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Approximate Maximum Likelihood Delay
Estimation via Orthogonal Wavelet Transform

Y. T. Chan, H. C. So, and P. C. Ching

Abstract—A novel approximate maximum likelihood algorithm is
proposed for estimating the time difference of arrival between signals
received at two spatially separated sensors. Prior to cross correlation,
one of the channel outputs is optimally weighted at different frequency
bands with the use of an orthogonal wavelet transform. It composes an
array of multirate filters and is a time-domain implementation of the
generalized cross correlation method. However, it does not suffer from the
performance degradation due to the errors inherent in spectral estimation
obtained from finite length data and is computationally efficient. A
simple decision rule is also provided to automatically determine the
requisite levels of wavelet decomposition. The effectiveness of the method
is demonstrated by comparing, with the direct cross correlator, the Eckart
processor and the Craḿer-Rao lower bound (CRLB) for different noise
conditions and wavelet filter lengths.

Index Terms—Time delay estimation, wavelet transform.

I. INTRODUCTION

Time delay estimation between signals received at two spatially
separated sensors in the presence of noise has important applications
such as direction finding, source localization, and velocity tracking
[1]. The receiver outputs, which are denoted byr1(k) andr2(k), are

r1(k) = s(k) + n1(k)

r2(k) = s(k �D) + n2(k); k = 0; 1; � � � ; T � 1 (1)

where s(k) is the unknown source signal,n1(k) and n2(k) are
the additive noises at the respective sensors,D is the difference in
arrival times at the two receivers, andT is the number of samples
collected at each channel. Without loss of generality, the sampling
interval is assigned to be unity second. It is assumed that the source
signal is stationary Gaussian and bandlimited between�0.5 and 0.5
Hz, whereas the corrupting noises are uncorrelated white Gaussian
processes that are independent ofs(k):

Many of the methods devised to estimate the delayD are related
through a generalized cross correlation (GCC) approach [2]. The
system block diagram of a generalized cross correlator is shown in
Fig. 1. It consists of a pair of receiver prefiltersH1(f) andH2(f)
followed by a cross correlator. The output of the correlatorJ(�) is
given by

J(�) =
0:5

�0:5

H1(f)H
�

2 (f)Ĝr r (f)ej2�f� df (2)

where � stands for the complex conjugate, and̂Gr r (f) is the
estimated cross-power spectrum between the finite data sequences
r1(k) andr2(k): The delay estimatêD is equal to the time argument
at whichJ(�) achieves its maximum value. Examples of well-known
prefilters include smoothed coherence transform (SCOT), maximum

Manuscript received April 1, 1997; revised October 15, 1998. The associate
editor coordinating the review of this paper and approving it for publication
was Prof. Mark J. T. Smith.

Y. T. Chan is with the Department of Electrical and Computer Engineering,
Royal Military College of Canada, Kingston, Ont., Canada, K7K 5L0.

H. C. So is with the Department of Electronic Engineering, City University
of Hong Kong, Kowloon, Hong Kong.

P. C. Ching is with the Department of Electronic Engineering, The Chinese
University of Hong Kong, Shatin, Hong Kong.

Publisher Item Identifier S 1053-587X(99)02164-9.

Fig. 1. Generalized cross correlator configuration.

likelihood (ML) [2], Hassab-Boucher (HB) [3], and the Wiener
processor [4]. Generally speaking, the introduction of the prefilters
is to enhance the frequency bands where the signal is strong and
to attenuate the bands where the noise is excessive. However, the
implementation of such filters requires knowledge of the signal and
noise spectra, which are usually unknown, and thus, they have to be
estimated fromr1(k) andr2(k): Due to inaccuracies associated with
spectral estimation, from finite data length, the desired performances
of the GCC’s are difficult to achieve in practice.

In order to avoid spectral estimation, efforts have been made to
design fixed Eckart filters [5] that aim to maximize the output signal-
to-noise ratio (SNR) ofJ(�) at � = D. This method, however,
assumes that the classes of power spectral densities (PSD’s) for
the signal and noises are known. A new approximate maximum
likelihood (AML) prefilter based on the fast wavelet transform
is proposed in this correspondence. The method is more viable
than [5] because it does not even need to know the types of the
signal and noise PSD classes. After wavelet decomposition of one
of the receiver outputs, each subband sequence is multiplied by
a constant factor, which corresponds to the AML weight in that
frequency band. The scaled subband components are then combined
using inverse wavelet transform to construct the AML prefiltered
signal. Apart from circumventing spectral estimation, this prefiltering
process is also computationally attractive because wavelet decompo-
sition/reconstruction is performed only in one of the two channels.
The derivation of the AML prefilter will be described in detail
in Section II. Moreover, a simple routine is developed to compute
the optimum number of wavelet decomposition levels. Section III
evaluates the performance of the proposed method by comparing with
the direct cross correlation method and the piecewise constant Eckart
prefilter. In Section IV, conclusions and some possible extensions
are drawn. In particular, we will generalize the method using wavelet
packets and discuss the feasibility of modifying the algorithm when
the corrupting noises are nonwhite.

II. DERIVATION OF THE AML PREFILTER

When the prefiltersH1(f) andH2(f) are chosen to satisfy [2]

H1(f)H
�

2 (f) =

Gss(f)

Gn n (f)Gn n (f)

1 +
Gss(f)

Gn n (f)
+

Gss(f)

Gn n (f)

(3)

where Gss(f); Gn n (f); and Gn n (f) denote the auto-power
spectra ofs(k); n1(k); and n2(k), respectively, the delay variance
will attain the Craḿer-Rao lower bound (CRLB). This choice of
H1(f)H

�

2 (f) is known as maximum likelihood (ML) weighting. In
this section, a new AML filter is developed by using fast orthogonal
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Fig. 2. Prefiltering ofr1(k) using wavelet decomposition.

wavelet transform to approximate (3). In order to reduce computation,
H2(f) is arbitrarily set to 1 so that weighting will only be required
for r1(k), and in this case,H1(f) is given by the right-hand side of
(3). The prefiltering procedure, which is depicted in Fig. 2, consists of
three steps, namely, discrete wavelet decomposition, scaling of each
subband sequence, and inverse wavelet transform. LetT = 2L � I,
where L denotes the level of decomposition, andI is a positive
integer. In the first level of decomposition, the sequencer1(k) is
divided into two subband componentsc1(k) andd1(k) with lowpass
and highpass filters and decimation. Mathematically,c1(k) andd1(k)
are calculated using fast orthogonal wavelet transform as [6]

c1(k) =

2(N+k)�1

l=2k

~r1(l)gl�2k

d1(k) =

2k+1

l=2(k�N+1)

~r1(l)hl�2k (4)

wherek = 0; 1; � � � ; T=2� 1: The notation~r1 denotes the periodic
extension of r1, and fgig; i = 0; 1; � � � ; 2N � 1 represent the
2N -tap quadrature mirror filter coefficients [7]. The corresponding
highpass filter coefficients are given byhi = (�1)ig1�i for i =
�2N +2;�2N+3; � � � ; 1: This procedure then repeats successively
for the lowpass data stream at each decomposition level until the
wavelet coefficientsd1(k); d2(k); � � � ; dL(k) and the residue com-
ponent cL(k) are obtained. Notice that the length of each output
sequence is halved after each decomposition, and thus, the total sum
of the number of subband samples is still equal toT: The number
of additions and multiplications involved in the decomposition are
2T (2N � 1)(1� 2�L) and4NT (1� 2�L), respectively.

The AML filtering is performed by scaling the subband
signals, starting from the highest level, with finite weights
wd ; wd ; � � � ; wd ; and wc , which are determined in the time
domain of the multirate system level by level. By so doing, spectral
estimation of the signal and noise spectra that may introduce large
delay variances is prevented. To derive these AML weights, it
is assumed that the signal component in each subband sequence
can be approximated by a flat spectrum. This implies that the
auto-power spectrum ofs(k), as well as the optimal weighting
function, are modeled by some piecewise constant functions. It is
a reasonable assumption, particularly when the number of levels is
chosen sufficiently large. Using (3) for flat signal and noise spectra,
the AML weight in thelth highpass band, which is denoted bywd ,
is computed as

wd =
�̂2s

�̂2n �̂2n + �̂2s (�̂2n + �̂2n )
(5)

Fig. 3. Flowchart for the AML prefiltering with decision rule for determining
L:

where

�̂2s
�
=

1

2�lT

2 T�1

i=0

d2l (i)� �̂2n (6a)

�̂2n
�
=

1

T

T�1

i=0

r21(i)� �̂2s (6b)

�̂2n
�
=

1

T

T�1

i=0

r22(i)� �̂2s (6c)

�̂2s
�
= max

�

1

T

T�1

i=0

r1(i+ �)r2(i): (6d)

The quantity�̂2s denotes the estimated signal power indl(k); �̂
2
n ;

and�̂2n represent the estimated noise powers, and�̂2s is the estimate
of the total input signal power. Since the signal is assumed to be ban-
dlimited between�0.5 and 0.5, the maximization of (6d) is performed
by using the sinc interpolation, where sinc(v)

�
= sin(�v)=(�v): In a

similar manner, the weight for the residue signalwc is given by

wc =
�̂2s

�̂2n �̂2n + �̂2s (�̂2n + �̂2n )
(7)

where

�̂2s = 2L�̂2s �

L

l=1

2L�l�̂2s : (8)

The parameter̂�2s represents the estimate of signal power in the
sequencecL(k), and it is derived from the fact that the power sum of
the highpass and lowpass bands should be equal to twice the power
of the lowpass sequence at the previous stage. It is noteworthy that
if any weight has a negative value, we will fix it to zero because all
signal/noise powers should be non-negative.

The modified subband sequencesdo1(k); d
o

2(k); � � � ; d
o

L(k); and
coL(k) are then combined to form the AML prefiltered signalro1(k):
This is achieved by an inversion of the filter bank decomposition
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Fig. 4. Four different auto-power spectra ofs(k):

process, and it starts from the formation of the new lowpass sequence
coL�1(k): The reconstruction formulae are given by [6]

col�1(k) =

k=2

i=(k=2)�N+1

~col (i)gk�2i +

(k=2)+N�1

i=(k=2)

~dol (i)hk�2i

k = 0; 2; � � � ; 2�l+1T � 2

col�1(k) =

k�1=2

i=(k+1=2)�N

~col (i)gk�2i +

(k�1=2)+N�1

i=(k�1=2)

~dol (i)hk�2i

k = 1; 3; � � � ; 2�l+1T � 1 (9)

where l = L;L � 1; � � � ; 1: Note that the first equation is for even
k, whereas the second is for oddk: The sequencero1(k), which
is equivalent toco0(k), is obtained by using (9)L times. Note that
the computational complexity of the reconstruction is equal to the
decomposition. Finally, the AML delay estimatêDAML is calculated
from the peak of the cross correlation function ofro1(k) and r2(k),
that is

D̂AML = arg max
�

T�1

i=0

ro1(i+ �)r2(i): (10)

Again, the peak search is accomplished by the sinc interpolation.
An important issue in AML filtering is to determine the decom-

position levelL, which is dependent on the unknown signal PSD
shape. IfL is too small, the assumption of flat signal spectrum in
each subband may become inaccurate. On the other hand, ifL is too
large, considerable variances in the power estimates at lower levels
can result from an oversegmentation of the subband components.
Both situations will, in turn, weaken the AML delay estimation
performance. A simple algorithm based on the ratio of the adjacent
subband signal powers is designed to determine the bestL for a
given Gss(f): Assume the current decomposition level is less than
a predefined maximum allowable decomposition levelLmax: If the
subband signal powers are contrasted, that is, the smaller power over
the larger one is less than a thresholdTh 2 (0; 1), we continue the
decomposition until the adjacent subband signals have comparable
powers. By trial and error, we find that a threshold value of 0.6
worked best. The complete AML prefiltering scheme, including the

automatic selection rule forL, is summarized in Fig. 3. First of all, we
determine the total input signal and noise powers using (6b)–(6d). At
each wavelet decomposition level, the signal powers in the highpass
and lowpass bands are computed using (6a) and (8), respectively. If
their ratio (the smaller over the larger) is less thanTh andLmax is
not reached, weighting of the highpass component is performed using
(5) before proceeding to the next level of decomposition. Otherwise,
we activate the wavelet reconstruction with weighting of the residue
lowpass component using (7) and scaling of the sequencedL (k)
as well if Lmax is attained.

III. SIMULATION RESULTS

Simulation tests were carried out to evaluate the performance
of the proposed AML time delay estimator. Comparisons of mean
square delay errors were made with the direct cross correlator,
piecewise constant Eckart filter, and the CRLB. Four experiments
with different signal spectra described in Fig. 4 were presented. In
the first spectrum, the source signal was a white noise. Spectra
B and C were piecewise constant functions whose powers were
concentrated in the low and the middle frequencies, respectively. The
last signal had a simple lowpass spectrum whose PSD was given by
Gss(f) = 12=(1+(6�f)2)2: To obtain the two sensor outputs, three
uncorrelated white Gaussian noise sequences were first generated.
Two of these sequences were used to represent the additive noises
while we passed the remaining one through specific digital filters to
produce the desired spectra ofs(k): The source signal had power of
unity watt, and different SNR’s were obtained by proper scaling of the
random noise sequences. For simplicity but without loss of generality,
the additive noises were assigned to have identical power. The time
delay parameterD was set to 1.0, and the data lengthT was 4096. We
used Daubechies wavelets [6] in the decomposition/reconstruction,
and filter lengths of 4, 8, and 16 were tried to see if they affect
the delay estimation accuracy. In the routine for determining the
optimum decomposition levelL, the thresholdTh was fixed to 0.6,
and the maximum allowable level was 5. The mean square delay
errors obtained were based on 200 independent runs.

Spectrum A: Fig. 5 compares the proposed method with different
filter lengths and the direct cross correlator. It can be seen that all
methods attained the CRLB for SNR� �10 dB. Below�10 dB,
the delay variances of both techniques became much larger than the
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Fig. 5. Mean square delay error for signal spectrum A.

Fig. 6. Mean square delay error for signal spectrum B.

bound due to the occurrence of anomalous estimates. They had very
similar performances because the number of decomposition levels
was determined as zero in most cases of the wavelet-based method.
Since it is well known that the basic cross correlator gives the ML
estimates for white source signal, the results show that the proposed
AML estimator is also optimum in this case.

Spectrum B: The auto-power spectrum ofs(k) consisted of three
piecewise constant functions, and the signal energy was concentrated
betweenf = 0 Hz andf = 0:125 Hz. It can be seen in Fig. 6 that
all versions of the proposed method performed much better than the
direct correlation method for the whole range of SNR’s, although they
all had same threshold effects at SNR= �11 dB. The improvement
over the standard method was particularly apparent at the low SNR’s,
which showed a decrease of approximately 5 dB in the mean square
delay error. As expected, the number of decomposition level was
found to be 2 in most of the trials. We can also observe that the
delay variances of the AML technique decreased as the filter lengths
in the wavelet transform increased. This is because a longer filter
length can provide sharper lowpass/highpass filters in each subband
decomposition. When ideal filters are available, the proposed method
should give the ML estimates that attain the CRLB.

Spectrum C: The power spectrum of the source signal had a peak
value of 25/7 fromf = 0:125 to f = 0:25 Hz. Fig. 7 shows
that the proposed method for any filter length outperformed the
cross correlation method for SNR<5 dB, and the improvement
in estimation errors became more significant at lower SNR’s. As
in the previous experiment, smaller delay variance was attained if
we used a longer wavelet filter length. The delay variances of the
wavelet-based algorithm using 16 filter taps were close to the CRLB
before the threshold at SNR= �10 dB, and their differences were
approximately equal to 1 dB. Note that the AML estimator with
four filter coefficients advanced the normal threshold by 1 dB, in
comparison with the others.

Spectrum D: The signal spectrum was a monotonically decreasing
function, and most of the power was distributed betweenf = 0
and f = 0:2 Hz. Comparison of the proposed method, direct cross
correlation, and a three-level piecewise constant Eckart filter [5]
were shown in Fig. 8. The frequency spectrum of the Eckart filter
was determined by the signal and noise PSD’s. It was a piecewise
constant function and had values of 1.00 forjf j< 0.0286 Hz, 0.427
for 0.0286 Hz,� jf j< 0.0605 Hz, and 0.016 for 0.0605 Hz� jf j �
0.5 Hz. It can be seen that the cross correlation gave the largest
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Fig. 7. Mean square delay error for signal spectrum C.

Fig. 8. Mean square delay error for signal spectrum D.

mean square errors for almost the whole range of SNR’s. Although
the Eckart processor did not perform satisfactorily at high SNR’s, it
gave the most accurate delay estimates for SNR< �5 dB as it was
an optimum estimator under a very noisy environment. Furthermore,
the AML estimator using eight and 16 filter taps performed very
similarly and exhibited appreciable improvement over the basic cross
correlator. In practice, the class of signal PSD will not be known
exactly, and in turn, the Eckart filter may suffer from performance
degradation even at low SNR’s. As a result, we can say that the
wavelet-based technique is the most robust because it provides good
performance, which is essentially insensitive to the signal spectra and
the noise levels. Notice that in this test, the threshold effects of the
three methods were not evident, at least for SNR< �13 dB.

IV. CONCLUSIONS AND POSSIBLE EXTENSIONS

By using the fast orthogonal wavelet transform, a novel AML
method based on the GCC approach for time delay estimation be-
tween two spatially separated sensors is derived. Unlike conventional
GCC methods, errors introduced in spectral estimates using finite
sensor outputs are avoided in the proposed method. By modeling
the ML weighting function as piecewise constant, an approximately

optimum prefiltering is achieved by wavelet decomposition of one of
the sensor outputs, scaling of each subband sequence by a positive
factor, and the inverse wavelet transform. A simple routine is also
designed to automatically determine the required decomposition level.
Computer simulations using different signal spectra show that the
algorithm is stable and gives good time delay estimation accuracy.
In general, this estimator gives a significant improvement over the
direct cross correlation method, particularly for small SNR’s, and its
variance is close to the CRLB. Moreover, the accuracy of the delay
estimates increases with the length of the wavelet coefficients. It is
also worthy to note that it should perform much better than the AML
delay estimator using the Fourier transform, which has been shown
to have similar performance with standard cross correlation [8].

The AML prefiltering can be generalized by using wavelet packets
[9]. Unlike the discrete wavelet transform, which provides an octave
band analysis, wavelet packets, through arbitrary splitting in the
lowpass and highpass bands, can have frequency resolutions different
from the constant-Q scheme. This may give a better delay estimation
performance because it does not have the resolution restriction, as
in the wavelet transform. To choose the most suitable frequency
resolutions for a given signal PSD, we follow the same idea of the
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decision rule in Section III to determine the decomposition level.
At each level, all subband sequences are split into the highpass and
lowpass bands. Particular decompositions will stop at the band that
possesses comparable highpass and lowpass powers or reaches the
maximum allowable level. When all subband sequences have com-
pleted the decomposition (that is, the required frequency resolutions
are achieved), we multiply each data stream by the corresponding
AML weight prior to the reconstruction.

When the two corrupting noises are nonwhite and of different
spectra, it is still possible to perform the wavelet based prefiltering.
To calculate the AML weights, decomposition of bothr1(k) and
r2(k) are now required. This is because we need to have estimates
of the noise power components at different frequency bands for each
channel output. As a result, the computational complexity will be in-
creased and the delay estimation accuracy may be decreased because
of the enlarged variances in the subband signal/noise power estimates.
Notice that the decision rule for choosing the decomposition level
should be modified to consider both the signal and noise components
at each stage.
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Robust Source Coding of Images for Very Noisy Channels

Lisa M. Marvel, Ali S. Khayrallah, and Charles G. Boncelet, Jr.

Abstract— Robustsource coding provides the compression and noise
mitigation necessary for image transmission over noisy channels. Two
methods are compared (DPCM and PTCQ), incorporating linear and
nonlinear filters. Findings show that although PTCQ has better rate-
distortion properties, DPCM provides better performance in noise. Ad-
ditionally, the nonlinear filter yields better images.

Index Terms—Image compression, image transmission, noisy channels,
nonlinear filters.

I. INTRODUCTION

In environments where the channel is prone to errors, a productive
image transmission system must provide error resiliency. However,
typical error correcting codes tend to break down when bit error rates
are high, unless very low rate codes are employed. Unfortunately,
these very low rate codes utilize much of the available bandwidth.
Sayood and Borkenhagen presented an approach that exploits the
residual redundancy in the output of the imperfect source coder to
assist in correcting channel errors at the decoder [1]. This scheme
yields good performance; however, the effectiveness relies ona
priori knowledge of the channel characteristics. This dependency
could be detrimental for a time-varying channel such as that of a
wireless system. Therefore, we pursue a method that will perform
robust source coding as a technique that provides both compression
and noise mitigation without channel coding or knowledge of the
channel characteristics. Specifically, the utilization of two source
coding schemes—predictive trellis coded quantization (PTCQ) and
differential pulse-coded modulation (DPCM)—incorporating linear
and nonlinear prediction filters is investigated. DPCM and trellis
coding are incorporated within state-of-the-art image compression
algorithms such as JPEG-v6 and JPEG-2000. Use of the nonlinear
filter is effective in limiting the effects of noise and minimizing the
propagation of error. This research is motivated by the recent work
of Khayrallah [2] and the original paper on PTCQ applied to speech
signals [3].

In this correspondence, our goal is twofold: We evaluate the
incorporation of the optimal linear and nonlinear filters in two
compression algorithms (DPCM and PTCQ) to demonstrate resiliency
to noise of both the algorithms and the filters. In addition, the
performance effects of various PTCQ parameters, such as bit rate
and the number of trellis states, will be exhibited.
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