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Performance Evaluation of a Queue Fed by a
Poisson Lomax Burst Process

Jiongze Chen, Ronald G. Addie, Moshe Zukerman and Timothy D. Neame

Abstract—We consider a special case of the M/G/∞ traffic
process, named as Poisson Lomax Burst Process (PLBP), where
the burst lengths follow the Lomax distribution. We illustrate its
advantage in modelling Internet traffic flow sizes, particularly, its
ability to capture a large number of small flows. We provide two
approximations based on analytical and fast simulation methods
for the overflow probability of a single server queue fed by PLBP,
and illustrate their accuracy by discrete-event simulations.

Index Terms—Long Range Dependence Process, Pareto, Lo-
max, Queueing analysis, Traffic modelling

I. INTRODUCTION

THERE has been extensive research on Internet traffic
modelling following the discovery of its Long Range De-

pendence (LRD) characteristics [1]. The Poisson Pareto Burst
Process (PPBP) [2]–[4] has been considered a suitable model
because of its inherent structure and statistical characteristics.
PPBP consists of bursts with Pareto distributed length that
arrive according to a Poisson process. Several authors have
referred to this as an M/G/∞ input process [5], [6] with Pareto
distributed service times. There has been a significant research
effort on the performance analysis of queues fed by PPBP
[3]–[8]. Of particular interest was a discrete G/D/1 system
(considered also here) fed by PPBP. Here, we replace the
Pareto burst distribution of PPBP with a Lomax distribution
[9]–[12] so that small traffic flows are taken into account.
The resulting input process is named the Poisson Lomax Burst
Process (PLBP).

Notice that the Pareto distribution is characterized by two
parameters – the shape parameter, γ > 0, and the scale
parameter, δ > 0. Meanwhile, δ also serves as the lower bound
of the Pareto random variable, which implies that the modeled
flow sizes have a positive minimum value. The fact that δ
plays the roles of both the shape parameter and the minimum
flow size introduces a certain difficulty. As a scale parameter,
δ is one of the key parameters of the Pareto distribution
that together with the shape parameter and possibly other
traffic parameters are often selected to fit certain statistical
characteristics of a process or distribution which are of interest
in traffic modelling applications. Such fitting normally results
in δ taking a value that is too large to be appropriate for the
minimum flow size which can be only few bytes. To release
the scale parameter δ from its second role as the minimum
flow size, we adopt the Lomax distribution, which retains the
Pareto heavy tail characteristics but also enables the capture of
a large number of small traffic flows that are excluded using
the traditional Pareto distribution.

The remainder of this paper is organized as follows. In
section II, we clarify the definition of PLBP and provide

its key statistical parameters. In Section III, we describe
approximation and simulation methodologies for evaluation
of the overflow probability of a PLBP queue. In Section IV,
we validate the approximation by simulations and compare
between PLBP and PPBP.

II. THE POISSON LOMAX BURST PROCESS

Like PPBP, PLBP is based on a stream of bursts with burst
arrivals following a Poisson process with rate λ [bursts/s]. In
PLBP, burst durations are assumed to be independent Lomax
distributed random variables with parameters γ and δ. Let
d [s] be a random variable representing a burst duration.
Assume that each burst generates work at a constant rate,
r [B/s]. Because arrivals of new bursts may occur before
the completion of existing bursts, multiple overlapping bursts
may be transmitted simultaneously, and since the number
of overlapping bursts is unlimited, this arrival process can
be viewed as a special case of an M/G/∞ queueing model
where the burst length (or the transmission time) are Lomax
distributed. Figure 1 presents how PLBP is formed by the
Exponential and Lomax distributions. In the following, the key
parameters of the Lomax distribution and PLBP are provided.

Fig. 1. Formation of the Poisson Lomax Burst Process.

A. The Lomax distribution

As a variant of Pareto, the Lomax distribution permits values
arbitrarily close to 0 with non-zero probability. The com-
plementary distribution function (CDF) of a Lomax random
variable d is

P (d > x) =
(
1 +

x

δ

)−γ

, x ≥ 0 (1)

where δ is the scale parameter which differs from the original
Pareto by no longer determining the minimum value of d, and
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Fig. 2. The complementary distribution, P (d > x), of Pareto (with γ =
1.108) and Lomax (with γ = 1.054) vs. real traces.

γ is the shape parameter that controls the tail behavior of the
distribution. Also the mean of d is

E(d) =

{
δ

γ−1 , γ > 1,

∞, otherwise.
(2)

Let ω be the Forward Recurrence Time (FRT) of a Lomax
random variable with parameters, γ and δ. Its CDF is

P (ω > x) =

∫ ∞

x

dP (ω > t) =
(
1 +

x

δ

)1−γ

. (3)

It is understandable that δ is larger than the minimum
flow size of some real networks where Lomax seems to be
a good alternative for Pareto. Figure 2 shows one example
when Lomax is a better choice than Pareto. The real traces
are flows captured by CAIDA’s equinix-sanjose monitors on
high-speed Internet backbone links in 2012 and 2014 [13].
For simplicity, we assume r = 1. The relationship between γ
and δ for Lomax is obtained by (2) to fit the mean flow size
(8192.7 and 11015.8 [Byte]). Then we fit the curve of the real
traces as shown in the plot, by the curve fitting tool of Matlab
applying the nonlinear least squares method [14]. We obtain
γ = 1.108 and δ = 884.8 for 2012 data, and γ = 1.054,
δ = 969.5 for 2014 data. To ensure similar tail behavior, we
retain the same value for γ of Pareto and the value of δ is
estimated to fit the mean of the real traces. We observe in
Figure 2 that Lomax fits better than Pareto for small flows
(< 104 Bytes) while for larger flows, the tails of Pareto and
Lomax are close to each other and reasonably close to the real
traces (with Lomax slightly closer).

B. Statistics of PLBP
Let Bt be the number of active bursts contributing work

at time t. By [15, p. 188], as the burst arrivals follow
a Poisson process, Bt are Poisson-distributed, with mean
E(Bt) = λE(d). As illustrated in Figure 1, the work con-
tributed by all bursts during the interval (0, t] can be expressed
as Ât = r

∫ t

0
Bsds. Since we have assumed that all bursts

contribute work at a constant rate, the mean of Ât is

µ(t) , E(Ât) = rtE(Bt) = rtλE(d) =
λtrδ

γ − 1
. (4)

In addition, the variance of Ât can be obtained by repeatedly
integrating the CDF of the burst duration [16]:

v(t) , var(Ât) = 2λr2
∫ t

0

du

∫ u

0

dv

∫ ∞

v

P (d > x)dx. (5)

Following the same reasoning as in [7]:

v(t) =
2λr2δ3

(γ − 1)(γ − 2)

(
t

δ
−

(1 + t
δ )

3−γ

3− γ
+

1

3− γ

)
. (6)

From (6), we see that for large t, the dominant term is

2λr2δ3(1 + t
δ )

3−γ

(γ − 1)(γ − 2)(γ − 3)
.

Define
H =

3− γ

2
,

and observe that the growth of v(t) is proportional to t2H . This
implies that for 1 < γ < 2, like PPBP, PLBP is asymptotically
self-similar with Hurst parameter H .

III. PERFORMANCE EVALUATION OF THE PLBP SSQ

Consider a single server queue (SSQ) with constant service
rate, C [B/s], and an infinite buffer, fed by a PLBP input
with parameters, λ, γ, δ and r, henceforth called PLBP SSQ.
An SSQ with constant service rate has been often used as a
model of statistical multiplexer used to multiplex variable bit
rate (VBR) traffic from multiple sources into a single output
(e.g. a wavelength). A related SSQ with constant service rate
was used to study the performance of an ATM buffer in [8].
Also, simulations of an SSQ with constant service rate fed by
a VBR video trace were used to explore the issue of resource
allocation for statistically multiplexed video sources in [17]
that revealed the LRD phenomenon of VBR video traffic. In
this section we provide an algorithm for computation of the
buffer overflow probability of a PLBP SSQ by the Quasi-
Stationary (QS) approximation. A satisfactory approximation
was obtained for the PPBP SSQ in [3], [4]. Concise details
of applying the QS idea are given here while more detailed
justifications or concepts can be found in [3], [4]. In addition,
the simulation method is introduced in Section III-B.

A. The QS approximation

The QS algorithm makes use of an idea which was used
in [18] to find the rate function for a large deviations char-
acterization of multi-source heavy tailed on-off traffic as the
number of sources increases. The idea is to separate the bursts
into long and short. Considering a time period, τ , those bursts
existing for the entire period are identified as long bursts and
the rest are short bursts, as shown in Figure 1. We separate
the process into long and short burst processes, denoted: Lτ

and Sτ , respectively. Since the traffic contributed by each long
burst is constant during the period τ , the performance of the
PLBP SSQ is equivalent to that of a queue fed by Sτ with
service rate reduced by Lτ . Thus for a given τ , the overflow
probability of a PLBP SSQ (Pτ (Q > x)) is

Pτ (Q > x) =

∞∑
n=0

P (η = n)P (QS > x), (7)

where η is the number of long bursts within the period, Q and
QS are the steady-state queue size of the queues fed by the
PLBP input and Sτ , respectively.
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Because the start-times for bursts form a Poisson process,
and it is assumed that the duration of each burst is independent
from all other aspects of the process, Lτ is statistically
independent from Sτ . The number of long bursts is Poisson
distributed with mean β, equal to the burst density (λ) times
the probability that the forward recurrence time of the burst
length distribution (Lomax) is longer than τ , which is

β = λE(d)P (ω > τ) =
λδ

γ − 1

(
1 +

τ

δ

)1−γ

,

by (3). Then P (η = n) can be expressed as

P (η = n) = e−β β
n

n!
. (8)

So, the mean and variance of the long bursts process (Lτ ) are

µL(t) , E(Lτ ) = rtβ, t < τ, (9)

and
vL(t) , var(Lτ ) = r2t2β, t < τ. (10)

Now we consider the queue fed by the short burst process
(Sτ ). The service rate of the queue, c, is the original service
rate deducted by the constant rate contributed by Lτ , c =
C − rη. Since Sτ and Lτ are independent, the mean/variance
of Sτ is equal to the mean/variance of PLBP reduced by the
mean/variance of Lτ , giving

µS(t) , E(Sτ ) = µ(t)− µL(t) = µ(t)− rtβ, (11)

and

vS(t) , var(Sτ ) = v(t)− vL(t) = v(t)− r2t2β, (12)

for t < τ , where µ(t) and v(t) are given by (4) and (6).
As in [2], [3], assuming that Sτ is Gaussian, and using the
approximation of [2], we obtain

P (QS > x) ≈ K exp

(
− (x+ (c− µS(1))t

∗)2

2v(t∗)

)
, (13)

where K is chosen so that for x = 0, the right hand side in
(13) is equal to a Gaussian estimate of the probability that
ηr exceeds the available capacity of the server, and t∗ is a
value of t (≥ 0) which minimizes the expression, (x + (c −
µS(1))t

∗)2/2v(t∗).
Finally, we have the QS approximation for the overflow

probability of the PLBP SSQ by exhausting all possible τ for
(7) to find a global maximum of Pτ (Q > x), that is

P (Q > x) ≈ sup
τ≥0

Pτ (Q > x). (14)

B. A fast simulation method

Instead of a straightforward slow simulation which is well-
known to be time-consuming when it involves LRD processes,
we adopt the fast simulation method provided by [3] for time
efficiency. We now consider a discrete-time PLBP SSQ. The
details of the queue has been provided in the previous section.
By dividing the whole simulation time T [s] into M sampling
intervals, we can obtain the amount of work buffered in the
queue at the end of the nth interval by Lindley’s equation:

Qm = Max {Qm−1 +An − C, 0} ,m = 1, . . . ,M, (15)

where Q0 = 0 and Am is the work contributed by PLBP
within the mth interval. In this section, we will demonstrate
the procedure of obtaining Qm by the fast simulation method.

The only difference between the fast simulation and the
slow simulation is that we assume there already exist η long
bursts when the simulation is initialized. By simulation, we
can obtain the estimation of the overflow probability of the
queue started with η long bursts, denoted: P̂ (Q(η,T ) > x).
Then the overflow probability of the PLBP SSQ is

P (Q > x) =
∞∑

n=0

P (η = n)P̂ (Q(η,T ) > x), (16)

where P (η = n) is shown in (8). For practice, we set n going
to N instead of ∞; N is the smallest number that makes
P (η = N) ≤ ε. Here, the tolerable error, ε, is set to be 10−9.

In sum, for a selected set of x values, X , the fast simulation
is accomplished by the following steps, started with η = 0:

1) Start a thread of simulation with initial η long bursts,
and total period, T . Assign the short bursts to the queue.
The number of the short bursts follows a Poisson process
with mean as λE(d)−β, and their durations are bounded
Pareto FRT number with maximal value as T . Finally,
feed the queue with normal PLBP input, monitor the
queue size by (15), and obtain P̂ (Q(η,T ) > x), x ∈ X .

2) Go to 3) if η = N , else set η = η + 1 and go to 1).
3) Obtain P (Q > x), x ∈ X , by (16).
The time to reach a consistent state for traditional simulation

for a LRD queue is very long. The merit of the fast simulation
method is that it reduces this time by initializing the system
in a range of states.

IV. NUMERICAL RESULTS

In this section, we validate the QS approximation with
simulation results. Also, comparisons between the PLBP and
the PPBP SSQs are presented. All simulations results are
provided with 95% confidence intervals based on Student’s
t-distribution, which are presented as the coloured area in the
figures. In Figure 3, we compare the overflow probabilities
of a PLBP SSQ obtained by the QS approximation with the
simulation results from both the slow and the fast simulation
methods, for various cases involving a range of values for
H , r and C. Table I shows the total times required to
obtain the overflow probabilities for the approximation and
the simulations, for all selected x values, in each of the six
cases presented in Figure 3. Notice the advantage of the fast
simulation in speed over the slow simulation, especially for
H = 0.85. As expected, the approximation takes far less time,
which does not vary much with H . The consistency of the
approximation and the two simulation methods can be found
in the plots. However, there exist discrepancies between the
QS approximation and the simulations for some x values. The
approximation relies on modelling the short burst process as
Gaussian. In cases where the short-burst process plays a major
role in determining performance, this may lead to inaccuracy.
This is probably the main cause of discrepancy between the QS
approximation and simulation results. Observe that the results
of the fast simulation, that do not rely on this assumption,
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are consistent with those of the slow simulation. However, for
large H , both slow and fast simulations of LRD queues may
require even longer (impractically long) run-times to achieve
the required level of accuracy.

TABLE I
TOTAL TIMES FOR OBTAINING P (Q > x) FOR ALL SELECTED x VALUES.

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6
Approx. 0.2 s 0.3 s 0.4 s 0.6 s 0.7 s 1.2 s
Fast sim. 53 min 14 min 4 h 21 min 48 min 2 h
Slow sim. 93 min 46 min 6 days 33 min 2 h 4 days

Fig. 3. Overflow probabilities based on QS approximation vs. simulation
results for Case 1 to 6, with λ = 10 and δ = 1 for all cases.

Figure 4 illustrates the differences in overflow probabili-
ties obtained by PPBP and PLBP for the same fitted key
parameters values. We set γ = 1.5 for both processes so that
the Hurst parameter, H = 0.75. The plot shows two cases
with λ = 1, 10. For each case, the parameters of both PPBP
and PLBP are chosen to fit the same mean and variance as
shown in Table II. The capacities (C) of both queues are
set as Mean + 3

√
Variance. The overflow probabilities for

both processes are obtained by simulations. We see that the
overflow probabilities of the PLBP SSQ are higher than those
of the PPBP SSQ for both cases. The reason is that while there
are more small bursts for PLBP, these extra small bursts must
be balanced by more large bursts to fit the mean, compared to
PPBP, and this leads to more overflows. We observe that the
performance prediction results of PLBP can be significantly
more conservative than PPBP. Recalling the results in Figure
2 indicating that PLBP accurately represents measured traces,
we propose PLBP as a useful tool in network performance
modelling.

TABLE II
PARAMETERS OF PPBP AND PLBP.

λ Mean Variance PPBP PLBP
δ r δ r

1 1.836 1 1 0.612 1.537 0.597
10 5.82 1 1 0.194 1.545 0.188

V. CONCLUSION

We have motivated the use of PLBP by using real traces
to demonstrate that Lomax overcomes a weakness of Pareto

Fig. 4. Overflow probabilities for PPBP and PLBP SSQs.

in better representing short bursts while retaining similar
heavy tail behavior. Then we have provided an analytical
approximation and a fast simulation method for evaluating
the overflow probability of a PLBP SSQ. In all the cases
considered, the accuracy of the fast simulation method was
demonstrated by showing that its results are very close to
those obtained by slow simulations. We have observed some
inaccuracies of the approximation which were explained by
its Gaussian assumption of the short bursts.
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