DEC during the itera-
tive process. (We will return to this later in Section III-E.) Then
the standard LMMSE estimation of is given by [25]

(11a)

where . In the second step, we
write the th entry of in the following form [21]

(11b)

In (11b)

(12a)

(12b)

where is the th row of , and is the th diagonal
entry in the following matrix:

(12c)

Here, represents an unknown interference-and-noise term
that is independent of . Following [21], we treat as an
AWGN sample. Its variance is given by [[26], (18)]

(12d)

Then we can detect based on (11b) in a symbol-by-symbol
manner using the true distribution of .

The rationale behind the above two-step approach is that
is statistically close to after the LMME operation in (11a).
Thus, the symbol-by-symbol detection in (11b) is relatively re-
liable.

C. Complexity

We now briefly discuss the complexity of the above ap-
proach. The cost involved in the two-step approach discussed
in Section III-B is mainly for the matrix inversion . Using
a Hadamard matrix for is a cost effective option. To see
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this, substitute into (12) and note that is unitary
(property (i) in Section III-A). Then

(13a)

Clearly, is diagonal and so can be computed easily.
Furthermore, note that

(13b)

where

(13c)

From property (ii) in Section III-A, .
We can thus write the th diagonal element of as

(14)

where is the th diagonal entry of . Since (14) is in-
variant to , we can rewrite (13b) as

(15a)

where

(15b)

This provides an efficient way to evaluate in (12c).
All the other operations in (11) and (12) involving

can be efficiently implemented using FHT.
The complexity involved in (11) and (12) is thus dominated
by FHT at per block of [14] or per
symbol, which is modest for practical use.

D. SINR-Variance Transfer Function

The performance of the ESE can be characterized using the
SINR in its output. Let be the SINR for . Based on
(12a) and (12d)

(16a)

From (15a)

(16b)

Substituting (15b) into (16b), we have2

(16c)

where is the power allocated to sub-channel . Thus,
the behavior of the ESE can be characterized by a transfer func-
tion .

Note that (15a) and so (16b) are the consequences of the two
properties of mentioned in Section III-A.

E. Iterative Process

Recall that the a priori information is assumed in
Section III-B. Reliable a priori information is crucial to
the proposed scheme. Now we consider the following iterative
process to refine the a priori information. We forward the ESE
output (i.e., ) to the DEC. After decoding, the DEC produces
updated and . (The details on computing and can
be found in [14].) We then re-perform the ESE operation. This
process continues iteratively.

We can view as an estimate of and as the reliability
of . Also, in (16c) can be viewed as a reliability measure
for the input to the DEC. Thus, we can characterize the DEC
operation by a transfer function . We obtain this func-
tion as follows. We approximately treat as the observations
of an AWGN channel following [21], [22]. This can be justified
by approximating in (11b) as an AWGN sample and noting
that the SINR for (11b) is a constant according to (16b). We then
obtain by simulating the DEC in an AWGN channel with
SNR .

With and available, we can predict the perfor-
mance of the iterative process using a recursion of and .
Let the superscript “ ” be the iteration number. We initialize

, representing the situation of no feedback from the
DEC. The SINR at the output of the ESE can be computed using
the following recursion:

and

for (17)

where is assumed to be sufficiently large to ensure conver-
gence. The bit error rate (BER) and frame error rate (FER) of
the system can be predicted by two functions BER and

2To gain insight into (16c), define

���� � � ���
���

������� 	���
 ����� 	���

�

Under the assumption that ��� is Gaussian, it can be shown that [15]

���� � � � � ��

Substituting this into (16c), we have

� �
�

����
�

�

�
�

Thus, � is the difference between the reciprocals of the a posteriori and a priori
variances (as MMSE is the a posteriori variance after observing ��� ).
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FER that can be obtained by simulating the DEC in an
AWGN channel [14], [23].

Note that, in the above, we have assumed that the inputs to
the ESE and DEC are i.i.d., based on which the autocorrelation
of is expressed as . (See the discussion above (11a).) This
is a standard assumption following the turbo principle [2], [3].
To ensure this assumption, we can employ random interleaving
and sufficiently long coding length. This implies that defined
in (2) is usually a segment in a long coded frame.

F. Optimization for

We now consider the construction of based on the evolu-
tion technique in Sections III-D and III-E. Assume that the target
performance of the system is given in the form of BER or FER.
We can then compute the required (denoted by ) ac-
cording to BER or FER mentioned in Section III-E. We
want to minimize the total transmission power to achieve this
target after the recursion in (17). The problem can be formu-
lated as

subject to (18)

where is obtained by the recursion in (17). In practice,
and are both monotonic functions and so

(19)

Thus, the problem in (18) can be expressed equivalently as

(20a)

subject to for

(20b)

The following lemma is helpful in solving problem (20). A
similar result for SISO channels is derived in [27]. For com-
pleteness, a proof is included in Appendix A.

Lemma 1: in (16c) is concave in .

From Lemma 1, (20) is convex, which can be solved as fol-
lows. Note that the constraint in (20b) is over a continuous in-
terval of . Following the treatment in some similar problems
(e.g., in the design of Raptor codes [28]), we can discretize
in ( , 1] with a small interval and let the constraint
in (20b) hold on the discretized values of . Then (20) can be
solved efficiently using standard convex optimization tools [29].
Since defined in (16c) is continuous in , the above technique
has sufficient precision provided that is sufficiently small.

G. Water-Filling

Here is a simpler alternative. When is i.i.d., the optimal
choice of achieving the channel capacity under sum power
constraint is the water-filling solution [1]. We borrow this prin-
ciple for a practically coded system and construct by set-
ting its diagonal entries to the water-filling solution scaled by a
proper constant. (The scaling factor is necessary as the water-
filling solution specifies the theoretically minimum power.) This

is a rather heuristic method under the assumption that the opti-
mized power allocation for a practically coded system differs
from the water-filling solution only by a scaling factor, which
is not necessarily true. However, this water-filling technique is
simple and easy to implement. It also provides reasonably good
(though suboptimal) performance. (See Fig. 6.)

H. Examples

We now present some examples to demonstrate the efficiency
of the proposed precoding technique. We assume quasi-static
Rayleigh-fading MIMO ISI channels with transmit
antennas, receive antennas, and delay taps. The fading
coefficients are i.i.d., where is the th
entry of in (3). The total gain of each user over the paths
between each transmit-receive antenna pair is normalized to 1,
i.e.,

The channel remains constant during the transmission of each
coded frame (see the definition in Section II-A), but changes
independently from frame to frame. The FEC code is a rate 1/2
convolutional code with generator polynomials followed
by random interleaving and QPSK modulation. An outage prob-
ability is allowed.3 Each point on the simulation curves
is obtained by averaging over at least 10 000 channel realiza-
tions. The average transmission power is measured in bit energy
to noise density ratio, denoted by . The above simula-
tion settings are assumed throughout this paper unless explicitly
specified.

We first show the BER performance for a single-path 4 4
MIMO channel (with ) in Fig. 3. The system with flat
precoding (in which is set to a scaled identity matrix) is in-
cluded as a reference.

We can see from Fig. 3 that significant gains can be achieved
by optimization on . The simulated performance is quite
close to the evolution prediction when frame length is set to
32 768 information bits. The difference between the simulation
results and evolution predictions becomes more noticeable for
a small frame length of 4096 information bits. This is expected
as the basic assumption of the evolution analysis states that
the ESE and DEC inputs can be approximately modeled as
i.i.d. sequences. This assumption holds only when the frame
length is sufficiently large [14]. (Recall from Section III-E that

defined in (2) is a segment in a long coded frame.)
It is also interesting to compare the results for different tar-

geted BER values in solving (20). In Fig. 3, there are cross points
between the two sets of results with target BER and

. Although setting a lower target BER can achieve slightly
better asymptotical performance in the high region, the
related gain is limited and is usually not achievable in practical
systems with a small frame length. For this reason, we always
set the target BER of the optimized precoder to and frame
length to 4096 information bits in our following simulations.

3If the required transmission power to achieve a target BER/FER exceeds a
predetermined threshold, we set this frame in outage, i.e., no transmission will
happen during this frame period. The threshold is adjustable so as to meet the
outage requirement (that can be obtained by a pre-simulation). The errors due
to outage are not counted in the BER performance.
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Fig. 3. Performance of the optimized precoder with various target BERs and
frame lengths in a 4� 4 MIMO channel with independent quasi-static Rayleigh-
fading channel coefficients. The system throughput is 4 bits/channel use. � �
���� � � � and the number of iterations � ��. The performance of the flat
precoder is also included for reference.

Fig. 4. Impact of the number of iterations on the performance of the optimized
precoding system in Fig. 3. The target BER in precoder optimization is set to
�� and frame length � ����. Iteration number 	�
 � �� �� �� �� ��, and ��,
respectively. The solid lines are for the iterative scheme and dashed line for the
non-iterative scheme.

Fig. 4 shows the effect of the number of iterations on the op-
timized precoding system considered in Fig. 3. The target BER
in the precoder optimization is set to . We can see that
the system performance nearly converges in 20 iterations. This
can also be verified using the SINR-variance transfer chart [14]
(similar to the EXIT chart in [39]) shown in Fig. 5, in which
the curve is averaged over 10 000 channel realizations. We
always set the number of iterations to 20. In principle, the opti-
mization of the precoder is to adjust so as to match with

(as is a function of ). Good matching potentially leads to
improved performance at the cost of more iterations. This per-
formance-cost tradeoff has been observed extensively for turbo
codes, LDPC codes, and other iterative detection techniques [3].

We have also included the results for the precoder optimized
for one iteration (i.e., in Section III-F) in Figs. 4 and

Fig. 5. SINR-variance transfer chart for the optimized precoding system in
Fig. 4. The ESE transfer function is obtained by averaging over 10 000 realiza-
tions of the channel at � �� � �
�� dB. The solid lines are for the iterative
scheme and dashed line for the non-iterative scheme.

5, which is equivalent to a conventional non-iterative scheme
(e.g., the precoder defined by (15) in [5]). We can see from
Fig. 4 that significant performance gain can be achieved by in-
troducing iteration. The cause of this gain is that interference
level reduces (and so SINR increases) when more reliable feed-
back information is available. The proposed scheme adapts to
this SINR change, which can be seen more clearly from Fig. 5.
The -curve in Fig. 5 for the non-iterative scheme has a rel-
atively high value at than the proposed scheme, indi-
cating a better performance for the former in the first iteration.
However, when more iterations are involved, the -curve of the
proposed scheme leads to better performance. Comparing the
two -curves in Fig. 5, we can see that the SINR in the ESE
output is significantly increased from about 0.8 at point for
the conventional approach to about 3.2 at point for the pro-
posed scheme. This explains the significant performance differ-
ence between the two methods at dB in Fig. 4.
(Note: is fixed at -3.5 dB in Fig. 5.)

Fig. 5 suggests that further performance improvement is pos-
sible by shaping and together. This is indeed the case
and, in fact, near capacity performance can be achieved by doing
so. The topic is beyond the scope of this paper and is presented
in [15].

Fig. 6 shows the impact of , and on the BER perfor-
mance of the proposed precoding scheme. For comparison, the
performance of the water-filling precoder is also included. It is
seen that the system performance improves as , and/or

increases, thanks to multi-path and multi-antenna diversities.
The channel capacities are also included for reference. There is
a gap of about 4 dB between the simulated performance and its
corresponding capacity. This gap is due to the use of the con-
volutional code. The general trend for different settings roughly
agrees with what is promised by capacity analysis. For example,
about 3 dB power gain is obtained when the dimension of the
MIMO channels increases from 2 2 to 4 4, which is well
expected as the capacity of a MIMO channel increases linearly
with [30]–[32]. The above observations demon-
strate that our proposed precoding scheme can indeed achieve

Authorized licensed use limited to: CityU. Downloaded on January 28, 2010 at 23:03 from IEEE Xplore.  Restrictions apply. 



1124 IEEE JOURNAL OF SELECTED TOPICS IN SIGNAL PROCESSING, VOL. 3, NO. 6, DECEMBER 2009

Fig. 6. Performance of the precoding scheme in the quasi-static Rayleigh
fading MIMO ISI channels with various � �� and �. � � ���. The
throughput is 2 bits per channel use for the 2� 2 MIMO system, and 4 bits per
channel use for the 4� 4 MIMO system.

the gain provided by the MIMO and ISI environments. We can
also see from Fig. 6 that the water-filling principle provides a
low-cost solution with slight performance loss.

IV. PRECODING FOR SINGLE-USER MIMO OFDM SYSTEMS

A. Precoding for OFDM Systems With CSIT

As mentioned in Section II-C and illustrated in Fig. 1(a), the
at the transmitter, the channel , and at the receiver

can be combined to form an underlying OFDM layer. Therefore,
the above precoding scheme can also be used in OFDM systems.
The transceiver principle and performance analysis are similar
to the discussion in Section III with perfect CSIT. The potential
advantages are also similar to those demonstrated in Figs. 3–6.
For simplicity, we omit details here.

B. Precoding for OFDM Systems Without CSIT

We now consider systems without CSIT. It is known that the
optimal scheme in this case should generate the transmitted sig-
nals with a flat spectrum [33], [34]. Accordingly, we can simply
select a precoder with being a Hadamard matrix and

(21)

We will call this scheme as a flat precoder. Assume that (7) still
holds: . As CSIT is not available, we skip

in Fig. 1. We can still apply the operation related to at the
receiver in Fig. 1 [assuming perfect channel state information at
the receiver (CSIR)]. Then we can modify (10) to

(22a)

(22b)

Now apply the LMMSE operation in (11) to (22). The involved
matrixes are given as follows:

(23)

Clearly, is still diagonal (and we thus still enjoy low receiver
complexity). We also have

(24a)

where

(24b)

The diagonal entries of in (24a) are usually not equal in this
case, (as opposed to in (13)). Therefore, the evolution tech-
nique discussed in Section III-E (based on (15)) cannot be di-
rectly applied here. However, as shown in Appendix B, when

and are sufficiently large, can still be approximated by
a scaled identity matrix. We can then again devise an evolution
procedure to approximately assess the performance of the iter-
ative receiver.

The flat precoder effectively spreads each coded symbol
evenly over all subcarriers in transmission and so this is ef-
fectively a space–frequency coding scheme. It can be verified
that the above flat precoder is, in spirit, similar to the diversity
scheme introduced in [35] for SISO fading channels based on
DFT matrixes. (The use of Hadamard matrixes here is more
cost-effective than the use of DFT matrixes.) We would also
like to mention the contribution in [10] on the space-time codes
based on Hadamard matrixes. The flat precoder in (21) is more
general as it covers the frequency selective fading effect of the
subcarriers.

C. Examples

We first present some numerical examples by assuming no
CSIT. Fig. 7 shows the BER performance of the flat precoder
in SISO and 2 2 MIMO OFDM systems. (Outage is not con-
sidered since the transmitter does not know the channel.) For
comparison, the performance without precoding in a Rayleigh
fading channel is also included. The number of subcarriers

. The coefficients of different channel delay taps are i.i.d.
(performance with is provided).

From Fig. 7, the flat precoder significantly outperforms the
system without precoding in the SISO case, thanks to the diver-
sity gain provided by the precoding matrix .

We can also see a considerable performance gain for the 2 2
MIMO OFDM system relative to the SISO system. The evolu-
tion result for the MIMO system based on (32) is also included,
which provides reasonably accurate prediction for a large
(e.g., ).

Note that the simulated performance in Fig. 7 for fading SISO
channel with flat precoding agrees well with the result in Fig. 7
of [35] using a DFT precoder. The scheme discussed in [35] is
equivalent to the flat precoder, except that a DFT matrix is used
in [35]. A DFT matrix also meets the two criteria introduced
in Section III-A. Thus, the scheme in [35] can be treated as a
special case of the precoder developed in this paper.

The performance improvement in Fig. 7 results from diversity
gain. We now show that an extra gain called water-filling gain
can be achieved when CSIT is available. Fig. 8 illustrates the
performance of a 2 2 MIMO OFDM system with . At
BER , the optimized precoder can provide about 4-dB
gain over the system with flat precoding. The gap between the
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Fig. 7. Performance of the proposed precoder in SISO and 2� 2 MIMO
OFDM with � � ��� subcarriers and � � �� ��� ������ taps. The throughput
is 1 bits per channel use for the SISO system, and 2 bits per channel use for the
2� 2 MIMO system.

Fig. 8. Performance comparison of different precoding strategies in an OFDM
system on a 2� 2 MIMO ISI channel with � � � and � � ���. The system
throughput is 2 bits per channel use. The capacity is � �	 � ���� dB. We
have included both the results with and without outage in Fig. 8 for comparison.

performance in Fig. 8 and the capacity is about 4 dB at BER
, which is expected for the convolutional code used. Thus,

the proposed scheme can almost fully explore the advantage of
CSIT.

We have also included the results for the water-filling pre-
coding discussed in Section III-G. This scheme is optimal as-
suming ideal codes, but not necessarily so for practical codes.
Consequently, we can see in Fig. 8 that, although worse than the
optimized precoders by about 0.4 dB, the water-filling precoder
still demonstrates an impressive 3.5-dB gain compared with the
flat precoder. The water-filling precoder is easier to design than
the optimized one and so it can be used as a low-cost alternative.

We will not provide simulation results for the conventional
approach using multiple codes. This is due to the difficulty in de-
signing a large number of codes with the rates required. Instead,
we approximately estimate the performance of the multi-code

scheme as follows. The performance of the convolutional
code used in Fig. 8 is BER at dB in an
AWGN channel, which represents a gap of about 6 dB from ca-
pacity (i.e., dB at rate = 0.5 bits). The binary
convolutional codes with other rates less than 1 have a similar
performance gap (at BER ) of about 6 dB from capacity.
For rate higher than 1, trellis coded modulation (TCM) [36]
with similar detection complexity also has a performance gap
(at BER ) of about 6 dB from capacity. Thus the perfor-
mance obtained after water-filling by mixing binary and TCM
schemes of various rates are expected to be also roughly 6 dB
away from capacity. For comparison, the performance shown
in Fig. 8 for the optimized precoder is only 4 dB away from the
capacity. (i.e., dB at rate 2 bits, as shown in
Fig. 6.)

Thus, we can see that the proposed scheme provides an attrac-
tive alternative to the traditional water-filling method involving
multiple codes. The new method is much simpler, more straight-
forward, and has competitive performance.

V. PRECODING FOR MULTI-USER MIMO OFDM SYSTEMS

We now extend the precoding technique to MIMO orthog-
onal frequency-division multiple access (OFDMA) systems.
The presence of multiple users brings about a new form of
diversity gain, namely, multiuser gain. This is in addition to the
multi-path and multi-antenna diversity gains discussed in the
previous sections. We will show that our precoding technique
can help to achieve this gain.

A. MIMO OFDMA

Consider a MIMO OFDM system, in which each subcarrier is
assigned exclusively to one user (i.e., in the so-called OFDMA
form). Let be the number of active users, and be the set
of subcarriers assigned to user . For each user , the single-
user precoding technique described in Section IV can be directly
applied to the set of subcarriers in . We will briefly discuss
below how to find so as to minimize the total transmission
power.

B. Subcarrier Assignment

The optimal subcarrier assignment is, in general, a compli-
cated problem [37], [38]. We will take a suboptimal approach
based on the rate-craving greedy (RCG) algorithm proposed in
[38].

We assume that the channels seen by different users are i.i.d.
For simplicity, we also assume that every user supports the same
information rate of , where is referred as the sum-rate of
the system. For convenience, assume that all have the same
size . (More general resource allocation algorithms can be
found in, e.g., [38].) For simplicity, assume .
In a multiuser MIMO OFDM system, each subcarrier seen by a
particular user can be modeled by an MIMO channel and SVD
can be applied to decompose it into eigenmodes. We use
as the target rate per subcarrier. Applying water-filling to the
eigenmodes of each subcarrier seen by each user (and assuming
ideal codes), we can find the required power for each subcarrier.
In this way, we obtain a total of estimates denoted by
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. Here, can be used as a rough indication4 of the
qualities of the subcarriers seen by different users.

The subcarrier assignment procedure is as follows.
1) Form by allocating each subcarrier to user with

(25)

2) If , we move subcarrier from to with
if such a subcarrier reallocation incurs the

minimum increase in the sum-power among all possible
choices. (For this purpose, we search for and such that

is minimized for all and with
.) Repeat until all have the same size.

The key of the proposed precoding technique, assuming
CSIT, is to best exploit the fluctuation in the gains of the sub-
carriers. However, after subcarrier allocation, only relatively
good subcarriers are assigned to each user. The fluctuation
among the subcarrier gains in each is reduced in a SISO
OFDM environment. Then the precoding technique may not be
necessary due to reduced benefit.

The situation is quite different in a MIMO OFDM environ-
ment. After SVD, eigenmodes are obtained for each sub-car-
rier. The fluctuation is still substantial among the gains of dif-
ferent eigenmodes. The proposed precoding technique can ex-
ploit this fluctuation and still bring about considerable multiuser
diversity gain, as demonstrated below.

C. Examples

Consider an OFDMA system in which each user sees a
Rayleigh fading MIMO ISI channel with

, and . Each user is allocated subcarriers using
the strategy described in Section V-B. The channel code is
still the rate-1/2 convolution code with generator polynomial

, followed by random interleaving and QPSK modula-
tion. Frame length is fixed at 4096 information bits per user.

Recall from Fig. 6 that the difference between the optimized
precoder and the water-filling precoder is not significant. There-
fore, we adopt water-filling precoding in determining , as the
optimization for multiple users is quite time-consuming.

We included the performance of a single-user flat precoder
as reference. We can see that, for the single user case, about
3.5-dB performance gain can be achieved by choosing an ap-
propriate . The performance of the system further improves
as increases, which attributes to the multiuser diversity. The
total power required using ideal multi-rate codes is also included
for reference. From Fig. 9, the theoretical multiuser gain by in-
creasing from 1 to 16 is about 2 dB, which is roughly in agree-
ment with the relative gain achieved by simulated system.

VI. CONCLUSION

In this paper, we have developed a precoding scheme with it-
erative detection. The precoder can be optimized using convex

4The indication is rough since � is only the average rate per channel. (Ignore
prefix. A frame of OFDM scheme of length � involves � times channel uses.
Thus, a rate of � per channel use implies a rate of � per subcarrier in average.)
After water-filling, the actual transmission rate on each channel may be different
from �.

Fig. 9. Performance of the water-filling precoder in 2� 2 MIMO OFDMA
system with 1, 2, 4, 8, and 16 users, respectively. � � �� � � ���, and total
���	
���
� � � bits per channel use. The performance limits using ideal
codes are also included for reference.

optimization. The complexity involved in the iterative detec-
tion is relatively low based on the FHT algorithm. We have also
discussed the application of the proposed precoding scheme in
multi-user environments.

With both evolution prediction and simulation results, we
have demonstrated that the proposed scheme can achieve sig-
nificant diversity gain, water-filling gain, and multi-user gain.

It is also interesting to study the performance limit of the pro-
posed scheme. It can be shown that near-capacity performance
can be achieved by properly shaping both and curves (see
Fig. 5). This is discussed in detail in [15].

APPENDIX A
PROOF OF LEMMA 1

We first show that the harmonic mean

is concave in for . To see this,
calculate

for
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Then, the Hessian matrix [29] can be expressed as

where . We need to show that
is semi-definite positive, i.e., that, for

But this follows from the Cauchy–Schwarz inequality
applied to the vectors with compo-

nents

and

With the above fact, Lemma 1 holds immediately by letting
in (16c).

APPENDIX B
AN APPROXIMATE EXPRESSION OF (24a)

For simplicity, we only consider a special case with
. (Our discussion can be readily extended to more gen-

eral cases.) Define a Hadamard matrix with order 2 as

(26a)

The Hadamard matrixes with other orders can be defined recur-
sively using as

etc. (26b)

We write

(27)

where is a 2 2 matrix characterizing the MIMO effect on
the th subcarrier. Correspondingly, we can also write

(28)

where all are diagonal. Now assume that in (22) is a
normalized Hadamard matrix with order . (Recall that

and is the number of subcarriers.)

From (26b), can be expressed in a block form with each
block being . We decompose into a corre-
sponding block form. With some straightforward manipulation,
we can show that each 2 2 block on the diagonal line of
can be expressed as

(29)

When , the sub-channels are i.i.d. Then are i.i.d.
and so are . Note that are unitary and non-
negative. When is large, based on the law of large numbers,
we have

(30)

where is a 2 2 identity matrix and can be computed
using (24b) as

(31)

with the empirical density distribution of .
Hence,

(32)

In practice, is finite and is usually smaller than . Then (32)
can only be treated as an approximation, i.e., .
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