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Repetitive Learning Control of Nonlinear Continuous-Time
Systems Using Quasi-Sliding Mode

Xiao-Dong Li, Tommy W. S. Chow, John K. L. Ho, and Hong-Zhou Tan

Abstract—In this brief, a quasi-sliding mode (QSM)-based
repetitive learning control (RLC) method is proposed for tackling
multi-input multi-output nonlinear continuous-time systems with
matching perturbations. The proposed RLC method is able to
perform rejection of periodic exogenous disturbances as well as
tracking of periodic reference trajectories. It ensures a robust
system stability when it is subject to nonperiodic uncertainties and
disturbances. In this brief, an application to a robotic manipulator
is used to illustrate the performance of the proposed QSM-based
RLC method. A comparative study with the conventional variable
structure control (VSC) technique is also included.

Index Terms—Nonlinear uncertain continuous-time systems, pe-
riodic exogenous disturbances, quasi-sliding mode (QSM), repeti-
tive learning control (RLC).

I. INTRODUCTION

PERIODIC signals are commonly experienced in industrial
robotics, servo mechanisms, and other similar tracking

scenarios, either in a form of reference inputs or disturbances.
Such periodic signals include repetitive commands or opera-
tions for robotic control, and periodic disturbances of power
supply [1]. This motivates a lot of work investigating different
control methods for using the periodic nature of the mechanical
dynamics. For repetitive operation of mechanical systems, an
effective way to improve the performances is to “learn” the
system behavior from its previous experience. Many types of
repetitive learning control (RLC) methods have then been de-
veloped for compensating periodic exogenous disturbances and
tracking periodic reference trajectories with a known period
[1]–[13].

The RLC has been proven to be a useful method for asymp-
totic tracking or rejecting of periodic signals [6], [7], [11]. The
basis of RLC relies on an internal model principle stating that a
model of the external signal in the controller feedback loop pro-
vides asymptotic tracking and disturbance rejection [13]. Most
RLC schemes are limited to linear systems [8], [12], [13], and
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there has been very limited effort [3], [4] working on nonlinear
RLC systems. It is also worth noting that virtually most major
RLC results were obtained in single-input systems [2]–[4]. In-
teresting theoretical development of RLC can be found in [1]
and [3]. Recently, various new techniques have been suggested
for the RLC design. Among them, the variable structure con-
trol (VSC) technique with the prominent characteristics of in-
variance and robustness to parameter variations and exogenous
disturbances has been successfully introduced to the design of
RLC systems [2], [8]. In [8], the VSC and repetitive learning
were used to improve tracking accuracy of a microactuator. The
VSC part was used to stabilize the system, while the repetitive
learning part was used to improve tracking accuracy. In [2], it
designed an RLC controller using a discrete-time VSC method-
ology. It employed the notion of quasi-sliding mode (QSM)
and the reaching law approach developed in [14] to design an
RLC controller. But the control approach [2] was limited only to
single-input single-output (SISO) linear discrete systems. There
is, thus, a need to extend the QSM-based RLC approach to a
broad level.

The concept of QSM in discrete systems was first proposed
in [15]. It stated that the trajectory of the discrete VSC system
in QSM would cross the switching plane upwards and forwards
for a number of times. Gao et al. [14] further elaborated the
QSM and proposed a reaching law approach for discrete system
VSC design. In [16], a new QSM definition, which did not re-
quire the system state to cross the sliding hyperplane in each
successive control step, and a novel QSM-based reaching law
approach were proposed. It provided an improved performance
in reducing both the chattering phenomenon and tracking errors.

In this brief, we focus on the design of RLC of nonlinear
uncertain continuous-time systems because the investigation of
RLC for continuous-time systems is essential in fundamental
control theory. Our proposed RLC controller uses a modified
discrete-time VSC methodology based on [16]. As there are two
different dynamics in the RLC of nonlinear continuous-time
systems, namely, the discrete iterative direction , and the
continuous time direction , we derive the control rule from the
convergence direction of the discrete QSM control method.
As a result, periodic exogenous disturbances are eliminated
or reduced. Tracking of periodic reference trajectories is also
achieved. The proposed RLC approach ensures a robust sta-
bility of system dynamics to nonperiodic uncertainties and
disturbances. This brief differs from the work of Sun et al.
[2] and makes contributions mainly on these two aspects:
1) Our study extends the work described in [2] to multi-input
multi-output (MIMO) nonlinear continuous-time systems with
matching system uncertainties and exogenous disturbances and
2) corresponding to inputs of a control system, sub-QSMs
are employed.
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II. QSM AND REACHING CONDITION IN DISCRETE SYSTEMS

Novel discrete QSM definition and a reaching condition have
been derived for a special class of linear discrete systems with
certain input matrix [16]. This section extends the
QSM concept and the reaching condition to the following form
of nonlinear single-input discrete system:

(1)

where represents the nonlinear dynamics, and and
are the state vector and input scalar, respectively. We

denote the sliding function

(2)

where represents a designed function; .
Definition 1: For nonlinear discrete system (1) and sliding

function (2), we call the QSM in the vicinity of the sliding
hyperplane such a motion of the system in direction
that

(3)

where the positive constant is called the QSM bandwidth.
Definition 2: Nonlinear discrete system (1) satisfies the

reaching condition of the QSM (3) if and only if for any ,
there are

In [16], a reaching law approach was proposed for linear
discrete SISO systems using the previous QSM definition and
reaching conditions. As a result, the maximum distance of the
system state from the sliding plane after convergence is
less than one-half of the same distance for the system controlled
according to the algorithm introduced in [14].

III. QSM-BASED RLC FOR NONLINEAR

CONTINUOUS-TIME SYSTEMS

A. Problem Formulation

Consider the following MIMO nonlinear uncertain contin-
uous-time system performing repetitive tasks over a fixed-time
interval

(4)
where denotes the th repetitive operation of the system. For
all , , and
are the state (output) vector and the input vector, respectively;

and are the nom-
inal variable vector/matrix; represents the
lumped matching uncertainties and exogenous disturbances. It
is assumed that is a full-column-rank matrix for all
and . Nonlinear uncertain continuous-time system (4) achieves
to track a differentiable periodic reference trajectory

over , where is closed, i.e., . The
initial condition of (4) at the beginning of each cycle is assumed
to be coherent with the terminal state of the preceding cycle such

that for . For some control
applications with a repetitive task, there may be a mismatch in
initial condition [17]. The mismatch is not
considered in our RLC design. To design an QSM-based RLC to
track the periodic reference trajectory , a filtered tracking
error at the th cycle

(5)

is assigned for each , where is a specified
full-row-rank matrix. On the selection of , different techniques
can be used to ensure the required properties [19]. For example,
we can transform systems (4) into a reduced form, a controlla-
bility form, or a sliding mode equivalent system for determining
the matrix based on the transformed form. From (5) and the
initial condition of system (4), we have for all

. Thus, the objective of the RLC is to iteratively
determine the control input , i.e., ,
such that as , the filtered tracking error can be
driven into a small bounded region (as small as possible) by re-
jecting the periodic component of exogenous disturbance.

For convenience of mathematical expression in this brief, for
any dimensional vectors and

, , we de-
note if and only if for all .
We let

(6)

where . In the RLC
process of (5), it is assumed that the uncertainty and exogenous
disturbance are bounded so that the following relation holds for

:

(7)

where , and is a sufficient large
integer.

B. QSM-Based RLC Rule

In order to derive the required QSM-based RLC rule, let us
modify the filtered tracking error and construct a sliding
function on a discrete index

(8)

where , and is a selected value be-

tween 0 and . Clearly, we have . For each ,
a sliding hyperplane in iterative direction is, thus, defined as

(9)

Let . Equation (9) in-
cludes sliding sub-hyperplanes , .

In this section, in order to match the MIMO nonlinear uncer-
tain continuous-time system (4), for each , we employ
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the QSM results of the last section to MIMO systems, thereby
sub-QSMs in direction corresponding to sub-hyperplanes

, , are defined as follows:

(10)

where the positive constant is the th QSM bandwidth. Under
the previous sub-QSM definition (10), we propose the following
reaching law in discrete direction for the QSM control:

(11)
where is defined as follows.

If , then, let ,
and for ,

for . (In our simulation studies, we uni-
formly set , where rep-
resents the integer part of value.) Otherwise, i.e., if

, then for .
The reaching law (11) together with the definition of

specifies the dynamics of a sliding function , which
implies that the reaching condition of sub-QSM with a band-
width in Section II can be satisfied. Also, the dynamics
of can be controlled by choosing the parameter .

Let . From the initial
condition of sliding function and the definition of

, we get for all .
From the reaching law (11), we have

(12)

On the other hand, consider the difference between and
expressed as

(13)

Then, combining (12) and (13), an RLC rule is obtained as
follows:

(14)

Theorem 1: Given the nonlinear uncertain continuous-time
system (4) performing a periodic reference trajectory tracking
at a finite time interval , the uncertainty and exogenous distur-
bance satisfy the condition (7), and the periodic reference tra-
jectory is differentiable. Then, using the RLC rule (14),
we have for , where the bound
is defined in (7).

Proof: When the QSM-based RLC rule (14) is applied to
the nonlinear uncertain continuous-time system (4), we have
(12). Integrating the two sides of (12), and considering that

and for all , we obtain the same QSM
dynamics as (11). Let From the definition

of and (11), it can be derived that as , we have

(15)

Therefore, from the condition (7), for
and . On the other hand, from (8) and the
definition of , it is noticed that at .
Therefore, we can conclude that for and

. End of proof.
Remark 1: From the previous proof process, we have

for and
as . If is sufficiently small, it can be
further concluded that for all and

because of the continuity of on .
Remark 2: The RLC rule (14) can be expressed as the fol-

lowing form:

(16)

where
is the estimation of .

This indicates that the RLC rule (14) provides disturbance
compensation even though no disturbance estimate is explicitly
used.

Remark 3: It is worth noting that the computation of the RLC
rule (14) requires knowledge on the state vector of the
RLC system. We need an additional observer if it cannot be
obtained.

Remark 4: Furthermore, if there is no uncertainty to the
system (4), and the exogenous disturbance is periodic with time
interval , i.e., , then,
the following can be derived from (15):

(17)

In many periodic reference trajectory tracking servo mecha-
nism and robotic systems, enters and remains within the
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bound . and are, thus, very close that
approaches to zero from (17). Therefore, the RLC rule

(14) in these mechanistic systems can reject periodic exogenous
disturbance. This effect will be illustrated by the later simula-
tions presented in this brief. Especially, if
in the nonlinear uncertain continuous-time system (4), a com-
plete rejection to periodic exogenous disturbance is achievable.
This is demonstrated by the following Corollary 1.

Corollary 1: Given the MIMO nonlinear uncertain contin-
uous-time system

(18)

in order to perform a periodic reference trajectory tracking at
a finite time interval , the exogenous disturbance satisfies the
periodic condition for , and
the periodic reference trajectory is differentiable. Then,
using the following RLC rule:

(19)

we have for .
Proof: Based on the proof of Theorem 1 and the peri-

odic exogenous disturbance for
, when the QSM-based RLC rule (19) is applied to

the nonlinear uncertain continuous-time system (18), we have
for and . There-

fore, we obtain

(20)
We have for and from (20) and the
definition of . Moreover, from (20) and the initial repetitive
condition , we have for all

and . That is, for
. End of proof.

IV. SIMULATIONS

We use the arm dynamics of a two-link robotic shown in Fig. 1
as an example to demonstrate the performance of the proposed
RLC method. Comparative study with the VSC technique is also
included. In practice, a robotic manipulator often operates at sit-
uations that reference commands to be tracked and/or distur-
bance inputs to be rejected are both in a form of periodic signal.
Its dynamics are described by

(21)

where and and are absolute joint an-
gles; and and are control torques;

is the time variable; is the collection of

Fig. 1. Geometry of a two-link robotic arm.

all uncertainties and disturbances. Further details of (21) of the
two-link robotic can be found in [18]. In the robotic arm dy-
namics (21), the gravitational effect is neglected, and the pertur-
bation is bounded. In our simulation, the arm masses

and are set as 20 and 10 kg, respectively; the arm lengths
and are set as 1 m; the distances of mass center and
are set as 0.5 m; the moments of inertia and are set as

0.8 and 0.2 kg m , respectively. We define a 4-D state vector
as , then (21) is in the form

(22)

where , , .
The simulation was conducted to track the periodic reference
trajectories of the robotic joint angles expressed as

with period . We define the joint angle errors and the
filtered tracking errors as

(23)

The filtered matrix Let ,

and , (22) can be expressed as the form of (4). In
the RLC process of nonlinear uncertain continuous-time system
(22), the initial control conditions , and

for are assumed. A digital controller of
RLC rule (14) with and is used with the
sampling time set as s. We need to discuss the following
two cases.

1) The perturbation is assumed to be periodic given as
. It has the same period as the

desired trajectory . For , the tracking errors
(in radians) of the joint angles are shown in Fig. 2,
and the relevant control torques (in Newton-meters) at
time interval [60, 120] is shown in Fig. 3. In Fig. 2, the ab-
solute value of the tracking errors are driven to less
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Fig. 2. Joint angle errors obtained by the proposed RLC method under periodic
perturbation.

Fig. 3. Control torques at the time interval [60, 120] obtained by the proposed
RLC method under periodic perturbation.

than as . In order to demonstrate the
effect of rejecting periodic exogenous disturbance when
tracking periodic reference trajectories, we use an index

on repetitive

cycle , where denotes the Frobenius norm of the
matrix. Fig. 4 shows how varies with repetitive cycle

. In this simulation, is driven to less than as
. Remark 4 on Theorem 1 is then verified. On the

other hand, in order to further demonstrate the advantages
of the proposed RLC method against periodic perturbation,
the conventional VSC technique (49) [19] for MIMO non-
linear continuous-time systems is employed for compara-
tive study. The parameters are set as ,

, and other parameters are kept the same as our
proposed RLC method. The tracking errors ( )
can also be driven to convergence. However, Fig. 5 shows
the obtained control torques ( ) at time interval
[64,72] (the time interval [64,72] corresponds to a period of
the tracking trajectories). Compared with the performance
shown in Fig. 3, they exhibit severe chattering with large
amplitude. The control chattering is undesired in practical
applications. It is worth pointing out that the tracking accu-
racy will likely be deteriorated when we try to reduce the
chattering.

Fig. 4. Norm indexE produced by the proposed RLC method under periodic
perturbation.

Fig. 5. Control torques at the time interval [64, 72] obtained by the VSC tech-
nique under periodic perturbation.

Fig. 6. Joint angle errors obtained by the proposed RLC method under nonpe-
riodic perturbation.

2) The perturbation is assumed to be nonperiodic given as
a serious of random variable with elements uniformly dis-
tributed between 1 and 1. Similar to case 1), the tracking
errors of the joint angles are shown in Fig. 6. It is
noticed that the tracking errors are confined to a bounded
range after convergence. This demonstrates the robustness
of the proposed RLC rule (14).

V. CONCLUSION

A new QSM-based RLC approach is designed for MIMO
nonlinear uncertain continuous-time systems to address the
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problem of rejecting periodic exogenous disturbances and
tracking periodic reference trajectories. The proposed control
methodology is useful to the control of industrial robotics, and
servo mechanisms, in which periodic signals are commonly ex-
perienced. It exhibits an impressive effect of rejecting periodic
exogenous disturbances with matching condition when the con-
trol systems have tracked periodic reference trajectories. Also,
a robust stability of the proposed RLC method against nonperi-
odic uncertainties and exogenous disturbances is ensured. The
RLC rule is derived by applying the modified discrete QSM
control in the repetitive direction . In this brief, the proposed
RLC method was applied to a robotic arm and compared with
the conventional VSC technique. The comparative results
demonstrate that the QSM-based RLC approach can avoid the
chattering suffered by the conventional VSC technique when
tackling the periodic exogenous disturbances.

The proposed RLC approach for nonlinear continuous-time
systems is in fact a 2-D nonlinear process. An interesting topic
for future study is to investigate the RLC approach for MIMO
nonlinear systems using 2-D nonlinear system theory.
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