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Abstract: The author presents a simple algorithm
for generating the distance spectrum and
multiplicities of convolutional codes. It is
different from the existing methods in that no
topological searching or matrix inversion is
involved. Instead, the method presented consists
of the recursion of a set of difference equations
with a properly selected operational sequence.
The computational cost of the new algorithm can
be easily predicted and is modest.

1 Introduction

The existing algorithms for generating the distance
spectra and multiplicities of convolutional codes gener-
ally fall into two categories, based on trellis searching
[1, 2] and matrix inversion, respectively [3, 4]. The com-
putational cost of a searching algorithm depends on
the code structure and is difficult to predict. It is a very
skilful task to prevent excessive operations and to man-
age computer memory usage in implementing a search-
ing algorithm [2]. The matrix approach involves the
inversion of the state transition matrix that can be
computationally costly. The recurrent technique
recently introduced in [4] has greatly improved the effi-
ciency of the matrix approach. However it still, at least
in the direct form, requires a considerable amount of
computer memory, especially when the state transition
matrix is large.

In this paper we describe a very simple recursive
algorithm formularised as a set of difference equations.
We will show that the difference equations are solvable
following a properly selected operational sequence.
This is very concise for the purpose of programming.
The computational cost of the new algorithm can be
easily predicted and is less than the matrix method. In
particular, the reduction of the computer memory
usage is significant since no matrix manipulation is
involved in the new method.

2 Introductory concepts and notations

For simplicity we consider only binary convolutional
codes with at most one transition between any two
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states. The results, however, can be easily extended to
general linear trellis codes.

[ [ Vi
| T N
o) T T
/—/‘L Vil
[ASE

Fig.1 1/2 convolutional encoder with memory order of 2
@ inside a square represents modulo two addition

time

Fig.2  Trellis representation of the code in Fig. 1
Label for each branch is information sub-sequence/coded sub-sequence

Let the information sequence be {;}, convolutionally
coded to {v;}. In the following we refer to {j} as the
time sequence. As a common treatment for linear codes
[5], let the input be an all-zero sequence, i.e. u; = 0 for
all j. Consequently v; = 0 for all i due to linearity.
Adopt the trellis representation of the convolutional
code, as shown in Figs. 1 and 2. Introduce the follow-
ing notations:

S, = state (or node) where 7 is the binary expression
for the state of the encoder’s memory. In pat-
ticular denote the all-zero state Sy = Sgo... o

b, = transition (or branch) from S, to S,. For a rate
bla code a branch has an associated a-bit long
coded sub-sequence from {v;} and an associated
b-bit long information sub-sequence from {u;}.

d,, = the number of 1’s in the coded sub-sequence
associated with branch b,,,. For a rate b/a code
0<d,, <a

e,, = number of 1’s in the information sub-sequence

associated with branch b,,,.
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p = path, which is a sequence of cascade branches.
It will be represented by the sequence of the
nodes incident to these branches, e.g. p = {S,,
Sy Spzs ---}. In particular, we denote by p, the
correct path, 1.e. py = {Sp, So, ... Sy}

SEP = simple erroneous path. It is a path that satisfies
the following conditions:

(a) its first node is S

(b) its second node is not S

(¢) its last node may or may not be Sy, and
(d) its remaining nodes are not S,

In short, a SEP is a path that deviates from p, for the
first time. As examples, {Sgy, S», Sy, S} and {Sy, S,, S|,
Sz} are both SEPs but {So, SQ, Sla So, SQ} and {So, S()}
are not. A closed SEP is a SEP ending at S;. It repre-
sents the merging of a SEP with p; and could poten-
tially cause a decoding error [5].

w(p) = weight of a path p, defined by
’LU(p) = Z d’mn (1)

for all by, belonging to p

In particular, the weight of a closed SEP is its Ham-
ming distance from py, i.e. the total number of Is in its
associated coded sequence.

"™ = total number of SEPs of weight k ending at
node S,. In particular, (%) is the total number
of closed SEPs of weight k.

e(p) = Z Emn (2)

for all b,,,. belonging to p

If the correct path is pg, choosing a closed SEP p as the
survivor in a Viterbi decoder would result in e(p) bits
of errors, since each decoding output of 1 counts an
error bit.

¢! = total e(p) of all the SEPs of weight-k ending at
node S, i.e.

dV="3 el 3)

p ending at S(7)
w(p)=h

In particular, ¢,(? is the total number of 1s associated
with all closed SEPs of weight k.

Notice that we have not specified the time instant
above. We will assume that the trellis is time invariant
so that these notations are independent of the time
sequence {j}.

We will call {a, %} the distance spectrum and {c,
the multiplicities of the code. The minimum . for which
a,V = 0 is called the free distance of the code. The dis-
tance spectrum and multiplicities determine the error
correcting capability of a convolutional code [1]. For
example, in an AGWN (additive Gaussian white noise)
channel the bit error rate of a code 1s bounded by

P< > Verfe ( 2%k fb) (4)
A 0

where E/N, is the signal-to-noise ratio.

3  Algorithm

We emphasise again that @,/ and ¢, are constants
with respect to the time sequence assuming a time
invariant trellis. The main part of the algorithm is now
given as a remark.
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Remark.: At any particular time instant j

agcn) _ Z agcrf)dw + 5}@) (5a)
M#EO,dpn <k
A= S + emnalf) + ot
m#0,dmn <k
with
N(n> _ 1 if dOn =k
s — 6
k {0 otherwise ©)

The proof of the remark is given in the Appendix. It
appears that eqn. 5 can be solved by a recursion on k,
but this i1s not entirely straightforward as d,,, can be
zero. The problem can be overcome for a non-cata-
strophic code [6], which is always uniquely decodable.
Call a state S, a root if it has no input branch with 4,
= 0. As a special case, also call Sy a root. For a non-
catastrophic code, every state S, is either itself a root
or backward linked by a unique path of weight zero to
a unique root, referred as the root of S,. Otherwise if a
path of weight zero does not backward link to a root,
it has to be infinitely long. This path cannot be distin-
guished from p, in decoding and the code becomes cat-
astrophic [6]. If there are more than one path of weight
zero between any two states, these paths cannot be dis-
tinguished either. Excluding catastrophic codes, we can
use an index ¢, to indicate the weight between a node
S, and its root, i.e.

t, = number of branches along the weight-zero (7)
path from its root to S,

It is seen that for node S,, eqn. 5 depends only on the
solutions of {S),} with lower k and with current £ but
lower ¢, (< t,). Consequently it can be solved with
double recursions. The outer recursion proceeds from k
= 0 to k = kyye (kpox is the maximum distance
required). For each k, the inner recursion starts from
nodes with 7, = 0 and proceeds along zero-weighted
paths to nodes with higher 7,. When k& = 0, the process
starts from all the roots, with ¢, = §,” for eqn. 5a
and ¢,® = ey,d," for eqn. 5b.

4 Computational cost

For a binary rate b/a convolutional code with memory
order ¢, 2(a + 1) vectors of dimension 2¢ are required
to store a¢/” and ¢ for i = k, k — 1, ... k — a. This is
because 0 < d,,, < a in eqn. 5. We also need a 2% x 2¢
matrix for recording {d,,,} (there are 2 input branches
to each node). We do not need to record {e,,} since
they can be directly determined from the state indices.
For each recursion on k, eqn. 5 involves
(3 x 2° — 2) x 2¢ additions and 2° x 2¢ multiplications
(8)
It can be shown that the above memory usage and
operation numbers are less than those of the matrix
method [4]. The reduction of the computer memory
usage Is significant as the matrix manipulation is com-
pletely avoided.

In particular, for a common 1/a code the total mem-
ory usage is 2 x (¢ + 2) vectors of dimension 2¢. Eqn. 8
results in 4 x 2¢ additions but 2¢ of them (for eqn. 56)
are not necesary when e,,, = 0. No multiplication is
necessary since now e,,, is either 0 or 1. If we are inter-
ested in the parameters for up to k,,, then the total
amount of computation is 3k, 2¢ additions. This is
reasonable for ¢ < 20 with modest computing power.
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Further savings of computational cost are possible
with some extra programming effort. For example, the
execution of eqn. 3 results in many zero values at the
starting stage (see the example below) which can be
skipped. Similar saving can be gained at the finishing
stage by skipping calculations for unwanted values.

5 Example

As an example, we wish to find the free distance and
the related multiplicity for the convolutional code in
Figs. 1 and 2, with b = 1, @ = 2 and ¢ = 2. The roots
are {Sgy, So1, S11}. Sy is not a root since the branch
between S; and S)y is associated with a coded
sequence of {00}. Thus,

too =tor =t11 =0 tp=1 9)
also
8" = 0 for all n, k except 55" = 1 (10)

This is because besides Sy, itself, only Sy is directly
backward linked to Sy, with a coded weight of 2.
Omitting zero terms, eqn. 5a and eqn. 5b can be
expanded as

a® = o)

c(ko ) = c(km) (11a)
o = q{19) 4 (11

00— (10) 4 11(9111 (118)

o = agoi +a™)

A = 1 4 e+ al) + ol (11¢)

a1 — a(oo) +a™ 4 5(10)

G100 = gl00) | 01) 44 (00) (00 4 5000 (19)

For each k, eqn. lla—c have to be executed before
eqn. 11d since S}y is not a root. For & = 0 the initial
values are all zero. Following eqn. 1la—d and noticing
eqn. 10, we obtain the results in Table 1 for kK up to 5.
When k& = 5, ¢, = 0 for the first time. Therefore the
free distance for this code is 5 and the multiplicity for
all closed weight-5 SEP is ¢, = 1.

Table 1: Results for the recursive eqn. 11

Kk 200 N gim  glo  glo gl gan g
1 0 0 0 0 0 0 0 0

2 0 0 0 1 0 0

3 0 1 1 1 0 2 2

4 0 2 2 2 0 a4 6

5 1 4 4 4 1 12 16 16

6 Conclusions

A simple algorithm has been presented for computing
the distance spectra and the multiplicities of convolu-
tional codes. The computational of the new algorithms
is modest and is independent of the code structure,
(besides the code rate and memory length). A main
advantage of the new algorithm is its conciseness for
programming, which is readily seen from eqn. 5. Fur-
ther work is required to extend the results to nonlinear
trellis codes [4].
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9 Appendix

To prove eqn. Sa, consider a branch b, and a set of
SEPs, (see Fig. 3)

{p} = {plw(p) = k,p ends with by, } (12)

If m = 0, let {p"} be obtained by deleting bm,, from
every path in { p}. Obviously each element in {p"} ends
at S,, and w(p ) = k — d,,. The numbers of elements in
{r} and {p"} are the same and equal to @) ., Thus
the summation term in eqn. 5a is the total number of
weight-k paths passing all S, with m = 0 and ending at
S,. Notice that m = 0 is a special case since according
to the definition by, must be the start of a new SEP.
We include by, in counting @, only when dy, = k, in
which case by, is itself a SEP. This contributes the delta
term in eqn. 5a. Finally the condition d,,, = k ensures
that the subscripts are not negative.

Fig.3 Parr of a trellis used in the proof of the remark
Two paths, p; and po, end with by,

To prove eqn. 5b, notice that for m = 0

Ze(p) = Z( (") + emn) = Ci ~dun +€ngl

P p*

Am a ™) (13)

= Skt +Cmnlp_y,,,

Summing both sides of eqn. 13 over all m = 0 results in
the summation term in eqn. 5b. For m = 0, by, contrib-
utes the delta term in eqn. 5b when dy, = k.
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