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Quasi-Systematic Doped LT Codes
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Abstract—We propose a family of binary erasure codes,
namely, quasi-systematic doped Luby-Transform (QS-DLT)
codes, that are rateless, almost systematic, and universally
capacity-achieving without the prior knowledge of channel era-
sure rate. The encoding and decoding complexities of QS-DLT
codes are O(Klog(1/¢€)), where K is the information length,
and € is the overhead. Stopping-set analysis is carried out
to study the error-floor behavior of QS-DLT codes. Analysis
and numerical results demonstrate that QS-DLT codes provide
a low-complexity alternative to systematic Raptor codes with
comparable performance.

Index Terms—LT codes, Raptor codes, quasi-systematic doped
Luby-Transform (QS-DLT) codes.

I. INTRODUCTION

T IS WELL known that properly designed low-density

parity-check (LDPC) codes can achieve performance close
to the capacity of binary erasure channels (BECs) with rea-
sonable complexity [1]-[9]. In a conventional approach, a code
is designed for a specific channel erasure rate (denoted by
below) that is assumed known at the transmitter side. A coding
scheme is said to be rateless if it can potentially generate coded
bits limitlessly. A rateless scheme is said to be universal if
the coding scheme can deliver good' performance without the
knowledge of ¢ at the transmitter. Universal codes are useful,
e.g., in digital fountain applications [10].

Luby Transform (LT) codes [11] are a well-known family
of universal codes in the erasure channels. A standard LT
code requires encoding and decoding complexity O(KlogK)
for reliable decoding, i.e., to ensure an error probability
diminishing at least in a polynomial order of K [12], where
K is the information length. In practice, linear complexity
O(K) is preferable. An LT code can be designed with linear
complexity by reducing the degree density of information
bits, but it then suffers from a high-error-floor problem. This
problem can be solved using the Raptor-code approach [12] by
serially concatenating a conventional LDPC code with an LT
code. It was shown in [12] that a Raptor code with an overhead
e and complexity O(Klog(1/€)) can reliably recover all of the
information bits.
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"Loosely speaking, “good” means reasonably near-capacity (but not nec-
essarily capacity-achieving) performance. Examples of good codes include
turbo and LDPC codes.

Systematic codes, a class of codes with information bits
included in transmission, are preferable in many practical
situations. The encoding and decoding of a systematic code is
not necessary when no erasure occurs in a transmission block,
which greatly reduces the cost. LT and Raptor codes are, in
their straightforward forms, non-systematic. A technique to
design systematic Raptor codes was proposed in [12] with
complexity roughly a K2, where « is a small positive number
independent of K.

This paper is concerned with a family of universal erasure
codes, namely, quasi-systematic doped LT (QS-DLT) codes.
We will say that a code C' is quasi-systematic if C' can
be decoded using the first (14n)K bits in C' with per bit
complexity O(n), where 0 <7 < 1. In other words, a quasi-
systematic code can be decoded with negligible cost (in terms
of redundant bits and decoding complexity) when the first
(1 + n)K bits are perfectly received. Here “negligible cost”
may be measured based on some practical measures, e.g.,
1 < €. The key idea of our approach is the “parallel-type”
concatenation of an LT code and a doping code. The coded
bits of the doping code are randomly sampled and “doped”
into the LT output bits, and hence the name. Compared
to the serial concatenation structure of Raptor codes, the
parallel concatenation structure has two advantages. First, it
facilitates the density evolution analysis [1] [9] and the degree-
distribution optimization based on the overall code structure.
Second, it allows the use of the belief propagation (BP)
algorithm in quasi-systematic encoding, which ensures lin-
ear encoding complexity. We show that capacity-approaching
QS-DLT codes can be designed at encoding and decoding
complexity of O(Klog(1/¢)). We also present stopping-set
analysis [18] to study the error-floor behavior of QS-DLT
codes with finite length. Both analysis and simulation shows
that QS-DLT codes are a promising low-complexity alternative
to systematic Raptor codes.

II. PRELIMINARIES
A. LT Codes

We start with a brief review of LT codes. The bipartite-
graph representation of LT codes is illustrated in Fig. 1(a),
where each circle represents a variable node (or equivalently,
a bit), and each square represents a parity check node. For
each parity check node, the value of a connected bit is equal
to the binary sum of the other connected bits. The degree of
a node is defined as the number of its connected edges.” Let
{P1, P2, P3,---} be a distribution over {1,2,3,---} which
can be represented by a polynomial P(z) with P; being the

20nly the edges connecting the information bits are counted in determining

the degree of a parity check node for LT codes, which follows the convention
in [11] and [12].
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Fig. 1. (a) The bipartite graph of an LT code. (b) The structure of a systematic
LT code. The code in (b) has exactly the same structure as the one in (a),
with the only difference being that the information of the former is carried
by a fraction of the LT output bits.

coefficient before 2°. An output (or coded) bit can be generated
as follows: (i) randomly draw an integer d from the distribution
P(x); (ii) then generate an output bit using the sum of d
randomly selected information (or input) bits. An LT code can
be generated entirely based on P(z), and so P(z) is called
the generation distribution. From Fig. 1(a), P(x) is also the
degree distribution of the parity check nodes.

Codes defined on a bipartite graph can also be represented
in an algebraic form. Let x = [xg,21," - ,xK_l]T and
Yy = [Yo,y1, - ,ys—1]T be the vectors of the information
bits and output bits, respectively, where K is the number
of information bits, J is the number of output bits, and «T»
represents the transpose operation. Each y; can be represented
as the inner product of two vectors, i.e., y; = ngx, where g, is
the binary vector with its 1’s corresponding to the information
bits connected to y;. Then

y=Gx (1)
where G = (g, 8, -+, g&;_1]7 is the LT generation matrix.

During transmission, only output bits are sent over the chan-
nel. An LT decoder tries to recover the information bits based
on the received output bits using the belief propagation (BP)
algorithm. Specifically, let the decoding graph be initialized
as the bipartite graph induced by the received bits. The BP
decoder recursively identifies a degree-1 parity check node,
recovers the connected information bit, and then removes it
(together with its connected edges) from the decoding graph.
We will say that a bipartite graph is BP-decodable if and only

if BP decoding on this graph ends with all information bits
recovered.

B. Density Evolution Analysis

The density evolution technique can be used to analyze
LT codes. Consider the code G defined in Fig. 1(a). Let
A(z)=3", Ajz" be the degree distribution polynomial of the
information bits, where A; is the fraction of the information
bits with degree i. Similarly, let A(z) = >, \;z'~! and
p(x) = >, piz'~! be the edge degree distributions, where
A; (or, p;) is the fraction of edges that are connected to an
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information bit (or, a parity check node) with degree 7. Then

_dA(z) /dA(x)

M) = W/W o
_dP(x) /dP(x)

plz) = dz / dr |,._4

Let E be the number of edges (excluding those connecting
the output bits). Then

1
K:EZ/\i/z':E/ A(z)dz, and
i 0

J:EZpi/izE/O p(z)dz.

The overhead ¢ is defined as the normalized difference be-
tween the received bits and the information bits (normalized
by the latter). For the LT code above, we have

6_J—K_ folp(x)dx_

2
K fol A(x)dx @

It was shown in [1] that capacity-achieving erasure codes have
a matched distribution pair, i.e.

ple) =1-

where A\7!(z) is the inverse function of A\(z), which exists
since A(z) is monotonic. Then

/01 p(x)dx @y /01 A Yz)de = /01 Az)dz @)

where step (a) follows from (3). Thus, together with (2), €
tends to zero for capacity-achieving codes.

Let d; and d, be the average degree of information bit
and parity check nodes, respectively.® Then d; = Jd,/K.
Considering the fact that edges are randomly connected to
information bits, the degree distribution of information bits
can be expressed as [12]

A1 - o) 3)

Ag (@) = (1 —dp (1 — 2)/K)KH/4r

When K — oo and d; is kept as a constant, Ak (z) tends to
a Poisson distribution, i.e.

A(Qj) = Klg}(l)o AK(Q;) — edl(z—l) (Sa)
and so
dA(x) dA(Qf) d ( 71)
) — —— _— = 1z . b
Al) dx / dr |, ‘ k)

We will henceforth assume that K is sufficiently large, so that
asymptotic distributions can be used in the density evolution
analysis. The effect of a finite K will be studied in Section IV.
From (3) and (5), the optimum p(z) and P(z) for LT codes
are given respectively by

prr(r) = —d; ' In(1 — z) (6a)

3d; is a measure of per-bit complexity since the complexity of encoding
and BP decoding is determined by the total number of edges on the coding
graph.
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and

) O il

P = l—z)In(l—2) = —_—.

brle) = o+ (1=l =) =3 7y

Note that (6b) is the well-known Soliton distribution [11] with
the maximum degree tending to infinity. It can be seen that
P} = 0 for the optimum distribution in (6b). However, BP
decoding cannot start if P; = 0. Thus, we have the following
(cf., Theorem 10 in [14]).

(6b)

Remark I: For capacity-achieving LT codes, P; approaches,
but never equals 0.

A matched pair of A and p in (3) are not necessarily
realizable. In particular, when d; is finite, we can see from (6a)
that o7 (1) = oo, and so, prr(x) is not a valid distribution.
Alternatively, we can use a distribution p(z) with

plx) > prr(z), 0<zx<1l—P,. @)

Then the code based on p(z) can reliably recover at least a
proportion 1 — P, of information bits, where P, is the residual
loss rate after BP decoding. It was shown in [12] that (7) can
be satisfied with properly chosen P. and p(z). Summarizing
the above discussions, we have the following remark.

Remark II: LT codes with a finite d; (implying linear
complexity in K) can only reliably recover a fixed fraction
of information bits.

C. Systematic LT Codes

The above LT codes are non-systematic. Accumulate LT
(ALT) codes were proposed in [13] to achieve systematic en-
coding. ALT codes inherit some interesting properties from LT
codes, e.g., ratelessness. However, the optimum distribution of
an ALT code depends on the channel erasure probability [13],
and so ALT codes are not universal.

A systematic LT code can be constructed by the technique
illustrated in Fig. 1(b) [12]. It has the same structure as Fig.
1(a), except that the information bits form part of the output
bits. Define

x =GN 8)

where the vectors x and z represent the information bits and
the state bits, respectively, and G™NC is part of the generation
matrix associated with x. The encoding process consists of
two steps: (i) first determine z from x via BP decoding of
G™C; (ii) and then generate redundant LT output bits based
on z. The decoding process also consists of two steps: (i) first
apply LT decoding to recover z from the received bits; (ii)
and then recover the lost bits in x from z. The above codes
are universal, provided that both x and the other output bits
follow the degree distribution of an LT code.

The main difficulty in realizing the above systematic LT
codes is that a high average degree of O(log K) is re-
quired to ensure good performance, which leads to complexity
O(Klog K). The complexity can be reduced to O(K) using
a low average degree, but then an error-floor problem (see
Remark II) occurs, which causes failure in both encoding

(i.e., in constructing G*N°) and decoding [17]. The precoding
technique used in Raptor codes has complexity aK? [7],
which is also high (though « can be quite small). In the sequel,
we develop an alternative solution with complexity O(K).

III. QUASI-SYSTEMATIC DOPED LT (QS-DLT) CODES

In this section, we first introduce the doping technique that
can relieve the error-floor problem of LT codes. The resulting
codes are called the doped LT (DLT) codes, based on which
we develop QS-DLT codes. We prove that these codes can
perform reliable decoding with linear complexity.

A. Doping Code

The structure of the doping code is illustrated in Fig. 2(a).
The doping encoder is initialized as follows: (i) repeat each of
the K state bits r times, with the resulting bits called “encoding
bits”; (ii) interleave the rK encoding bits to form an encoding
line. Denote the jth encoding bit along the encoding line by
e;. A doping bit is generated as follows: (i) randomly select
an integer i in {1,2,...,rK}, and (ii) set b; as the doping bit,
where b; is the binary sum of {e;|1 < j < i}. In the above,
{b;} can be calculated in batch by accumulating addition along
the encoding line; each b; may be selected with repetition,
and so the doping bits can be selected independently and
potentially limitlessly.

The following is the decoding process. Let y; =
[ya(1), ya(2),va(3),...]T be the received doping bits (ordered
by their positions along the encoding line) that can be repre-
sented by

Ya = Gaz €)

where z is the vector of state bits, and G4 is the generation
matrix of the doping code. Gy is not a sparse matrix due to the
accumulating nature of the doping bits. Therefore, it is difficult
to apply BP decoding directly in solving (9) for z. However,
G4 can be converted into a sparse matrix by calculating the
differential of y,, yielding

¥y =Ry, = RGyz (10a)
where R is a bi-diagonal matrix defined as
1 0
1 1
R = (10b)
0 1 1

The bits in y} are illustrated in Fig. 2(b). (Note: The code in
Fig. 2(b) is equivalent to the one in Fig. 2(a).) Clearly, the
number of “1”s in RGy is roughly K, i.e., the length of the
encoding line. Thus, BP decoding based on RGy requires r
additions per bit. The doping code above is similar to RA
codes [15] and semi-random LDPC codes [16] (as well as
the concatenated zigzag codes [20]). However, we emphasize
that the doping (coded) bits of the doping code can be
selected randomly and independently (which differs from other
schemes). This random selection ensures the rateless property
of the doping code.

We next derive the degree distributions of the doping code.
Clearly, the state-bit degree distribution of the doping code
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Fig. 2. (a) The structure of the doping code with K = 4 and r = 2. Note

that bs is selected as a doping bit twice as yq(2) and yq(3). The degree of
ya(3) is zero. (b) An equivalent representation of the doping code in (a).

is Ag(x) = 2", and so the corresponding edge degree-
distribution is A\¢(z) = 2" ~!. Now consider the doping bits.
Let two adjacent doping bits, namely, y4(¢) and yq(i — 1),
correspond to b; and bj/, respectively (where y4(0) = by = 0).
Then, according to (10a), we obtain

va(i) = ya(i) —yali = 1) =bj = by = Y e

J<k<j

Define the degree of y4(¢) (and respectively yj(¢)) as the num-
ber of {ex} involved in the above summation. For example,
in Fig. 2(a), the degrees of y4(2) and yq4(3) are, respectively,
2 and 0.

Proposition II1: Let Py(x) be the asymptotic degree distri-
bution of y; when K — oco. Then

Py(0) =re ?/" —r +p =0 (p*/r), and (11a)
_dPy(z) [dPy(z)|  (L—e P/m)?
pale) = dx / der |,_, (1 —zeP/T)2 (116)

where p is the ratio of the number of the doping bits to that
of the state bits.

The proof for Proposition III can be found in Appendix A.
Note that P4(0) in (11a) is the expected proportion of degree-
0 (i.e., repeated) bits in y4. (See yq(3) in Fig. 2(a) for an
example of repeated bits.) After channel erasure, the received
bits contain the same proportion (i.e., P4(0)) of repeated bits
that are redundant for decoding. This redundancy is the price
paid for ratelessness. Later in Subsection C, we show that the
performance loss related to Py(0) is asymptotically negligible.

B. DLT Codes

A DLT code is obtained by mixing a doping code with an
LT code. As illustrated in Fig. 3(a), the overall code can be
regarded as the parallel concatenation of a doping sub-code
and an LT sub-code with respect to the state bits. Let p be
the doping ratio, i.e., the proportion of the doping bits in the
overall output bits (including LT output bits and doping bits).
Then

number of doping bits P
number of doping bits and LT output bits 1+ ¢

where € is the overhead. In DLT encoding, each output bit is
generated as follows: randomly draw a real number / between

p (12)
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0 and 1;if [ > p, generate an LT output bit; otherwise, generate
a doping bit.

The doping bits and the LT output bits are mixed in
transmission, though they are drawn separately in Fig. 3(a). By
abuse of notation, let y; be the received doping bit vector. A
DLT decoder performs the following: (i) calculate y; = Ry,;
(ii) recover z based on the LT output bits and yj; using BP
decoding. The complexity of either DLT encoding or decoding
is d; + r additions per bit, where d; is the average state-bit
degree of the LT sub-code, and r, that of the doping sub-code.

It is worth mentioning that DLT decoding can be alterna-
tively scheduled in a slightly suboptimal two-stage way: first
decode the LT sub-code and then the doping sub-code. The
similarity between the doping code and the precode used in
Raptor codes is then obvious: they achieve the same objective,
i.e., to reduce the residual errors left by LT decoding. This
similarity allows us to borrow some results from [12] in
proving the asymptotic property of DLT codes, as detailed
below.

C. Asymptotic Performance Analysis

In this subsection, we show that the DLT codes are
asymptotically capacity-achieving with per-bit complexity
O(log(1/¢)). Let

M o pM+1
Py (z) = u+1< Z; T) (13)

be a truncated version of the Soliton distribution in (6b), where
M = [4(1 + €)/e], and u = (e/2) + (¢/2)%. We cite the
following result from [12] (cf., Lemma 4 and Theorem 5 in
[12]) without proof.

Lemma IV: Any set of (14-¢/2) K output bits of the LT code
with Pps(x) can reliably recover at least (1 — e/4(1 + €))K
information bits via BP decoding at a per-bit cost O(log(1/€)).

We next show that the doping code has the following
property, which, together with Lemma IV, leads to Theorem
VI below.

Lemma V: The doping code with 4 <7 < 10 can reliably
recover a proportion p/2 of lost state bits, where p, defined
in Proposition III, satisfies p < ppar = 0.5.

Proof: The doping code can reliably recover a proportion
w of lost state bits provided that [1]

1—=z

pd(a:)>1—/\d1< ),forl—w§x<1. (14)

Substitute A\g(7) = 2" "%, w = p/2, and (11b) into (14), and
let y = (1 —x)/(p/2). Then (14) becomes

(1 —eP/m)2
(1= (1—yp/2)eP/m)?

>1—ymi for0<y<1. (15)
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Considering the fact that e™* <1 — 2z + z2/2 for z > 0, we
obtain

(1—e P/m)2
(1= (1 —yp/2)e~?/m)?
@ (b/r — 7%/
(L= —yp/2)(1 = p/r +p?/2r%))?
(1—p/2r)?

© (yr/2+1—p/2r —yp(1 — p/2r)/2)?
(;) (1 - ]5/27‘)2 (;) (1 - pmaw/2r)2
T (yr/2+1-p/2r)> 7 (yr/2+ 1 = pmax/27)?

where steps (@) and (c) follow from the fact that (1 —2)?/(c—
2)? is monotonically decreasing in z € [0, 1] for an arbitrary
constant ¢ > 1, and step (b) from the fact that ignoring the
term yp(1—p/2r)/2 increases the denominator. It then suffices
to show that

(1 - pmaz/zr)Q
(yr/2 4+ 1 = pmax/21)?

which can be verified easily for r =4, 5, - - -, 10, respectively.
This concludes the proof. 0

>1—erll,for 0<y<l1

Theorem VI: A DLT code consisting of an LT sub-code
with generation distribution Pjs(x) and a doping sub-code
with 4 <7 <10 and p = (¢/2)/(1 + €) can perform reliable
decoding at a per-bit cost of O(log(1/¢)), where the overhead
€ satisfies € < 2pq. = 1.

Proof: Consider the decoding of the above DLT code
scheduled as follows: first decode the LT sub-code and then the
doping sub-code. From Lemma IV, given (14¢/2) K LT output
bits, the number of un-recovered state bits after LT decoding is
no more than eX/4(1 + €) with high probability. On the other
hand, according to Lemma V, the doping code can reliably
recover pK/2 = (1 + €)pK/2 = eK /4 lost state bits, which
is greater than e/ /4(1 + ¢). Thus, the DLT code can perform
reliable decoding at overhead €. The per-bit complexity of the
doping code is O(1) and, again from Lemma IV, that of the
LT sub-code is O(log(1/€)). Thus, the overall complexity is
O(log(1/¢)). O

In the above analysis (particularly in (14)), we have ignored
the impact of P4(0), as explained below. Following Theorem
VI and substituting p = p(1 + €) (see (12)) together with
p=(¢/2)/(1+ ¢) into (11a), we have

Py(0) = O (p*/r) = O (¢*/4r) .

Thus, Py(0) approaches to zero faster than ¢, and hence does
not affect the asymptotic behavior of the overall code. From
Theorem VI, the DLT code with Py, (z) in (13) is asymptoti-
cally capacity-achieving at a per-bit cost of O(log(1/¢)). The
related analysis is based on a suboptimal two-stage decoding
strategy, and so Pps(x) is not necessarily the best choice in
practice. We next consider joint decoding of the LT and doping
sub-codes, and develop an optimization technique based on the
density evolution on the overall coding graph.

D. Degree Distribution Optimization

The LT sub-code and the doping sub-code are concatenated
in parallel with respect to the state bits, which distinguishes
our proposed scheme from the Raptor code. An advantage of
this parallel structure is the density evolution analysis below
(that is difficult for the Raptor code due to its serial structure).

Let A(u) and Aq4(v) be the state-bit degree distribution
polynomials of the LT and doping sub-codes, respectively,
where u and v are dummy variables. The joint state-bit degree
distribution is given by

Alu,v) = A(u)Ag(v). (16)

Then the joint edge degree distribution from the perspective
of the LT sub-code is

OA(u, v)/ OA(u,v)|

Ar(u, v) = =Au)Aa(v) (17a)

ou ou

and the one from the perspective of the doping sub-code is

OA(u,v) /OA(u,v)
Ov / ov

Density evolution shows that the fixed point is given by

|u:v:1

App(u,v)= =A(u)A(v). (17b)

u=v=1

1—wv=p4a(l — App(u,v)), and (18)
1—u=p(l—=Ar(u,v)). (19)
Let v(u) be the fixed point of (18) for a given u, and u(v) be

that of (19) for a given v. We introduce the following definition
that is an extension of the matching principle in (3).

Definition VII: i1, App, p and pg are matched if v(u) and
u(v) represent the same curve in the (u,v) plane that starts
from (u,v) = (0,0) and ends at (1, 1).

The overhead of a DLT code can be expressed as
1 1
o J+Jda Jo p(u)du N Jo pa(v)dv B
K oy Aur(u, Ddu [ App(1, v)dv

where J is the number of LT output bits, and Jy is the number
of the doping bits. Then

(20)

Theorem VIII: ¢ = (0 provided that A, App, p and pg are
matched.

The proof for Theorem VIII is given in Appendix B. Since
Arts App and py are determined in (17) and (11b), the matched
p for DLT codes can be expressed as

ﬁDLT(u) =1- 5\71(1 - u)

where A(u) = Air(u,v(u)), and the inverse is taken with
respect to u. However, pprr(u) given by (21) is not necessarily
a valid distribution, as it may not be expressed by a power
series with non-negative coefficients. To avoid this difficulty,
we search for realizable p(u) that best matches pprr(u), as
formulated below.

1)

1
min u)du
{pi} A P( )

p(u) > ﬁDLT(u)au S [07 1)7
p(l)=1,p; >0, for 1 <i< M,
and p; =0, for ¢ > M

subject to (22)
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where M is an integer representing the maximum degree in p.
Minimizing fol p(u)du is equivalent to minimizing € in (20).
The inequality p(u) > pprr(u) is required to hold in [0, 1),
implying that all state bits need to be recovered. Letting this
inequality holds on discretized values of u, we can solve (22)
standardly using linear programming .

E. OS-DLT Codes

Next we discuss a quasi-systematic encoding technique.
The systematic LT encoding technique described in Section
II.C involves solving z from x based on (8). However, this
approach suffers from an error-floor problem. The following
is an alternative solution. Recall from Fig. 3(a). Let y and y}
be the vectors of LT output bits and differentiated doping bits,

respectively. Then
()=
Ya

G
"o
G :(RGd)

with G’ and Gy being the generation matrices of the LT and
doping sub-codes, respectively.

From the previous discussions, the DLT code based on G”
(with a small overhead) can perform reliable BP decoding,
during which K rows in G” can be seclected to form a
BP-decodable G*NC. This implies that the K bits in {y,y,}
corresponding to the rows of G™NC are used to solve z,
and so they can be used to form the information vector x.
Hence, x = G™°z. The encoding process involves solving
this equation based on BP decoding. It is possible that some
information bits in x are contained in y}. Direct transmission of
these bits is not desirable since they will destroy the structure
of the doping code (and so its error-correcting capability).
Instead, for each information bit in yfj, we can transmit the
two connected doping bits. These doping bits are called the
quasi-systematic bits. A quasi-systematic bit is transmitted
only once even if it is connected to two information bits in y/.
The resulting coding structure is illustrated in Fig. 3(b). As a

(23a)

where

(23b)
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(a) The structure of a DLT code. (b) The QS-DLT code constructed based on the DLT code in (a).

summary, in encoding, a QS-DLT encoder solves z from x
by BP decoding on G™™ € and then generate other LT output
bits and doping bits based on z following the DLT encoding
principle. The information bits in y and the quasi-systematic
bits are first transmitted over the channel and then the other
LT output and doping bits. In decoding, a QS-DLT decoder
first recovers z from the received bits, and then recovers x
from z.

Note that, since yé is not transmitted, the overall code is
not strictly systematic. However, if y, is correctly received,
generating y; from y; becomes trivial. Thus the code meets
the complexity criteria for the quasi-systematic property men-
tioned in the introduction. Furthermore, the number of quasi-
systematic bits is bounded by (1 + €)pK (i.e., the number of
the doping bits in G”) that is small compared with K. Thus,
the above coding scheme is indeed quasi-systematic.

Similarly to Raptor codes, a QS-DLT decoder can operate
in an incremental manner. Specifically, the receiver tries to
decode using currently received bits. Upon decoding failure,
the receiver collects more received bits. If the extra bits are all
LT output bits, the decoder performs the next round decoding
directly; if a new doping bit is received, the decoder treats
this bit as recovered in the coding graph (cf., Fig. 2(a)) and
recovers its neighbors in {e;} and {b;}.

Code I in Table I is an example of QS-DLT codes obtained
by solving (22). Fig. 4 shows the performance of Code I
with K = 524288. At least 500 coding blocks are simulated
for each point on the performance curves. From Fig. 4, the
performance of Code I is close to the capacity, but varies
slightly with §. This jittering effect is due to the fact that
the performance is evaluated based on the residual loss rate
of information bits. There will be no such jittering if the
performance is evaluated in terms of the residual loss rate of
state bits. The performance curve of the Raptor code proposed
in [12] with K = 524288 and precode rate ~ 0.985 (using
the same P(x) as in Code II in Table I) is also included for
reference. From Fig. 4, the QS-DLT code slightly outperforms
the Raptor code, partly due to the fact that the QS-DLT
code is optimized based on the entire coding graph, while
such optimization is difficult for Raptor codes. We emphasize
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Fig. 4. The performance of QS-DLT codes with information length 524288
for various channel erasure rates. The performance curve of the Raptor code
in [12] is also included for comparison.

TABLE I
DEGREE DISTRIBUTIONS OF DLT CODES FOR VARIOUS VALUES OF K, p,r
AND d;
Code 1 Code 1T

K 0o K 65536

J2 0.01 J2 0.015

r 4 r 5

d; 5.45 d; 5.9
Py 0.008001 Py 0.007969
Ps 0.460778 Ps 0.493570
Ps3 0.270578 Ps3 0.166220
Ps 0.115605 Py 0.072646
Pr 0.046850 Ps 0.082558
P14 | 0.035912 P 0.056058
P15 | 0.022356 Py 0.037229
Psg | 0.007295 | P19 | 0.055590
P31 | 0.018887 | Pss | 0.025023
Prg | 0.013738 | Pgs | 0.003135

here that this does not necessarily mean that QS-DLT codes
outperform Raptor codes in general.

IV. FINITE-LENGTH ANALYSIS

Codes designed based on density evolution have good
asymptotic performance. For moderate code lengths, however,
special treatment is necessary. The following idea is borrowed
from [11] and [12]: replace u in the right hand side of the
inequality p(u) > pprr(w) in (22) by u+c/(1 — u)/K; then
solve (22) for suitable ¢ and K to obtain the optimized degree
distribution. A heuristic explanation of this approach can be
found in [12]. Note that the distribution P(z) of Code II in
Table I is directly cited from [12].

Next investigate the error-floor behavior of our proposed
codes. To begin, we describe a heuristic approach to deter-
mining the doping ratio p. Suppose that DLT decoding is
scheduled in a two-stage way: first decode the LT code, and
then the doping code. Let / be the number of errors in state
bits after LT decoding, ¢() be the probability distribution of /.
Also, let p(l) be the transfer function of the residual loss rate
against [ for the doping code. Clearly, the residual loss rate
of the overall code is bounded by ), ¢(I)p(l). Fig. 5 shows
an example of the probability distribution of / for Code II (of

0.014

0.012f

< o o o
= = = =)
=3 = S —
g >N & S

Probability of Occurrance

0.002

0.000 . i TN .
100 200 300 400 500

Number of Un-Recovered Bits after LT Decoding

600

Fig. 5. The empirical probability distribution of un-recovered state bits after
LT decoding of Code II in Table I. The overhead = 0.035, and 10000 code
blocks are simulated.

length 65536) in Table I. We can see that [ is less than 500
with high probability, implying that we need to select a doping
ratio p to ensure that the doping code can reliably recover 500
erasures. Then, the error floor of the overall code is mainly
determined by the doping code.

It has been shown in [18] and [19] that the error-floor
behavior of an erasure code can be estimated by enumerating
the stopping sets. This motivates us to analyze the stopping-
set distribution of the doping code. Two types of interleavers
are considered in generating the encoding line: (i) a random
inter-leaver; and (ii) a zigzag interleaver [20] that separates
the encoding line into r sections (with each section containing
exactly one copy of each state bit) and performs random inter-
leaving within each section. The main results are summarized
in the theorem below, with the proof provided in Appendix C.

Theorem IX: For the doping code using random interleaving,
the residual erasure probability of state bits is bounded by

prnsn() < 3 (%) (52)) s

for the one using zigzag interleaving, the residual erasure
probability of state bits is bounded by

Prigrae (1) < (%)n ( K—1

n—1
n

where Ny is the number of doping bits, and » is the stopping-
set size. In the above, f is defined as

e (V)

(24)

) g(Nd,n,T) (25)

2 (wa)

m

f(N,m) = (26)

where {w;} is a set of non-negative integers, and the outer
summation in (26) is taken over all possible choices of {w;,}
satisfying Ej o Jw; = m; and g is defined as

i—1
g(N,n, 1) = ZH(N M) i @
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Fig. 6. The error transfer functions of the doping code with random

interleaving and zigzag interleaving, respectively. K = 65536, and r is set
to be 4 and 5, respectively.

where {N (i)} are non-negative integers, and the outer sum-
mation in (27) is taken over all possible choices of {N (%)}
satisfying >, N(i) = N.4

It is well-known that the error-floor behavior of LDPC-
type codes is dominated by the stopping sets of small sizes.
The zigzag interleaver reduces the occurrence probability of
size-1 and size-2 stopping sets. Therefore, it leads to a much
lower error-floor than the random interleaver, as verified by the
numerical results in Fig. 6 (where the bounds calculated based
on (24) and (25) are also included for comparison). We can
see from Fig. 6 that the error floor reduces with increasing r.
This allows us to meet the error-floor requirement (if it exists)
by increasing r, at the expense of slight increase in complexity.
It is also worth noting that, similarly to Raptor codes, we can
apply extended Hamming coding to state bits, so as to remove
the stopping set of size less than 4, which can significantly
reduce the error-floor of QS-DLT codes. We omit details due
to space limitation.

V. CONCLUSIONS

In this paper, we propose the use of the doping technique
to treat the error-floor problem of LT codes. We have pro-
posed QS-DLT codes that are quasi-systematic and univer-
sally capacity-approaching with complexity O(Klog(1/¢)).
Stopping-set analysis is carried out to analyze the error-
floor behavior of QS-DLT codes with finite length. Numerical
results show that the proposed codes can perform as well as
systematic Raptor codes, but with linear encoding complexity.

ACKNOWLEDGMENT

The authors would like to thank the anonymous reviewers
for their valuable suggestions and comments.

4Generally speaking, the right hand side of (25) is computationally involv-
ing due to the triple summation (as seen by combining (25-27)). To reduce
complexity, we can assume that each section of the encoding line contains
the same number of doping bits. Then, g(Ng, n,r) reduces to f(Ng/r,n)",
which is a good approximation for practical usage.

APPENDIX A
PROOF OF PROPOSITION III

Suppose that pK doping bits are randomly and indepen-
dently inserted into the 7/ possible positions of the encoding
line. For a given position, the probability that no doping bits
are inserted into this position is (1 — 1/7K)PX. Then, the
number of non-empty positions is (1 — (1 —1/rK)PX)rK.
These positions contains pK doping bits, and so the num-
ber of degree-0 differentiated bits is given by pK —
(1-(1-1/rK)?X)rK. Thus

Py(0) = lim (p— (1—(1—1/rK)P%)r)

=re ?/" —r+p=0 (p*/r)
where the last equality follows from the power series expan-

sion.
Next prove (11b). We can express FPy(z) as

Fy(x) = Fa(0) + (1 — Pa(0)) Pa(x)
where Py(z) is the degree distribution of y/ after removing
the degree-0 bits. The remaining thing is to find Py(z). The

probability that i consecutive positions are empty and the
immediate next has at least one inserted doping bit is

[(1 - l/rK)ﬁKr [1 —(1- l/rK)ﬁK] .

The above event corresponds to a degree-(i + 1) differentiated
bit in yj; for ¢ > 0. Thus, P4(x) is asymptotically given by

) rK 1 ek 1\?%]

Pa(w)= Jim_ (“m) 1‘(1‘m) o
i=0

x(1 — e P/m)

1—xeP/r "’

Taking the derivative of Py(z), we obtain p4(x) in (11b). O

APPENDIX B
PROOF OF THOEREM VIII

From (18), we have

Alpd(v)dU=1—/OlADg (u(v)’v)dv:/ol/\DP(U(U),v)dU

where \p (u(v),v) is the inverse of App(u(v),v) with respect
to v, and the last equality utilizes the fact that

/01 App(u(v),v)dv + /01 App (u(v),v)dv = 1.

Similarly, it can be shown that

/olp(“)d“ = /01 Aur(u, v(w))du.
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Then

fol p(u)du N fol pa(v)dv

€ = —
Iy Aur(u, Ddu [ App(1,0)dv

B fol At (u, v(u))du fol Ape (u(v), v)dv
fol )\LT(U 1)du fl /\Dp(l, ’U)d’l}
1 9A(u,v) du SA(u v)
(a) fo Ou Jymy (u) / u=v=1
OlaAul)d /(’)Auv)
u=v=1
1 9A(u,w) OA(u,v)
N fO v u=u(v) d’l}/ Ov w=v=1 1
1 aA 1 v)d /aA(u )
f v u=v= 1
b)/ 5Auv d+/ 8A do— 1
v=v(u) u=u(v)

:/ dA—1=0
0

where step (a) follows from (17), and step (b) follows from
Definition VII, together with the fact that

1 1
M(w, 1), _ [ 0ALY) 0
0 8U 0 (91)
APPENDIX C

PROOF OF THOEREM IX

We start with the doping code using random interleaving.
Consider K state bits with each repeated by r times to produce
rK encoding bits. Randomly interleave these encoding bits
to form an encoding line. Select n state bits and mark the
corresponding nr encoding bits as interested bits, and the
others are marked as uninterested bits. Nq doping bits are
randomly and independently inserted into the encoding line.
A typical example of the overall encoding line (together with
randomly inserted doping bits) is illustrated in Fig. 7. There
are three types of bits in the encoding line, and there are in

total
rK + Ny rK
Ny ™
different encoding lines (without distinguishing the bits of
a same type). These encoding lines are equiprobable when
rK > Ny. The pattern of an encoding line can be obtained
by removing the uninterested bits from the encoding line.

Clearly, each encoding line has a unique pattern, and each
pattern corresponds to

rK 4+ Nyg

™ + Nd
different encoding lines. Thus, the total number of different
patterns is given by

rK + Ny rkK rK+Ng\ [ Ng+nr
Ny rn m+Ng | nr ‘

As illustrated in the lower part of Fig. 7, the doping bits
divide the pattern into segments of consecutive interested bits.
If every segment contains no less than 2 interested bits, we
say that the n selected state bits form a stopping set of size

accumulating
direction

© O O @)
encoding @ 0 O 'O @O OO O @ O'O O

line
remove uninterested bits @
interested uninterested doping

attern bit bit bit
P @ @) E% O)@, @ @) & 5 O

three segments in this pattern

Fig. 7. The pattern of an encoding line.

n. We can calculate the total number of patterns that form
a stopping set of size n as follows. Let the segment-length
distribution w = {wo, w3, -+ , Wy, }, Where w; denotes the
number of length-i segments in the pattern. Then the number
of stopping sets characterized by w is given by

(2)() - ()

w2 w3 o w;

Thus, the probability that n state bits form a stopping set is
f(N4,nr), where f is defined in (26).

We next determine the residual erasure probability of the
state bits after DLT decoding. Suppose that LT decoding is
applied, leaving [/ state bits un-recovered. The probability that
a state bit has not been recovered is /K. Suppose that this
bit belongs to a size-n stopping set of the doping code. The
total number of such stopping sets is equal to the number
of (n — 1)-combinations from a set of size K — 1. This bit
remains un-recovered if the n state bits forming any of the
above stopping sets are un-recovered. The probability of this
event is upper bounded by

IN"( K-1

(E) ( n—1

Considering the stopping sets of all possible sizes, we imme-
diately obtain (24).

Now consider the doping code using zigzag interleaving.
The only difference is that the encoding line is now divided
into r sections and random interleaving is applied within each
section. Let N (i) be the number of doping bits inserted into
the ith section. Then, given {N (i)}, [T;_; f(N(i),n) is the
probability that n randomly chosen state bits form a stopping
set. Considering the various combinations of N(i), we can
express this probability by g(Ng4,n,r), where g is defined in
(27). Further considering the stopping sets of various sizes,
we obtain (25). O

)f(Nd,nr).
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