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Low-Rate Turbo-Hadamard Codes
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Abstract—This paper is concerned with a class of low-rate trellis part is typically negligible. We will develop a so-called
codes constructed from Hadamard code arrays. A recursive g posterioriprobability (APP) fast Hadamard transform (FHT)
encoding principle is employed to introduce an interleaving gain. (APP-FHT) for the soft-in/soft-out decoding of Hadamard

Very simple trellis codes with only two or four states are sufficient d lts effici . ble to that of th -k
for this purpose, and the decoding cost involved in the trellis part codes. 1is efliciency 1S comparable 1o that of the well-known

is typically negligible. Both simulation and analytical results are FHT [6]. (FHT is used for the soft-in/hard-out decoding of
provided to demonstrate the advantages of the proposed scheme.Hadamard codes.) FHT and APP-FHT form the core part of the
The proposed scheme is of theoretical interest as it can achievedecoder in the proposed scheme.

— —5 ~ . . . .
performance of BER = 10~ at E,, /No &~ —1.2dB (only about  goih simylation and analytical results are provided to demon-

0.4 dB away from the ultimate low-rate Shannon limit) with an .
information block size of 65534. To the authors’ knowledge, this strate the advantages of the proposed scheme. In particular, the

is the best result achieved to date with respect to the ultimate Proposed scheme can achieve a bit-error rate (BER)0™?
Shannon limit. With regard to practical issues, the decoding at £,/Ny, ~ —1.2 dB (only about 0.4 dB away from the ul-

complexity of the proposed code is considerably lower than that of timate Shannon limit of-1.6 dB) with an information block
existing low-rate turbo-type codes with comparable performance. - gj;q of65534, which is the best result known to us with respect
Index Terms—A posteriori probability (APP) decoding, Hada-  to the ultimate low-rate Shannon limit. We will also show that
mard codes, iterative decoding, spread spectrum, turbo codes.  the overall decoding complexity of the proposed scheme is con-
siderably lower than that of existing low-rate turbo codes with

l. INTRODUCTION comparable performance.

HE ultimate capacity of an additive white Gaussian noise Il. HADAMARD CODES

(AWGN) channel is the Shannon limit of, /Ny = )
~1.6 dB for very-low-rate codes. One important application Hadamard codes, equivalent to the Walsh sequences or the
Ajrst-order Reed—Muller codes up to interleaving [5], have been

of low-rate codes is in code-division multiple-access (CDM fj ; - Rt Hev
idely used in communication systems for synchronization and

systems [1]-[3]. Traditionally, coding and spreading are segﬁ . , X i
arated in CDMA systems (e.g., 1S-95). Recently, it has be ndwidth spreading. However, the coding gain of Hadamard

demonstrated [4] that an extra coding gain of about 1.3 dB (§pdes is relatively low, e.g,, a lengli96 bi-orthogonal

an equivalent capacity gain [1]—[3]) can be obtained, by treatirggsamard code can achieve BER10™ at £, /No ~ 4 dB,

the coding and spreading functions in 1S-95 as a concatenafput 6 dB away from the ultimate Shannon fimit. =

coding scheme and applying turbo-type iterative decoding. FHT is an efficient SOft-ln/hard-out dechmg algo_nthm for
The work in [4] implies that a well-designed low-rate cod&iadamard code;. In th|§ section, an optimal soft-in/soft-out

can further enhance the performance of a CDMA system. TfaP P-FHT decoding algorithm will be developed for Hadamard

ditional low-rate codes, such as Hadamard codes [5], [6] af@deS: FHT and APP-FHT will form the core part in the

super-orthogonal convolutional codes [7], are not well suited siierative decoding of the turbo-Hadamard codes discussed later.

this purpose due to their relatively low coding gain. Low-ratg‘ Hadamard Matrix and Hadamard Codes
concatenated codes that have recently emerged [8]-[12] have

demonstrated good potential using turbo [13] or low-density Start with al x 1 Hadamard matridf; = [+1]. Ann x n

parity-check (LDPC) [14], [15] coding principles. Among theséWith n = 2") Hadamard matrix,, over {+1,—1} (in the

codes, the methods in [8], [9] have relatively higher performan&y!vester form [S]) can be constructed recursively as

but also higher complexity. This is due to the complicated trellis _[+H,;» +H,;

structures involved. H, = CH.y —Hipl® 1)

This paper is concerned with a class of low-rate codes

constructed from Hadamard code arrays [12], [16]. A recursi¥¥e will use H to denote a length* bi-orthogonal Hadamard

encoding principle is employed to introduce an interleavingpde, carrying + 1 bits of information. We calt the order of

gain. Very simple trellis codes with only two or four states aréie Hadamard code. The codeword se#bis formed by the

sufficient for this purpose, and the decoding cost involved in tig@lumns of+H,, denoted by{+h’ : j = 0,1,...,2" — 1}.In
a systematic encoding, the bitindexgs1,2,4,...,2"~1} are

" -t received J 30, 2001 revised July 23. 2002. Thi 5 used as information positions féf. For simplicity, and without
anuscript received January 30, ; revised July 23, . This work w; . . .
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It requires2” (2" — 1) additions using a straightforward imple- , +1,, H
mentation. This cost can be greatly reduced byrttpoint FHT "2
technique outlined below.

From (1), forn = 2" andr > 1

+In/2 +In/2 H'n,/Qm/ (2) Y
+In/2 _In/2 Hn/2z”

[— x

wherel,, /5 is an(n/2) x (n/2) identity matrix, ands’ andz"
contain the first and second halvesmfrespectively, i.e.,

P
(%),

y/
y= <y//> .

Thus, H,z can be evaluated according to the flow graph in (b)

Fig. 1(a). Notice that the matrix—vector product in Fig. 1. (a) The graphical representation of (2). (b) The flow graph of a
four-point (2 = 4 andr = 2) FHT for realizingy = H,z.

+In/2 _In/2

Correspondingly, let

Here we assume that r@opriori information is available. (See

costs exactly, additions. The factorization in (2) can be Confootnote 1 for the case of nonzeeopriori information.) Ac-

tinued until H, appears, which can be realized directly. ThigOrdlng to [18], (3) can be expanded as

leads to an-stage decomposition for the evaluation®f,z, Y Pr(zle)
costing2" additions per stage an@” additions in total. For ex- il —1 Pr(z|c[i] = +1) ) clil=+1
gmple, Fig. 1(b) illustrates a flow graph for evaluating: H,z Ll = log Pr(z|c[i] = -1) 08 5= DPr(zle)’
(i.e.,n = 4 andr = 2). cli]l=—1
The above factorization process is very similar to that used in i=0,1,2,... (4

a fast Fourier transform (FFT) [17]. The resultant butterfly-type

flow graph in Fig. 1(a) is also very similar to that for an FFT. \yhere the summations are over attonstrained by[i] = +1

In some special cases, the reduced forms of FHT lead to fuid clij = —1, respectively. Denote byi[i, j] the (i, j)th
ther cost reduction. See Appendix A. element of H. The codeworde of the Hadamard code is

) selected from{+-h’} (the column set off, see Section II-A).

C. Soft-In/Soft-Out APP Decoding of Hadamard Codes Thus,cli] = +H][i, j] for some;. There are two situations for

We now consider the APP decoding technique for Hadamasd] = +1, i.e.,e = b’ with H[i,j] = +1 ore = —h’ with
codes. Assume that all of the codewords have independent @, j] = —1. Similarly, c[i] = —1 implies that eithee = A’
equal probabilities of occurrence. Let= {c[i]} be the trans- with H[i,j] = —1 ore = —h’ with H][i,j] = +1. Thus, (4)
mitted codeword anat = {z[:]} be the noisy observation of can be expanded for an AWGN channel as [18] (5a) at the
The APP decoding of a code over 1, —1} involves evaluating bottom of the page, where? is the noise variance. In (5a),
the logarithm-likelihood ratio (LLR) values [13], [18], [19], 'y(ihj) is defined by

FE= (o) o (W E)). G0t
i =0,1,2,.... (3) (5b)

Pr (c[i] = +1|z) _1 Pr(
Pr

Lli} = log 5 i = —1j) @

o |l

?

hi_z||? _hi_g||?
(B 5 (<)

Lfi] = log M5 Hlijl=-1
hi—z||” -
s on((BL) s s (-
Hl[i,jl=-1 Hl[i,j]=+1
fy(:l:hj)
— Jog Zil=H i=0,1,...,2 -1 (5a)
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whereL = 2z /02 is directly calculated from the channel out- P> v(&h?)
puts? b[i] = | HEI=E . i=0,1,...,2" — 1. (7b)
2 (ER)
D. Efficient Techniques for Evaluating (5a) and (5b) H[i,jl=F1
The inner productgh’, L), j = 0,1,...,2" — 1, are ele- From (6), itis seen thadt anda are related as shown in (8a) at
ments inH, L = H', L. (Recall thatH,, is symmetric.) Thus, the bottom of the page, where
{~v(£h?)} can be evaluated by an FHT a#wl exponential func- Lo ) 01
tions, thereby providing an efficient way to evaluate (5b). J= [ } and J = [ } . (8b)
We now focus on the evaluation of (5a), assuming that all 01 10
{~v(£h’)} are available. The key issue is how to carry out thehe matrix form of (8a) is
summations in (5a) efficiently. Fix and consider a particular
HJi,j']. The summations in (5a) are related to the sign of b=0Q,a 9)

HJi, 5'] as follows.
* WhenH[i,j'] = +1
Y(*h)

~(£h) 7(+hjl) + X

where@,, is ann x n compound matrix (or &n x 2n ordinary
matrix) obtained fronH,, by the following replacements:

Pt +1—J and —1—J. (10)
H[i,jl==%1 o Hli,j]=%1
S oy(xh) | 7(_}11") + 2 (xR Based on (1), (9), and (10), far = 2" andr > 1, @,, can be
Hli,jl=F1 H[fff:/;l decomposed as
1 0] [”y(—i—hjl)} Q.2 Q)
- : Q= | o 1D
[0 LI Ly(-W )j Qn/2 Qn/2
> v(xh) . - .
%3’ with @,,/» and@,, /, obtained fromH,, ;, and—H,, ), respec-
e L pi (6a) tively, using the replacements in (10).
j%‘_, gl ) For example,
H[i,j]=F1
o [+ +1 (g g
* WhenH[i,j'] = —1 Hy = 1 —1}:>Q2_[J .AI}
. i’ j [+H, +H Q, @Q
W [ S ) m- |1 elee-|e 2 g
H[i,%::ter(ih ) H[;j]j:/j:l ) :—l_II2 —H, Q4 “ ?2 Q2 ( )
VR | T (k) + +h H,-|"t Yoo =LY
H[i,jl=F1 - P P
o 1] [a(+k) = | i |ee- | &) am
— 11 0 7(_hj’) L 2 t+H2 Q2 Q2
D "y(:i:hj) A direct computation of (9) requiresx 2" x (2" — 1) additions.
L. This cost can be reduced 20 x 2" additions by the following
+ Z (h) (6b) technique. It is easy to verify that
Jj#3! 2 -
Hi,jl=F1 Qn/Z = IQn/2

The relationship in (6) can be expressed in a more compact Merel
trix form. We first introduce tw@" x 1 sized compound vectors

a andb as follows. Note Every entry ina or b is a pair of real
numbers.)

o= %)

1For nonzeraa priori LLR values

i:{im}z{ﬁy

j=0,1,...,2" =1 (7a)

g (Rl =410V

Pr(c[i] = —1)

(13)

= diag{:], J,.... .7} is a block-diagonal matrix. (For
simplicity, we will not indicate the orders df and I as they
are clear from the context.) Based on (11) and (13), (9) can be

decomposed as

_ _ I ’[ Qn/2al
b - Qna’ - |:I I:| |:Qn/2al/
wherea’ anda” contain the first and second halvesafre-

spectively. Similarly to (2), the factorization in (14) can be con-
tinued untilQ, = J appears. This evaluation technique is called

(14)

Here{Pr(c[7] = £1)} are thea priori probabilities and they are approximatedarl n-point APP-FHT. The similarity between FHT (see Sec-

by the extrinsic information during an iterative decoding.

tion II-B) and APP-FHT is apparent.

il = J x a[j] + contributions from other entries af if H [i,j] = +1
| J x alj] + contributions from other entries af

it H[i,j] = 1 (8a)



3216 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 49, NO. 12, DECEMBER 2003

‘ 9 ~ ] 9
’—b‘ parity checl;'—»[ encoder for C }—» Hadamard |G € (£}
—>

encoder
q
—>

a2 .

(b)

Fig. 3. (a) A convolutional-Hadamard encoder. (b) The structure of a code-
word generated in (a).
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A. The Component Codes: Convolutional-Hadamard Codes

We first introduce the convolutional-Hadamard code (de-
noted byC). It will be used later as a component code in the
proposed schemé! is generated as follows (see Fig. 3(a)).

) * The information bit stream is segmented into blo¢#s}.

) . ) Each blockd;, containsr bits.
Fig. 2. An example of a four-point APP-FHT. (a) Directed form, where every

node represents a pair of real values. (b) Expanded form, where every node® Let ¢}, be the parity check of.

represents a real value, and every branch has a unity gain. . Encodeq’ _ {q;c} using a rate1-/2 systematic recursive

convolutional code’, producing a parity sequenge=
An illustration of a four-point APP-FHT in its directed form {ax}. (Note {¢’, ¢} forms a codeword of ")

is shown in Fig. 2(a). This result can also be obtained directly « Encode(dy, ¢,) using a Hadamard code, producieg=

by applying the replacements in (10) to Fig. 1(b). Every node in (d, qr.p.) € {ihj}.Z The resultant sequenee= {¢; }

Fig. 2(a) represents two real variables, which in turn can be split  forms a codeword i€

into two nodes, each representing a real variable, see Fig. 2(b). . , o

The number of nodes and additions in Fig. 2(b) is doubled com:F'g' 3,(b) illustrates a codeword @i. Itis arranged as an array,

pared to those in the original flow graph for FHT in Fig. 1(b)Vith ¢ its kth row. It can be decomposed @b, ¢, P}, where

Therefore the total cost of an APP-FHT3s x 2" additions. @+ iS thekth row of D, andp, is thekth row of P. The inter-

In turbo-type decoding, only the LLR values at information pdn€diate vectoy’ does not appear in the final codeword.

sitions are required (see Section Ill). The decoding cost can o he trellis diagrant” of C' can be derived based on the trellis

reduced t@ x 2" additions by a reduced output APP-FHT (simdiagramZ’ of €', Fig. 4. We will use the same set of state§in

ilar to the reduced output FHT in Appendix A). as inT', with one-to-one correspondence between the indexes.
The APP decoding of a length-Hadamard code is summa--€L(4x, ax) be the coded bits for the state transitiqn— si.1

. : /i H r—1 i
rized as follows. in T'. Sincegj, is the parity check odl;,, there ar&€” ' possible

_ . d;, to satisfy a particulag, . We thus obtairz” ! combinations
Algorithm 1. Fast APP Decoding of a Hadamard Code  of (d,, ¢;,), each leading to a unique Hadamard codeword. We

Step 1) Obtair by performing an FHT ord. (followed by ~useh(q;, ¢x) to denote these”~! codewordsT can then be
exponential functions). constructed by placing th&—! parallel branches between the

Step 2) Obtairb by performing an APP-FHT oa (followed corresponding states, and s;41 labeled by the elements in
by logarithm and subtraction operations). h(qy,, qx). This trellis representation will be useful in developing
the decoding algorithm and the BER bound for the proposed

code in Section IlI-D.
ll. TUuRBO-HADAMARD CODES For example, Fig. 4(b) illustrates a section of the trellis for a
The proposed turbo-Hadamard code involves a hybrqg)nvolutional-Hadamard code constructed based on a two-state

concatenation of convolutional codes and Hadamard codes. §@gvolutional code with generatdy/(1 + =) and a lengtt®

will discuss the structure of the component codes, followed = 3) Hadamard code.

by that of the overall code. For the convenience of discussion,

we will use codewords ove{'O. 1} in this section. which can 2A rearrangement of bit positions is implied here singeis not in the

b btained f h inS L Il by th ,d d .Sylvester formin (1). Note also that, for convenience of discussion, in Section Il
e obtained from those In Section y the standard mappi¢iagamard codeword is presented as a column sequence, while here it is in

{+1 < 0,—1 < 1}. the form of a row sequence.
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sk+l Sk+1 D ;D
' 1 1
(qk’qk) h(q'k :Qk) > 7 > Convolutional-Hadamard encoder —Pq( \,pY
O\
== \
2 2
R —» 7@ —>» Convolutional-Hadamard encoder —>q( ), P?
5, T Sk r . .
(@) M) pM
3 7(M)—3 Convolutional-Hadamard encoder —»q( ), P
10101010
N 11001100 Fig. 5. A turbo-Hadamard encoder withAf component convo-
i }%}%(1)(1)8 lutional-Hadamard encodersz (™), m = 1,2,..., M} areM interleavers.

Fig. 5 (i.e.,D is transmitted only once). The overall code rate
is then
T

= e —n (15)

wherer is the order of the Hadamard code.

{1 00000000 We now explain the rationale behind the structure of turbo-
N g%?%ig Hadamard codes. The total parity weidtitof an overall turbo-
00111100 Hadamard code is given by
(b) W = the sum of the parity weights dff component codes
Fig. 4. (a)T represents the trellis of a reference convolutional c6der (16)

represents the trellis of a convolutional-Hadamard code constructedfrom Assume that the right-hand side of (16) involves (approx-

(b) An example of thé:th section off” based on a two-state convolutional codqm VY M in nden nd identicall istri i

C with generator polynomidl/(1+x) and alengtts (r = 3) Hadamard code. ately) . depende .t. and ide tc_a y dist b.Uted (iid.)

The first, underscored, and remaining bits repregent;,, andp, , respectively. rand(_)m_ variables (the |.|.d_._assumpt|on). Applying the cen-
tral limit theorem, for sufficiently largeM, W approaches

Gaussian. This indicates a close resemblance between a

turbo-Hadamard code and a random code. (A random code is

Let v be the constraint length of’. We can append X . . . .
: . obtained, say, by randomly tossing a coin, and has a binomial
extra rows toD to terminate the trellis of the resultant turbo-_. S : .
" distance distribution that approaches Gaussian for a sufficiently
Hadamard code to stafe-In each of thev additional rows,

. . . long length.) It is well known that a random code is a “good
we set all the information bits t0 (Note These zeros are nOtcode” in probability when length> oo.

transmitted.) except one bit. By selecting a proper value for.l.he ii.d. assumption requires that the parity weights\bf

:?;“:':Jc;rt;\;ry additional row, we can always terminate th<‘:5'omp0nent codes are independent of each other. To ensure this,

. . . . we should reduce the dependency between input and output
Alternatively, since the trellis ha®’ states, we can transmit

q 4 4 cod q h weights of each component code. This is the function of the re-
an extra ordefv — 1) Hadamard codeword to convey the terg,; sive component cod&and the random interleavers used in a

mination information. (Each of th2” codewords in this extra v, Hadamard code. The correlation between input and output
cod_e represents a unique state.)_ To ensure reliability, this terWéights in a recursive component code is relatively low (com-
nation codeword can be transmitted repeatedly. The numbergted with a nonrecursive one). For example, Fig. 6 illustrates
repetitions is determinded by the tradeoff between code rate 3pgdydeword of turbo-Hadamard code generated by a weight-

performance. information word (i.e., with only one nonzero information bit).
The white area represents zero elements and the black area rep-
B. The Overall Code: Turbo-Hadamard Codes resents elements that can be either zeros or ones. Assume that

the nonzero bitis located in thith row of D™, andC is recur-

Turbo-Hadamard codes are constructed by concatenatg}gb.Them(m) contains about halfd”s and half “1”’s from the
several convolutional-Hadamard codes in parallel. D&t be jth element onward, and B contains about half nonzero
themth interleaved version ab and(¢™., P'"™)) be the cor- Hadamard codewords from tiith row onward. The weights of
responding redundancy outputs, whete= 1,2,..., M. The the component codewords involved can be regarded as approx-
triplet {D™), g™, P(™)} is referred to as theith component imately independent of the input weight.
codeword(rate = r/2"). After concatenating/ such com-  For a linear code, any codeword can be expressed as the sum
ponent codes, the coding rate reduces t0V/2"). Note that of the codewords generated by weightaformation words.
here the information bits are repeatediih component codes. Working from this premise, we can also show that the input and
The transmission efficiency can be improved by redefiningutput weights of a turbo-Hadamard code are (approximately)
the overall codeword agD, ¢, P .. ¢ PP} see uncorrelated for an input weight larger than
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pY qm l) D(Z) q@) P(z) UM) q(m P(M)

1
1
1

Fig. 6. [lllustration of a turbo-Hadamard codeword with only one nonzero information bit.

/P oP
~ DEC-1 | p 3/ DEC-m | p —__ | DEC-M >
L

Fig. 7. The global decoding principle for a turbo-Hadamard decodérrépresents a delay of one iteration and' tepresents an interleaver.

Notice that without{q("")}, the code in Fig. 6 reduces to theE (™ The extrinsic LLR vector for thenth component
simple (nonrecursive) concatenated Hadamard code considered code, defined by [13]
in[12]. In this case, a weight-information word results in only Em) — m) _ (i(m) _gm )
one nonzero row in each component code. This implies a strong last iteration
correlation between input and output weights (low input weight WhereEf:;t) wteratin 1S the extrinsic LLR vector for
— low output weight). Hence, the i.i.d. assumption is no longer themth component code generated in the last itera-
valid. This explains the serious error floor problem observed in tion (with zero initial values).

the simulation studies in [12]. Using a nonrecursive component h i is fed C-1. Thel local decod
convolutional cod€ can lead to a similar correlation problem. Atthe start L is fed into DEC-1. Thel/ local APP eco ers

m—1)
For a detailed discussion on the role of recursive componéﬁf3 operated successively. TaposterioriLLR vector L
codes, see [20]. om DEC{m — 1) is used, after appropriate interleaving, as

the a priori LLR vector L< for DEC-m. L™ is fed back
to DEC-1 for the next iteration. This process is then repeated

C. The Decoder iteratively. For the first iteration
The turbo-Hadamard code is a special turbo code with i —L+EY 4+ E® 4. 4 B
multiple component codes. The standard BCJR algorithm cand after the first iteration
be employed for the local APP decoding, based on the treIEém) L+ E (m) y gmt1) 4 4 gOD)
diagram in Fig. 4. Due to the special structure, the FHT and ~ -
APP-FHT can be employed at the input and output stages, from the previous iteration
respectively, to reduce the decoding cost. A detailed discussion +EY +E? ... E™Y.
will be provided in Appendix B. The global iterative decoder from the current iteration

structure is illustrated in Fig. 7 [21]. It consists df looped The principle is very similar to the concatenated tree (CT) de-

local decoders, each responsible for one component cogleder discussed in [21].

Between two local decoders, LLRs of information bits are .

exchanged during decoding. D. Distance Spectra and BER Bounds

The variables involved in Fig. 7 are as follows. The distance spectrum of a convolutional-Hadamard code can
be obtained using its trellis description [22], [23]. Define the

1~;(m) The mmglg priori LLR vect<_3r for |nfc_)rmat_|0n_ bits. input-output weight enumerating functigftOWEF) of a code
L Thea priori LLR vector for information bits in the ¢ [24] as
mth component code.
L Thea posterioriLLR vector for information bits in ACW,Y) =3 Ay WYY 7
the mth component code. w,y
P(m) The a priori LLR vector for parity bits in thenth  whereA,, , denotes the number of weighteodewords gener-

component code. ated by weightw information words. Notice that for a conven-
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1.E+00 o :
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Fig. 8. Performance of turbo-Hadamard codes wite 5, N = 200, S = 4, andG(z) = (1 + #)/(1 + = + x2). The solid lines represent the simulated
results and the dashed lines represent the union bounds.

tional code A, , is usually an integer. For a concatenated cod&he IOWEF ofC is given by
Aw y 1s defined in the form of an ensemble weight distribution, N
which is a probability measurement averaged over all possible AC(W,Y) = Z W AS(Y). (21)
interleavers (for a detailed discussion, see [20], [24]). =0
There are only three possible weights20; !, and2” associ- The BER ofC is upper-bounded [20] by
ated with each branch (i.e., the weight of a lengftiHadamard

codeword). Therefore we only need to consider the terms asso- 1 w Ey
ciated with thosey that are multiples o2 1. Consequently, Pife) < 2 Z Z NA““”erfC (\/ yRFO (22)
the IOWEF approach is computationally more efficient than o

that based on thimput-redundancy weight enumerating func\WWhereR is the code rate of’.
tion (IRWEF) [20].

The conditional output weight enumerating function IV. NUMERICAL RESULTS
(COWEF) of a cod&” is We will use N for the interleaver length)/ for the number
AS(Y) = Z Ay YV (18) of component codedy for the code ratey for the order of the
v included Hadamard cod#,for the number of states of the refer-

which represents the weight distribution of the codewordce convolutional codé;(x) for the generator polynomial of

generated by weight: information words. Assume thatthe reference convolutional code diidor the iteration number.
c c@ C ) (each containingV information bits) are Unless specified otherwisel will be set to30.

concatenated in parallel using “uniform” interleavers [20] to

form an overall code. Let A. The Impact of the Number of Component Codes

, M Ag(”” (V) Suppose that we fix the structure of the component codes and

Z By, Y = H N (19) increaseV. This has two consequences. First, the weight distri-
Y m=1 < ) bution will be closer to binomial (see (16)), which is beneficial.

w .
is th bability that th bined weiaht &f Second, for a fixed overall,/ N, value, each local component
Here By, , Is the probability that the combined weight decoder will work in a noisier environment, since the overall

component codes ig, conditioned on the information weight .oy rate reduces withy. Thus, the output of each component
w. Notice that the_information we_ight has_ beer_m earlier countel,jer hecomes less reliable. The combined effect of these fac-
repea_tedly forM times. If every mforr_naﬂon bit occurs only o< js jliustrated by the simulation results in Fig. 8. The error
once inC (see Section l1I-B), the requ_lred COWEF((Y) = floor performance improves consistently with, but the water-
Zy AwyY? 0f C can be found by setting [20], [24] fall range performance stops improving fof > 4. Similar be-

A = N B ’ (20) havior has also been observed for other related turbo-type codes
wy w ) CwytM=lw: (such as CT codes [21]).



3220

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 49, NO. 12, DECEMBER 2003

1.E+00
mS=2
AS=4
®S=3
1.E-02 e
& 1E-04 - T boreensrennassenaeneans
= Lo |
iy
1E-06 oot AN B W
A, T 3
by, '-‘"i
‘ _ ":3“ bt R
1.E-08 ‘ L LF YTV |
0 1 2 3 4
EyN, (dB)

Fig. 9. Performance of turbo-Hadamard codes witk: 5, N = 200, M = 4, and differentC’ (with different numbers of states). G(x) = 1/(1 + =),
1+42)/(1+x+22),and(1 + 2% + 23)/(1 + = + 2®) for § = 2, 4, and8, respectively. The solid lines represent the simulated results and the dashed lines
represent the union bounds.

words is increased, since the probability of all information ones

B. The Impact ot ah
Consider the minimum Hamming weight of a turbolocated in the same row in evely™™ (1 < m < M) is in-

Hadamard code (Fig. 3). For the concatenated code, the nfife@sed. We should also keep in mind that decoding costs in-
imum Hamming weight is associated with the following event§r€ase exponentially with

i) The information word contains an even number of oneg, Convergence

and the number of ones is less than or equal to ) i .
Fig. 11 illustrates the convergence behavior of turbo-

ii) All of these information ones are located in the same roMadamard codes with interleaver lengths = 200 and
in everyD(""), 1<m< M. 65534, respectively. It can be seen that the convergence speed
decreases as the interleaver length increases. This may be due

With i) and ii), the parity checkg’ = 0 and sog = 0 for . o .
A fo the fact that the latter operates in noisier conditions.

any linearC. In this case, there is only one nonzero row i
every component code (containing all the information onesg. ) )
The joint probability of events i) and ii) is related to the intert- Performance Comparison With Other Low-Rate Codes
leaving method, and is independentafAssuming randomin-  To our knowledge, the super-orthogonal turbo code [8]
terleavers, the joint probability of events i) and ii) is not zeralemonstrates the best performance of existing low-rate
Therefore, the minimum Hamming weight, and so the asymgehemes. It carries only one information bit per trellis section
totic performance, of a turbo-Hadamard code is independentaafd relies on the trellis code to provide coding gain. Hadamard
the choice ofC. This property is also similar to that of con-codewords are only used to increase the distance between the
catenated tree codes [21] where each trellis section also cartiesnch outputs.
multiple information bits. For a standard turbo code [13], the Fig. 12 contains a performance comparison between the
situation is different since each trellis section carries only opgoposed code and the super-orthogonal turbo code [8]. The
information bit. Increasing the order of component codes cgenerator polynomials of super-orthogonal turbo codes are
significantly reduce the error floor of a standard turbo code. 1/(1 + 22 +2*) and1/(1 + 22 +2® + 2° + 2°) for § = 16 and

Employing more complicated may still bring about certain 64, respectively. The generator polynomials of turbo-Hadamard
improvements in performance, since it reduces the multiplicitiesdes are /(1 + x) forr = 7, M = 3, S = 2, N = 65534,
of codewords with small weights other than the minimum oneand(1 +z)/(1 +z + %) forr =3, M = 4,5 = 4, N = 198.
This can be seen from the examples provided in Fig. 9. Thelt can be seen that folV = 65534, the ratet/52.9
performance improvement is marginal fér> 8. turbo-Hadamard code can achieve BER10~° at E;, /N, ~

—1.2 dB, only about 0.4 dB away from the ultimate Shannon

C. The Impact of the Order of the Hadamard Code limit. This is considerably better than that of the best super-or-

Fig. 10 illustrates the impact of on the performance of the thogonal turbo code.
turbo-Hadamard code. Increasinfas a beneficial effect since It can also be seen from Fig. 12 that, fér= 198 and BER=
stronger component codes are used. However, it also has a ri€g-", the performance of the four-state turbo-Hadamard code
ative effect in that the multiplicity of minimum-weight code-with R =~ 1/7.7 is very close to that of the 16-state super-or-
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Fig. 10. Performance of turbo-Hadamard codes With= 4, S = 4, G(2) = (1 + z)/(1 4+ = + «?), different values of, andN = 200. (Note N should be
a multiple ofr, so it is adjusted slightly for different.) The solid lines represent the simulated results and the dashed lines represent the union bounds.
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Fig. 11. Convergence property of turbo-Hadamard codes with interleaver lengths of 65534 and 200.

thogonal turbo code witl® = 1/15. Table | compares the de- V. DISCcuUsSION ANDCONCLUSION

coding costs of these two approaches. The complexity of the ) _
turbo-Hadamard code is (approximately) estimated according>€Vveral authors [8]-{10] have discussed the design of low-rate
to Algorithm 2 (Appendix B). The complexity of the Super-or.turbo-type codes. A common approach is to increase the length
thogonal turbo code is (approximately) estimated based on @fdhe branch output while maintaining the basic structure of the
BCJR algorithm for a 16-state convolutional code plus an FH#rbocodes (i.e., two component codes and no parallel branches).
at the input stage (including normalization). The comparisdf this case, while performance improves, the decoding cost in-
takes into consideration that the turbo-Hadamard code involvi€ases rapidly when the number of states increases.

four component codes and the super-orthogonal turbo code inThe proposed turbo-Hadamard code is characterized by trellis
volves only two. Table | clearly indicates the advantages of tistructures with a small number of states, and a large number of
proposed code. parallel branches. Although the existence of parallel branches is
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Fig. 12. Performance comparison between turbo-Hadamard codes and super-orthogonal turbo codes. The solid lines represent the simuldtbe cesHieschn
lines represent the union bounds. Due to the numerical difficulty, we do not have the BER bounds=f@5534 codes.

TABLE |
COMPLEXITY COMPARISON OFN = 198 CODESUSED IN FIG. 12. (UNIT: OPERATION NUMBERS PER INFORMATION BIT PER ITERATION)

Rate 1/7.7 turbo-Hadamard code

(S=4, =3 and M=4)

Rate 1/15 super-orthogonal turbo code

(S=16 and M=2)

Multiplications/divisions 68 320
Exponential/logarithm 26 34
functions

Additions 147 280

usually a disadvantage for ordinary trellis codes, the situationdad [26]. These works clearly demonstrate the potentials of the
different in the proposed scheme for the following reasons. proposed codes in future wireless communication systems.

» The use of Hadamard codewords as branch labels guaran-

. . APPENDIX A
tees good Hamming distances between parallel branches.

REDUCED FAST HADAMARD TRANSFORMS

» Every trellis section carries multiple information bits,
which increases energy efficiency as well as reduces
normalized decoding costs.

In a systematic encoding, the index set
J.=10,1,2,4,...,2"71}
) ) i .can be chosen as information positions for a lerijth-

* When very simple trellises are used, the main decodifgygamard code. We consider two special FHTs. The first one
complexity resides in the APP decoding of the Hadamayglreferred to as the reduced input FHT. In this case, we assume
code, which can be accomplished by a very efficieqfat all the input entries, except those with indexes/jinare
APP-FHT. zeros. It can be verified that in a reduced input FHT, additions

o : e only required for nodes with indexgs, 1,...2" — 1}, at
The applications of the proposed codes can be found in [2 velr', v = 1,2, ...r, see Fig. 13(a). The number of required

[26]. In[25], amultiple-access scheme based oninterleaved low: ... . .
L : ! : additions involved is

rate codes is investigated. In [26], a space—time coding scheme L s . . .

based on low-rate codes is studied to exploit the expanded sig- 274274 +2"=22"-1) m2x 2"

naling dimension provided by multiple transmit antennas. Per-The second special case is referred to as the reduced output

formance close to the theoretical limits is observed in both [2BHT. In this case, we assume that the outputs are only required at
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level 3 level 2 level 1  level 0 level 3 level 2 levell level 0

(@) (b)

Fig. 13. Flow graphs of reduced FHT, where the information positiong @ré, 2,and4}. (a) Length8 reduced input FHT, where branches delivering zero
values are deleted. (b) Lengshreduced output FHT, where branches not leading to the required outputs are deleted.

the information positions. Then, additions are only required for Backward recursion :

nOdeS Wlth indexe$k2r/ +]|] € JT'7 k = 07 17 ot 727‘77“/ - 1} [7) Sk) = B Sk, Sk /8 Sk . (25C)
at levelr’, see Fig. 13(b). The total number of additions in- (s) V§1 ( +1) B (s11)
volved is

Output stage:

2% 2l 43X 24 AP 4 (P4 1) x 2 '
( ) S (ihj)a(sk)ﬂ(skﬂ)

=3(2"—-1)—ra~3x2. el
( )3 Li[i] = log M=% - . (25d)
+h’ ) a(sk) B (sk
APPENDIX B H[i%:ﬂ%( ) (58) B (Skt1)

APP DECODING OF CONVOLUTIONAL -HADAMARD CODES Compared with (5a), (25d) can be evaluated by substituting

This appendix addresses the decoding of convolutionak(+h’)a(sk)B(sk+1) into the position ofy(+h’) in (5). The
Hadamard codes. Lat be the transmitted codeword amd APP-FHT algorithm developed in Section Il can thus be used to
be its noisy observation. Consider thth section of a trellis, evaluate (25d). Equation (25d) leads to the following decoding
Fig. 4. Lete;, be the correspondinkth section ofe, andz, be algorithm.

its noisy observation. Define Algorithm 2. Decoding the Convolutional-Hadamard Code
Vi (ihj) =Pr (-’Ifklck = ihj) (23)  step 1) Perform a reduced input FHT to obtajrih’) (see
which is the probability that, is the observed signal, condi- Note a)). (Cost: about x (2" — 1) additions and
tioned one, = +h’. For an AWGN channel, it is easily seen 2 x 2" exponential functions per trellis section.)
that Step 2) Evaluate (25a)—(25c) and generate
Vi (:thj> = Aexp <% <ﬂ:hj,ik>> (24) ’)/k(:I:hj)Oz(sk)ﬂ(sk_i_l)7 for all j andk
(Cost: abouBS + 2 x 2" multiplication andtS +4 x
whereL, = 2z, /0? (see (5b)) andi is a constant that will (27~' — 1) additions per trellis section including
be canceled out (see (25d)). We will ubgli] to represent the normalization, where is the number of states).
LLR of thg ith element of;.. The BCJR algorithm consists of  Step 3) For every section, perform a reduced output APP-
the following steps [19]: FHT and evaluate (25d). (Cost: ab@ut(2"—1)—2r
Preparation : additions,r divisions, andr logarithms per trellis
B (sk, 3k+1) = Z Vi (ih]) (253) SeCtIOﬂ).
botuaan o A o Notes There are some additional operations as explained in
Lo the following.
Forward recursion : ' o
a(sy) = Z B (sk—1,5k) @ (sp—1) - (25b) a) Inevaluatingy:(£h’) :~exp(%<:i:hj,L>~) in (24), we de-

Vs, composel, into L, = I, + P; wherel, (resp.,Py) is
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the vector obtained by replacing the parity (resp., infor-[10] P. Sauve and F. R. Kschischang, “Decoding turbo codes by multi bit

mation) entries inL; by zeros. In a turbo-type decoder,

P, is not updated [13], [21] in all iterations. Thus we can [11]

use a reduced input FHT to upddi#l; and then add it
to a storedd P;, to obtainH L;,. The cost can be reduced
in this way.

(12]

b) Again, in evaluating (24), normalization may be necessar)[/m]

to avoid overflow.
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