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Abstract

In this Letter, a four-neuron BAM neural network with four time delays is considered, where the time delays are regarded as parameters. Its
dynamics are studied in terms of local analysis and Hopf bifurcation analysis. By analyzing the associated characteristic equation, it is found
that Hopf bifurcation occurs when these delays pass through a sequence of critical value. A formula for determining the direction of the Hopf
bifurcation and the stability of bifurcating periodic solutions is given by using the normal form method and center manifold theorem.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

The dynamical characteristics (including stable, unstable, oscillatory, and chaotic behavior) of neural networks [1-14] have
attracted attention of many researchers, and many results have been made to it. There has been increasing interest in investigat-
ing the dynamics of neural networks since Hopfield [15] constructed a simplified neural network model. Based on the Hopfield
neural network model, Marcus and Westervelt [16] argued that time delays always occur in the signal transmission and proposed
a neural network model with delay. Afterward, a variety of artificial models has been established to describe neural networks with
delays [16-19].

Recently, there has been extensive interest in studying the effect of time delay on the collective dynamics of coupled models [1-
3]. It is well known that time delay is ubiquitous in most physical, chemical, biological, neural, and other natural system due to
finite propagation speeds of signals, finite processing times in synapses, and finite reaction times.

In [19-21], a class of two-layer associative networks, called bidirectional associative memory (BAM) neural networks with or
without axonal signal transmission delays, has been proposed and applied in many fields such as pattern recognition and automatic
control. The bidirectional associated memory neural networks with or without delays has been widely studied in [18,19,22-24].
However, most work focus on establishing the local and global stability. It is known to all that the stability property is only the
dynamic behavior, and there are many other properties such as periodic oscillation, bifurcation, chaos and so on.

The delayed bidirectional associative memory neural network is described by the following system:

Xi (1) = —pixi () + 30 €ij fi (v (= i),

. n (1.1)
Vi) =—v;yjt)+ > i_1djigj(xi(t —vij)),
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where ¢;j,dj; (i=1,2,...,n; j=1,2,...,m) are the connection weights through neurons in two layers: the /-layer and J-layer;
w; and v; describe the stability of internal neuron processes on the I-layer and J-layer, respectively. On the I-layer, the neurons
whose states are denoted by x; (¢) receive the inputs I; and the inputs outputted by those neurons in the J layer via activation
functions f;, while on the J-layer, the neurons whose associated states denoted by y;(¢) receive the inputs 7; and the inputs
outputted by those neurons in the 7-layer via activation functions g ;.

It is well known that neural networks are complex and large-scale non-linear systems, neural networks under study today have
been dramatically simplified [1-8]. These investigation of simplified models are still very useful, since the dynamical characteristics
found in simple models can be carried over to large-scale networks in some way. In order to know much better of large-scale
networks, the simplified networks should be considered first. But there are inevitably some problems since simple models are
carried over to large-scale networks, such as the complexity of the characteristic equation and the bifurcating periodic solutions. In
this Letter, a four-neuron BAM neural network with four time delays has been considered, and it is a more general model.

The organization of this Letter is as follows: In Section 2, the stability of the trivial solutions and the existence of Hopf bifurcation
is discussed. In Section 3, a formula for determining the direction of the Hopf bifurcation and the stability of bifurcating periodic
solutions will be given by using the normal form method and center manifold theorem introduced by Hassard at [9]. In Section 4,
numerical simulations aimed at justifying the theoretical analysis will be reported.

2. Existence of Hopf bifurcation

The BAM neural networks with time delays considered in this Letter are described by the following differential equations with
delay:

x1(8) = —pax1(t) + c11 f11(y1(t — 73)) + c12 f12(y2(t — 73)),

xX2(2) = —p2x2(t) + c21 f21(y1(t — 1)) + c22 f22(y2(t — 14)), @2.1)
y1(t) = —pu3y1(t) +dugr(x1(t — 1)) + diagra(x2(t — 12)), '
y2(t) = —pay2(t) + d21g21(x1(t — 1)) + d22g22(x2(t — 12)).

To establish the main results for model (2.1), it is necessary to make the following assumptions:

(H1) fij, gij € CL, fij(0)=0, g;;(0) =0, fori, j =1,2;
H) n+m=1,2+mu=r.

Letting u1(¢) = x1(t — 11), u2(t) = x2(t — 12), usz(t) = y1(t), ua(t) = y2(¢), (2.1) can be written as the following equivalent
system

u1(t) = —paur(t) + c11 fr1(us(t — 7)) + c12 fr2(ua(t — 7)),

u(t) = —pauz(t) + c21 f21(u3(t — 7)) + c22 f22(ua(t — 7)), 2.2)
uz(t) = —p3uz(t) + di1gra(u1(t)) + diagia (u2(t)), '
ug(t) = —paug(t) + da1go1(ua(t)) + doagoz(ua(t)).

Under the hypothesis (H1) and (Hz), the linear equation of (2.2) at (0, 0, 0, 0) is as follows:

u1(t) = —paua(t) +a11(uz(t — 7)) + a2 (ua(t — 1)),

u(t) = —pauz(t) + a21(uz(t — 1)) + a22(ua(t — 1)), 2.3)
uz(t) = —u3zus(t) + PBra(ui(?)) + Pr2(u2(t)), '
1i4(t) = —paua(t) + P21 (ua(t)) + Ba2(u2(t)),

where o;; = ¢;; fl/j 0), Bij = dijglfj (0). The characteristic equation of the linearized system (2.3) is

A+ 0 —a1e7M —aipe T
0 Atpe —ape T —age T
det =0. 2.4
—fu  —Prz  Atpus 0 (2.4)
—B21  —P 0 A+ g
That the following four degree exponential polynomial equation is obtained
A+ d1a® + dpa? + dah + dy + (dsA? + deh + d7)e T + dge™ P =0, (2.5)
where
di = p1+ p2 + us + pa, (2.6)
dp = papz + papa + papa + nap3 + nofia + 13pia, 2.7

d3 = (L1243 + (L1l 4 + U134 + (L2143 /44, (2.8)
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dy = jL1 23 /L4, (2.9)
ds = —a11B11 — @121 — 2112 — 02222, (2.10)
ds = — 1 (o222 + a2112) — n2(e11fi1 + a12f21) — pa(a12B21 + @22 B22) — palez1frz + o11pi1), (2.11)
d7 = — 1322 822 — 2301221 — H1p4021 12 — Mapac11Pit, (2.12)
ds = (B11B22 — Pr2P21) (11022 — €120021). (2.13)

Multiplying ¢°F on both sides of (2.5), it is obvious to obtain
(A* + d123 + dod® + dah + da)e™™ + (dsA? + ds + d7) + dge ™" = 0. (2.14)

Let s = iwg, T = 10, and substituting this into (2.14), for the sake of simplicity, denote wp and g by w, 7, respectively, then (2.14)
becomes

(0* — id10® — dpw? + dziw + da) (COS(wT) + i SiN(wT)) — dsw? + idsw + d7 + dg(cos(wT) — i sin(wt)) =0. (2.15)
Separating the real and imaginary parts, it is easy to obtain

(0* — dow? + ds + dg) cOs(wT) + (d1w® — d3w) sin(wt) = dsw? — d7, (2.16)
(—d10® + d3w) coS(wT) + (0* — dow? + ds — dg) Sin(wt) = —dgw. '
By simple calculation, the following equations are obtained
ol(dids — dg)* + (dads — did7 — dads)w? + ddy — dade — dgds]
@8 + (d? — 2dp)w® + (d2 + 2dy — 2drd3)w* + (d2 — 2dodn)w? + d — d2’

sin(wt) = (2.17)

and

d5a)6 + (d1dg — dods — d7)a)4 + (dads — dsdg + dod7 — dgde)a)z + d7dg — dadq
@8 + (d? — 2d2)w + (d? + 2d4 — 2d1d3)w* + (d — 2dads)? + d2 — d2

Let ey = d? — 2dp, e = d2 + 2ds — 2d1d3, e3 = d3 — 2dods, es = d7 — d2, es = dids — dg, es = dods — drd7 — dads, e7 =

d3d7 — dads — dedsg, eg = ds, eg = d1ds — dods — d7, e1g = dads — dsdg + dad7 — dzds, e11 = d7dg — dad7, and sin(wt), COS(wT)
can be written as

cos(wt) = (2.18)

a)(e5a)4 + eea)z + e7)

sin(wt) = , 2.19
(@?) @8 + e108 + erw? + e3w? + e (2.19)
and
ega)G + egw4 + eloa)2 +e11
cos(wt) = 5 . (2.20)
@8 + e108 + e20* + e300? + €4
As is known to all that sin?(wt) + cos?(wt) = 1, we have
o™ + fro' + fso? + fs0'® + fa0® + f30° + fro* + frw? + fo =0, (2.21)

where fr1=2e1, fo6= e% + 2ep — eg, f5 = 2e3 + 2e1ep — 2egeg — eé, fa= e% + 2e4 + 2e1e3 — 2e5e6 — es — 2egeq0, f3 =2e1e4 +
2e0e3 — eé — 2es5e7 — 2egeq) — 2egeq, f2 = e§ + 2epeq4 — 2ege7 — e%o — 2egeq1, f]_ = 2e3e4 — e% — 2eypet, fo = ei — e%l. Denote
z = w?, (2.21) becomes

B+ '+ fof + 522+ fat + 1P+ 2P+ fiz+ fo=0. (2.22)
Let

1(2) =8+ frz' + fo2P + fs2° + faz* + 322 + 2% + fiz + fo (2.23)
Suppose

(H3) (2.22) has at least one positive real root.

If e (k=1,2,3,4),c¢ij,d;j, fij, gij (i, j =1,2) of the system (2.1) are given, it is easy to use computer to calculate the roots of
(2.22). Since lim;_, » I(z) = 400, we conclude that if fy < 0, then (2.22) has at least one positive real root.

Without loss of generality, assuming that it have eight positive real roots, defined by z1, z2, z3, z4, z5, 26, 27, 28, respectively.
Then (2.22) have eight positive roots

w1 =471, w2=472, w3=4/23, ws=./7a, w5=./z5, we=4+/76, w71=4/27, wg=./78.
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By (2.20), we have

ega)g + ega);(1 + 610601% +e11
CoS(wiT) =

a)g + elwg + eza),i1 + egw,% + ey

Thus, denoting

; 1 ea)6+e o + el + e
rkfz—{arccos< 8%k T oWy T 10T T L >+2jn},
w

2 + ela),i3 + eza),‘(1 + egw,% + ey

wherek=1,...,8; j=0,1, ..., then +iwy is a pair of purely imaginary roots of (2.5) with rkj. Define

tozr,?(): min {‘L’,?}, wo = Wy
Note that when t =0, (2.5) becomes

A+ d123 + (do + ds) )% + (d3 4 dg)r 4 dy + d7 + dg = 0.
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(2.24)

(2.25)

(2.26)

(2.27)

A set of necessary and sufficient conditions for all roots of (2.27) to have a negative real part is given by the well-known Routh—

Hurwitz criteria in the following form:

D1 =d; >0,
_ d d3+ds\ _ .
Dz_det(l d2+d5)_dl<dz+ds) (ds + dg) > 0,

d1 d3+ dg 0
D3 = det ( 1 do+ds da+dqy +d3> = dl[(dz 4+ ds)(ds + dg) — d1(ds + d7 +d3)] — (d3 +d6)2 >0,

0 dy d3 + ds
dy d3+ds 0 0
_ 1 dy+ds dy+dr+ds 0 _
Dy = det 0 & s+ ds 0 = (da +d7+dsg)D3 > 0.
0 1 dr +ds dag +d7 + ds

In order to give the main results in this Letter, it is necessary to make the following assumptions:

(2.28)
(2.29)

(2.30)

(2.31)

(Hg) If (2.28)—(2.31) holds, (2.27) have four roots with negative real parts and when = = 0, system (2.1) is stable near the equilib-

rium.
(Hs) Re(Z)|;—q, #0.

Taking the derivative of A with respect to ¢ in (2.14), it is easy to obtain:

dxr di
(427 + 3132 + 2o + da)e’ —— + <A + f—> (A + d12® + dod? + dah + da)e**
T

dt
dx dx dX
2dsh— +dg— —dge [ A +1— ) =0,
+eds d‘C+ St 8¢ < +tdr)
it follows that:
dn(t) —)(* +d1A3 + doA? + d3k + da)e’™ + dghe ™"

dr (4)»3 + 3d1A2 4+ 2do + d3)er™ + (A.4 + d1 A3+ dor? + da +dg)ter™ + 2dsh +dg — dgre " '

For the sake of simplicity, denoting wo and z, by w, t respectively, then

N\t (423 + 3d1 A2 + 2do) + d3)e*™ + 2dsh + dg T
T oA+ AN+ oA + dah + dy)erT +dgre T A

=) =
(403 +3d10% 4 2dph + d3)e'T +2dsh +ds T

ds)3 + dgh? + d7h + 2dghe 7 A

_ (—4i0® —3d10® 4 2dziw + d3)[c0s(w7) + i SiN(wT)] + 2dsiw + dg
B —dsiw3 — dew? + d7iw + 2dgi w[COS(wT) — i SiN(wT)]

T

iw

(2.32)
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_ [(=3d10? + d3) cos(wT) + (4w — 2drw) sin(wt) + de]
" [—dsw? + 2dg sin(wt)] + i[—dsw3 + d7w + 2dgw COS(wT)]
[(—4w® + 2dyw) cos(wT) + (—3d1w? + d3) Sin(wt) + 2dsw) T

i . , - (2.33)
[—dsw? + 2dg sin(wt)] + i[—dsw3 + d7w + 2dgw cOS(wT)] iw

Let

0= [—d6w2 + 2dg sin(a)r)]2 + [—d5a)3 + d7w + 2dgw Cos(u)t)]2 >0,

-1
0 Re(%) = [(—3d10? + d3) cos(wT) + (4w® — 2dow) sin(wT) + d |[—dew? + 2dg sin(wr) ]

+ [(—40® + 2dyw) cos(wT) + (—3d10® + d3) sin(wT) + 2dsw ][ —dsw® + d7w + 2dgwcos(oT)],  (2.34)
noticing that

sign[Re(j—i) T:TJ = sign[Re(j—;\)_1 T:J. (2.35)

Till now, we can employ a result from Ruan and Wei [1] to analyze (2.5), which is, for the convenience of the reader, stated as
follows.

Lemma 2.1 [1]. Consider the exponential polynomial
P()\, e—Arl’ o e—ATm) =" + P:EO))\n_l 4ot p;(zo_)l)‘ + pr(:O) + [pil))\‘n—l 4ot p;(zl—)l}‘ + p’(ll)]e—)»rl
+t [pim))hn—l 4ot pr(tni)l)” + p’(lm)]e—)hrm,

wheer; >20G =1,2,...,m) and p;i) @=0,1,...,m; j=1,2,...,n) are constants. As (t1, 72, ..., T,,) vary, the sum of the
order of the zeros of P(x,e >, ... ¢~*™) on the open right half plane can change only if a zero appears on or crosses the
imaginary axis.

From Lemma 2.1, it is easy to obtain the following theorem:
Theorem 2.2. Suppose that (H3), (H4) and (Hs) holds, then the following results hold:

() For Eq. (2.1), its zero solution is asymptotically stable for t € [0, p);
(1) Eg. (2.1) undergoes a Hopf bifurcation at the origin when T = 7p. That is, system (2.1) has a branch of periodic solutions
bifurcating from the zero solution near T = 1.
Remark 2.3. In [2], Yu and Cao study a van der Pol equation, and the characteristic equation is
A2 fare™ 47T =

In [3], Guo and Huang study a two-neuron network model with three delays, the coefficient of the system must satisfy some given
conditions, and the characteristic equation discussed in [3] is

[A +1-— ,Be_)‘f]z — aipazie 2T =0.
In [6], Song and Wei study a delayed predator-prey system, the characteristic equation is
A4 prtr+(sh+q)e T =0,
clearly, the characteristic equations they have discussed are two degree exponential polynomial equation, and can be solved easily.

Remark 2.4. In [5], Song, Han and Wei study a simplified BAM neural network with three delays, but through a simple transfor-
mation the model can be changed into one time delay since the BAM neural network do not have self-connections. By the method
studied in [4], Song, Han and Wei study the following characteristic equation

23+ apd® + a1k + ag + (bih + bo)e T =0,

and it is a special case in our model. A four degree exponential polynomial equation has been discussed.

The coefficients given in the above characteristic equations, the reader may refer to the references. In this Letter, a method to
solve characteristic Eq. (2.5) is proposed.
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Remark 2.5. In [7,8], itis simpler than our models since the characteristic equation of ours is transcendental equation corresponding
to polynomial equation of Liao. So he discussed the local stability and existence of Hopf bifurcation using Routh—-Hurwitz criteria.
The stability and existence of Hopf bifurcation which is studied in our Letter is not as simple as his.

3. Stability of bifurcating periodic solutions

In this section, formulae for determining the direction of Hopf bifurcation and stability of bifurcating periodic solutions of
system (2.2) at tg shall be presented by employing the normal form method and center manifold theorem introduced by Hassard
at [9].

For convenience, let t = s, x;(t) = u;(tt) and T = 79 + u, u € R. Then system (2.2) is equivalent to the system:

—pax1(t) + c11 f11(x3(t — 1)) +c12 fr2(xa(t — D)1,

—p2x2(t) + ca1 f21(x3(t — 1)) + c22 f22(xa(t — 1))], (3.1)
—u3x3(f) + d11g11(x1(2)) + d12g12(x2(1))], '
—ax4(t) + da1821(x1(1)) + d22g22(x2(1))].

x1(8) = (o + 1)
x2(t) = (o + 1)
x3(t) = (o + 1)
X4(t) = (0 + 1)

Its linear part is given by

— ———

x1(t) = (r0 + W —p1x1(®) + a11(x3(t — 1)) +a12(x4(t — 1)1,
X2(t) = (0 + p)[—paxa(t) + a1 (x3(t — 1)) + a2 (xa(t — 1)1,
[_

) 3.2
$3(t) = (70 + i) [—pava(n) + Bui (e (D) + fra(ra ()], (3:2)
x4(t) = (0 + ) [—paxa(t) + B21(x1(t)) + P2 (x2(2))],
The non-linear part of (3.1) is
l1x3(t — 1) + lipx3(t — 1) + 13 x5(t — 1) +1j,x3(t — 1) + hoo.t.
Inx3(t — 1) + Ippx2(t — 1) + Uy x3(t — 1) + lppx3(t — 1) + h.o.t.
LX) = , 3.3
Fsx0) = (0. + 1) mlle(t) + mlzxg(t) + m/lle(t) + m/lzxg(t) +h.o.t (33)
m21xf(t) + ngxg(t) + m%le(t) + m/zzxg(t) +h.o.t
x1¢(6) x1(t+0)
where x,(6) = (§§;§§§> = (;;g:iz;), lij = cij f}/0)/2\, 1], = ¢ij f1/(0) /3!, myj = dijg[;,(0)/2!, m!; = dijg//(0)/3! (i, j = 1,2).
x40 (0) x4(t+6)

Denote C¥[—1,0] = {¢ | ¢:[—1,0] — R*, each component of ¢ has k order continuous derivative}. For convenience, denote
C[—1,0] by C°[—1, 0]. The solutions map continuous initial data into R*. We are interested in periodic solutions. For ¢ () =
(1(0) $2(0) p3(0) ¢pa(0))T € C[—1, 0], define an operator

—pn1 0 0 0 $1(0) 0 0 a1 o1 $1(=1)
0 —u2 O 0 ¢2(0) 0 0 o oz ¢2(—1)
fu 2 —us 0 ||es@ [T®TW 0o 0 0 0 || | 34)
Ba1 P2 0  —puq ¢4(0) 00 0 O o4(—1)

where L, is a one-parameter family of bounded linear operators in C[—1, 0] — R*. By the Riesz representation theorem, there
exists a matrix whose components are bounded variation functions (6, u) in [—1, 0] — R?, such that

L/L¢ = (t0+ 1)

0
L,¢= /dn(& w) ¢ (0).
1

In fact, choosing

— U1 0 0 0 0 0 a1 o2
0 —u2 O 0 0 0 oy oanm
0,1 = §(0 s0+1 3.5
n(0, w) = (to + 1) B Pra —us O O +@+wlg o o o [2E@+D (3.5)
B Bz 0 —pa 00 0 O

(where §(0) is Dirac function), then (3.4) is satisfied.
For ¢ € C1[—10], define

do >

d¢(0) ~1<6 <0,
0 (3.6)
JZydn6, ) ¢@®), 6=0,

A(uw)e = :
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and
0
0 _
R(u) = (g) 1<6<0, (3.7)
flu,9), 0=0.

In order to conveniently study Hopf bifurcation problem, we transform system (3.1) into an operator equation of the form:
Xy = A(u)x; + Rxy, (3.8)
where x = (x1, x2, x3, x4)T. Asin [9], x; = x(t +6),60 € (—1,0].
The adjoint operator A* of A is defined by

G 0<s«l1
dS E) ~ )

SodnT (s, ) ¥r(=s). s=0,
where 57 is the transpose of the matrix 7.

The domains of A and A* are C1[—1, 0] and C1[0, 1], respectively. For ¢ € C[—1, 0] and ¢ € C[0, 1]. In order to normalize the
eigenvectors of operator A and adjoint operator A*, the following bilinear form is needed to introduce:

A (Y = { 3.9)

0 0
(W, 8) = §(0) - $(0) — / / BT —0)dn(6) $ (&) dE, (3.10)

9=—1 £=0

here () = (0, 0), C? is complex plane. And for ¢ and d in C?, ¢ - d means Z?:l cid;, where ¢; and d; are components of ¢ and
d, respectively. Then, as usual,

(Y, Ad) = (A", ¢), (3.11)
for (¢, v) € D(A) x D(A*). Normalizing g and g* by the condition

By discussion in Section 2 and transformation r = st, we know that +itgwg are eigenvalues of A(0) and other eigenvalues
have strictly negative real parts. Thus they are also eigenvalues of A*. Next we calculate the eigenvector ¢ of A belonging to the
eigenvalue i rowg and the eigenvector ¢* of A* belonging to the eigenvalue —itowog. Let

1
« iTgwol
q0)= 5 et 1 <9 <0. (3.12)
4
From the above discussion, it is easy to know that
iwg + n1 0 1IN _gpe im0 0
— 0 iwo + (2 —0[21e_i60070 _azze—iworo B 0
Aq(0) = itowoq(0), ol _g, pu i + 3 0 90 =14 (3.13)
—Pa —h22 0 iwo + 14 0

Hence, we obtain

o — 1P palioo + f1a)e” ™ — a1p o1 Baa(iwo 4 p3)e O™ + Bop(iwo + 1) (iwo + p3) (iwo + 1) (3.14)
1112 P22 (iwo + pa)e ™0™ + a12B22B22 (iwp + p3)e~1@0T0 ’ '

_ Br2(iwo + 1) (iwo + 1a) + a12(B11B22 — P12B21)e 0™

' ' ’ 3.15
a11B12 (i@ + 14)e 0™ + 1p B (iwg + p1g)e—i@0T (3.15)
_ Paalioo + p1)(iwo + p3) — a11(Brifaa — Prafar)e 0™ 619
T anPr(iog + pna)e w0 + ap B (iwg + p13)ei0To _
Suppose that the eigenvector ¢g* of A* is
1
* 1 o iTgwos

q ()= ; B* e , 0<s<1l (317)

*

14
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Then the following relationship is obtained:

—iwg + i1 0 —p11 —p21 0
) 0 —iwg+pu2  —Pr2 —PB22 0
* ok _ * ) T * —
A*q™(0) = —itowoq™ (0), 0 —11€l T gyl g 1 jig 0 q7(0) 0 (3.18)
—12€' P00 —ppe'¥0T0 0 —iwg + U4 0

Hence, we obtain

ot = —o11022 11 (—iwo + a)e’ ™ — a1p022 o1 (—iwo + 113)€ 00 + app (—iwg + 1) (—iwo + 13)(—iwo + pna) (3.19)

(cr2e'®0™) a1 B11 (—iwo + pra) + 2221 (—iwo + 13)]
_ag1(—iwg 4 1) (—iwo + 114) + a1 (aa1zz — arpaz1)e’ 0™

B* ; . (3.20)
a1 B11(—iwo + pa) + a2 P21 (—iwo + 13)
¥ = a2 (—iwo 4+ p1)(—iwo + pu3) — Pra(earaor — a1z )e 0™ (3.21)
a1 B11(—iwo + pa) + a2 P21 (—iwo + 13) '
Let
(@%.q)=1.
One can obtain p,
0 0
") = (0) - 4 (0) - / /ﬂfﬂs—mdmmq@n@
9=—1£=0
1 oor 1 .
= c@raa e gy - [ [ @ Bope e ane | 4 | et ag
o p
9——1£=0 y
0 6 —u1 0 0 0
1 - 1 _ _
—caraa gy - [ [ooaa gl g0 e 00 e
p p Puu Pz —wu3 O
=-1£=0 o B2 0  —pa
0 0 a1 w12 1
0 0 a1 az; a | irgwgb
+o o T s+ i 000 g g
00 0 O y
1 —x =% —x 1 — % =%\ ,—iTo®
= E(l taa”+B88"+yy) + Efo[ﬂ(all + a210™) + y (@12 + appa®) |e T 00
=1.
Hence, we have
p=1+ad*+ BB +yi*) + w0 flars + a21a™) + y (@12 + azp@™) Je 7 0. (3.22)

Using the same method it is easy to proof (g*, g) = 0, we omit it. Now we obtain ¢ and g*.
Next, we study the stability of bifurcating periodic solutions. As in [9], the bifurcating periodic solutions Z(z, i (¢)) has ampli-
tude O(¢) and non-zero Floguet exponent 8(g) with 8(0) = 0. Under the hypotheses, u, 8 are given by

{M=M282+M484+-~', (323)
B=Poe® + Past + . '
The sign of wo indicates the direction of bifurcation while that 8, determines the stability of Z (¢, u(e)). Z(t, u(¢)) is stable if
B2 < 0 and unstable if 8, > 0. In the following, we will show how to derive the coefficients in this expansions, but we compute w2
and B, only.

We first construct the coordinates to describe a center manifold £29 near « = 0, which is a local invariant, attracting a two-
dimensional manifold [9]. Let

Z(t) = <q*3xt>v (324)
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and
W(t,0) =x; — 2Re[z(t)q(0)]. (3.25)
Where x; is a solution of (3.8). On the manifold £2q9: W(z,0) = W(z(¢), z2(¢), 6), where
72 72
W(z,z,0)= W20(9)? + W11 (0)zz + Woz(Q)E e (3.26)

In fact, z and 7 are local coordinates of center manifold £2¢ in the direction of ¢ and ¢*, respectively.
The existence of center manifold §2g enables us to reduce (3.8) to an ordinary differential equation in a single complex variable
on £2¢. For the solution x; € 2 of (3.8), since u =0,
(1) =(q" &) = {q", Axt + Rxt) = (q", Ax;) + (@™, Rxt) = (A"q™, x¢) + (g™, Rx;)
=itowoz + ¢*(0) - (0, W(z,0) + 2Re[z(1)q(0)]). (3.27)
Rewrite (3.27) as

2(t) = itowoz + (2, 2), (3.28)
where
- 72 _ 72 7%z
g(Z,Z)=gzoE tenzztgos +ea—+-. (3.29)

In the following, the motivation is to expand g in powers of z and z and then obtain, from the coefficients of this expansion, the
values of 12 and B2 using algorithm presented by Hassard at [9]. Substituting (3.8) and (3.27) into
W=x —zq 14,
we have
W =3 —2q-124
= Ax; + Rx; — [itowoz + ¢*(0) - f(z.2)]q — [—iTowoZ +¢*(0) - f(z.2)]g
= AW +2ARe(zq) + Rx; — 2Re[g*(0) - f(z.2)q(6)] — 2Re[iTowozq (6)]
=AW —2Re[¢*(0) - f(z.2)q(®)] + Rx;

_{AW—QRﬁwmyf&jmwn, ~1<6 <0, (3:30)
| AW —2Re[g*(0) - f(z,2)q(@)]+ f, 6=0. '
Let
W=AW+ H(z20), (3.31)
where
I 72
H(z,2,0) = Ho0(0) 7 + H11(0)zZ + Ho2(0) 7 + -+ (3.32)
Taking the derivative of W with respect to 7 in (3.26), we have
W =W,z + W:z. (3.33)
Substituting (3.26) and (3.28) into (3.33), we obtain
W = (Waoz + Wi1Z + - ) (i towoz + g) + (W12 + Wo2Z + -+ ) (—i TowoZ + ). (3.34)
Then substituting (3.26) and (3.32) into (3.31), the following results is obtained:
2 =2
W = (AW + Hzo)% + (AW11 + Hi1)zz + (AWoz + Hoz)% +--n (3.35)
Comparing the coefficients of (3.34) with (3.35),
(A — 2iTowo) W20(8) = —H20(0), (3.36)
AW11(0) = —H11(9), (3.37)

hold.
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According to (3.27) and (3.28), we know

8(z,=q¢"0)- f(z,2)

l1x2, (=1) + liax2 (=1) + 1}, x3 (= 1) + I3,x5 (—1) + ho.t.

l1x2 (=1) + lppx 2, (=1) + x5 (—=1) + Lol (1) + h.oit.
mlle, 0) + mlzxgt 0) + m/llet 0) + m’lzxgt (0) + h.o.t.
m21xft 0) + ngxgt 0) + méle’t 0) + m’zzxgt (0) +h.o.t.

where x;(0) = (x1;(0) x2:(0) x3:(0) x4:(0)T = W(t,0) 4+ zg(0) +zg () and g(0) = (L B y)Te!™00%  and then we have

=% e o , (3.38)

2 =2
_ Z _ Z .13
X (0)=z+7+ WZ%)(O)? + WP 02z + ch)(O)? +o(|z, 2],

2 =2
x20(0) =az +3 + WP O % + W 0z + W O +0(|z. D)),
2

xa(=1) = 2Be ™ 4+ 2B 4 WiD (—1) S + W (—D)2Z + W3 (=D 5 + 0|z D).

2 52
—i [ Z _ Z _
xar(—1) = 2ye 0% 4 2760 £ Wil (1T + WP (~Dzz + W (D5 +o(| @ D).

It follows that

T N Y i Y . N . N
8(z,2) = %{[(111 +@* 1) e HTN + (Ip + &) yPe 2O 4 (BFmay + 7 mar) + o (Brmiz + 7 ma) |2

+[(11 + @ 11) B2 ™0 + (l1p + &*122) 72€* ™™ + (B*may + 7 ma1) + &° (B maz + 7 *ma2) |2
+2[(l1 + @) B + (g + & 1)y 2 + (B mas + 7¥mar) + (B maz + 7 map)|er|?] 2z
+ [ + @ 1o1) (B ™ WaD (—1) 4 2B 00 WD (~1))
+ (laz + @ lp2) (7™ Wi (=1) + 2ye ™0 WP (—1))
+ (B mi1 + 7 man) (W2 (0) + 2W (0)) + (B*m1z + 75 ma2) (@ Wi2 (0) + 22 W2 (0))
+ 3y + @1y B2 eI + 3(Iy, + @*lyy) y e 0 + 3(BFmly + Frmlyy) + 3(BFmly, + Prmp)e’a )%z}
(3.39)
Comparing the coefficients in (3.29) with those in (3.39), it follows that;
_E 1 a*1 2 —2itgwg 1 a¥1 2 —2itgwg 2% — % 2/ % ~ %
gzo—ﬁ[(11+a 21)Be + (12 + a*loz)y”e + (B*m11 + y*ma1) + (B m1z2 + 7*m22)],

T _ — : _ _ ; = _ _ = _
g2 = %’[(ln + & 11) BP0 + (lg + @*lp) 72?0 + (BFmay + 7 mar) + &% (B miz + 7 man) ).

210 _ _ _ _ — _
su="—"[(u+ &) |BI” + (2 + & 1)y 1P + (B*ma1 + 7*ma1) + (B*miz + 7 ma2)|af?],
T _ _ . .
g = ;?[(111 +a@"Ip1) (Be ™ Wiy (—1) + 2~ 0 WD (1))
+ (lnz + @*lp2) (P ™0 Wi (1) + 2y ™0 W] (—1))
+ (B*mar + 7 ma1) (Wag (0) + 2W,Y (0)) + (B'maz + 7*maz) (@ Wy (0) + 22 W7 (0))
+ 313y + @Iy B2 Be ™ + 3(Iy, + @)y P e N + 3(BFmlyy + Prmby) + 3(BFmly, + prmbyy)a’a).  (3.40)
In the follows, we focus on the computation of Wy (6) and W11(6). (3.30) and (3.31) imply that
H(z,Z,0) = —2Re(G*(0) - f(z,2)¢(8)) + Rx;
=—8q() —gq(®) + Rx;
1, 1 1., _ _1_ ., a
=—| 58202" + 812z + 5g02T" + -+ q(0) — 58207° + 81127+ 58022 + - () + Rx;. (3.41)
Comparing the coefficients in (3.32) with those in (3.41), we can obtain that

H20(0) = —g20q(0) — 802q(0), —1<6 <0, (3.42)
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and

H11(0) = —g119(0) — 8114(0), —1<6<0. (3.43)
Substituting (3.42) into (3.36) and (3.43) into (3.37) respectively, it follows that:

{ Wa0(8) = 2itowewo Wa0(0) + 2209 (0) + 2024 (6), (3.49)
W11(6) = g119(6) + £11q ().
It is easy to obtain the solutions of (3.44):
Wao(0) = 222 (000" — AL G ()10 4 EgPimoen’, 015)
W11(6) = i,golqutI(O)e”O“’Oe - if;%oé(o)e_”owoe + E».
Next we focus on the computation of E; and E3, from (3.36) and (3.37), we have
AWo0(0) = 2itgwo W20(0) — H20(0), (3.46)
and
AW11(0) = —H11(0). (3.47)
From the definition of A in (3.6), we obtain
0
[ dn® Wan(®) = 2irow W2 0) ~ (0. (3.48)
-1
and
0
[ an@ wa@ = -0, (3.49)
-1
From (3.3) and (3.41)—(3.43), we have
2111 8262000 4 ],y 2¢ 2000
H20(0) = —g209(0) — g02g(0) + 70 2z e Zzl;ial)i 1 2572121)2/26 o , (3.50)
2ma1 + 2ma2
and
2011|BI2 + 2112l |2
H11(0) = ~g1q ©) — g (O + o | AP 21zl (3.51)
2ma1 + 2mp;
Substituting (3.45) and (3.50) into (3.48) and noticing that
0
(iroa)ol - / ¢iTow0? dn(e))q(O) =0, (3.52)
-1
and
0
(—irowol - / e~ iTowod dn(@))é(O) =0, (3.53)
-1
we obtain
: e Sl
. 1 e e
(21106001 - /1 e?imowof dn(G)) Ey=2r | 4 miy +nizljz/ , (3.54)

mp1 +mp)
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which leads to

2ia)0 + 1 0 _a11872iw0r0 _a12672iworo 111/32672”0“)0 +112y2672ir0w0
. _ —2iwpty  __ —2iwg 1o 2 —2itgwo 2 ,—2itgwg
0 2iwg + w2 0{21e oe E =2 lr1B%e +looy“e (3.55)
—B1 —B12 2iwo + 13 0 mi1 +mqp
— B —B22 0 2iwp + 4 ma1 + my
It follows that
2i6l)0 + 11 0 _alle—Ziwo‘ro _alze—Ziwo‘ro -1 111/326_2”0“’0 +llzy26—2i1’owo
. _ —2iwpty —2iwgTQ 2 ,—2itgwg 2 ,—2itgwg
Ey =2 0 2iwo + 12 az1e ae l218%e +loy‘e (3.56)
—Bu —B12 2iwp + 13 0 miy +my
—B2a —pB22 0 2iwo + 14 ma1 + mo
Similarly, substituting (3.45) and (3.51) into (3.49), we can get
M1 0 —a11 —app)\ * lll|,3|§ +lioly |§
0 M2 —op1 —o 21181 + la2]y |
Er=2 . 3.57
2 —pun —Pr2  u3 0 mi1 + m12 (3:57)
—Ba1 =B O 4 ma1 +m
Hence, we know Wy (6) and W11 (6), then Eq. (3.40) can be obtained. The following parameters can be calculated:
i 1 21
C1(0) = - ( g20811 — 2lgu1l® — Z1goel? ) + £2, (3.58)
2w 3 2
Re C1(0)
- , 3.59
n2 Re (1) (3.59)
B2 =2Re C1(0). (3.60)

If you want to know the detail, see appendix in [2]. As in [9], the following result is established:

Theorem 3.1. Under the condition of Theorem 2.2,

() u =0 isHopf bifurcation value of system (3.1).
(I1) The direction of Hopf bifurcation is determined by the sign of u: if 12 > 0, the Hopf bifurcation is supercritical; if u2 <0,
the Hopf bifurcation is subcritical.
(1) The stability of bifurcating periodic solutionsis determined by g;: if 82 < 0, the periodic solutions are stable; if 8, > 0, they
are unstable.

4. Numerical examples

In this section, some numerical results of simulating system (2.1) are presented at justifying the theorem obtained above.
As an example, considering the following system:

x1(t) = —2x1(¢) — 2tanh(y1(t — 13)) — tanh(y2(r — 13)),
X2(t) = —2x2(t) — tanh(y1(r — ©4)) — 2tanh(y2(r — 4)),
y1(t) = —2y1(t) + 2tanh(x1(t — 1)) + tanh(x2(t — 12)),
y2(t) = —2y2(t) +tanh(x1 (r — 71)) + 2tanh(x2(r — 12)),

which has a unique steady state (0 0 0 0). From (2.22), we have
28 4+ 3277 + 34875 4 11847° — 4442:* — 444487 — 12016472 — 128800z — 47775 =0,
and it has only one positive real root 5. Also, (2.27) becomes

A+ 8A3 + 3402 + 720 + 65 =0,

and it have four roots with negative real parts, the hypothesis of (Ha) is clearly satisfied.
According to (2.25), we obtain

7;=0.6527 +2.8099j (j=0.1,...).
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Fig. 1. T = 0.6 < 10, the zero steady state is stable.

First, we choose T = 0.6 < 1p, the corresponding waveform and phase plots are shown in Fig. 1, by Theorem 2.2, we know its
zero solution is asymptotically stable.

Finally, we choose T = 0.7 > 19, the corresponding waveform and phase plots are shown in Fig. 2. It is easy to see that in Fig. 2
undergoes a Hopf bifurcation.

With these parameters, wo > 0. Hence, by Theorem 3.1, we know that the bifurcating point is supercritical. Correspondingly,
B2 = —0.962, and so these bifurcating periodic solutions are stable.

5. Conclusions

The bidirectional associative memory neural networks provide rich dynamical behaviors. From the viewpoint of non-linear
systems, their analysis are useful in solving problems of both theoretical and practical importance. In this Letter, a four-neuron

BAM neural network with four time delays has been studied, they are potentially useful as the complexity found might be carried
over to a general BAM neural networks.
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Fig. 2. t = 0.7 > 1, the bifurcating periodic solution is stable.

By calling the time delay as a parameter, we have shown that a Hopf bifurcation occurs when this parameter passes through a
critical value. The direction of Hopf bifurcation and the stability of the bifurcating periodic orbits are also discussed.
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