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Summary
In this letter, we introduce a two-state turbo-TCM

scheme based on the concatenated tree codes. The
proposed scheme can achieve near capacity performance
yet has considerably lower decoding complexity compared
with other existing turbo-TCM codes.
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1. Introduction

Various approaches to turbo-type [1] concatenated
trellis-coded modulation (T-TCM) have been investigated
[2][3]. In this letter, we present a new class of
concatenated two-state TCM (CT-TCM) codes based on
the concatenated tree codes [4]. The proposed scheme can
achieve near capacity performance yet has considerably
lower decoding complexity compared with other existing
T-TCM codes.

2. Tree Codes and Two-State Trellis

Tree codes are introduced in [4]. As examples, the
encoding principles of two different tree codes are shown
in Fig. 1 using Bayesian networks. Here, every node
represents a bit in the code, distinguished by a white one
(such as dk,0) for an information bit and a black one (such
as qk ) for a parity bit. The latter is the parity check of the
starting nodes of its incoming edges. Denote the kth
information symbol by ),( 1,0, kkk dd=d . The correspond-

ing coded symbol is given by (dk, qk).
Tree codes can also be represented by two-state

trellises with parallel branches, Fig. 1. Here the two state
variables at time k are the two valid values of the parity bit
qk. Branches in the trellis are labeled by the values of (dk,
qk). Notice that dk,1 in Fig. 1(b) does not participate in
parity check, which results in different branch connections
in Fig. 1(b) as opposed to Fig. 1(a).

Parallel branches are usually avoided in conventional
coding schemes for performance concerns. However, in
the two trellises in Fig. 1, a pair of parallel branches in one
code will not be parallel to each other in another code.
(For example, (11,0) and (00,0) represent two parallel
branches in Fig. 1(a) but not in Fig. 1(b).) This property is

crucial for overcoming the parallel transition problem after
concatenating several such component codes together.
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Fig. 1. Two examples of tree codes and their trellis representations. White
and black circles represent information and parity bits, respectively.

3. Concatenated Two-State TCM Codes

3.1 Two-State TCM Encoder

A two-state TCM encoder consists of a binary tree
encoder followed by a signal mapper. Based on
Ungerboeck set partition rule, the labels of the trellis
branches (i.e., the coded symbols) in Fig. 1 are one-to-one
mapped to a multi-ary constellation.

3.2 Concatenated Two-State TCM (CT-TCM) Codes

In the proposed scheme, multiple two-state TCM codes
are concatenated in a turbo-type manner. Similar to [2],
symbol interleavers are used. Puncturing is used to
improve the spectral efficiency. We will always assume
that one and only one of signals carrying the same
information symbol is transmitted.

3.3 Encoder Structure Ignoring Interleavers

As a design example, Fig. 2 shows the encoder
structure employing 8-PSK with a throughput of 2bits per
signal. We first ignore any interleaving operation. Let M
be the number of component codes, and n be the number
of information bits contained in an input symbol. It is easy
to verify that the code shown in Fig. 2 has the following
properties.



2

0,kd 1,kd

one period

0,kd

1,1+kd

0,1+kd1,kd

1,1+kd

0,1+kd

1,kd

0,1+kd 1,1+kd

1+kqkq

kq 1+kq

1+kq

1,kd

0,kd

0,1+kd 1,1+kd 1+kq

kq
0,kd

kq

)0(C

)1(C

)2(C

)3(C

Fig. 2. Structure of the CT-TCM encoder for 8-PSK. The symbols inside
the dashed block are transmitted and other symbols are punctured. “C(m)”
represents the mth component code.

Property 1: With M≥n+1 and M>2, any nonzero
information symbol dk may result in cross transitions
during encoding, i.e., either ( 101 =→=− kk qq ) or

( 011 =→=− kk qq ), in at least two component codes.

Property 2: Consider two information words a and b that
differ in only one symbol dk. Due to Property 1, in at least
two component codes, the encoding paths of a and b will
split at dk and then remain separated afterwards. (This is a
kind of recursive property similar to that of recursive
convolutional codes [1].)

Property 3: Consider two information words a and b that
differ in only two symbols dk and dk’, assuming k<k’. Due
to Properties 1 and 2, in at least two component codes, the
encoding paths of a and b will split at dk and then remain
separated afterwards until dk’. They may or may not
remerge at dk’.

3.4 Impact of Interleavers

We adopt symbol-based interleavers since they result
in lower decoding complexity and better waterfall
behavior [2]. A modulo-M symbol interleaver )(iπ is

constrained by

MiMi modmod)( =π , 1,,1,0 −= Ni L . (1)

Such interleavers are used in conjunction with the
following modulo-M puncturing rule. For the mth

component code, we puncture all the modulated symbols
except those at position }mod|{ mMii = . (Refer to Fig.

2.) When M=2, the above modulo-M interleaving-
puncturing rule is equivalent to the odd-even interleaving
scheme used in [2].

For the code in Fig. 2, with the modulo-4 interleavers,
the three properties mentioned above still apply except that
the spliting and remerging positions may be different in
different component codes. The non-overlapping spans of
the encoding paths of a and b are thus random variables.
Such an effect is equivalent to the interleaving gain for
turbo codes, which results in the reduction in the number
of nearest neighboring codewords. This argument can be
generalized to codewords generated by information words
that differ in more than two symbols.

4. Complexity of the Decoder

The CT-TCM decoder structure is based on the multi-
dimensional turbo decoder incorporating the BCJR
algorithm, as detailed in [4]. We now show that CT-TCM
codes have very low decoding complexities.

4.1 BCJR Algorithm for Component Codes

Consider the kth section in a trellis diagram. Let sk be
the encoder state at time k and dk be the information
symbol associated with the state transition sk-1→sk. (Note:
For CT-TCM, sk=qk, see Fig. 1.) The corresponding
modulated symbol is designated by xk. Let }{ kyy = be

the noisy observation of }{ kxx = , and )|( kkP yx =

)|,( 1 kkkk ssP yd →− be the branch metric of the

transition kk ss →−1 caused by dk. Denote by ),( 1 kk ssB −

the set of all the parallel branches between sk-1 and sk. The
BCJR algorithm is summarized as follows [1].

Stage 1: Preparation: Finding the combined branch
metric between sk-1 and sk,

),( 1 kk ss −γ ∑
−

=
),( 1

)|(
kk ssB

kP yxk (2)

Stage 2: Forward recursion:

∑
−

−−=
1

)(),()( 11

ks
kkkk ssss αγα (3)

Stage 3: Backward recursion:

∑ −− =
ks

kkkk ssss )(),()( 11 βγβ (4)

Stage 4: Output:

∑
=

−∝=
i

kkkk
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ssPiP
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:

1 )()()|()|( βα (5)
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4.2 Complexity Analysis

Again, let M be the number of component codes, S be
the number of states of each component code and n be the
number of information bits contained in an input symbol.

Normalizing )0( =ksα and )0( =ksβ to 1 for every k

can reduce decoding cost considerably for trellises with
S=2. For example, for )0(α = )0(β =1, it is not necessary

to carry out the associated multiplication inside the
summation in (3)-(5).

The above cost saving also applies to trellises with S ≥
4, but the relative benefit reduces as the number of states
increases. Table 1 provides a complexity comparison
involved in (2)-(5) for a 2-state and an S-state (S ≥ 4) code
respectively. The normalization costs are also included in
Table 1, which are S additions and S divisions in Stage 2
and 3, respectively.

Table 1. The computational cost of the BCJR algorithm
(ADD for addition and MUL for multiplication)

Case-I (S-state) Case-II (2-state)
operation ADD MUL ADD MUL
Stage 1 0 0 n2 -2 0
Stage 2 ( n2 -1)S+S SSn +2 2 3

Stage 3 ( n2 -1)S+S SSn +2 2 3

Stage 4 Sn2 Sn2 n2 n2
2

3 ×

Total Sn )23( × Sn )23( ×
+2S

12 +n +2 n2
2

3 × +6

It is seen from Table 1 that the decoding cost of a 2-
state trellis code is about 1.5S ∼ 2S times lower than that of
an S-state (S ≥ 4) trellis code without parallel branches.
This ratio should be adjusted considering the number of
component codes. For example, the complexity of the CT-
TCM code in Fig. 2 (M=4) is about six times lower than
that of the 8-state, M=2, turbo-TCM code in [2], and
twelve times lower than that of the 16-state, M=2, turbo-
TCM code in [3].

5. Numeric Results

Fig. 3 illustrates the performance of the CT-TCM code
in Fig. 2. The results of [2] are also plotted in Fig. 3 for
reference. It is seen that the proposed scheme has
performance comparable to that presented in [2]. However,
the proposed scheme has considerably lower complexity.
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Fig. 3. BER performance of the CT-TCM code for 8-PSK, 2bits/symbol.

6. Conclusions

By combining the concatenated tree codes with TCM,
we have proposed a very low complexity, high
performance CT-TCM scheme for bandwidth efficient
modulations.
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