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Zigzag Codes and Concatenated Zigzag Codes

Li Ping, Member, IEEEXiaoling Huang, and Nam Phamdsenior Member, IEEE

Abstract—This paper introduces a family of error-correcting capacity performance has been reported for such codes at high
codes calledzigzag codesA zigzag code is described by a highly rates [4]. Due to the simple structure of the SPC codes, the
structured zigzag graph. Due to the structural properties of 1 |ated decoding cost is very low. For example, the suboptimal

the graph, very low-complexity soft-in/soft-out decoding rules . . .
can be implemented. We present a decoding rule, based on the'\/la)('l‘()g'ApP (MLA) algorithm in [4] requires only 16

Max-Log-APP (MLA) formulation, which requires a total of  addition-equivalent operations (AE@sper information bit,
only 20 addition-equivalent operations per information bit, per per iteration (AEQ/IB/Iter) for a code with four constituent
iteration. Simulation of a rate-1/2 concatenated zigzag code with encoders. Concatenated SPC codes, however, perform well

four constituent encoders with interleaver length65 536, yields a ; : ;
bit error rate (BER) of 10~ at 0.9 dB and 1.4 dB away from the ﬁgzsat high rates [4]. They also have relatively high error

Shannon limit by optimal (APP) and low-cost suboptimal (MLA) . .
decoders, respectively. A union bound analysis of the bit error I this paper, we present a class of codes caflggrag
probability of the zigzag code is presented. It is shown that the codes and their concatenation schemes. The performance
union bounds for these codes can be generated very efficiently. Itis of the concatenated zigzag codes are close to the standard
also illustrated that, for a fixed interleaver size, the concatenated turbo codes (with only about 0.3-dB difference). However,

code has increased code potential as the number of constituent he d di lexity of th tenated zi des i
encoders increases. Finally, the analysis shows that zigzag code§ € decoding complexity of the concatenated zigzag codes IS

with four or more constituent encoders have lower error floors considerably lower. For instance, the MLA algorithm costs

than comparable turbo codes with two constituent encoders. only 20 AEQ/IB/Iter for ratet/2 concatenated zigzag codes
Index Terms—Low-complexity decoding, parallel-concatenated with four constituent enpoders. (As a comparison, accqrdlng
codes, turbo codes, zigzag codes. to [5], the MLA decoding of anN-state turbo code with

two constituent encoders costs ab80iV AEO/IB/Iter.) The
proposed codes work well for medium to high rates (rates of

|. INTRODUCTION 1/2 and higher). They also have very low error floors, which
URBO codes, [1], [2], have attracted much interest dughpear to be lower than turbo codes.

to their powerful performance. At a bit error rate (BER)
of 10~?, a 16-state rateé/2 turbo code with interleaver length
65536 is 0.5 dB away from the Shannon limit for a binary- _ _
input additive white Gaussian noise (AWGN) channel [1], [2]. Adopting the framework of [6], a zigzag code can be
However, the turbo decoder based on &hposterioriproba- described graphically as shown in Fig. 1. Here, white
bility (APP) algorithm [3] is highly complex. To achieve thehodes represent information bitgd(i, j)}, i = 1,2,...,1,

II. DESCRIPTION OF THECODE

aforementioned performance, the required decoder complexity= 1,2 --.,J. Black nodes represent parity bitgp(i)},
is about 192 floating-point operations per information bit, pér= 1, 2, ..., 1. We call
iteration (FLOP/IB/Iter} G — 1), d, 1), d(i, 2), ..., d(i, J), p(4)]

Alternative low-complexity concatenated codes based on
single-parity-check (SPC) codes have been explored [4]. NearsegmentThe parity bits are chosen such that each segment
on the graph contains an even number of ones. The code is sys-
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Note that the zigzag code is completely parameterized by the
1A FLOP involves a multiplication and an addition. The complexity is eSt‘i}iair (I J)_ The error-correcting capability of the zigzag code

mated as follows: (16 states)(two branches entering and leaving each stat fi K si it h .. di —of
* (once going forwardt once going backward) (two constituent encoders) itself is weak since it has minimum distandgi, = or any

* (1/2 FLOP forv + 1 FLOP fora) see [1], [2]. Approximately 20 iterations
are needed to achieve the best performance. This is true for all decoding rule¥An AEO (addition-equivalent operation) is either an addition, a subtraction,
discussed in this paper. or a comparison.

0018-9448/01$10.00 © 2001 IEEE
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of semirandom LDPC codes [8]. Due to its regular structure,

we can develop exact formulas for the APP and MLA decoders

for the zigzag code. Furthermore, the encoding process and the
p(l) analysis of zigzag code are much simpler than LDPC code.

IV. EFFICIENT SOFT-IN/SOFT-OUT DECODING OF
Z1GzAG CODES

The zigzag code falls into the general code family with tree
structures [6]. The two-way schedule described in [6] can be ap-
plied to develop its APP decoding algorithm. For the constituent

p(3) SPC code, the local decoding can be accomplished based on
the parity probability ratio (ppr) function studied in [9]. The re-
sultant global APP decoder of the zigzag code requires about
(7 + 3/J) multiplications and three additions per information
bit. We will derive a very efficient MLA decoding algorithm
below. Its performance is slightly worse (about 0.5 dB) than the
APP decoder, but its cost is on($ + 4/.J) AEO/IB.

p(l) Let D = {d(4, j)} be anl x .J array of information bits and
let P = {p(¢)} be thel x 1 parity vector. LetZ = (D, P)

Fig. 1. Graph representation of zigzag code; white nodes repres@ge the{+1, —1}-modulated codeword (“zero>~ +1, “one”

information bits; black nodes represent parity bits; each segment has e)@n_l) andZ — (D I:’) be the noisy received vector. Let
parity; J = 3. ’ .

n
A . .
pair (I, J). However, as we will later see, itis very usefulina "V (a1, a2, -.s an) = [H sign (a;) 22, laj| - (4)
concatenated construction. ) =t )

and assume that the implementation of the MLA decoding al-

IIl. RELATION WITH OTHER CODES gorithm is as follows [4], [5], [10]-[13].
There are several other ways of looking at the zigzag code, asl) Calculate théorward MLA of the parity bits
listed below. Fp(0)] =+
Flp(i)]

A. Modified SPC Code

= () + W (Fp(i — 1)], d(z, 1), d(i, 2), ..., d(i, J
One can consider the zigzag code as a modified form of the Bi) + ( lp(i = 1)), d(i, 1), (i 2). ..., (i, ))’

parallel SPC code array used in [4]. In the parallel SPC code, i=12,...,1 (5
one parity-check bit is added to every row of data 2) Calculate thdackwardMLA of the parity bits
- Blp(1)] = p(1),
pE) =Y d@, jymod2,  i=1,2,...,1. (2 Blpi — 1)]
j=1 . 5 e 5 )
The zigzag check bitg(i) could be obtained from the SPC  =p(i — 1)+ W (d(la 1), d(i, 2), ..., d(i, J), B[p(l)]) ;
check bitsj(i) as follows: i=I1,I—-1,...,2. (6)
p(i) = Z (") mod 2. @) 3) Pgtermme the MLA of the information bits as follows:
=1 Ld(z, j)]
B. Two-State Convolutional Code =d(, )+ W (F [p(i —1)], d(@, 1), d(é, 2), ...,

One can also consider the zigzag code as a two-staté fate- d(i,j—1),d(i, j+1),...,d( J), B [P(i)]) - (M
systematic convolutional code with generator polynomial ma- ] ) }
trix G(X) = [1 1/(1 + X)]. The parity sequence is punctured Con_S|der one segment of the code a_md ignore the o_peratlons
so that only one parity bit is transmitted for evehjnformation fOr taking the absolute value and negation. The evaluation of (5)
bits—thus, reducing the rate #&/(.J+1). The trellis-based APP requires comparisons anq one addition. _The result of (5) can
and MLA decoders of the convolutional code, however, is mudf used for evaluating (6) with one comparison and one addition.

less efficient than the alternative algorithms based on the zigzH¢ evaluation of¥’(-) in (7) is performed once for the whole
representation. segment. We first find the elements among

C. Low-Density Parity-Check Code with the minimum and the second minimum amplitudes. This
It is obvious that for small values of, the zigzag code has acostsl + .J comparisons [Notice that the minimum element can
very sparse parity-check matrix. Therefore, the zigzag code daa found with only one extra comparison based on the result
be regarded as a special case of the low-density parity-chedk6) and the second minimum requiréscomparisons]. The
(LDPC) code considered in [7]. Actually, it is a graphical fornoutput of W ( - ) in (7) is either the minimum or the second min-
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Fig. 2. Performance of concatenated zigzag codes with APP and MLA
decoding; for ratek/2, (I, J, K) = (16384, 4, 4), and the Shannon limit Rate-1/2 Code with Interleaver Length 1024
is 0.2 dB; for rate/5, (I, J, ) = (4096, 16, 4) and the Shannon limit is 10~° .
2.1dB.
107 i
imum values obtained above with the appropriate sign (see [4 10-2 \\XNI
ed. (6)]). Finally, (7) required additions per segment. Since \ % -
there are/ information bits per segment, the overall complexity 1073 \&“ <+ Sy ey
of the MLA decoder ig3 + 4/.J) AEO/IB. B 10-4 \\\ '
z A
R 10-° 5
V. CONCATENATED ZIGZAG CODES A\\ g
-6
A concatenated zigzag code is described by a triple 10 A\@ \
(I, J, K). Let Dy, = m1,(D) be an interleaved version of the 10-7 10
data matrixD, k = 1, 2, ..., K (the number of constituent \?o‘\
encoders). For eachy,, we form an/ x 1 parity column vector 1078 e
P, according to (1). The transmitted codeword consists of 10-9
[D, Pi, P, ..., Px] and the overall code rate i&'(J + K), 0 1 15 2 25 3 35 4 a5
i.e,(n, k)= (IJ+IK, I1.J).Foreach constituent code, we use Ey/Ny (in dB)
the soft-in/soft-out MLA algorithm described in the previous (b)
section. The overall decoding structure of the concatenatea
zigzag code is exactly the same as in [4]. Fig. 3. (a) Performance of concatenated zigzag code Wwith/, K) =

For concatenated codes, we need one additional AEO/IB/I{é#0, 4, 4)@)@)'(]’ J, K) =b(252~, (4 Iéé |MLA)W£|2PL 2_1h3,231 10, a_nd32(()
. P H . _iferations , ZIgZzag union boun solla lines); wit iterationg;
to process the extrinsic information before the MLA deF’Od'”rQerbo code(23,37) with APP and 18 iterations/{); SPC MLA 20 iterations
of each constituent encoder [4]. Therefore, the decoding c@s§; SPC union bound (dotted line).

for a concatenated zigzag code whhconstituent encoders is
K(4+4/J) AEO/IB/Iter, e.g., withK' = J = 4, the decoding  |n Fig. 3(a) and (b), we present simulation results
cost is 20 AEQ/IB/Iter. of the ratel/2 codes with interleaver length of 400
((I, J, K) = (100, 4, 4)) and interleaver length of 1024
((I, J, K) = (256, 4, 4)), respectively. We also plot in these
figures the performance with fewer (than 20) iterations and the
In Fig. 2, we present simulation results of the raf@- union bound of the code assuming a random uniform interleaver
(({, J, K) = (16384, 4, 4)) and rated/5 (({, J, K) = and maximum-likelihood (ML) decoding. The derivation of the
(4096, 16, 4)) concatenated zigzag codes. The interleavenion bound is based on [14] and is described in the following
length (i.e., the number of information bits involved) is 65 536ection. Also presented in this figure is the performances of the
in both cases. For each point on the performance curves, YW state turbo code with two constituent encoders in octal form
simulate a minimum of 100 bit errors. The results presented d&3, 37) with 18 iterations of APP decoding [15]. No attempt
for 20 iterations. Note that MLA decoding is inferior to APPhas been made to optimize the interleavers. One can see clearly
decoding by approximately 0.5 dB. from Fig. 3(a) and (b) that for lowF, /Ny, the performances

VI. SIMULATION PERFORMANCE
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of the concatenated zigzag codes are slightly0(3 dB) worse code structures of the SPC arrays and zigzag codes, their IRWEF
than those of the turbo code. can be generated by some very simple formulas.
Finally, comparing the performance of the concatenated
zigzag code with the concatenated SPC code [with compon&nt Parallel-Concatenated Zigzag Codes
codes defined in (2)] [4], we see that the zigzag code has an the following, we will develop a recursive method for gen-

much better performance. erating the IRWEF of a zigzag code. Ldf": (W, Z) be the
IRWEF of a zigzag code with rows and.J columns. We can
VIl. BER BOuNnDs decomposel®: (W, Z) into even and odd parts as
The simulation results presented in the previous section AS(W, Z) = ASi (W, Z) + Ag (W, Z) - (12)

are valid for low signal-to-noise ratio (SNR) in the range ofvhere A, (W, Z)(resp.AS: (W, Z)) includes all the terms

Ey,/No = 4 dB and below. For higher SNR, a union boungvith even (resp., odd) powers . Clearly, fori = 1

analysis is used to obtain performance results. In the following, L7/2] 7
we useC to represent the constituent code &t to represent  ASt (W, Z) = Z < )W” 2 Beven(W) (13)
everl ? : 27
the concatenated code with constituent encoders. j=0 \&
A. General Parallel-Concatenated Codes [ =1/2) J , /
erallelcon: o ASW, Z) = (5% 1) W22 2 BuaatW) 2.
The following is an outline of the procedure developed in [14] 25 +1

7=0
for finding the BER union bound of a general parallel-concate- ’ (14)

nated code. Let Suppose that

k n—k
AW, 7)2 NS Ag Wz 8) AC— (W, Z) = ASiZ (W, Z) + ASiH (W, Z)
w=0 j=0 is known and consider an extitn row. Notlce that from (1)
be theinput-redundancy weight enumerating funct(dRWEF)
for an (n, k) linear systematic block cod€, where AS ; p(i) =p(i—1)+ Zd i, J) Z Zd - (19)
the number of codewords with input weight parity Welght;, i'=1j=1
and codeword weights + 5. Numerically, the coefficients of Thus,p(¢) actually |nd|cates the parity of the total input weight
AC(W, Z) can be represented by a matrix of side+ 1) x fromrow1torow:. Letn; be the parity oti(s, 1), ..., d(i, J).
(n — k + 1), with row and column indexes correspondingito Acen (W, Z) corresponds to two situations — 1) andn; are
andj, respectively. both even or they are both odd. In either cage) is zero. This
The conditional weight enumerating functiq@€WEF) [14] leads to
for C is defined as ASia W, Z) = ASit (W, Z) Beven(W)

+AS (W, Z)Boaa(W).  (16)
Similarly, A<i,(W, Z) corresponds to the situation where

p(é — 1) is odd andn; is even, owice versaln either casep(:)
is one. This leads to

<(z)2 ZAgjjzf, w=0,1,....k (9

Numerically, the coefficients ofi<(Z) form the wth row of
the matrix forA“ (W, Z). Based on the uniform interleaver as- .
sumption of [14], the CWEF of’* can be found from that of Aodd(W Z) = [Aodd (W, Z)Beven(W)

C as o FAC (W, Z) Odd(W)] Z. (17)
AgK(Z) = %7 w=0,1,...,1J (10) Finally, the IRWEF,AS" (W, Z), of the parallel-concatenated
(w) zigzag code can be obtained by applying the one-dimensional
whg{re IJ is the interleaver size. Using the coefficients ofonvolutionk — 1 tlmes to each row ofi“" (W, Z) and then
AC"(Z) as thewth row, we can findA™ (W, Z) for the dividing by (U) just as in(10).
concatenated Cod€’ . Finally, the union bound on BER for
C¥ is given by [14] C. Some Numerical Issues
k n-k R.E, In computing the union bound, we may encounter two numer-
Z Z AST - erfe |4/ (w+ ) ~ (11) ical problems when the interleaver siZd is large. The first
W—OJ 0 0 is that the values oﬂgyj may be extremely large (well be-

whereR. = k/n is the code rate and, /Ny is the bit SNR. yond the limit of IEEE floating-point numbers, whichlisr9 x
(Note thatw /k is the conditional BER given that(a, j)-type 103°® [16]). The second problem is that the number of terms in
decoding error has occurred.) In (11), we have assumed binathe double sum in (11) is very large—resulting in a significant
phase shift keying (BPSK) modulation, an AWGN channel, araimount of computation. The first problem is solved by repre-
soft-decision ML decoding. senting each value cmg,j by a floating-point number (man-
The key issue for the method outlined above is to derive thissa) and a 16-bit integer (exponent). Special C subroutines
IRWEF for the constituent cod€. This can be a complicatedare written for multiplication/division and addition/subtraction.
issue for a general code (e.g., a general convolutional cod&je second problem is solved by approximating the double sum
However, we will show in the following that, due to the simplen (11) by a smaller sum, which includes only those values of
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Effects of Dmax on the Union Bound of Parallel Concatenated Zigzag Codes
107 ¢ T

T T 1 T T

% Dmax=100
Dmax=200
Dmax=400
Dmax=500
Dmax=600
Dmax=800

Peretd

Eb/No (dB)

Fig. 4. Effects ofD,,..x on the union bound of parallel-concatenated zigzag cddesl, i) = (256, 16, 4), (n, k) = (5120, 4096), and rate= 4/5.

(w, 7) for which0 < w + j < Dy,.x. Note that with this ap- * The second termﬁlgﬁ, corresponds to the situation where
. K . . 7

proach, the whole matrid©" (W, Z) need not be calculated. the input weight is two, and furthermore the only two
This approach is similar to that in [14], and is based on the ob-  1's appear in the same segment in every constituent code
servation that the upper bound is dominated by the codewords (henceP;, P, ..., Pk areall zeros). It can be shown that
with low and moderate Hamming weights. To obtain an accurate J J_1 K—1

. .. . CK -
analysis, the value db,,,,. must be sufficiently large. Fig. 4 re- A3 = I<2> <m> .

ports the effects oD,,,,, on the bound of parallel-concatenated

zigzag code with(Z, J, K)FI (256, 16, 4). The figure illus-  \ye observed that these two terms dominate the performance of
trates that settind.n. = 500 will yield sufficiently accurate 4 concatenated SPC array and their relative effects are different

results. In the following, we report some_analytical results R different £, /N, ranges. For mediunt;, /Ny, the first term
parallel-concatenated SPC arrays and zigzag codes accorgigghinates since typically (for sufficiently large/) A% s

to this approximation. In all cases, we cho = 500. . LK
PP 3o = much larger thamgﬁ. In this case, the BER performance can

VIIl. A NALYTICAL RESULTS be approximated by

foka
Fig. 5 pre_sents the analytical union bpunds of parallel—cpn- P, ~ 1 ALk . erfe (K +1) Rch> ) (18)
catenated zigzag codes (with four constituent encoders) with a 2 IJ N

fixed rate of1/2 and different interleaver size$.{ = 16, 64, pis annroximation, shown by the dashed line in Fig. 6 for
and 256). For comparison purposes, we include the unio K) = (256, 4, 4), is quite accurate foE, /Ny from 4

bounds of comparable concatenated SPC codes [4]. The 1{{g  4g_ Notice that (18) is independent of the interleaver size

is similar to the concatenated zigzag codes except that g once increasing the interleaver size beyo@2# will not

parity bits are generated based on (2) instead of (1). Note tﬂﬂbrove the performance of a concatenated SPC array in this
for the concatenated SPC codes, increasing the interleaver ?gr?ge

does notimprove the performance much in the mediynVo At very high F,, /Ny, the effect of the second term takes over

range. The reason for t_his Is expl_ained b?IOW [17]. since it has lower weight. In this case, the BER performance can
There are two terms in (11) which dominate the performanB% approximated by

of parallel-concatenated SPC array.

. ThefirsttermAfI;(, corresponds to codewords with input Py~ % - % ~A§E - erfc <1 / %) . (29)
weight one and parity weighk” (P, P, ..., Px each ' 0
has Hamming weight one). There dré such codewords, The above approximation is shown by the dotted line in Fig. 6
soAf’;( =1J. for (I, J, K) = (256, 4, 4). Increasing interleaver length can
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Rate—1/2 Parallel Concatenated SPC Codes and Zigzag Codes

10
107 L J
107} N
107 | R
10° | N

w 107"°F i
107
107 —%=-SPC  (I,K)=( 16, 4,4)

——SPC  (1J,K)=( 64,4, 4)
107 —=8PC  (1,J,K)=(256, 4, 4)
—5-Zigzag (1,J,K)=( 16, 4, 4)
107} —o—Zigzag (1.J.K)=( 64, 4, 4)
—&-Zigzag (1,J,K)=(256, 4, 4)
10'20 1 1 L I 1 |
0 2 4 6 8 10 12 14

Eb/No (dB)

Fig. 5. Upper bounds to the BER of parallel-concatenated SPC and zigzag codes with different interleaver size. Fixed number of constitueht engoders
and rate= 1/2. D,,., = 500.

Rate-1/2 Concatenated SPC and Zigzag Codes (Interleaver Size =1024)

107} —SPC Union Bound
—A-2igzag Union Bound

10 ' — —SPC Approx. Based on (18) (K=4)
<<<<< SPC and Zigzag Approx. Based on (19)
107 —e-SPC Simulation
—%*—Zigzag Simulation
10'20 1 1 1 L 1 L\
0 2 4 6 8 10 12 14

Eb/No(dB)

Fig. 6. Union bounds, approximations of the union bounds, and MLA simulation results of concatenated SPC and zigzég, cbdEs. = (256, 4, 4),
(n, k) = (2048, 1024), rate= 1/2, andD,.x = 500.

normally improve the performance in this range, since the largesults in a parity vector of the forfn 0,0, ..., 1,1, ..., 1.
1J,the smallerAg0 (assuming thaf andK are fixed and’ is The nonzero section starts from the segment containing the
increased). only nonzero input bit. This implies that for weightinput

Notice that (18) does not apply to the concatenated zigzagquences, the codeword weight increases with high probability
code. In fact, for the latter case, a weighinput sequence as the interleaver size increases. Consequently, the performance
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Rate—~1/2 Parallel Concatenated Zigzag Codes Bound:Interleaver Size=1200

10
107° 1
107k
i 107"k
10‘20_. ............... . ....... - . ....... N\, ;
= (1,J,K)=(600, 2, 2) : : A, : : P
| € (1,J,K)=(400, 3, 3) : : : : NR
[ = (L0K)=(300, 4, 4) 23
= (1,J,K)=(240, 5, 5) : : : A ; \:*
10‘25_'5'('nJ’K)=(200v6v6) ............... ._ ....... -
[ A (1,4,K)=(150, 8, 8) : : : : A
[ - Turbo Code (37,21) : : 1 A i
-%- Turbo Code (23,37)
g i i : ; ; ;
2 4 6 8 10 12 14

Eb/No (dB)

Fig. 7. Upper bounds to the bit error probability of parallel-concatenated zigzag codes with different number of constituentEreodes, 21) and(23, 37)
turbo codes(r, k) = (2400, 1200), rate= 1/2, andD,,., = 500.

of concatenated zigzag code is only dominated by (19). Thos median £, /Ny. It is noted that the union bound analysis
results in much better performance for the zigzag-code-basagelds an accurate assessment of the code performance only at
schemes in mediunk;, /N, range, as seen in Fig. 6. At veryreasonably hight, /No. For very low E;, /Ny, the simulation
high F, /Ny, the performances of the concatenated SPC armasults in Section VI show that tH@3, 37) turbo code is better
and zigzag code converge since they are both dominatedtbgn the zigzag code with four constituent encoders by 0.2-0.3
(19). dB at10~* BER.

Fig. 7 compares the BER upper bounds for parallel-con-
catenated zigzag codes with differdit fixed interleaver size
(IJ = 1200), and fixed code raté/2. This figure illustrates IX. CONCLUSION

that as the number of constituent encod&rsincreases, the We present a class of graphical codes called zigzag codes.

gode dPOter_:_tr']"?‘I mhcreases, assumll;lg ?ff[l')mfl d('tVILt)h sequer:l:ﬁe structural properties of these codes result in a very low-cost
?f‘}(ﬂgj ISP ehomenon can be a r_| u e_ ° _e _cons tBtative decoding. The performances of the zigzag codes are
(o) in (10) which grows exponentially if(. Similar \yithin 1.0-1.5 dB of the Shannon limit. These codes perform
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