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Abstract: Various Remez-type algorithms for the
computation of rational filter functions of a
general form are proposed. They allow filter
amplitude and group delay functions to be arbi-
trarily shaped and tapered. Such functions can be
applied to predistort for undesirable effects in
communication systems such as sinc (x), transmis-
sion line weighting or distortion due to nonideal
components. High-order touch points are intro-
duced as a generalisation of the concept of
maximum flatness. They are used to trade off
between the amplitude, group delay and passive
sensitivity properties of a filter. The high-order
touch points can be used directly to design a
passive ladder prototype by an iterative algorithm.

1 Introduction

The paper is concerned with computational methods for
the design of rational filter functions. Classical functions
which approximate ideal filter amplitude specifications
are commonly known. These functions have special
properties of symmetry and constant equiripple attenu-
ation in passband or stopband. Their coefficients can be
conveniently calculated by explicit formulas or simple
iterations [1, 2]. However, classical approximations are
not suitable for highly asymmetric specifications or
amplitude equalisation tasks which are often encountered
in modern communications systems [3]. Approximation
methods for such specifications are not well developed.
They are usually highly specific to a given filtering task
and are not flexible enough for a general, easy-to-use
software package [3-7]. Although general multiple-
criterion optimisation techniques can certainly be
applied, they tend to involve a large amount of computa-
tion and do not always guarantee convergence [8-10].
This is frequently because they do not make enough use
of the special properties of filter functions, which are par-
ticular cases of rational functions with well-confined
root locations. Moreover, the approximation problem is
often not expressed conveniently for a filter designer
without detailed knowledge of optimisation theory.
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Methods for the approximation of polynomial filter
functions within arbitrarily weighted amplitude specifi-
cations are considered. Several new algorithms are pro-
posed, which bear interesting relationships to the Remez
minimax approximation technique [11, 12]. The concept
of maximum flatness is generalised to allow compromises
between equiripple and flatband properties. The compu-
tational aspects of the algorithms are discussed. As accu-
racy is particularly critical in the approximation of filter
functions in finite word length computer arithmetic,
methods to preserve accuracy without recourse to the
complications of transformed variables are given [1, 2].

The design of minimum phase rational functions with
arbitrary passband and stopband tolerance schemes is
investigated. These functions are of particular importance
because they can be efficiently realised as the transfer
functions of linear analogue networks, including
switched-capacitor filters (SCFs). Numerator and
denominator polynomials have special properties which
are best designed by a combination of two different
methods.

The approximation discussion so far has considered
only filter amplitude functions and has ignored their
associated group delay. Modern digital communications
and signal-processing systems often require filters which
satisfy simultaneous specifications on amplitude and
group delay. A common practical design approach is to
separate the two approximation problems by employing
an all-pass function to equalise the group delay of a
minimum phase amplitude function. The latter function
should first be optimised to reduce the peaking of the
delay towards the passband edges, either by smoothing
the passband amplitude function (e.g. Butterworth) or
reducing the rolloff into the stopband. The general ampli-
tude approximation methods offer various ways to trade
off between the amplitude and group delay character-
istics. High-order touch points can be introduced into the
passband and notches can be placed to tailor the stop-
band rolloff. Although the demands on the group delay
correction can be reduced in these ways, it is still costly
to use allpass functions. They are known to offer a non-
canonic solution to the combined amplitude and group
delay approximation problem. Greater efficiency can be
achieved by employing a general nonminimum phase
function [13, 14]. However, these functions cannot be
simulated by low-sensitivity SCFs at present. The argu-
ment for all-pass equalisation is strengthened by the
recent development of low-sensitivity all-pass SC ladder
structures [15].

A method is presented whereby the techniques devel-
oped to approximate the amplitude of a transfer function
can also be applied to the group delay of an allpass func-
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tion. Unfortunately, when this group delay function is
interpolated, a system of ill-conditioned nonlinear equa-
tions arises which becomes very difficult to solve with
increasing order [16]. Since Newton- and Remez-type
approximation methods depend on an efficient inter-
polation step, they are difficult to apply with efficiency or
reliability [17]. Alternative methods based on opti-
misation techniques have therefore been studied (18, 19].

A new algorithm is proposed which permits direct
application of Remez-type approximation methods to the
problem [20]. By observing the similarity between the
group delay function and a filter amplitude function, the
techniques and theorems for amplitude approximation
are still valid. A stable, accurate algorithm is then devel-
oped for arbitrary group delay correction.

2 Filter amplitude approximation

A transmission function is designed by working with a
magnitude squared function. It has the following pro-
perty:

()T (=)

= T(x) (1

s=jor x=w?
The phase information has been removed and the func-
tion has been linearised in terms of a single real variable,
avoiding the use of complex arithmetic in later computa-
tions.

2.1 Curve-fitting problem

Consider the problem of fitting a polynomial p(x) = a, x"
+ ' + 4o in a minimax sense to some prescribed func-
tion m(x) on the interval [a, b] such that the maximum
error max | p(x) — m(x)| is minimised. A variant of this
problem is of interest to filter designers (Fig. 1). Two
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Fig. 1 Solution of minimum curve-fitting problem by polynomial p(x)

curves, u(x) = m(x) + & and I(x) = m(x) — J, can be seen
as boundary functions and p(x) is sought to fit between
them. At a series of points, the so-called touch points, p(x)
will touch w(x) and I(x) alternately, which implies that
p(x) will have the same zero- and first-order derivative
values of u(x) or I(x). In a general sense, u(x) and /(x) can
be any functions satisfying w(x) > I(x) on [a, b] and the
order of tangency at the touch points can be greater than
one. At M points (the touch points) on the upper and the
lower function, {x,;:a < x,; < x,;+; < b}

l(')(xu') r=0,12..., 4 2

where i =1, 2, 3, ..., M and the superscript (r) signifies
the rth derivative with respect to x. The exact locations
of {x,} are unknown but the sequence {y;} is specified

p(r)(x“_) = u(r)(x"_) or
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(Fig. 2). For convenience we fix the two endpoints by
pl@=A Ka)<A<ua

pb) =B by < B < ulb) 3

where A and B are usually fixed to the upper and lower
boundaries, but could be assigned to some arbitrary
values in between. In total there are N, specifications on
the values and the derivatives of p(x) where

M

Ne=2+ Y+ (@
i=1

The aim of the curve-fitting problem is to find the lowest

order approximating polynomial which fits the specifi-
cations in eqns. 2 and 3.

plx)
x
Xmo Xmi Xm2 Xm3 Xm4
- > —» — —
Fig. 2  Bilateral approximation

2.2 Interpolation

The unknown positions of {x,;} provide M degrees of
freedom, which can be used to reduce the order of the
polynomial from the nominal problem order N,. Thus
N, — M of the specifications can be chosen as constraints
to form a polynomial of order N, where

N+1=N.—-M (5)

The remaining M specifications must be met by adjusting
the M positions of the touch points.

The relation between the behaviour and the order of a
polynomial is a complicated issue. To decide the
minimum order is a difficult problem and some theoreti-
cal discussion can be found in Reference 21; however, in
most cases the order determined by eqn. 5 is satisfactory.
A Nth order polynomial can always be interpolated by
N + 1 constraints. Osculatory Newton interpolation [22]
can be used to interpolate a number of derivatives with
certain computational advantages over other inter-
polation methods [23].

2.3 Bilateral method
Assume that, for the specifications

(i) all y; are odd

(i) the touch points are assigned alternately to u(x)
and I(x), ie {x,;li=1,3,..., M.} and {x;|i=2,4, ...,
M} are the set of touch points on u(x) and /(x), respec-
tively (where M, = M and M, =M — | if M is odd and
M,=M — 1and M, = M if M is even).

These assumptions are true for a Chebyshev function
where all y; are equal to | (osculatory points) and are
valid for most filter functions. The Weierstrass poly-
nomial approximation theorem guarantees that, if the
filter order is high enough, a solution lying between the
two boundary functions will exist [21].
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Interpolate p(x) such that

Pm(xn‘) =ux;) r=0,1,..., Hi— 1

i=1,3,5...,M, (6a)
POx) =100 r=01...,,—1
i=2,4,6 ..M, (6b)
and
pl@=A pb)=B (6¢)

Thus, exactly N, — M specifications are met by inter-
polation. It now remains to adjust {x,} to make
{p*(x,;)} satisfy the other M specifications.

Definitions
upper error function e(x) = p(x) — u(x)

lower error function  efx) = i(x) — p(x)

m(x) = (I(x) + u(x))/2
s(x) = max [e,(x), e/x}]

_ {—eu(x) if p(x) > m(x)
PV=1 e if o) < mx)

From assumption (i) above, {u; — 1} are restricted to be
even, so, in general, the touch points are now points of
inflection (Fig. 2) and s(x) will change sign in the neigh-
bourhood of each touch point {x,;}. If the polynomial is
manipulated such that p(x) does not cross u(x) or I(x) at
these points, p(x) must possess an extra order of tangency
to u(x) or I(x), having then up to the y;th order tangency
at {x,;} required for p(x) to be a solution. At this stage,
max [s(x)] = 0 in the neighbourhood of {x,;}. Notice that
from assumption (ii) there must be at least one minimum
of e(x), denoted as x,,;,on [x,;_,, X, ] Therefore, if

i=1,23 ..M )]

mid-function
search function

combined error
function

Xmi = Xyi
is achieved, p(x) is a solution. An approximation scheme
can be adopted to generate an adjustment {Ax,;}

=+ Axy i=1,23.., M ®)
to reduce {e(x,,)}.

2.4 Newton's method
Obviously, {Ax,} can be generated by a technique based

on Newton’s method which is found by solving a Jaco-
bian system [22]

91(Xm1)  g2Xp1) IrlXm1) || Ax,y
91(Xm2) : Ax,,
gl();mM) gz();mu) gM().(mM) A);tMJ
e(xXp)
- e(xzmz) ©)
(X )
where
g0 = 2 (10)
Xii

The computational cost of setting up the Jacobian matrix
J and solving the Newton system is usually large (O(n?)).
Efficient methods to obtain the derivatives g,(x,,;) and to
solve for the touch point increments {Ax,;} are now pre-
sented.
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Theorem 1: Define a Nth order polynomial g(x) subject
to the following N + 1 interpolation conditions

glxpm) = elx,;) i=12,.... M (1ta)
¢Mx)=0 r=01,...,4—-2,i=12..,M (11b
and
Sy = XD oy (11¢)
Hie(x)

then the Newton system (eqn. 9) can be solved for the
touch point increments {Ax,;} by

Ax,; = lim §4x) (12)

X xpi

Proof of theorem 1: Consider the solution of the Newton
system for touch point movements Ax,; by interpolation
of g(x). Two remarks are necessary for the proof.

Remark I: Suppose u(x) or l(x) (and so e(x)) are differen-
tiable up to gth order at all the touch points. The func-
tion g(x), formed by differentiating the interpolated
polynomial p(x) with respect to a touch point x,, is
therefore itself an Nth order polynomial of x. It can be
calculated by interpolation subject to the following con-
straints:

Gx)=0 r=0.1,..., 41

i=L2..,M
jFi (13a)
g Vx) = e"x) r=0, 1., -1 (13b)

Proof: Eqn. 13a is evident as the y; interpolated deriv-
atives of p(x,;) are fixed with respect to another touch
point x,, i # j. The proof of eqn. 13b follows. Suppose
that one of the touch points on u(x), x,;, changes to xj; =
x,; + h and the ordinate from u(x,;) to u(x,; + h). Define
the new polynomial interpolated from {x,,, x,;, ..., X,;,
.. Xyg} by py(x). As the polynomial is interpolated up to
u; — 1th tangency to u(x) at this touch point,

P+ By =u(xs +h) r=0,1,2,..,4—1 (14

Expand p,(x) at x;; by a Taylor series and evaluate p{(x)
at x = x,; and notice (eqn. 14)

P(x,) = { i w (—h)k}(”
k=0 :
= u"(x, + B) — pi* VU (x, + Wb + O(K?) (15)
forr=0,1,2,..., 4, — L
6[)(”()()
0

g‘ir)(xri) =

X=X

= lim p},”(x,i) _ pm(xn‘)
h—0 h
Cu”(x; + ) — pir™* Vxy + h)k]
. — u(x,;) + O(h?)
= lim
h=0 h
=u"" x) — pir N(x,) (18)
Eqn. 13b follows by noting that lim p{*Y(x, + h) =
P Vx,) as h— 0 and the definition of e(x) for r =0, 1,
2, ..., u; — 1. In general, the above proof can be applied
to all {x,;}, which may be touch points on either u(x) or

I(x).

(16)

)
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Remark 2: The Newton system can be solved for the
touch point increments {Ax,;} by

g% xy)

g Nix,)

q(u- - l)(xzi)

== i=12...M
) (19

Ax,; =

Proof: A single row of the Jacobian system (eqn. 9) is

M
2 Gilxm) Axy = elx,) j=12,..., M (20)
i=1
and define
M
q(x) = Y gdx)Ax, 21
=1

From theorem 1, g(x) is also a polynomial and meets the
constraints of eqn. 11. Substitute x = x,; into eqn. 21 and

M
q;“li l)(xtj) = Z gi’“17 1)(x1j) AX”-
=1

= gﬁ“”(x,,-) Axtj (22)

Eqn. 19 follows.

From eqns. 11b and 6q, x,; is a (¢; — 2)th order zero of
g(x) and (x; — I)th order zero of e(x). They can be
expanded by a Taylor expansion at x,; as

q(x) = Afx — x) " + O[(x — x,¥] (23)
elx) = A(x — x;)* + O[(x — x,*" '] (24)
From eqns. 19, 23 and 24,

g o) _ = D! 4,

e"(x,) #it A,

A
= 4 25
WA, @)

From eqns. 23, 24 and 25, it is easily seen that eqn. 12 is
true.

As both numerator and denominator of eqn. 19 tend
to zero at x,;, each touch point increment Ax, can only
be calculated from the limiting values of the increment
polynomial g(x) and error function e(x) in the proximity
of the touch point, x,; + h. The distance h must be chosen
suitably according to word length and order of touch
point. A suggested rule is 4; x 10~ ¢/N for double preci-
sion arithmetic.

The computational cost of the whole procedure is very
small as it involves only repeated interpolation. The O(n?)
step of solving the Newton system has been reduced to
an O(n?) interpolation. Each evaluation of the inter-
polated polynomial costs O(n) multiplications.

Ax, =

2.6 Generalised Remez methods

As has been shown, Ax,; can be approximately evaluated
by d4{x) at a point close to x,;. If this point is selected as
X = X,;, a very simple adjustment to the touch point
positions is revealed (notice eqn. 11a)

Axy; = 54Xp)
_ (Xmi = X)X pmi)
i X )
Xmi — X4i
. S—) (26)
Hi
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In the special case of the curve-fitting problem with all
u#; = 1, eqn. 26 results in the well-known Remez method
which updates the variable vector by

xgd—{xmt i=41L2,.... M 27N

This indicates that the interpolation ordinates are simply
exchanged with the locations of the extrema and reinter-
polated (Fig. 2). It may be expected that ordinates
separated by an excessively large ripple will be brought
together and those separated by an insufficiently large
ripple will be moved apart. When the {x,;} are close to
the solution, the {x,;} are also close to {x,}, and the
adjustment given by eqn. 26 becomes similar to that
given by a Newton method. This confirms that the
Remez method achieves the good convergency of Newton
iteration on approach to the solution. Convergency of
this algorithm is guaranteed [21] for sufficiently large N,
and it has been widely adopted in FIR and IIR digital
filter design [24-26]. For the case of y; > 1, the simple
exchange process of eqn. 27 is unsuitable. Instead, the
adjustment given by eqn. 26 is applicable

) = %+ O — X} =12, M (28)

This can be seen as a generalisation of the Remez method
of eqn. 27 in which, instead of moving the abscissa all the
way to the extremum, it is moved by a fraction of the
distance dependent on the order of the touch point.

2.6 Unilateral method

In most filter applications, emphasis is given to one of the
bounding functions. For example, in the passband region
of a filter, u(x) is most important as it determines the
points of maximum transmission. All the high-order
touch points (with gz; > 1) could be assigned to u(x) for
greatest effect. In a unilateral method the N, — M specifi-
cations can be met by directly interpolating p(x) to y;th
order tangency at all the touch points on u(x). The lower
curve /(x) is used only as a bound for the ripple, so that
all touch points on I(x) should be adjusted to y; = 1 (Fig.
3). The difference between p(x) and I(x) is used as the
objective function. Only half of the touch points are kept
as variables compared with the bilateral method.

p(x) )

u(x)

|
!
I
|
|
|
|

I
|
\
|
I
l
a  x X0 Xu Xn X P X
Fig. 3  Unilateral approximation
2.7 Computer algorithm
The approximation methods proposed in Section 2.6 can
be implemented on a computer by the following algo-
rithm:

Step 1: Read the boundary functions #(x) and I(x) as
piecewise linear functions on range [a, b]. Read the
number of touch points and specified orders ;.

IEE PROCEEDINGS-G, Vol. 138, No. 3, JUNE 1991



Step 2: Distribute {x,;} uniformly over [a, b] assigning
X0 = a and x,, = b.

Step 3: Interpolate {x,;} alternately to boundaries u(x)
and I(x).

Step 4: Setx,,g = a

i=0,24,...,n; choose x,,; to maximise
{P(x) —UX), Xy S XK Xy 1}
i=1,3,5,...,n—1; choose x,,; to maximise

{lx) = p(x), Xpi_, < x < X1}

Step 5. Compute improved touch point estimates by
one of the methods in Section 2.3. The extended Remez
method indicates that

Xy = Xy + (X — X))

Step 6: Compute convergence estimate for kth iter-
ation as

Z (X )

2 u(x) — 1) |
1

i=

Terminate if ¢, < tolerance or ¢, > ¢, (divergent)

2.8 Software considerations

2.8.1 Interpolation : The interpolation of the polynomial
at Step 3 can be done by osculatory Newton inter-
polation. This is an extended form of the well known
Newton interpolation, whereby a number of derivatives
can be matched to the specified function.

It is particularly important in a filter problem to take
care with the accuracy of construction and representation
of the polynomials within finite word length arithmetic.
Cancellation errors are particularly severe as the touch
points of a filter function become closely spaced near a
band edge. A typical calculation would be

f[x:o , X”] - f(xzo) “f(xxl) (29)

X0 — X1

where cancellation errors occur in numerator and
denominator as x,, approaches x,,.

The effects of these cancellation errors can be mini-
mised by calculating interpolated values by the zig-zag
path method [22]. The principle is that a path is taken
through the Newton table, such that the coefficients with
the largest errors are multiplied by abscissae with the
smallest differences. By using this accurate interpolation
and representation of polynomials, high-order functions
can be obtained (up to length 110 FIR designs). This
avoids the complications of transformed variable
methods [1, 2].

2.8.2 Searching: At Step 4 a search must be made for
the touch point extrema. For reliability, the best method
is found to be a single linear search over a uniform grid
of points. Normally only 10-20 points are required per
touch point for a terminating accuracy better than 1%.
The linear search requires a fairly large number of func-
tion evaluations for higher order approximation. Faster
searching is available by applying cubic, quadratic or
golden section search methods which require only five or
six steps per touch point for very high accuracy (10~ 3%).
However, when the attenuation boundaries are specified
in piecewise linear form and not by a smooth function
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with continuous derivatives, these search methods can
mislead and may determine the extrema erroneously. A
combination of the reliability of the linear search with the
speed of gradient search methods is discussed by Anton-
iou [27].

2.8.3 Cluster method: In most cases, the boundary func-
tions are only given by values and the derivatives are not
available. Although the derivatives can be calculated by
numerical differentiation, this is notoriously inaccurate
for high orders. The polynomial obtained by a Newton
interpolation may become totally unreliable in the neigh-
bourhood of a high-order touch point. A better condi-
tioned method is to interpolate the polynomial at a
cluster of points with first-order tangency to the bound-
ary function. A gth-order touch point with g odd
requires (4; + 1)/2 first-order touch points distributed in
the neighbourhood of x,,. In practice, it is found that a
spacing of 107° (with normalised passband width of 1)
can be chosen. The error caused by this approximate
method can be controlled and made much smaller than
the allowed ripple [the separation of u(x) and I(x)].

284 Damping: The term damping is used for the
process whereby the step sizes determined by Newton’s
method may be reduced to avoid divergence. A form of
damping can be useful where Newton’s method is used to
predict adjustments Ax,;, and the touch points would
cross one another or move entirely outside the approx-
imating region [a, b]. In these cases (usually far from
solution), it is found useful to limit the movement of the
touch points to half the distance in the direction of their
closest neighbour. In this way, no touch point may cross
or escape the region [g, b], and yet the direction required
to reduce the extrema is observed.

2.8.5 Convergency, accuracy and storage: Computa-
tion costs are O(n®) for passband approximation. Stop-
band approximation requires solution of a matrix system
with O(n?) efficiency. Convergence is quadratic near solu-
tion, a property of algorithms based on Newton’s
method. Divergence occurs only in those cases where the
boundary functions are too severe for the selected order
of the function. The accuracy of the algorithm is limited
solely by the fineness of the search grid used to determine
the positions of the extrema. Storage is dominated by the
matrix system and Newton interpolation tables and is of
O(n?) size.

3 Rational approximation

3.1 Approximation method for rational functions

In this section, a design technique for rational filter trans-
fer functions will be considered. The filter amplitude spe-
cifications need not be ideal and can have arbitrary
weightings in both passband and stopband. The approx-
imating function can be designed in a minimax fashion,
with high-order touch points assigned to certain posi-
tions in each band. Classical functions result as special
cases from a general algorithm.

For simplicity, a lowpass filter specification will be
considered first. The filter specification is defined as a
piecewise template of attenuation in dB against frequency
in Hz. The following parameters must be specified by a
designer:

Soto» [oni: Passband edge frequencies (Hz)
Juto» foni: stopband edge frequencies (Hz)
NN, ND: numerator and denominator orders
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The transfer function to be designed is

T(x) = % x =w? (30)

The zeros of T(x) are contained in the numerator poly-
nomial. In a filter transfer function they are most effec-
tively assigned to the imaginary axis of the s-plane (real
x-plane locations) and placed in the stopband region for
maximum attenuation. By making this restriction, the
rational function becomes a minimum phase function.
The denominator polynomial contains the complex pole
locations which must be positioned to control the pass-
band transmission characteristics.

The following procedure is used to design a rational
filter approximation.

Step 1: Read ND, NN, f,1,, fonis fsio» foni» tOUCh point
orders {s,i}, {i,,;} and piecewise linear descriptions of
L(w) and U(w).

Step 2: Initialise {x,,;} in the passband region [x,,,
X,n] and {x,q} in the stopband region [xy;,, X4;], equidis-
tantly spaced. Set N(x)to 1.

Step 3: Solve the passband approximation problem on
[Xpi0» X pni] using D(x) such that

u(x) = N(x)/L(x)
lx) = N(x)/U(x)

and compute initial convergence estimate ¢, .
Step 4: Solve stopband approximation problem on
[Xg0» Xsni] using N(x) such that

u(x) = BU(x)/D(x)
I(x) = BL(x)/D(x)

and compute initial convergence estimate ¢, .
Step 5: Terminate if ¢, and ¢ < tolerance or
k > maxiter.

Owing to the special properties of the numerator and
denominator polynomials, two different approaches are
appropriate for solving steps 3 and 4. Note that a multi-
plying factor f is introduced in step 4 so that the stop-
band attenuation will only be met to a constant dB error.
In general, it is not possible to meet the stopband and
passband specifications exactly and some error margin
must be allowed in either passband or stopband, or both.
In this approach, the passband specifications will be met
as closely as possible, and the stopband attenuation char-
acteristics will have some error above or below the speci-
fied attenuation. This expression of the filtering problem
is useful in practice, as good control of the passband
characteristics is usually of greater importance than the
stopband. Note that if the factor f is less than 1, then the
specifications have been exceeded and it may be possible
to reduce the order of the function or the number of
zeros. Conversely, if f > 1 the order must be increased or
more zeros should be introduced.

3.1.1 Passband design: Any of the methods of Sections
2.3-4 are suitable for the design of the passband function
D(x). It is found that the bilateral method has very good
global convergence. The unilateral method is then useful
to ensure that the function does not exceed maximum
transmission (i.e. 0 < T(x) < 1) for passive filter realis-
ation. The touch points are all fixed to the upper bound-
ary.
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3.1.2 Stopband design: The numerator polynomial is of
the following particular form:

N(x) = Kxmo [ (x — s @31
i=1

This corresponds to a special case of the unilateral
method where all touch points are tangential to the lower
boundary which is zero. It remains to compute the
attenuation margin S (Fig.4). Two methods can be
p(x) 4

Xip0 Xtp1 Xp2 et tpaXpn Xt ¥tsz Xis3
xtpS Xslo
Xts0
Fig. 4  Scheme for approximation of an arbitrary lowpass filter specifi-
cation by a rational function

applied: the heuristic method [26] permits the approx-
imation methods of this section to be used. However, a
variant of the method of Temes and Smith [1] has
proved to be more stable and more easily extended to
multiband approximations. A Jacobian matrix of the
peak positions with respect to the touch points must be
set up and solved.

0T (X,ms0) OT(Xms0) |
X0 ox,,, - UXso) || Axes0
M) Tk A
_ — U _
B Oxg 1) |[ T
— T(Xpms0)
= (32)
= T(Xpnsn)
and because
OT(x) —H
=—T 33
B ) ey
Eqn. 32 can be rearranged and evaluated as
Ko . Hn 1 UlXpmso)
(Xmso — Xi50) (Xmso — Xesn) i T(Xmso)
Ko o M | UXmm)
(X’msn - x:so) (xmsn - xtsn) : T(Xmsn)
Ax, 1
o B
Axtsn 1
B
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The touch points are updated as

=X, + Axyy (3%)

Xisi

and some damping may be necessary. Note that the con-
stant K must also be determined. A good method of
assigning a value to K is to fix the passband edge posi-
tion between passband and stopband iterations.

K = L(xpui)/ T{x o) (36)

3.2 Passive ladder design

Often the transfer function designed by the methods of
previous sections will be decomposed into a passive
ladder prototype for later simulation by active circuits.
This is an error-prone numerical procedure. In this
section, it will be demonstrated that the ladder can be
designed directly from the touch points to provide high
accuracy at the ripples that characterise the filter
response.

Orchard has proposed a very simple but efficient algo-
rithm to design an RLC ladder from a given reflection
function p(w) [28]. The structure of the ladder is pre-
scribed and only the component values remain to be
determined. A set of real and imaginary parts
{Re [p(w,)], Im [p(w,)]} are used to set up the objective
function vector F for Newton-type iteration, and com-
ponent values {y,} form a vector of variables ¥ [22]. The
core of Orchard’s algorithm is an elegant, well condi-
tioned method to compute F and the Jacobian matrix of
derivatives

Re [ap(]wrk)] and Im |:ap(1wzk):|
oy, ay;
by chain matrix calculations.

In the case of certain classical approximations, where
the points of maximum or minimum transmission
(p(jw) = 0 or p(jw) = 1) are known, the explicit calcu-
lation of p(jw) is not necessary for Orchard’s algorithm.
However, in general, Orchard’s method requires the for-
mation of p(jw) by Hurwitz factorisation of |p|> as in
classical synthesis, which is an ill-conditioned procedure
[1]. An extension of Orchard’s method is described
below which works with more general forms of |p|? but
eliminates any root-finding requirement.

The value of |p|* and its deriatives at the touch points
{x,} can be chosen as the objective function for the
Newton scheme. The derivatives of |p|? with respect to
the element values {y,} are required for the construction
of the Jacobian matrix and are given by (let x,; = w?)

O ()P d [ [ ooy
ayk< dx )‘zdw'{ke[”(’“’"’ 25 ]} &7

forr=0,...,;andi=1,2,..., M.

Notice that here p (the conjugate of p) and dp/dy, are
obtained from the approximate network with guessed
component values, which can be generated by Orchard’s
algorithm and then the remaining part of eqn. 37 can be
calculated by a numerical differentiation. Here it is also
found to be efficient to use the ‘cluster’ method men-
tioned in Section 2.8.3. The objective function |p(w,)|?
and derivatives are obtainable from a unilateral passband
approximation of Section 2.6. This provides a direct link
between approximation and ladder design procedures,
bypassing the traditional Hurwitz factorisation step.
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3.3 Computed examples

A series of computed approximation examples is now
given to illustrate the power and flexibility of the above
methods. Fig. 5 shows a polynomial (FIR) approximation
to arbitrarily shaped boundaries. A touch point of fifth-
order tangency is seen at the centre of the function. FIR
approximations up to length 110 (N = 55) have been
obtained using double precision arithmetic.

096 -
ossl high-order touch point
= 080k
a
072+
0641
L L L I i
00 02 04 06 08 10
X
Fig. 5  Length 51 FIR approximation to arbitrary boundaries

Arbitrary rational function (IIR) filter responses are
shown in Figs. 6-7. An 1lth-order function is fitted
touching the passband boundaries and meeting the stop-
band boundary to within some constant dB error (Fig. 6).
A bandpass approximation with asymmetric stopband
and sagging passband is shown in Fig. 7. High-order
touch points can be placed in the passband to trade off
between group delay, stopband attenuation and passive
sensitivity properties. A series of such passbands is shown
in Fig. 8, including inverse Chebyshev and elliptic forms
as special cases. The effects on stopband attenuation and
group delay is shown in Table 1. As high-order touch
points are introduced into the response, there is a signifi-
cant reduction in the peaks of the group delay, which
follows from the progressive smoothing of the amplitude
characteristic. There is also an accompanying improve-
ment in sensitivity behaviour of the resulting passive filter
realisation, as would be expected from Orchard’s cri-
terion [29], since the higher order touch points ensure
adherence to maximum transmission over a wider inter-
val. This property is inherited by active simulations,
where sensitivity considerations are of major concern.
There is some attendant cost, with a corresponding loss
in stopband attenuation. Trade-off between these factors
must be considered in design. It is obviously not possible
to dictate the location, sequence and order of the touch
points in a general manner, but it is recommended that
they are deployed in regions where the filter character-
istic is most critical.

Practical examples of the use of amplitude-shaping
capabilities are given in Figs. 9-10. In Fig. 9 a length 69
differentiator is designed with a high-order touch point at
0 Hz for increased DC linearity [4]. A 14th-order wide-
band SC filter with 200 kHz clock frequency shows a
I dB passband droop due to sinc (x) weighting. The orig-
inal 0.1 dB flat equiripple passband behaviour can be
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restored by prewarping the filter response upwards. Or

Attenuation line-weighting and LDI ladder termination
distortion can be treated in a similar manner. This tech-
nique is used in a more general sense (Fig. 11) to compen- -0
sate for distortion caused by switch and amplifier
-40
0
e
o
-201 c -60}
o
o
40 -80}
-60
a
o 100
> ||
g -80L
-120L 1 L 1 1 1
00 04 08 12 . 16 20
<100 frequency, Hz x 10
a
-120F
00~
=160 L L L |
00 02 0.4 06 08 1.0
frequency, HszO5 061
a
000 - By
@
T
2
-005 | & -1.81
010 - 24
S
» =015 L
[y
g -3 0} !
@ LLl 1 1 i 1
9.0 95 100 105 1.0
~0.20 |
0 frequency, Hzx‘lO3
b
~025 1 Fig. 7
a 10th-order asymmetric bandpass filter with sagging passband
b Passband detail
-0301.1 1 | L J
00 05 10 15 70 ! 4 7
00 o 0 0.0
4 ~02 e
frequency, Hz x 10 © o4 & 40 o ~05
b e T -80 o
c ~086 c c-1.0
Fig. 6 & -08 8-120 &5
a 1lth-order lowpass filter with arbitrary passband and stopband specifications -1.0 -160 1 =20
b Passband detail 121518 3 2118 3 121518
frequency,Hzx10 frequency, Hzx 10 frequency,Hz x1
nonidealities in a 10th-order SC left-LUD ladder filter 00 2 00 5
[30]. In fact, the optimisation process involves a few iter- o 03 -03
ations of circuit analysis and redesign to inverse weighted T -086 8 -0s
specifications. However, it is significantly more efficient %*09 5 -09
-12 w
- -12
Table 1: Comparison of group delay and stopband attenu- 15 127518 12 15 18
. - Pl 3 3
ation of filters in Fig. 8 frequency,Hzx10 frequency, Hz x10
Filter Name Group delay Stopband 3 00 6
number variation, ms  rejection, dB ‘82 -03
1 inverse 0.7 22 B -06 D -06
Chebyshev S -09 c -09
2 2-10-2 1.35 43 5, 8-12
3 4-6-4 14 47 -15
4 2-2-6-2-2 1.9 63 1215 18 3 121518 3
5 6-2-6 13 48 frequency Hzx10 frequency,Hzx 10
6 4’.2‘.2-2'4 16 55 Fig. 8 Sequence of 14th-order filter passbands employing high-order
7 elliptic 2.2 58

touch points
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Fig. 9A  Length 69 FIR differentiator
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Fig. 9B  Length 69 FIR differentiator with 13th-order touch point at 0
Hz (linearity comparison shown as inset)
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Fig. 10A  Wideband bandpass SC filter with sinc (x) distortion
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than a full circuit optimisation as the computation is
dependent on the order of the filter rather than the
number of components in the circuit (e.g. a 10th-order
filter will be realised as a circuit with 40 components).

00k | | 1 -
corrected
-02
04
m
oA
g sinc{x) distorted
“ -0
predistorted
-08
=10
A
frequency, Hz x10
b
Fig. 10B  Sinc (x) correction
00 1 1 1 1
9|0 9.4 9.8 10.2 106
optimised
-01
-02
m
U‘
(=
g pre-distorted distorted
-03 L
~04
-05 L
frequency, Hz x 103
Fig. 11 Optimisation of distortion in lefi--LUD SC filter due to op-amp

and switch nonidealities

4q Group delay approximation by allpass functions
The allpass function in the continuous time s-domain is

X(=9)

T(s) = X5 (38)

and the group delay function can be expressed as

2 Re {X(s) ?}

X(s)X(—ys)

_ N

He) = o Di)

(39

As the denominator of eqn. 39 is a magnitude-squared
function, it can be designed by standard Remez-type
methods. The numerator function is an even function of s
which can be formed by Hurwitz factorisation of the
denominator polynomial.
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4.1 New Remez-type algorithm

Consider now the problem of fitting the delay function to
lower and upper boundaries L(w) and U(w) in a minimax
sense over a frequency interval w,, to w,; (Fig. 12). It is
required that

N(w)
Lo+ C<s—F——< U+ C (40
X(jaX(—jo) )
T(w) I
u(eo)
(w)
C
*w
Wio Whj
Fig. 12 Approximation scheme for allpass group delay

where the unknown constant delay offset C is necessary
to ensure that

f (w) dw = nn 41)

0
The constant C can be added without affecting the rela-
tive delay variation over the approximating region.

The allpass approximation method may be sum-
marised by the following steps:

Step 1: Read lower and upper delay boundaries as
piecewise boundaries L(w) and U(w) and equaliser order
n.

Step 2: Set numerator function N(w) =1 and guess
constant C = nn/(w,; — w,,)

Step 3: Apply Remez approximation techniques to
solve

ww) = Nw)/(L{w) + C)
llw) = N(w)[(Ulw) + C)

over the range w,,—w,; using D(x).
Step 4: Recalculate C as average delay constant
between specified and approximated t(w) over wyto w,,;.
Step 5: Form numerator function by Hurwitz factor-
isation of D{w). Let the roots be s; = —a; + jb;, then the
delay function is

z a; a;
He) = 2;';1 {aiz + (o + b)Y’ * al + (o — bi)z} “)

The numerator function can be calculated from eqns. 43
and 44

N(w) = D(w) x t{w)

(42)

(44)
Step 6: Repeat from step 2 until converged.

4.2 Computer implementation

The factorisation at step 5 can be made very efficient by

utilising root positions from the previous factorisation as
good initial guesses of roots for the present factorisation.
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Using Muller’s quadratic interpolation method, this typi-
cally only requires two to three iterations per root [31].

Accuracy is preserved in the algorithm by avoiding
representation of polynomials in coefficient form. Instead,
Newton interpolated form is used at step 3 and factored
form at step 4. Both forms are well conditioned on the
approximation region, allowing high-order functions and
narrow band allpass functions to be designed.

No theoretical proof has been obtained of con-
vergence. However, experience has shown that con-
vergence is good and that five or six cycles will generally
suffice. The mechanism of the algorithm is dependent on
the similarity between the group delay function (w) and
the denominator magnitude function D(w) in eqn. 39. The
numerator is observed to be a smooth function over the
approximating region, which warps the delay function of
the denominator. Further theoretical investigation is
being undertaken.

Digital allpass functions can be obtained by bilinear
transformation. The delay specifications must be pre-
warped by a factor of cos (wT/2)2.

Group delay equalisation can be performed by com-
bining L(w) and U(w) with the additive inverse of the
group delay function of the amplitude filter. In this case,
the total group delay of the allpass and amplitude filter
stages will meet the desired specifications.

4.3 Computed examples

High-order touch points can be introduced into the delay
function by the approximation methods of Section 2. Fig.
13 shows a 12th-order maximally flat group delay
response (11th-order touch point). Fig. 14 shows a
stepped form of group delay. Fig. 15 shows a 28th-order
stepped group delay response with a Sth-order touch
point at the lower band edge. Finally, a 28th-order
allpass function is employed to equalise the delay of a
10th-order elliptic amplitude filter to a variation of
+ 50 us over the passband (Fig. 16).

4.4 Advantages
An iterative design procedure which works on the group
delay function and employs Remez-type approximation
has been proposed. Advantages of this algorithm are as
follows:

(1) Good initial guesses of parameters are not required
for convergence. As with the Remez approximation the

141
121
1.0+
(?9
; 08L
>
g
]
© o8k
04
OYZJ_
1 1 4 i | L L
100 200 300 400 500 600
frequency,Hz x10
Fig. 13 I2th-order maximally flat allpass group delay approximation
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interpolation abscissae can be arbitrarily spaced on the
approximation region (normally equidistantly).

0121
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0081
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g
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004l
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frequency, Hz x10
Fig. 14 28th-order stepped allpass group delay approximation
) ‘/hlgh~order touch point
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008}
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=
0061
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5
[
o
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0024
Ly L L I
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frequency,Hz x10
Fig. 15 28th-order allpass group delay approximation with high-order
touch point

(2) The algorithm is well conditioned. Accuracy is
maintained by representing the design polynomials in
either Newton or factored form, instead of the ill condi-
tioned coefficient form. High orders (>40) and narrow
band design can be obtained. High-order designs are of
some interest for digital filters where a very selective
linear phase filter is required, which would be too expen-
sive in nonrecursive form.

(3) Stability of the solution is guaranteed at all stages
of the algorithm. The roots of the denominator of the
allpass function must lie in the left-half plane because of
the Hurwitz factorisation step.

(4) Computational requirements are light. The process
only involves the fast Remez exchange and a factor-
isation step.

(5) The convergence of the algorithm is good.

In computer terms, this algorithm can be conveniently
combined with amplitude approximation software, since
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it draws on the same numerical methods of interpolation
and factorisation.

60 corrected response
50 b equaliser response
40}
b
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Fig. 16

a Equalisation of 10th-order elliptic filter delay response by 28th-order allpass
function
b Passband detail

5 Conclusions

The amplitude and group delay response of filters can be
designed with great flexibility by a series of extended
Remez exchange algorithms. The amplitude response can
be weighted arbitrarily in passband and stopband. High-
order touch points have been introduced as a gener-
alisation of the idea of maximum flatness. They are
shown to offer the designer freedom to influence the filter
characteristic in critical regions, when trade-off in the
properties of group delay, passive sensitivity and stop-
band attenuation can be effected. Similar manipulations
are possible in the group delay of an allpass function. The
new algorithms are fast and efficient and have found suc-
cessful application in the PANDDA filter compiler [30].
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