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Abstract—In this paper, a new filtering problem for sensor net-
works is investigated. A new type of distributed consensus filters is
designed, where each sensor can communicate with the neighbor-
ing sensors, and filtering can be performed in a distributed way.
In the pinning control approach, only a small fraction of sensors
need to measure the target information, with which the whole
network can be controlled. Furthermore, pinning observers are
designed in the case that the sensor can only observe partial target
information. Simulation results are given to verify the designed
distributed consensus filters.

Index Terms—Consensus, distributed consensus filter, pinning
control, pinning observer, sensor network.

I. INTRODUCTION

S ENSOR networks have attracted increasing attention from
many researchers in different fields due to their wide-

scope applications in robotics, surveillance and environment
monitoring, information collection, wireless networks, and so
on. A sensor network consists of a large number of sensor
nodes that are distributed over a spatial region. Each sensor
performs some level of communication, intelligence for signal
processing, and data fusion, which build up a sensing network.
Due to the limited single-sensor energy, computational ability,
and communication capability, a large number of sensor nodes
are commonly used in a wide region in practical applications.
In general, each sensor node is equipped with a microelectronic
device with limited power source; hence, it might not be possi-
ble to transmit some messages over a large sensor network. To
save energy, a natural way is to carry out data fusion to reduce
the communication overhead. Therefore, distributed estimation
and tracking is one of the most important problems in large-
scale sensor networks. Since sensor networks are usually of
large scale, it is literally impossible to employ a centralized
signal processor, so distributed algorithms and devices are more
preferable [1], [2].
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With regard to filtering, the now-classical Kalman filtering
[3], H∞ filtering [4], and finite-horizon filtering [5] have been
widely investigated. However, most of the existing works are
based on centralized schemes which can collect information
from all the sensor nodes. In the past decades, on the other hand,
the large-scale system theory has intensively been studied, and
a lot of interesting results have been obtained for the design
of decentralized controllers [6]. Compared with centralized
control approaches, decentralized control has its advantages
such as low dimensions, fast implementation, and low cost, and
generally, communication among subsystems is not needed.
However, the decentralized control is not effective without in-
volving information exchange among the subsystems. Recently,
distributed estimation and control have been shown to be very
effective for consensus [7]–[9]. In a distributed framework,
each node can only communicate with its neighboring peers,
and the objective of filtering or control can be achieved in
a distributed way. Noticeably, the convergence analysis for
distributed filtering is still lacking today, so this paper aims
to provide some basic theoretical analysis of a new class of
distributed consensus filters.

From a network-theoretic point of view, a large-scale sensor
network can be viewed as a complex network with each node
representing a sensor and each edge performing information
exchange between sensors. It would be interesting to see how
synchronization of complex networks [10]–[19] can be used in
the distributed consensus filtering design. In such a network,
each node communicates with its neighboring nodes to ex-
change information, and eventually, all the states could achieve
the expected synchronization, which achieves distributed con-
sensus filtering. In 1998, Pecora and Carroll proposed a mas-
ter stability function to study the synchronization of coupled
complex systems [20]. Thereafter, stability and synchronization
of small-world and scale-free networks have extensively been
investigated by using this master stability function method.
In [10] and [11], local synchronization was studied based on
the transverse stability to the synchronization manifold, where
synchronization was discussed with respect to small-world and
scale-free network topologies. In [21], a distance from the
collective states to the synchronization manifold was defined
and then utilized to obtain conditions for global synchronization
of coupled systems [12], [13], [22]. More recently, a general
criterion has been given in [23] by using linear matrix inequality
(LMI) techniques.

In the case where the whole network cannot synchronize,
some controllers may be designed and applied to force the
network to be synchronized or stabilized [24]. However, it
is practically impossible to add controllers to all nodes. To
reduce the number of controlled nodes, some local feedback

1083-4419/$25.00 © 2009 IEEE

Authorized licensed use limited to: Nanjing Southeast University. Downloaded on May 17, 2009 at 07:05 from IEEE Xplore.  Restrictions apply.



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

2 IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS—PART B: CYBERNETICS

injections may be applied to a small fraction of the network
nodes. Such an idea is known as pinning control [25]–[29]. In
[28], both specific and random pinning schemes were studied
and compared. In [26], several new pinning schemes were pro-
posed. It was found that the nodes with low degrees should be
pinned first, and the derived pinning condition with controllers
given in a higher dimensional setting can be reduced to a
lower dimensional condition without the pinning controllers
involved. Practically, it is usually difficult to observe all the
states of the target, so pinning observers may be designed in
the case where the sensors can only measure partial states of
the target.

In this paper, based on the theory of synchronization and
consensus in complex networks and systems, some distributed
consensus filters are designed. From the pinning control ap-
proach, only a small fraction of sensors are used to measure
the target information, thereby achieving the intended control.
Furthermore, pinning observers are designed when the sensor
can observe only partial states of the target. Several theoretical
results and design methods are new to the existing research
literature.

The rest of this paper is organized as follows. In Section II,
some preliminaries are given. Distributed consensus filter de-
sign problems in sensor networks with fully equipped control-
lers, pinning controllers, and pinning observers are discussed in
Sections III–V, respectively. In Section V, simulation examples
are illustrated. Finally, Section VI concludes the paper.

II. PRELIMINARIES

Let the target be described by the following model:

ds(t) = f (s(t), t) dt + v(t)dν (1)

where s(t) ∈ Rn is the state of the target, v(t) ∈ Rn is an exter-
nal noise intensity function, and ν(t) is a 1-D Brownian motion
with expectation E{dν(t)} = 0 and variance D{dν(t)} = 1.
The model is defined on a complete probability space (Ω,F , P)
with a natural filtration {Ft}t≥0 generated by {ν(s) : 0 ≤
s ≤ t}, where Ω is associated with the canonical space gen-
erated by ν(t), and F is the associated σ-algebra generated by
{ν(t)} with probability measure P.

Consider a sensor network of size N and assume that if
sensor i can measure the signal s(t), then

yi(t) = s(t) + σi(t)dωi/dt (2)

where yi(t) ∈ Rn is the measurement of sensor i on target s(t),
σi(t) is an external noise intensity function of agent i, and
ωi(t) is an independent 1-D Brownian motion with expectation
E{dωi} = 0 and variance D{dωi} = 1, i = 1, 2, . . . , N .

Note that there are a large number of sensors that can mea-
sure the target s(t) from observations yi(t), i = 1, 2, . . . , N .
However, it is still a challenging problem as how to carry out
the data fusion if there is not a centralized processor capable of
collecting all the measurements from the sensors. The objective
here, therefore, is to design a distributed filter to track the state
s(t) of the target.

Suppose that each sensor can only communicate with the
neighboring sensors. Taking the measurement yi as the input,
the following filter is designed:

ẋi(t) = f (xi(t), t) + c
N∑

j=1,j �=i

aij (xj(t) − xi(t)) + ui(t),

i = 1, 2, . . . , N (3)

where xi(t) is the estimation of the target s(t) in sensor node i,
c is the coupling strength, and ui(t) is the designed controller
that is dependent on the measurement yi. If sensor i is in the
sensing range of sensor j, then there is a connection between
sensor i and sensor j, i.e., aij = aji > 0 (i �= j); otherwise,
aij = aji = 0. Let aii = −

∑N
j=1,j �=i aij for i = 1, 2, . . . , N ,

and N (i) = {j|aij > 0} denote the set of neighbors of sensor
i. Then, (3) can be written as

ẋi(t) = f (xi(t), t) + c

N∑
j=1

aijxj(t) + ui(t),

i = 1, 2, . . . , N. (4)

From (4), it is easy to see that the sensor i can only receive
estimated signals from its neighbors in N (i). This paper only
considers the situation where the sensor network coupling
matrix A = (aij)N×N is irreducible.

Assumption 1: For all x, y ∈ Rn, there exists a constant θ
such that

(x−y)T (f(x, t)−f(y, t)) ≤ θ(x − y)T (x − y), ∀t ∈ R.
(5)

Assumption 2: Both v(t) ∈ Rn and σi(t) ∈ Rn belong to
L∞[0,∞), i.e., v(t) and σi(t) are bounded vector functions
satisfying

vT (t)v(t) ≤α, ∀t ∈ R (6)

σT
i (t)σi(t) ≤βi, ∀t ∈ R (7)

where α and βi are positive constants, i = 1, 2, . . . , N .
Assumption 3: For all x ∈ Rn, there exists a constant γ > 0

such that

‖f(x, t)‖ ≤ γ, ∀t ∈ R. (8)

Definition 1: The designed controllers ui, i = 1, 2, . . . , N ,
are said to be distributed bounded consensus controllers if there
exist constants φ > 0, ηi > 0, and μ > 0 such that

lim
t→∞

1
N

E

(
N∑

i=1

‖xi(t) − s(t)‖2

)
≤φγ+

N∑
i=1

ηiβi+μα. (9)

If φ = 0, then they are called distributed consensus controllers.
Definition 2: The designed filters (3) or (4) are said to be

distributed bounded consensus filters (distributed consensus
filters) if the controllers in (3) or (4) are distributed bounded
consensus controllers (distributed consensus controllers).

In the following, the convergence of the bound for
(1/N)E(

∑N
i=1 ‖xi(t) − s(t)‖2) will be analyzed.
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Lemma 1 [27]: If A = (aij)N×N is irreducible, aij =
aji ≥ 0, for i �= j, and

∑N
j=1 aij = 0, for all i = 1, 2, . . . , N ,

then all eigenvalues of the matrix⎛⎜⎜⎝
a11 − ε a12 . . . a1N

a21 a22 . . . a2N
...

...
. . .

...
aN1 aN2 . . . aNN

⎞⎟⎟⎠
are negative for any positive constant ε.

Lemma 2 [21]: Assume that an undirected network is ir-
reducible. Then, matrix A has an eigenvalue of zero with an
algebraic multiplicity of one, and all the other eigenvalues are
negative: 0 = λ1(A) > λ2(A) ≥ · · · ≥ λN (A).

III. DISTRIBUTED CONSENSUS FILTER DESIGN

FOR SENSOR NETWORKS WITH FULLY

EQUIPPED CONTROLLERS

For simplicity, consider linear state-feedback controllers

ui(t) = −cki (xi(t) − yi(t)) , i = 1, 2, . . . , N (10)

where ki > 0 is the feedback control gain [26]. Let K =
diag(k1, k2, . . . , kN ), B = (bij)N×N = A − K, and λmax(B)
denote the largest eigenvalue of matrix B.

Subtracting (1) from (4) with controllers (10) yields the
following error dynamical network:

dei(t)=

⎡⎣f(xi(t), t)−f(s(t), t)+ c

N∑
j=1

aijej(t)−ckiei(t)

⎤⎦ dt

− v(t)dν+ckiσi(t)dωi (11)

where ei(t) = xi(t) − s(t), i = 1, 2, . . . , N .
Theorem 1: Suppose that Assumptions 1 and 2 hold. The

designed controllers (10) are distributed consensus control-
lers if

θ + cλmax(B) < 0. (12)

The estimated bound is given by

lim
t→∞

1
N

E

(
N∑

i=1

‖xi(t) − s(t)‖2

)
≤

α + c2

N

∑N
i=1 k2

i βi

−2 (θ + cλmax(B))
.

(13)

Proof: Consider the following Lyapunov function
candidate:

V (t) =
1
2

N∑
i=1

eT
i (t)ei(t). (14)

From the Itô formula [2], [30], one obtains the following
stochastic differential:

dV (t) = LV (t)dt +
N∑

i=1

eT
i (t) [−v(t)dν + ckiσi(t)dωi] .

(15)

By Assumption 2, the weak infinitesimal operator L of the
stochastic process gives

LV (t) =
N∑

i=1

{
eT
i (t)

[
f (xi(t), t) − f (s(t), t)

+ c

N∑
j=1

aijej(t) − ckiei(t)

]

+
1
2
vT (t)v(t) +

c2k2
i

2
σT

i (t)σi(t)

}

≤ θ
N∑

i=1

eT
i (t)ei(t) + c

N∑
i=1

N∑
j=1

bije
T
i (t)ej(t)

+
1
2
Nα +

c2

2

N∑
i=1

k2
i βi

≤ (θ + cλmax(B))
N∑

i=1

eT
i (t)ei(t) +

1
2
Nα

+
c2

2

N∑
i=1

k2
i βi. (16)

In view of Lemma 1, λmax(B) < 0. From (12), it follows that

LV (t) ≤ (θ+cλmax(B))
N∑

i=1

eT
i (t)ei(t)+

1
2
Nα+

c2

2

N∑
i=1

k2
i βi

= N (θ+cλmax(B))

×
[

1
N

N∑
i=1

eT
i (t)ei(t)−

α+ c2

N

∑N
i=1 k2

i βi

−2 (θ+cλmax(B))

]
. (17)

From the Itô formula, it follows that

EV (t) − EV (0)

= E

t∫
0

LV (s)ds

≤ N (θ + cλmax(B))

t∫
0

[
1
N

E
N∑

i=1

eT
i (t)ei(t)

−
α + c2

N

∑N
i=1 k2

i βi

−2 (θ + cλmax(B))

]
ds.

Under (13), if (1/N)E(
∑N

i=1 ‖ei(t)‖2) > ((α + (c2/N)∑N
i=1 k2

i βi)/ − 2(θ + cλmax(B))), then EV (t)−EV (0) < 0.
This completes the proof.

By letting ki = k > 0, i = 1, 2, . . . , N , in (10), one has the
following corollary.

Corollary 1: Suppose that Assumptions 1 and 2 hold. The
designed controllers (10) are distributed consensus control-
lers if

θ − ck < 0. (18)
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The estimated bound is given by

lim
t→∞

1
N

E

(
N∑

i=1

‖xi(t) − s(t)‖2

)
≤

α + c2

N

∑N
i=1 k2βi

2(ck − θ)
.

(19)

Proof: By Lemma 2 and Theorem 1, the proof can easily
be completed.

Denote g(k)=((α+(c2/N)
∑N

i=1 k2βi)/2(ck − θ)). Then,
one has g′(k)=(((c3/N)

∑N
i=1 βik

2 − 2(c2/N)
∑N

i=1 βiθk −
cα)/2(ck − θ)2). Let g′(k) = 0. Then, it follows that k̄1,2 =

((θ ±
√

θ2 + (α/(1/N)
∑N

i=1 βi))/c). Since k̄1 > k > θ/c >

k̄2, if k̄1 > k > 0, then g′(k) < 0; if k > k̄1, then g′(k) > 0.
Therefore, there is a minimum value of g(k) at k = k̄1.

If N = 1, i.e., only one sensor is used to track the target, one
has the following corollary. Without loss of generality, let the
first node be this sensor.

Corollary 2: Suppose that Assumptions 1 and 2 hold. The
designed controllers (10) are distributed consensus control-
lers if

θ − ck1 < 0. (20)

The estimated bound is given by

lim
t→∞

E
(
‖x1(t) − s(t)‖2

)
≤ α + c2k2

1β1

2(ck1 − θ)
. (21)

Corollary 3: Suppose that Assumptions 2 and 3 hold. The
designed controllers (10) are distributed bounded consensus
controllers, and the estimated bound is given by

lim
t→∞

1
N

E

(
N∑

i=1

‖xi(t)−s(t)‖2

)

≤

⎛⎜⎜⎝γ+
√

γ2−cλmax(B)
(
α+ c2

N

∑N
i=1 k2

i βi

)
/2

−cλmax(B)

⎞⎟⎟⎠
2

. (22)

Proof: Choose (14) as the Lyapunov function candidate.
By Assumption 3, the weak infinitesimal operator L of the
stochastic process yields

LV (t) ≤
N∑

i=1

eT
i (t) [f (xi(t), t) − f (s(t), t)]

+ cλmax(B)
N∑

i=1

eT
i (t)ei(t) +

1
2
Nα +

c2

2

N∑
i=1

k2
i βi

≤ 2γ
N∑

i=1

‖ei(t)‖ + cλmax(B)
N∑

i=1

‖ei(t)‖2

+
1
2
Nα +

c2

2

N∑
i=1

k2
i βi. (23)

From Lemma 1, it follows that λmax(B) < 0. Note that(
N∑

i=1

‖ei(t)‖
)2

=
N∑

i=1

N∑
j=1

‖ei(t)‖ ‖ej(t)‖

≤ 1
2

N∑
i=1

N∑
j=1

(
‖ei(t)‖2 + ‖ej(t)‖2

)

= N
N∑

i=1

‖ei(t)‖2 .

Then, it follows that

LV (t) ≤ cλmax(B)
N∑

i=1

‖ei(t)‖2 + 2γ
√

N

√√√√ N∑
i=1

‖ei(t)‖2

+
1
2
Nα +

c2

2

N∑
i=1

k2
i βi

= cNλmax(B)

[
1
N

N∑
i=1

‖ei(t)‖2 +
2γ

cλmax(B)

×

√√√√ 1
N

N∑
i=1

‖ei(t)‖2

−
α + c2

N

∑N
i=1 k2

i βi

−2cλmax(B)

]
. (24)

Let z =
√

(1/N)
∑N

i=1 ‖ei(t)‖2 and g(z) = z2 + (2γ/

cλmax(B))z − ((α + (c2/N)
∑N

i=1 k2
i βi)/ − 2cλmax(B)). It

is easy to see that g(z) = 0 has two solutions

z1,2 =
−γ ±

√
γ2 − cλmax(B)

(
α + c2

N

∑N
i=1 k2

i βi

)
/2

cλmax(B)
(25)

where z1 < 0, and z2 > 0. If z(t) ≥ z2, then g(z) ≥ 0, and
EV (t) − EV (0) < 0. The proof is completed.

Remark 1: One may wonder that if only one sensor can
achieve the filtering performance as shown by Corollary 2,
then why are so many (N) sensors used in Theorem 1 and
Corollary 1? This can be explained as follows. First, in a
sensor network consisting of a large number of sensor nodes
in a wide spatial region, it is impossible to have only one
centralized processor that can collect the measurements from all
the sensors, particularly in a remote area. Usually, each sensor
may only be able to use local information and communicate
with neighbors so that the estimation can be achieved in a
distributed way. Second, in a sensor network, using a large
number of sensors to observe the target can usually obtain more
accurate estimation than using a single sensor node. Third, in
(2), every state of the target can be observed, which is not
always the case in applications. The next few sections will deal
with the case where a sensor can only measure some states of
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the target. In that case, using only one sensor cannot accurately
estimate the target.

Remark 2: From k̄1 =(1/c)(θ+
√

θ2+(α/(1/N)
∑N

i=1 βi)),
it follows that the minimal bound increases as α or θ increases,
while it decreases when c or (1/N)

∑N
i=1 βi increases.

Therefore, it is unreasonable to use a very large control gain if
the noise intensity βi is relatively high.

IV. DISTRIBUTED CONSENSUS FILTER DESIGN FOR

SENSOR NETWORKS WITH PINNING CONTROLLERS

In many cases, it is literally impossible to add controllers to
all sensors. To reduce the number of controlled sensors, some
local feedback injections may be applied to a small fraction of
sensors. This approach is known as pinning control [26].

Here, the pinning strategy is applied to a small fraction
δ (0 < δ < 1) of the sensors in network (3). Without loss of
generality, let the first l = �δN� nodes be controlled, where �·�
is the integer part of a real number. Thus, the designed pinning
controllers can be described by

ui(t) = − cki (xi(t) − yi(t)) , i = 1, 2, . . . , l,

ui(t) = 0, i = l + 1, l + 2, . . . , N (26)

where ki > 0 is the feedback control gain. Let K =
diag(k1, . . . , kl︸ ︷︷ ︸

l

, 0, . . . , 0︸ ︷︷ ︸
N−l

), B = A − K = (b̄ij)N×N , and

λmax(B) denote the largest eigenvalue of matrix B.
Subtracting (1) from (4) with controllers (26) yields the

following error dynamical network:

dei(t) =

⎡⎣f (xi(t), t) − f (s(t), t) + c

N∑
j=1

b̄ijej(t)

⎤⎦ dt

− v(t)dν + ckiσi(t)dωi, i = 1, 2, . . . , l

dei(t) =

⎡⎣f (xi(t), t) − f (s(t), t) + c

N∑
j=1

b̄ijej(t)

⎤⎦ dt

− v(t)dν, i = l + 1, l + 2, . . . , N (27)

where ei(t) = xi(t) − s(t), i = 1, 2, . . . , N .
Theorem 2: Suppose that Assumptions 1 and 2 hold. The

designed controllers (26) are distributed consensus control-
lers if

θ + cλmax(B) < 0. (28)

The estimated bound is given by

lim
t→∞

1
N

E

(
N∑

i=1

‖xi(t) − s(t)‖2

)
≤

α + c2

N

∑l
i=1 k2

i βi

−2
(
θ + cλmax(B)

) .

(29)

Proof: From Lemma 1, one knows that B is negative
definite. Thus, using Theorem 1 completes the proof.

Corollary 4: Suppose that Assumptions 2 and 3 hold. The
designed controllers (10) are distributed bounded consensus
controllers, and the estimated bound is given by

lim
t→∞

1
N

E

(
N∑

i=1

‖xi(t) − s(t)‖2

)

≤

⎛⎜⎜⎝γ +
√

γ2−cλmax(B)
(
α+ c2

N

∑l
i=1 k2

i βi

)
/2

−cλmax(B)

⎞⎟⎟⎠
2

. (30)

To further simplify the result, the following lemma is needed.
Lemma 4 (Schur Complement [31], [32]): The following

LMI: (
Q(x) S(x)
S(x)T R(x)

)
> 0

where Q(x) = Q(x)T and R(x) = R(x)T , is equivalent to one
of the following conditions:

(i)Q(x) > 0 R(x) − S(x)TQ(x)−1S(x) > 0

(ii)R(x) > 0 Q(x) − S(x)R(x)−1S(x)T > 0.

Rewrite B as

B =
(

A1 − K̃ A2

AT
2 B̃

)
where K̃ = diag(k1, . . . , kl), A1 and A2 are matrices with
appropriate dimensions, and B̃ is obtained by removing the
1, 2, . . . , l row–column pairs of matrix A.

Corollary 5: Suppose that Assumptions 1 and 2 hold. If the
control gain ki is sufficiently large, then the condition (28) is
equivalent to

θ + cλmax(B̃) < 0. (31)

The estimated bound is given by

lim
t→∞

1
N

E

(
N∑

i=1

‖xi(t) − s(t)‖2

)
≤

α + c2

N

∑l
i=1 βi

−2
(
θ + cλmax(B̃)

) .

(32)

For simplicity, one may select K̃ > λmax(A1 − A2B̃
−1AT

2 )Il

as in [26].
Proof: To derive the result λmax(B̃) = λmax(B), one

only needs to prove that B̃ − λIN−l < 0 is equivalent to B −
λIN < 0 for any positive λ > 0.

It is easy to see that if B − λIN < 0, then B̃ − λIN−l < 0.
Therefore, it suffices to prove that if B̃ − λIN−l < 0, then B −
λIN < 0. Choose K̃ > A1 − A2B̃

−1AT
2 . Then, by Lemma 4,

one indeed has B − λIN < 0. The proof is completed.
Remark 3: In this section, only a small fraction of sensors

are used to measure the target, which is more practical in
real applications. Note that the sensors with measurements can
communicate with the neighboring sensors, some of which
cannot observe the target. The whole process may be considered
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as a leader–follower behavior, where the target is the true leader,
the measured sensors are virtual leaders, and the other sensors
are the followers.

Remark 4: Although −θ − cλmax(B) < −θ − cλmax(B) in
Theorems 1 and 2, the sum of the bound (from 1 to l) in
Theorem 2 (14) is lower than that in Theorem 1 (from 1 to N ).
Therefore, the bound in Theorem 2 is not necessarily lower than
that in Theorem 1. In fact, a higher dimensional condition (29)
can be equivalent to a lower dimensional condition (31).

V. DISTRIBUTED CONSENSUS FILTER DESIGN FOR

SENSOR NETWORKS WITH PINNING OBSERVERS

In many cases, it is impractical to assume that a sensor can
observe all the states of the target in (2). Therefore, assume that
the first l = �δN� sensors can measure the signals by

ỹi(t) = His(t) + σi(t)dωi/dt, i = 1, 2, . . . , l (33)

where ỹi(t) ∈ Rm is the measurement of sensor i by observing
the target s(t), and Hi ∈ Rm×n, i = 1, 2, . . . , l.

The designed distributed consensus filter controller is de-
scribed by

ui(t) = − cDi (Hixi(t) − ỹi(t)) , i = 1, 2, . . . , l

ui(t) = 0, i = l + 1, l + 2, . . . , N (34)

where Di ∈ Rn×m is the feedback control gain matrix.
Subtracting (1) from (4) with observers (33) and controllers

(34) yields the following error dynamics:

dei(t) =

[
f (xi(t), t) − f (s(t), t) + c

N∑
j=1

aijej(t)

− cDiHiei

]
dt

− v(t)dν + cDiHiσi(t)dωi,

i = 1, 2, . . . , l

dei(t) =

⎡⎣f (xi(t), t) − f (s(t), t) + c

N∑
j=1

aijej(t)

⎤⎦ dt

− v(t)dν, i = l + 1, l + 2, . . . , N (35)

where ei(t) = xi(t) − s(t), i = 1, 2, . . . , N .
Definition 3: The state j (1 ≤ j ≤ n) of the target is said to

be observable by sensor i (1 ≤ k ≤ l) if there is a gain matrix
Di and a positive constant εj such that

−sT DiHis ≤ −εjs
2
j

for any s = (s1, s2, . . . , sn)T ∈ Rn.
Definition 4: The state j (1 ≤ j ≤ n) of the target is said

to be observable by the sensor network if it is observable by a
sensor k, where 1 ≤ k ≤ l.

Definition 5: The target is said to be observable by the sensor
network if each of its state is observable by the sensor network.

Assumption 4: Suppose that the target is observable and,
without loss of generality, suppose that the target is observable
by the first l̃ (l̃ ≤ l) sensors. Then, there exist matrices Di,
i = 1, 2, . . . , l̃, such that

−
l̃∑

i=1

eT
i (t)DiHiei ≤ −

n∑
j=1

∑
k∈Mj

εkje
2
kj (36)

where the state j is observable by sensors k (1 ≤ k ≤ l̃), εkj

are positive constants, and Mj are the sets of all sensors that
can observe the target state j, j = 1, . . . , n.

Theorem 3: Suppose that Assumptions 1, 2, and 4 hold.
The designed controllers (34) are distributed consensus control-
lers if

θ + cλmax(A − Ξ) < 0 (37)

where λmax(A−Ξ)= maxj(λmax(A−Ξj)), and Ξj =diag(0,
. . . , εj1j︸︷︷︸

j1

, . . . , εjpj︸︷︷︸
jp

, . . . , 0) ∈ RN×N , i.e., the jith diagonal

element is εjij , and ji ∈ Mj , j = 1, 2, . . . , n, i = 1, . . . , p.
The estimated bound is given by

lim
t→∞

1
N

E

(
N∑

i=1

‖xi(t) − s(t)‖2

)

≤
α + c2

N

∑l̃
i=1 λmax

(
HT

i DT
i DiHi

)
βi

−2 (θ + cλmax(A − Ξ))
. (38)

Proof: Consider the Lyapunov function candidate (14).
The weak infinitesimal operator L of the stochastic process
gives

LV (t) =
N∑

i=1

{eT
i (t)

[
f (xi(t), t) − f (s(t), t)

+ c
N∑

j=1

aijej(t) +
1
2
vT (t)v(t)

]

+
l∑

i=1

{
eT
i (t)

[
− cDiHiei

+
c2

2
σT

i (t)(DiHi)T (DiHi)σi(t)
]}

≤ θ

N∑
i=1

eT
i (t)ei(t) + c

N∑
i=1

N∑
j=1

aije
T
i (t)ej(t)

− c

l∑
i=1

eT
i (t)DiHiei +

1
2
Nα

+
c2

2

l∑
i=1

λmax

(
HT

i DT
i DiHi

)
βi. (39)
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Then, by Assumption 4, one has

N∑
i=1

N∑
j=1

aije
T
i (t)ej(t) −

l∑
i=1

eT
i (t)DiHiei

≤
N∑

i=1

N∑
j=1

aije
T
i (t)ej(t) −

n∑
j=1

∑
k∈Mj

εkje
2
kj

−
l∑

i=l̃+1

eT
i (t)DiHiei

=
n∑

j=1

ẽT
j (t)Aẽj(t) −

n∑
j=1

ẽT
j (t)Ξj ẽj(t)

−
l∑

i=l̃+1

eT
i (t)DiHiei (40)

where ẽj = (e1j , e2j , . . . , eNj)T , j = 1, 2, . . . , n.
For simplicity, choose Di = 0, for i = l̃ + 1, . . . , l. Under

(37), it follows that

LV (t) ≤ (θ + cλmax(A − Ξ))
N∑

i=1

eT
i (t)ei(t) +

1
2
Nα

+
c2

2

l̃∑
i=1

λmax

(
HT

i DT
i DiHi

)
βi

=N (θ + cλmax(A − Ξ))

×

⎡⎣ 1
N

l̃∑
i=1

eT
i (t)ei(t)

−
α + c2

N

∑l̃
i=1 λmax

(
HT

i DT
i DiHi

)
βi

−2 (θ + cλmax(A − Ξ))

⎤⎦ .

(41)

Under (38), if (1/N)E(
∑N

i=1 ‖ei(t)‖2) > (α + (c2/N)∑l̃
i=1 λmax(HT

i DT
i DiHi)βi)/ − 2(θ + cλmax(A − Ξ))),

then EV (t) − EV (0) < 0. This completes the proof.
Corollary 6: Suppose that Assumptions 2–4 hold. Then, the

designed controllers (34) are distributed bounded consensus
controllers, and the estimated bound is given by

lim
t→∞

1
N

E

(
N∑

i=1

‖xi(t) − s(t)‖2

)
≤

(
γ +

√
γ2 − α̃

−cλmax(A − Ξ)

)2

where α̃=cλmax(A−Ξ)(α+(c2/N)
∑l̃

i=1λmax(HT
i DT

i DiHi)
βi)/2, λmax(A − Ξ) = maxj(λmax(A − Ξj)), and Ξj =
diag(0, . . . , εj1j︸︷︷︸

j1

, . . . , εjpj︸︷︷︸
jp

, . . . , 0) ∈ RN×N , i.e., the jith

diagonal element is εjij , and ji ∈ Mj , j = 1, 2, . . . , n,
i = 1, . . . , p.

Fig. 1. Orbits of the measured data yi in sensors and filtering data xj , i =
1, 2, . . . , 20 and j = 1, 2, . . . , 100.

Remark 5: In (2), each sensor can observe the full state of
the target. However, this is not always the case in practice. In
this section, only partial state information about the target is
assumed to be observed by the sensors in (34), and the target is
observable by the sensor network (Definition 5), which is very
reasonable for real sensor networks.

Remark 6: If the coupling matrix A is not irreducible, which
means that the network is not connected, then the whole net-
work can be composed of many connected components. The fil-
tering design in this paper can be extended to the disconnected
network by studying its connected components.

VI. SIMULATION EXAMPLES

In this section, some simulation examples are provided to
verify the designed distributed (bounded) consensus filters.

A. Distributed Bounded Consensus Filters in Sensor Networks
With Pinning Controllers

Consider an ER random network [33] and suppose there
are N = 100 nodes with p = 0.1. This random network has
about pN(N − 1)/2 ≈ 500 connections. If there is a connec-
tion between node i and j, then aij = aji = 1 (i �= j), i, j =
1, 2, . . . , 100.

The target and the measurement models are described by
(1) and (2), respectively, where f(s(t)) = cos(t) with initial
condition s(0) = 0, v(t) = 0.5, and σi(t) = 0.4. The designed
distributed consensus filter is (3) with controllers (26), where
c = 1, ki = 5, and l = 20. Here, a simulation-based analysis
on the controlled random network is performed by using the
random pinning scheme. In the random pinning scheme, one
randomly selects �δN� nodes with a small fraction δ = 0.2
to pin. The orbits of the measured data yi in sensors and the
filtering data xj are shown in Fig. 1 for i = 1, 2, . . . , 20 and j =
1, 2, . . . , 100. By Corollary 4, the designed pinning controllers
are distributed bounded consensus controllers. The orbits of the
errors ei are illustrated in Fig. 2.
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Fig. 2. Orbits of the errors ei, i = 1, 2, . . . , 100.

Fig. 3. Chaotic orbits of Chua’s circuit.

B. Distributed Consensus Filters in Sensor Networks With
Pinning Observers

Here, a simulation-based analysis on the controlled scale-free
network is performed by using the high-degree pinning scheme.
In the simulated scale-free network [34], N = 100, and m0 =
m = 3, which contains about 3000 connections. In the high-
degree pinning scheme, one first pins the node with the highest
degree and then continue to choose and pin the other nodes in
monotonically decreasing order of node degrees.

The target model is described by Chua’s circuit [35]⎧⎨⎩
ds1 = [η (−s1 + s2 − l(s1))] dt + v1(t)dν
ds2 = [s1 − s2 + s3]dt + v2(t)dν
ds3 = [−βs2]dt + v3(t)dν

(42)

where l(x1) = bx1 + 0.5(a − b)(|x1 + 1| − |x1 − 1|) and
vi(t) = 0.5, i = 1, 2, 3. System (42) is chaotic without noise
when η = 10, β = 18, a = −4/3, and b = −3/4, as shown in
Fig. 3. In view of Assumption 1, by computation, one obtains
θ = 5.1623.

The measurement model is described by (33), where Hi is
chosen as (1, 0, 0), (0, 1, 0), or (0, 0, 1), with σi(t) = 0.5. The
designed distributed consensus filter is (3) with controllers (34),
where c = 15, l = 20, and the corresponding Di is chosen as

Fig. 4. Orbits of estimation xi, i = 1, 2, . . . , 100.

Fig. 5. Orbits of the errors ei, i = 1, 2, . . . , 100.

(50, 0, 0)T , (0, 50, 0)T , or (0, 0, 50)T . Assumption 4 is satisfied
for εkj = 50, k = 1, . . . , l, and j = 1, 2, 3. The orbits of the
estimation xi are shown in Fig. 4 for i = 1, 2, . . . , 100. Since
θ = 5.1623 < −cλmax(A − Ξ) = 6.8565, by Theorem 4, the
designed pinning controllers are distributed consensus con-
trollers. The orbits of the errors ei are illustrated in Fig. 5.

VII. CONCLUSION

In this paper, some distributed consensus filters in sensor
networks have been designed, analyzed, and simulated. Three
scenarios have been considered. Under the condition that each
sensor can measure the target, the distributed controllers could
be added to all sensor nodes. By using the pinning control
approach and assuming that only a small fraction of sensors
can measure the target, the network could still be controlled.
Moreover, pinning observers have been designed under the
condition that a sensor can only observe partial states of the
target. All these designs have been analyzed and validated by
simulations.

Distributed consensus filters are every effective, with many
advantages for its easier implementation, low cost, fast speed,
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etc. A general framework for distributed consensus filter design
has been presented in this paper, which is a promising approach,
therefore deserving further investigation in the near future.
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