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QPSX is a movable boundary type hybrid (packet/circuit) switching system. In this 
paper, the queueing statistics are derived in two steps~ First, the statistics 0/ the packet 
capacity are obtained under first-fit circuit allocation policy; and then, the packet queue 
is analyzed by modelling it as a queue with slowly varying sermce rates. 

1 INTRODUCTION 

QPSX [1,16,21], a Queued Packet and Synchronous circuit eXchange, is a Metropolitan Area Network 
(MAN) proposed standard with IEEE 802.6. It is developed by QPSX Communications Pty. Ltd. 
and sponsored by Telecom Australia. QPSX is · a distributed broad-band, movable boundary [10] 
type communications switch, that provides integrated packet and circuit switching. Its capacity is 
dynamically allocated to meet the demand of the synchronous circuits and the remaining capacity 
is available for the packet switched traffic. 

During a heavy traffic period, it is possible (due to traffic burstiness and fluctuations in the capacity 
made available for packets) that for certain time intervals the service rate is lower than the arrival 
rate, although the average service rate during the entire period is higher than the average arrival 
rate. In this case, we can say that the queue is locally unstable [14], while it may be at the same 
time globally stable. The periods in which the queue is unstable are referred to as overload periods. 

Avoiding local instability is especially important in hybrid switching systems. This is due to the fact 
that the duration of packet overload caused· by the access capacity used by circuit switching is in the 
order of minutes, and constitutes a very long time duration relative to the packet service and arrival 
rates which are in the order of milli-seconds. As a result, the packet queue falls under the category 
of a queueing system with slowly varying service rates [7,19,20], where local instability causes low 
performance. The analysis presented in this paper is used as a tool for design and dimensioning, 
and for obtaining an optimal flow control policy aiming at avoiding local instability. 

IT local instability is avoided, the packet queueing performance under slowly varying service rates 
can be accurately evaluated by using the quasi-stationary approach [11]. That is, the average 
performance measure is obtained by a weighted average of measures obtained separately for each 
capacity mode, where the weights are the steady state probabilities of the process to be at each 
mode [7,11,19,20]. When the queue is locally unstable, matrix methods combined with a phase type 
approximation [13,14,15] can be utilized to obtain the queueing performance measures. 

The fr~.ming structure in QPSX is similar to the one in FDDI-U [2,12] (a proposed standard with 
ANSI X3T9.5) and is described as follows. Time is divided into fixed length frames each of T psec. 
Every frame is divided into M slots, each consists of L octets (excluding overhead) available for 
transmission (in QPSX L=31). At any point in time some of the slots are allocated to synchronous 
circuits. These slots are designated isochronous. The slots which are not allocated to synchronous 
circuits may be used for packets and are designated non-isochronou8. Each of the L octets within 
an isochronous slot is used as a voice channel. Hence, each isochronous slot can be regarded as L 
synchronous channels. Even if only one octet, out of the .L available in a slot, is allocated to circuit 
switching, the entire slot is designated isochronous, thus becoming unavailable for packet switching. 
One slot is always reserved for control packets, thus only M-I slots per frame are available for 
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circuit switching. Therefore, the total number of available octets is given by K = L(M - 1). 

The number of isochronous slots at time t, denoted by St, is a function of two components: 1. 
The number of octets allocated and actually used at that time, by circuit switching. This number, 
denoted by Nt , will be called the number of busy isochronous octets. 2. The waste associated 
with the framing structure. The number of wasted octets at time t will be denoted by Wt. Thus, 
St = (Nt + Wt) / L. The distribution of the number of busy isochronous slots in steady state is 
denoted by r;, for j = 0,1, ... M-I. That is, r; = Prob(Soo = j). Also, the packet capacity at 
time t, denoted by Ct [kbs.], is given by Ct = 64L(M - St). Define a stochastic process {Yet), t ~ O}, 
which represent the number of slots available for packet transmission at any point in time. Clearly, 
Y(t) = M - St = Ct/(64L). If Y(t) = rn, we say that the process yet) is in capacity mode rn. Also 
define '7m. = r M -m. = Prob(Y ( 00) = rn). That is, '7m. represents the steady state probability to be 
in capacity mode rn, rn = 1, 2, ... , M. 

Consider all the octets and the slots within a frame (excluding overheads) to be identified by sequen
tially allocating to them identification (id) numbers in the natural order; i.e., slot number i is the 
slot that contains the octets with id numbers (i -1) L+ 1 to i L. Denote by Ot the maximal id number 
of all the busy isochronous octets at time t. The wasted octets with id number smaller than Ot are 
called the holes [3]. Only part of the waste is due to the holes; the rest is due to slot-remainder 
octets, i.e., the wasted octets with id numbers higher than Ot in the slot containing Ot. 

Models of hybrid switches in which the waste is not considered, were extensively studied (see [10] 
for a novel analysis and a complete state of the art survey). Fischer and Harris [5] studied the 
case in which only slot-remainder octets were considered. This occurs if no octet is busy if another 
octet with a smaller identification number is free. That is, the number of holes is zero at all times. 
This can be achieved by re-assigning the busy isochronous octets at each termination of a circuit 
connection. This circuit allocation policy, namely, repacking, is usually avoided due to its complexity 
and its excessive processing cost. 

In this paper we consider the most common circuit allocation policy and the simplest to implement, 
which is currently applied in QPSX, namely, First-Fit (FF) [9]. Under this policy, for each incoming 
circuit request we assign the octet with the smallest identification number among all the empty 
octets. Octets are not reassigned following a termination of a circuit usage. 

The architecture of QPSX is based on dual point to point unidirectional buses which are looped to 
give route diversity, and carry traffic in opposite directions past each station. Connection to each 
bus is via a read tap and unidirectional OR writing (for more details on the architecture of QPSX 
the reader is referred to [1,4,16]). 

The packet queueing access protocol of QPSX, based on its architecture, was modelled by Potter 
[17], as follows. Packets are arriving at anyone of the N connected stations, where they are queued 
in N separate queues. Upon arrival the packet is segmented such that each segment is composed of 
1 slot. The segments are queued at each station and gated so that only one segment per station may 
enter the distributed queue, which serves these segments on a FCFS basis. At any time, no more 
than one segment from each station is allowed in the distributed queue. This queueing discipline is 
modelled, assuming stationary service, in [17] as a round robin processor sharing [8] with gating to 
allow only one packet per station in the processor sharing queue. 

Notice that if all the stations are always not empty, this queueing discipline is equivalent to a cyclic 
service system with zero walking time and 'serve at most one' [6] discipline. However, if a station 
is empty, then the waiting time before start of service of an arriving packet to that station at time 
t is exactly the number of non-empty stations at time t times T / M, and does not depend on the 
location of the server (token) or future arrivals as in a cyclic service system. 

It is assumed that packet inter-arrival times, circuit allocation request inter-arrival times and circuit 
holding times are LLd. and exponentially distributed with parameters Ap, Ac and Pc respectively. 
We assume symmetry among the N stations, thus arrivals at each station are following a Poisson 
process with parameter Ap/ N. Packet sizes are assumed to be i.i.d. with average p, [bits], then the 
effective (due to segmentation) average packet size is given by Pe = rp,/8L18L. 
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2 PACKET CAPACITY 

In this section we study the packet capacity statistics under FF. Denote by 1ri,;,n the steady state 
probability of having i busy isochronous octets within the first n slots and j within the other M -1-n 
slots, i = 0,1, ... , nL, j = 0,1, ... , (M - 1 - n)L, and n = 1, ... , M - 2. The 1ri,;,nS can be 
obtained by a numerical solution (separatelY for each n) of (nL + 1) X [(M - 1 - n)L + 1] steady 
state equations [21], by employing the successive overrelaxation method, where the initial values can 
be chosen based on solution obtained for repacking. In fact, by setting the initial point based on 
repacking, the required cpu time on VAX 11/785 is reduced from 36 to 6 minute for an example 
with M = 8. Then, the distribution of Boo is obtained as follows: r o = 1rO,O,l, r 1 = Ef=l1ri,O,l, 

r "nL ,,(n-l)L ~ 2 M 2 d r 1 ,,(M-2)L n = LJi=O 1ri,O,n - LJi=O 1ri,O,n-l 10r n = , ... , - an M-I = - LJi=O 1ri,O,M-2· 

In Fig. 1, we present the average packet capacity, for an example with M = 8, L = 31, and 1'-1 = 3, 
for different circuit arrival rates under FF and repacking. (The results for repacking are obtained in 
[21].) We notice a 4-14% difference in efficiency in favour of repacking. 

Alternatively, the r;8 can be evaluated by approximation of overflow streams, whereby each slot is 
considered an independent system, and its input (the overflow from the previous slots) is modelled as 
an interrupted Poisson process (I.P.P.). Two methods may be considered: Moment Matching (MM) 
and Parameter Matching (PM) (see [21] for more details and references regarding these methods ). 

We introduce here a new method, namely, the D Approximation. For each n, for a preassigned 
integer valued D = D(n), we assume that if octets nL + 1, nL + 2, ... , nL + D are empty, then all 
the octets with higher id number are empty. Under this assumption, the 1ri,;,nS can be obtained by a 
numerical solution (separately for each n) of the following (nL + 1) X (D + 1) steady state equations. 

(A + i + j)1ri,;,n = A1ri-l,;,n + (i + 1)1ri+l,;,n + (j + 1)1ri,;+l,n i = 1, ... , nL - 1 j = 0, ... , D - 1 
(A + j)1rO,;,n = 1rl,;,n + (j + 1)1rO,;+l,n j = 0, ... , D - 1 
(A + nL + j)1rnL,;,n = A1rnL-l,;,n + A1rnL,;-l,n + (j + 1)1rnL,;+l,n j = 1, ... , D - 1 
(A + nL)1rnL,O,n = A1rnL-l,O,n + 1rnL,1,n 
(A + i + D)1ri,D,n = A1ri-1,D,n + (i + 1)1ri+1,D,n i = 1, ... ,nL - 1 
(A + D)1rO,D,n = 1r1,D,n 
(nL + D)1rnL,D,n = A1rnL-1,D,n + A1rnL,D-1,n 
and the normalizing equation E~!'o Ef=o 1ri,;,n = 1. Where A = Ac/ Pc. 

It is clear that as D decreases, the computation time is reduced and the results are less exact. 
In table 1, we present numerical results to demonstrate the accuracy of the D approximation for 
different values of D (constant for each n), in comparison with results presented in [21] using MM 
and PM, for an example with M = 8, L = 31, Ac = 26 and 1'-1 = 3. In particular, we present 
the distribution of Boo and Coo, the cpu time (on VAX 11/785), and the average packet capacity. 
We can see that the. D Approximation provides much more accurate results than approximations of 
overflow streams. It is also shown that the cpu time can be reduced from over 6 minutes to only 30 
sec. (D = 10) or 43 sec. (D = 15) and obtaining acceptably accurate results. 

Table 1: The statistics of the number of isochronous slots (IS), of the packet capacity (C) 
and cpu times using MM, PM and the D Approximation. 
IS C[kbs.] MM PM D=2 D=5 D= 10 D= 15 D=20 D=31 Exact 
0 15872 0 0 0 0 0 0 0 0 0 
1 13888 0 0 0.036 0.003 10 -4 10 -u . . 10 -~ 0 0 
2 11904 10 ·10 10 -6 0.012 0.005 0.002 0.001 10 ·4 10 ·4 10 ·4 

3 9920 0.318 0.539 0.746 0.734 0.721 0.719 0.719 0.719 0.719 
4 7936 0.682 0.461 0.205 0.258 0.277 0.280 0.281 0.281 0.281 
5 5952 10-4 10-5 10-6 10-6 10-6 10-6 10-6 10-6 10-6 

6 3968 0 0 0 0 0 0 0 0 0 
7 1984 0 0 0 0 0 0 0 0 0 

E[CooJ 8570.9 9007.4 9683.8 94'31.6 9375.1 9366.3 9364.6 9364.1 9364.0 
cpu time 0:8.9 0:05.41 0:09.0 0:16.9 0:30.1 0:43.4 0:56.7 1:26.1 6:02.4 
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3 PACKET QUEUEING ANALYSIS 

The packet queueing performance is studied for three implementations : unlimited buffer, limited 
buffer and interactive environment. 

3.1 Unlimited Buffer 

In the case of unlimited sized buffer, we consider two different subcases: 1. The packet queue is 
stable for each traffic mode. 2. Locally unstable queue. 

The packet queue is stable for each traffic mode 

As mentioned in the introduction, this case can be accurately analysed using the quasi-stationary ap
proach. For the unlimited buffer case, the average packet queueing delay is obtained in [4,17], under 
assumptions of stationary service and generally distributed number of segments per packet. These 
results can be modified to the case of non-stationary packet capacity using the quasi-stationary 
approach as follows. Denote by 9 the number of segments per packet and let 9 and C: denote the 
average number and the squared coefficient of variation of 9 respectively; thus, 9 = rp./8Ll and 
Pe = 98L. Hence, the average transmission time required by a packet under capacity mode m is 
given by xm = 91" /m. Let Pm = '>'pxm and the average packet delay is obtained to be given by 

M N- + - (1+0:> 
[ ] 

_ ~ xm Pmxm 2(I-Pm) ..!.-
E D - L '1m N(1 _) + 2 . 

m=1 Pm +Pm m 
(1) 

By [17], under exponentiallY distributed packet size, with average P., Eq. 1 is simplified to 

M 1 M 1" 

E[D] = L'1m ( )_.>. + L'1m 2(1_ ) . 
m=1 J.lp m p m=1 Pm m 

(2) 

Where J.lp(m) represents the effective service rate given that the capacity mode is m and is given by 
J.lp(m) = 64Lm/Pe, and Pm = '>'p/J.lp(m). 

The first sum of Eq. 2 can be obtained by using the quasi-stationary approach and assuming 
M/M/l queueing behavior for each capacity mode (in this case P. = Pe), or by substituting C: = 1 
and Xm = 1/ J.lp(m) in Eq. 1. The second sum in Eq. 2 contains the access delay caused by two 
factors: 1. The time from the instant the packet arrives until the beginning of the new slot. 2. The 
effect of packet segmentation on the service/transmission time required by a packet. 

This second sum is negligible if the number of slots per packet is large. However, for certain realistic 
situations of about 5-25 slots per packet, that is approx. 1250 - 6250 bits/pac. the error in average 
packet queueing delay incurred by assuming M/M/l could reach up to 14%. Therefore, when using 
the simplifying assumption of M/M/l in Markovian environment, this component may be added to 
improve the accuracy of the results. 

Locally unstable queue 

Under this category we consider a case where we have one or more overloaded modes. That is, the 
queue is locally unstable. In this case, during a sojourn in the mode in which the queue is unstable, 
recalling that this sojourn will continue for a very long time, the queue will continuously grow, 
and a substantial buildup will occur. Performance measures can be obtained by applying matrix -
geometric solutions combined with a phase type approximation [13,14,15]. 

Define ADi and AUi as the time the process {S"~ t ~ O} spent continuously in state i, given that the 
process {S" t ~ O} enters state i from state i-I and i + 1 respectively. Notice that, ADi and AUi, 

for both repacking and FF are the time until absorption for a birth and death process with finite 
number of states in which the first and the last state are two absorbing barriers, therefore they are 
both phase type distributed represented by the pairs (aD, TD) and (au, Tu) respectively; for which 
the distribution and the moments are given in pages 45 and 46 of [15]. 
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For the case of re packing, we consider, for each mode i of the process {S"t ~ O}, the Markov process 
{Nt , t ~ O} between the barriers L(i - 1) and Li + 1. In this case ADi and AUi are the ab80rbtion 
time stoarting from states L(i - 1) + 1 and Li respectively. 

In the case of FF, we denote by {Ni, N;} = {Ni(t), N;(t), t ~ O}, a two dimensional continuous 
time °Markov chain where Niet) and Ni(t) deD:ote the number of busy isochronous octets within the 
first i-I slots and within slots i through slot M-I at time t, respectively. The lower barrier for 
this case is given by N; = 0 and the upper barrier by N; = L + 1. 

Although the initial probability vector et is different for AD and Au, based on whether the process 
{ St, t ~ O} enters state i from state i-I or i + 1, the T matrix is the same for AD and Au (i.e., 
TD = Tu) and based on the above described Markov processes. 

IT L and M are small, the statistical characteristics of the packet queue can be evaluated by employing 
matrix methods [13,14,15]. Unfortunately, however, for practical situations where L = 31 and M 
is at least 8 (especially under FF where the number of phase states is large) approximations are 
required. The approximation is performed by modelling a phase type distribution of high order by a 
phase type distribution of lower order using moment matching. Notice that the exponential system 
approximation is a special case of this method where it is assumed that the time spent in each 
capacity mode is exponentially distributed, and only the first moment is matched. AB mentioned 
in [13], in many cases it is essential, especially for the overload modes, to consider more than one 
moment and a phase type approximation of at least two phase states is required. More details on 
this approximation including numerical results are to appear in [24]. 

3.2 Limited Buffer 

When the queue size is bounded for each station, the queueing performance of each single station 
can be accurately obtained by the quasi-stationary approach. We look at one station only to analyse ° 
its queue size process. Note that in QPSX, the service capacity is fluctuating not only as a function 
of the circuit loading but also as a function of the number of empty stations. 

Denote by ""imk the steady state distribution of having i packets in the station queue (i = 0, 1, ... , R), 
the packet capacity mode is m (m = 1, 2, ... , M), and the number of empty queues out of the 
other N - 1 stations is k (k = 0, 1, 2, ... , N - 1). For each given m and k, the queue in our 
station can be considered as an M/M/l/ R queue with arrival rate A. = Ap/N, and with service rate 
1'. (m, k) = 64Lm/{Pe(N - k)] Define p.(m, k) = A./ I'.~m, k). The probability of this queue being 
empty is given by poem, k) = [1- p.(m, k)]/[I- p.(m, k) +1] k = 0, 1, ... ,N -1; m = 1, 2, ... M. 
The idle period of this queue, given m,k, is exponentially distributed with parameter A •• The average 
of the busy period is therefore given by B(m, k) = [1 - poem, k)]/[A.po(m, k)]. Let {E(t), t ~ O} be 
the stochastic process that represents the number of empty stations out of the other N - 1 stations. 
IT we approximate the busy period of each station to be exponentially distributed with average 
of B(m, k), we obtain that {yet), E(t), t ~ O} is a Markov process. Numerical results obtained 
under this approximation (see Fig. 2) when the circuit loading is not very high (within working 
boundaries), are quite accurate as they agree with simulation results. More accurate results can be 
obtained by using again phase type approximation, these results will be available in [24]. 

Separately for each capacity mode m, the ° rates of E(t) are given by 
Ok,k-l(m) = kA. (k = 1, 2, ... , N - 1), 
~ oo() _ (N _ 1- k)B( k)-1 _ CN - 1- k)-X.po(m, k) 
vk.k+l m - m, - 1 _ Po(m, k) (k = 0, 1, 2, ... , N - 2), 

and oiJ(m) = 0 otherwise. 

Having the above rates, the ""imkS are obtained by solving a finite set of state equations [22]. Then, 
the jth moment is obtained by E[Xi] = Ef:o ii1ri , where ""i = E!!'=l E:=OI 1rim1:; the blocking 
probability by Ps = ""R, and the throughput by TB = A.(1 - Ps). By Little's formula, the average 
delay is given by: E[D] = TB-1 E[X). The result may be modified to include the second sum in Eq. 2. 

In Figure 2, we compare between results obtained using the above described method and simulation 
results for the average delay vs. circuit request arrival rate under FF for the following data: L = 31, 
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M = 8, ~p = 1000 [pac/sec.], P. = 5000 [bits], Pe = 1/3 lI/min.] and N = 5. 

3.3 Interactive Environment 

Under this category we consider a case, .characteristic of an interactive environment, in which arrival 
to each station occurs in batches of slots, and no new arrival to the same station occurs until the 
previous entry (batch) has been completely served. In particular, we assume that at each station 
the time interval from the completion of service of one message (batch) to the arrival of the next 
is exponentially distributed with mean I/IJ. Message (batch) size is assumed to be exponentially 
distributed with parameter h •. 

Given j non-empty stations and capacity mode m, the service rate for each station is given by 
J.L,,(m,j) = 64Lm/[jh.], and the arrival rate by ~(m,j) = (N - j)1J j = O~ .•. N. Denote by 
7r m,; the steady state probability of having j non-empty stations which is also the number of 
messages in the system. Since the number of messages in the system follows a birth and death 
process, the 7rm,;S are obtained by 7rm,; = ""m,O n[;J[~(m, i)/ p,,(m, i + 1)] [8]. Where 7rm,o = 
I/{I + E~l n[;J ~(m, i)/[J.L,,(m, i + I)]). Under capacity mode m, the average number of messages 
in the system, is obtained by Em[X] = Ef=oj7rm,;, the blocking probability by PB(m) = 7rm,R, and 
the throughput by TH(m) = ~,[I - PB(m)]. By Little's formula, the average delay under mode m 
is given by: Em[D] = TH(m)-l Em[X]; and by the quasi-stationary approach the average delay is 
given by E[D] = E~=l '7mEm[D]. 

4 CONCLUSIONS 

The statistics of the packet capacity of QPSX were obtained by considering the waste inherent in the 
framing structure. For first-fit, we introduced a new method, namely, the D approximation, which 
was found to be more accurate than approximations of overflow streams. Then, packet queueing 
performance measures were evaluated for three implementations: unlimited buffer, limited buffer 
and interactive environment. 
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