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is even applicable to the case when the derivative of the time-varying delay takes arbitrary. Finally,
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1. Introduction

Synchronization and stability control of dynamical systems is
an important topic in nonlinear system control [1-10,44-46] in
the past decades. Recently, arrays of coupled systems have
attracted much attention of researchers in different research
fields. The study of synchronization of coupled neural networks is
an important step for both understanding brain science and
designing coupled neural networks for practical use.

Networks of coupled connection have been widely investi-
gated [11-26] since Wang and Chen introduced an array of N
linearly coupled connected complex network model [27,28].
Consider a complex dynamical network consisting of N identical
linearly and diffusively coupled nodes, with each node being an
n-dimensional dynamical system in [27,28] as follows:

N

X =fx)+c Y GIx®—xi(t), i=1,2,...,N, )
j=1j#i

where  x;(t) = (X;1(£), X (0), . . ., Xin(£) €R" (i=1,2,...,N) is the

state vector representing the state variables of node i, f:

R"—R" is continuously differentiable, the constant c is the

coupling strength, I = diag(y;,75,...,y,) € R"™" is a constant 0-1
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matrix linking the coupled variables with y; =1 for a specific i and
;=0 (j #1), that is, there is only one 1 in the diagonal of matrix I
and all the other components of I" are zeros, G = (G, is the
coupling configuration matrix representing the topological struc-
ture of the network, in which Gj; is defined as follows: if there is a
connection between node i and node j (j # i), then the coupling
strength G; = Gj; > 0; otherwise, G; =G;; =0 (j # i), and the diag-
onal elements of matrix G are defined by

Gi=— > G 2)

j=1j#i

Then, in this case, the complex network (1) reduces to the model

N
Xi(t) =fxi)+c > GIxi(t), i=1,2,...,N. 3)
j=1

Hereafter, suppose that the network (3) is connected in the sense
that there are no isolate clusters. Thus, the coupling configuration
G is an irreducible matrix.

In the following, a brief introduction of recent works about
synchronization of linearly coupled complex networks are given
based on the model (1)-(3).

For the case that the coupling matrix G is irreducible,
symmetric, and all the off-diagonal elements of G are nonegative
and satisfies (2), local synchronization analysis via linearlization
technique was studied in [16-20], where the eigenvalues and
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Jacobian matrix are given in the criteria of ensuring the local
synchronization of the complex network. Wu and Chua [29,30]
investigated the synchronization in an array of linearly coupled
dynamical systems, and then a lot of works [11-13,15,21] were
devoted to investigating the global asymptotical synchronization
of the complex network by using the synchronization manifold
and Lyapunov method. In [29], the authors defined a distance
between the collective states and the synchronization manifold,
based on which the a methodology was proposed to discuss global
synchronization of the coupled systems.

In [11,12,15], the following linearly coupled neural networks
satisfying (2) was studied:

N
xi(t) = —Cxi(O) +Af (D) + B i (t—) + 1)+ > GyI'x;(1), i=1,2,....N,
j=1

“)

where C=diag(ci,c3,...,cn) e R™" is a diagonal matrix with
positive diagonal entries ¢;>0, i=1,2,...,n, A=(G;),,, and
B = (bjj),.., are weight and delayed weight matrices, respectively.
I(t) = (1 (t), I (b), ..., I.(t)T eR" is an external input vector,
I =diag(yy, 7., 7q) € R™".

Fxi®) = (f1(xi1 (0), fo(xia (b)), . . ., faxin(t))" € R* corresponds to the
activation functions of neurons. Equivalently, system (4) can be
written as

() = =X+ Y aufia(®)+ D bfixu(t—1))

I=1 I=1

N
+®+ Y Gyrx®, i=1,2,...
j=1

N, k=1,2,...,n. (5)

With the rapid development of intelligent control, hybrid
systems have been widely investigated. It is found that many
physical and biological models are governed by more than one
dynamical system and these systems are changed depending on
time. Switched systems [31-34], a special case in hybrid systems,
are regarded as nonlinear systems, which are composed of a
family subsystems and a rule that orchestrates the switching
between the subsystems. Recently, switched systems have
numerous applications in communication systems [6,35,36],
control of mechanical systems, automotive industry, aircraft and
air traffic control, electric power systems [37] and many other
fields. In [31-34], the stability of switching system was investi-
gated, which is a combination of discrete and continuous
dynamical systems.

The main contribution of this paper is of threefolds. Firstly, we
studied global synchronization of coupled systems with time-
varying delay by using LMI and distance function from collective
states to the synchronization manifold [26]. A delay-dependent
condition is given to ensure the synchronization of coupled
systems in this paper based on free-weighting matrix approach
and cone complementarity linearization algorithm [47-49]. It is
noted that the derivative of time delay can take any value.
Secondly, the feedback matrix of the network is designed to adjust
the configuration matrix, i.e., the connections among the nodes.
Thirdly, it is very difficult to design the feedback matrix due to the
complexity of the systems. So, a globally convergent algorithm
involving convex optimization is presented.

The rest of the paper is organized as follows: In Section 2,
preliminaries are given. In Section 3, the main results are derived.
A sufficient condition is given to ensure the synchronization of
switched coupled networks and a globally convergent algorithm
involving convex optimization is also presented to design such
controllers effectively. In Section 4, numerical simulations are
constructed to justify the theoretical analysis in this paper.
Finally, the conclusion is drawn.

2. Preliminaries

A set of coupled complex neural networks is considered as the
individual subsystems of the switched system and the switched
coupled neural network is described as follows:

N
%i(t) = —Cxi(O) +Axf (xi(0) + Bof (xi(t—1) + Lu(H) + Z GyiDx(t), i1=1,2,...,N,

=1

(6)

where D is inner coupling matrix and « is a switching signal which
takes its value in the finite set Z={1,2,...,N}. This means that
the matrices (Cy,Aq, By, 1y, G,) are allowed to take values, at
particular time, in a finite set {(C;,A1,B1,11,G1),(Cy, Az, By, I, Go),
..., (Cy, Ay, By, Iy, Gip)}. Throughout this paper, we assume that
the switching rule o is not known priori and its instantaneous
value is available in real time.

Since in most cases the time delay is not a constant, in this
paper, the coupled neural network with time-varying delay is
studied. Consider the state-feedback control law

N
Uy(t)= > KyDxi(t), i=1,2,...,N, )
j=1
where
N
Kaii:_ Z Koa'j- (8)
j=1j#i

It is useful to design a memoryless state-feedback controller u,;(t)
so that the coupled system (6) is globally synchronized. In this
paper, a linearly feedback controller (7) is added to the coupled
dynamical system (6)

xi(t) = —Coxi() +Auf (Xi(£)) + Bof (x;(t—T(1))) + 1o (t)

N
+ 3 G +Ko)Dxi(t), i=1,2,...,N. ©)
j=1

It is easy to see that one can control the synchronization of
coupled neural network by adjusting the configuration coupling
matrix, that is, the network topology can be changed to achieve
synchronization. The architecture for such switched coupled
neural networks is shown in Fig. 1. Next, we focus on global
asymptotical synchronization of coupled feedback system (9).

> Coupled Neural Network 1 ]
K,
»|  Coupled Neural Network 2~ |7 |
— K
Decision Maker
Y

Switching Signal T Coupled Neural Network N T

Fig. 1. Architecture of the switched coupled neural networks.
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Define an indicator function &(t)=(&(t), & (0),. .., Eg(t)T,
where

1 when the switched system is described
by the kth mode (Cy, Ay, By, I, Gr). (10)
0 otherwise,

NOE

with k=1,2,...,N. The model of switched coupled neural
network model (9) can be written as

N
Xi() =Y EO[-Cexi() +Af (xi(0) + Bif (Xi(t—T(6)) + I (t)
k=1

N
+ D (G +Ki)Dx;(D)], i=1,2,....N. 11
j=1

It follows that Zf(v: 1 &x(® =1 under any switching rules.

We assume that the system (11) satisfies the following
initial conditions: x;(t) = ¢;(t) e C([-1,0,R) (i=1,2,...,N) with
r=max; . g{7(t)}, where C([—r,0],R) denotes the set of all contin-
uous functions from [-r,0] to R.

In order to derive the main results, it is necessary to make the
following assumptions:

Aq: The activation functions fi(x;) (i=1,2,...,n) are Lipschitz
continuous, that is, there exist constants F; > 0 such that

Vfi(e1)=fi(0)] < Filoy—02|, Yo, 00 R (12)
Ay: 7(t) is a bounded differential function of time ¢, i.e.,

r=max; . g{7(t)}, and the following condition is satisfied:

0<1(t)<h, (13)

where h is a positive real constant.
As: The coupling matrix G, and the feedback gain matrix K, are
defined by

N
Guii=— Gozij, i=1,2,...,N, 0(:1,2,...,N, (14)
j=1j#i
and
N _
Kui=— Y Ky, i=12,...,N, a=1,2,....N. (15)
j=1j#i

Let I, be the n-dimensional identity matrix.

Definition 1 (Lu and Chen [11]). Let r=max;g{t(t)}, the set
S = {x=(X1(5),X2(5), . . ., XN(9)) : X;() € C([—T, O, R), X;(s) = X;(S),
i,j=1,2,...,N} is called the synchronization manifold.

Definition 2. Synchronization manifold S is said to be globally
asymptotically stable, equivalently, the coupled system (11) is
globally asymptotically synchronized, if for any ¢ >0, for each
initial data ¢;(s), se[-r1,0], i=1,2,...,N, there exists T > 0, such
that

Ix;(6)—x; (Dl <e¢, (16)
holds for all t > T,i,j=1,2,...,N.

Definition 3 (Wu and Chua [29]). Let R depote a ring, and define
T(R,K) = {the set of matrices with entries R such that the sum of
the entries in each row is equal to K for some K e R.}

Definition 4 (Wu and Chua [29]). Set of MY(1): MY(1) is
composed of matrices with N columns. Each row (for instance,
the i th row) of M e MN(1) has exactly one entry o; and one entry
—o, where o; # 0. All the other entries are zeros.

Definition 5 (Wu and Chua [29]). Set of My(n): Mj(n) are
matrices M obtained by replacing entry m; in M e MY(1) with

Myln, i.e, MY () =M=M &I, : M e MY(1)},where ® is Kronecker
product.

Definition 6 (Wu and Chua [29]). MY(n) c MY(n): If M e MY(n),
then, for any pair of indices i and j, there exist indices jq,ja,...,j
where j; =i and j =}, and py,pa,...,pi-1 such that M, ; #0 and
Mp,j,., #0forall 1<g<l

Definition 7 (Kronecker product). For matrices A and B, the notation
A ® B stands for the matrix composed of submatrices A;B, i.e.,

AnB  ApB AB

A»B AxnB AnB
AB=| T T T

AmlB AmZB AmﬂB

where A;, i=1,2,...,m, j=1,2,...,n stands for the ij th entry of
the m x n matrix A.

Lemma 1 (Wu and Chua [29]). Let G be a N x N matrix in T(R, K).
Then the (N—1) x (N—1) matrix H is defined by H= MG]J satisfying
MG = HM, where M is the (N—1) x N matrix

1 -1
1 -1
M= . , a7
1 -1
and J is the N x (N—1) matrix
11 1 1
01 1 1
’ 1
J= 11l (18)
00 --- 0 1
00 0 ---0

in which 1 is the multiplicative identity of R.

Lemma 2 (Wu and Chua [29]). Let X=(Xq,X3,...,XN)}, where

Xx;eR", i=1,2,...,N. Then x €S if and only if
IMxIl = 0 (19)

holds for some M e MY (n). We use d(x) to denote a nonegative real-
valued function that measures the distance between the various
nodes. In particular, d(x) is of the following form:

d(x) = IIMxI2 =xTM"Mx, M e M) (n). (20)
Because of the assumptions on M, the crucial property of d(x) is that

d(x)—0 if and only if lIx;(t)—x;(t)l—>0 for all i and j.

Lemma 3 (Chen and Chen [38]). By the definition of Kronecker
product, the following properties can be satisfied for appropriate
dimensions:

(1) (xAd) ® B=A® (0B);
(2) A+B)®C=AQC+B®C;
(3) (A® B)(C ® D)= (AC) ® (BD).

Lemma 4 (Schur complement [39]). The following linear matrix
inequality (LMI):

QW S\
S’ Rx) | T

where Q(x) = Q(x)', R(x)=R(x)", is equivalent to one of the following
conditions:

(i) Q) >0, RX)-S®)'Q(x)~'S(x) >0,
(ii) R(x) >0, Q(x)—S(X)Rx)~'S(x)T > 0.
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Lemma 5 (Gu et al [40]). For any constant matrix
W e R W = WT, scalar r > 0, vector function  : [0,r] € R™ such
that the integrations concerned are well defined, then

r r T r
T
r/0 ' ()W (s)ds > (/0 w(s) ds) W</0 w(s) ds>.

3. Main results

In this section, new criteria are presented for the global
synchronization of system (11) based on Lyapunov functional
method and linear matrix inequality (LMI) approach.

First, some notations are given to simplify the proof. M is
defined in (17). Let M=M ® I, e MY(n) be the matrix defined in
Definition 6.

Let A ® B denote the Kroneker product of matrices A and B and
also let

G=In®C. Ci=In10C, A=IN®A. Aj=Iv10®A
Bi=In®B., Bi=In1®B. G=G®D, K=K, ®D,
Xi(t) = Xi (0, Xip (1), .., Xin(0), Vi=1,2,..,N,

x(t) = X1 (), X5(0), . .., XL (O)T,
fx(0) = T x1(0). fTx2(0), .. .. fT RO,

I(t) = (0, IO, ... L),

where keZ ={1,2,...,N}.
The linearly coupled dynamical system (11) can be rewritten
as

N
X(t)= "> EO[-Cx(D) + Acf(X() + Bif (X(t—T()) + (D) + (G + KX (0)].
k=1

21

Next, a theorem is established to ensure the global asymptotical
synchronization of system (21).

Theorem 1. Under assumptions (A;)—(As), the dynamical system
(21) is globally asymptotically synchronized if there are positive defi-
nite matrices P e R(N—])nx(N—])n' Q, eR(N—l)nx(N—l)n, Re R(N—])nx(N—])n'
T e RNV-DnxN=Dn " positive definite diagonal matrices ¥ =diag (21,
25,0 Z(N—1yn) € RN=Dmx(N=hn, A =diag(A1,42,..., An_1n) €
RN-DmxN-Dn g matrix ~ W=W] Wi W} wj wl)l e
RXIN=-Dnx(N-Dn qnd the feedback gain matrix K, e RN*N, for each
keZ={1,2,...,N} such that

Dy Dy Dy13 D14 Dy15 D16

@y, Dy -wj -wj -W,-W} 0

of; -W;  -I+4Q 0 —W; Al'T
O, = | Phy Wi 0 —-(1-h)Q—-A -w, B/'T | <o,

Ofs -Wi-Ws  —W; -wj —%T—W5 -w! o

[\ T 0 TA} TB} 0 %T

(22)

where

@1 =P(—C} +Hp +Up) +(—Ch + Hi +U)'P+ R+ FEF+ W, + W1,
@y, = W)W,

@13 =PA +W3,

@y, =PB] + W},

@5 =WI-Wi,

@16 = (—Ci +H +UY'T,

@, = —(1-h)R+FAF-W, W],

F =diag(Fi,F,,...,F))eR™,  F=Iy1®F, Hy=MGJ, Hy=
H,®D,U,=MK,J, U,=U,®D, M and ] are defined in (17) and
(18).

Proof. Consider the following Lyapunov functional:

i=4
Vity= "> Vo), 23)
i=1
where
Vi(t) = xT(t)MTPMXx(t), (24)
t
Va(t) = / £7 (x(s))M" QMf(x(s)) ds, (25)
t—1(t)
t
Va(t) = / xT(s)MTRMXx(s) ds, (26)
t—1(t)
0 t
Vi) = / do / X" (s)MTTMX(s) ds. 7
J—r Jt+0

Taking the derivative of V(t) along the trajectories of (21) and by
Lemma 5, one has
V(©)l21) = 2x" (OMTPMx () + £ (x(t))M" QMF(x(t))

— (1=t ()T (x(t—7(t))MT QMER(E—(£))) +xT ()M RMX()

— (1=t ()T (t—7()M RMx(t—7(t)) + X ()M TMX(t)
t
- / XT(0)MTTMX(0) dO

Jt—r
N

< > &O{2xTOM PMI—C+Gi+Kx() +Af ()
k=1

+ B f(x(t—(6)) + L]+ (x(£)M" QME(x(1))
—(1-hfT (x(t—(t))M" QMEx(t—1(t)))+xT ()M RMx(t)
—(1=h)xT (t—7(t) M RMx(t—7(t)) +rx" ()M TMX(t)

t T t
—l< Mx(0) d()) T( Mx(0) d()) } (28)
T \Jt—x(t) t—7(t)

By the structure of M, following equalities are easy to verify:
MC, =C,M, MA, =AM, MB,=BM, MI(t)=0.

Therefore, from (28) one obtains

N
VOlan < > E®{2xT M P(—CiM+ MGy + MKX(1)

k=1
+ALME(x(t) + B ME(x(t—1(t))] + £ (x(t))MT QME(x(t))
—(1-h)fT (x(t—1(6))MT QME(x(t—T(t))) -+ X7 ()M RMx(t)
—(1=h)XT (t=1(t)) M"RMx(t—7(t)) +rx" ()M  TMX ()

1 t T ot
1 ( Mx(0) d@) T( Mx(0) d@) } 29)
r t—1(t) t—1(t)

By assumption Ay, it is obvious that

N-1
1 xOMTEMEx() = > [FG0)—f X1 (O EAFKGHO)—F X1 1(0)

j=1

N-1
< D IX(O—X5 1 (O] FEFIX; () —X; . 1(0)]
j=1

=xT(OMTFZFMXx(t), (30)
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where X; =diag(Zj_1yn+1,- .., Zjn), and
7 (x(t—7(t)M" AMEx(t—1(1))) < xT(t—7(t))M' FAFMX(t—1(t)).

(31
From Lemmas 1 and 3, we obtain
2xT(OMTPMGx(t) = 2xT ()M P[(M & I,)(G, ® D)Jx(t)
=2xT(t)MTP[MG, ® DJx(t)
=2x"(t)M"P[H,M ® D]Jx(t)
=2xT(OM"P[(H), ® D)M ® I)}x(t)
=2xT(t)MTPH,MXx(t), (32)
and
2xT (MTPMKx(t) = 2x" () MTPU,Mx(t), (33)

where H, = MG,J, H, = (MGyJ)) ® D, Uy = MK,J, Uy = (MK,J) ® D, M
and J are defined in (17) and (18).

From the Leibniz-Newton formula, the following equation is
true for any matrix W with appropriate dimensions:
t

20T (HWM <x(t)—x(t—r(t))— x(s) ds) =0, (34)

t—1(t)
where

n(t) =" OM" X (t—te)M" £ xOM" £ xe—te)M [, X ()
dsM")". Let IT; = (—Ci+H;+U, 0 A} B} 0), then we have

XM OMTMX(6) = T (OITL T (). 35)

Combining (29)-(35), we obtain

N
VOlon < Y &O{2X"OMP(—C} +Hi+UoMx()
k=1
+2xT ()MTPALME(x(t)) + 2x" ()MT PB. Mf (x(t—(t)))
+xT(O)MTFZFMx(t)—f7 (x(t))M" ZMf(x(t))
+xT(t—1(t)M" FAFMx(t—7(t))— £ (x(t—7(t)))M" AME(x(t—1(t)))

+ £ (x(6))MTQME(x(£))—(1— )T (x(t—7(£)))M" QME(x(t—(1))
+xT(OMTRMx(t)—(1—h)x" (t—7(t))M' RMx(t—1(t))
. T

t M)'c(())d()) T< [

+rnT(t)H£THk17(t)—% ( Mx(0) d0>

Jt—1(t) t—(t)

+2nT(HWM (x(t)—x(t—‘z:(t))— /t i . X(s) ds) }

N
= > ao{n" O+rTIono |, (36)
k=1
where
Dy D12 D13 D14 Dy;5
L D22 -wj -W; -W,-Wi{
v, — @, -W; -X4Q 0 ~W;
oL, -w, 0 —(1-hQ-A -W,
@ -W-Ws  —w} -wi —%T—W5—W§
(37)

It is easy to see that ‘I’,<+r17£TH,< <0 is equivalent to the
condition (22) ®, <0 by Lemma 4 (Schur complement). So by
Lemma 2 and from (36), we know that under the given condition
(22), V(t) < 0 and we obtain V(t) < V(0), namely, V(t) is a bounded
function. Thus, IMx(t)Il—0. This completes the proof. O

The term Kj, is both involved in ¥; and W1, so it is difficult to
solve this by Matlab LMI Toolbox. In order to solve the feedback

gain matrix K, a simple transformation is made to derive the
following theorem.

Theorem 2. Under assumptions (A;)—(As3), the dynamical system
(21) is globally asymptotically synchronized if there are positive defi-
nite matrices P e R(N—l)nx(N—])n' Q e R(N—l)nx(N—l)n’ Re R(N—l)nx(N—l)n'
T e RN-Dnx(N=Din - positive definite diagonal matrices X = diag
(21,22, .., Zn—1yn) € RN-Dm<N=Dn = A = diag(Ay, A3, ..., An-1)n) €
RWN=Dnx(N=n_ a matrix w=w! wl wl wl wi)f
e RPN-DnxN-Dngnd a matrix Oy e RN-DxN-Dn " for  each
keZ ={1,2,...,N} such that

L @y Dy13 D14 D5 D16

o, [ P -w} -W} —W,-W! 0

(TN -Ws -X4+Q 0 —W; AP
b= | Oy Wi 0 —(1-hQ-A W, BI'P | <o,

1
O -Wi-Ws  —W] A 7FT—W5 -w! 0
i 0 PA! PB| 0 —%I’l"l P
(38)

where

@y =P(—C} +H) + 0y +(—CL +H) ' P+0] + R+ FZF+W; + W,

@16 = (—C,+HY'P+0y,

F= diag(F1,F2, . ,Fn) e R™" F= In_1®F, Hk = MG’J, Hk = Hk ® D,
Uy,=MK,J, U,=U,®D, M and ] are defined in (17) and (18).
Moreover, the estimation gain matrix U, =P~10,.

Proof. Pre- and post-multiplying ® in (22) by diag(, L LI, PT"!)
and diag(l,l,l,I,I,T‘lP), respectively, and introducing a new
variable O, =PU, yield (38), where I is identical matrix with
appropriate dimensions. O

It is noted that the resulting condition in Theorem 2 are no
longer LMI conditions due to term PT'P in (38). As a result, we
cannot solve (38) by using Matlab LMI Toolbox. However, this
non-convex problem can be solved by using an iterative algorithm
based on the algorithms in [41-43].

First, we define a new positive definite matrix L such that
PT 'P > L and replace (38) with

@y D@12 D13 D14 Dy15 D6

(I)};ﬂ (I)k22 —Wg _WI _WZ _Wg 0

o;  -W; -Z4Q 0 —W; Al’P
b= | PL, W, 0 —(1-h)Q-A -W, B,'P | <0,

1
O -W-Ws W] -wj —T-Ws-W; 0
b 0 PA! PB! 0 —%L
(39)

and
PT'P>L. (40)

Since (40) is equivalent to P~'TP~! < L', it is expressed as

-1 p-!
(P_1 T_1>>o @1

by Lemma 2 (Schur complement), then, by introducing new
variables X, Y and Z, the original condition (38) can be
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represented as (39) and

XY\oo0 x-L', y—p', z-T' (42)
y z)=% s s X
Using a cone complementary problem, this problem is converted
to the following LMI-based nonlinear optimization problem:

Minimize tr(LX+PY +TZ)
subject to (39) and
P 1 T I
(I Y) >0, (I Z) >0.
43)

XY>O LI>0
(v 2)=0 (i x)=0

The algorithm proposed in this paper is demonstrated as follows:

Algorithm 1. For a given precision § > 0, let N be the maximum
number of iterations.

Step 1: Find a feasible set (P°,Q%R° T° x° A°, WP 0f,L°
X%, Y°, 2% satisfying (39) and (43). Set j=0.

Step 2: Solve the following LMI problem for variables
(P,Q,R,T.X, A, W,L,0,,X,Y,Z)

Minimize tr(UX+LX +P'Y +PY + PZ+TZ)

subject to (38) and (43). ;

Set /=L P —PT-T X =x¥Y-v7-2

Step 3: If the condition (38) is satisfied, then exit. If the
condition (38) is not satisfied, within a specified number of
iterations, i.e., j=N, then exit. Otherwise, set j=j+1 and go to
Step 4.

Step 4: If {tr@WX + 1'% +PY +P'Y + P2 +1T'7)—2 tr@/X + PY
+TZ)| < 6 then go to Step 2, else go to Step 5.

Step 5. Compute 0* [0, 1] by solving:

Mlmmlzeg c[0.1]
tr[L’+H(L U)X 4 0K X0+ [P+ 00— P -
+oY Y’)]+[T]+9(T' ~TNZ +0Z -7y

Set I+ =1/ 0%’ Lf) X+ =X 0" (X X, P+ =
—P), Y =Yiie-Y), T =T10d-T),
0*(Z' ~Z)), then go to Step 2.

P7+0*(f’i
ZTl 7 4

Note that we obtain P and O, from Algorithm 1, our main
purpose is to choose feedback gain matrix K. As U, = (MK,J) ® D,
so we cannot solve K, directly from Theorem 2. Since it is easy to
see from Lemma 4 (Schur complement) that if (38) and

P[(MK}]) ® D] < O (44)

are satisfied, then (22) is satisfied. If (38) is solved by Algorithm 1,
we can use the following algorithm to solve (44):

Algorithm 2. Minimize tr(0,—P[(MK,J) ® D))
subject to (44).

Note that under condition (44), the lower bound of the
object is zero, which means that gain matrix should not be very
large.

Moreover, the adopted approaches here can also be used to
control the linearly coupled neural network (21) if there are no
switching signals (N =1), which is reduced to one coupled
complex network. It is noted that an applicable method is
proposed to control the synchronization of coupled networks by
changing the connection structure.

Corollary 1. Under assumptions (A1)—(As3), the dynamical system
(21) (N=1) is globally asymptotically synchronized if there are
positive  definite matrices P eRN-Dnx(N-Tn @ ¢ RN-Dnx(N-Tn_
R € RN-Dnx(N=Dn =T ¢ RN-Dnx(N-D)n - nositive definite diagonal ma-
trices £ =diag(X1, %2, ..., Zn_1n) € RN-DxN=-Dn A — diag(Ay, A,

-, An_1yn) € RN-DmxN=Dn 3 matrix W=(W] W} wi w] wi)T
e RRIN-Dnx(N-1n qnd the feedback gain matrix K, € R\N, for k=1,

such that

LN [L%P) D@3 D14 D5 D16

L (0% -w} A —W,-W} 0

o5 -W; -X+Q 0 -W; AT
o= | O, —W, 0 —(1-h)Q-A —W, B'T | <o,

@ps -WI-ws W] -wj —%T—W5—W§ 0

LTI 0 TA} TB, 0 —%T

(45)

where

@1 =P(—C} +H+Up) +(—C} + Hp +U) ' P+ R+FEZF+ W, + W,
@y =W -Wi,
1 T

@3 =PA,+ W],

_ pnl T
D14 =PB +W,,
@5 = W5-Wi,
@16 = (—Ci +H +UY'T,

@, = —(1-h)R+FAF-W,-W],

F:diag(Fl,Fz,. .. ,Fn) € Rm™n, F=Iy_1QF, Hk ZMG]J, Hk :Hk ® D,
Uy =MK,J, U, =U, ® D, M and ] are defined in (17) and (18).

Remark 1. To the best of our knowledge, there are few works
about the synchronization control of switched linearly coupled
dynamical systems. In this paper, we consider global synchroni-
zation of switched linearly coupled delayed neural network. In
addition, some controllers are designed to ensure the global
synchronization of coupled dynamical system based on the
convex optimization algorithm.

Remark 2. It is noted that when there is only one node in the
switched coupled neural network, i.e., N = 1, the obtained results
can also be satisfied for the linearly coupled neural networks. It is
even applicable to the case that the derivative of the time-varying
delay takes any value compared to the assumption 7(t) <1 of
earlier works.

4. Numerical examples
In this section, simulation examples are presented to illustrate
the utility of theoretical analysis in this paper.

Example 1. Consider the following linearly coupled neural net-
work model:

Xi(t) = —CoXi(t) +Aof (Xi(£)) + Baf (% (t =T (D)) + ()
N
+ G+ Ko)Dxi(0),  i=1,2,3, a=1,2, (46)

i=1

where  x;(t) = (X1 (£), X2(1)",
L) =hL(t)=(0,0),

fxi(t) = (tanh(x;; (t)), tanh(x; (1)),

1 0 20 -0.1 15 -0.1
) Ar= (_5.0 3.0 > Bl:<_o.2 _2.5>’
—02 01 01
_01 0 |,
-0.1

A

1.8 -01
) ~(Zas a0 )

5 _(~16 01
2_<_o.2 —2.8)’
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-03 02 0.1
G=| 02 —02 o |,
0.1 0 -01
D=() %) t®=1+01sin(12t). It is obvious that

O0<t(t)<11=r, 7(t)<1.2=h. Clearly, assumptions A;—As are
satisfied (F=1;). Note that many earlier works assume 7(t) <1
and assumption As is just needed in this paper. It is even
applicable to the case that the derivative of the time-varying
delay takes any value.

Choose the following initial conditions:

0.1 0.5 1
X1(5) = (_0.3>, X(5) = (_1 >, X3(S) = (_0.5>-

By Algorithms 1 and 2, the condition (22) in Theorem 1 is
satisfied. The following coupling gain matrices are obtained:

—15.3789  7.4186 7.9603
K= 74186  —153088 7.8902 |,
7.9603 7.8902  —-15.8505
—14.0595 6.8074 7.2521
Ky = 6.8074 —-13.8852 7.0778
7.2521 7.0778  —14.3298

If there is no switched rule, the trajectories of one node in mode 1
(x=1) and mode 2 (¢ =2) are shown in Figs. 2 and 3 by choosing
the initial conditions:

x1(8)=0.4, Xx3(s)=0.6, Vse[-1,0].
Next a random switching rule is used for the two coupled neural

networks. The error distance among the nodes of trajectories in
the coupled networks are

2
errt)= > /(O OF + 13O
i=1

It is shown from Fig. 4 that the trajectory of error distance of
coupled system (46) without control does not converge to zero,
which means that the switched coupled systems without control
are not synchronized. The trajectories of the switched coupled
neural networks with control are illustrated in Fig. 5, and the
corresponding trajectory of error distance is illustrated in Fig. 6. It

-4 . . . . . . W .
-1 -08 -06 -04 -02 0 02 04 06 038

X11

Fig. 2. Trajectories of one node in the coupled networks of mode 1.

err (t)

-08 -06 -04

Fig. 3. Trajectories of one node in the coupled networks of mode 2.

15 T T T

10 |

0 50 100 150
t

200

Fig. 4. Error distance of the switched coupled networks without control.

_5 L L L L L L L L L
-1 -08 -06 -04 -02 0 02 04 06 08 1

X11

Fig. 5. Trajectories of one node in the switched coupled networks.
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1.5 1 ]

05 } i

err (t)

-05 t :

0 5 10 15 20 25 30 35 40 45 50

Fig. 6. Error distance of the switched coupled networks with control.

is easy to see that the switched coupled system with control (46)
is globally synchronized in Fig. 6.

5. Conclusions

In this paper, synchronization control of switched linearly
coupled delayed neural networks is considered based on Lyapu-
nov functional method and linear matrix inequality (LMI)
approach. The obtained results are easy to apply.

To the best of our knowledge, there are few works about
synchronization control of switched coupled delayed systems. A
globally convergent algorithm involving convex optimization is
also presented to construct such controllers effectively. In many
cases, we want to control the whole network by changing the
weights of some nodes in the complex network, and this paper
provides an applicable approach.
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