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Active Huygens’ Box: Arbitrary Electromagnetic
Wave Generation With an Electronically
Controlled Metasurface

Alex M. H. Wong ™, Senior Member, IEEE,

Abstract—This work investigates the generation of arbitrary
electromagnetic waveforms inside a geometrical area enclosed by
an active metasurface. We introduce the Huygens’ box, where a
region of space is enclosed by an active Huygens’ metasurface.
We show that, upon generating the necessary electric and
magnetic currents, we can create any desired electromagnetic
field inside Huygens’ box. Using this method, we demonstrate,
through simulation and experiment, the generation of travel-
ing plane waves, a standing plane wave, and a Bessel wave
inside a metallic cavity. These waves are generated using the
same (reconfigurable) metasurface by aptly controlling the elec-
tronic excitations. By linear superposition of these unconven-
tional traveling-wave ‘“modes,” we experimentally demonstrate,
for the first time, a subwavelength superoscillation focal spot
formed without involving evanescent EM waves and without
an accompanying region of exorbitantly high waveform energy.
The Huygens’ box brings controlled waveform generation to an
unprecedented level, with far-reaching implications to imaging,
wireless communication, and medical therapy.

Index Terms— Active cloaking, cavity modes, equivalence prin-
ciple, metasurface, super-resolution imaging, waveform synthesis.

I. INTRODUCTION

N THE late 17th century, Christiaan Huygens proposed

a theory on light propagation that later became a pillar
of classical electromagnetics. His proposal, now known as
Huygens’ principle, stipulated that light propagates as a wave:
the spatial locations reached by the wave would emanate
secondary spherical wavelets that constructively interfere in
the direction of light propagation [1]. While imperfect, Huy-
gens’ principle was a crucial part of the wave theory of light,
which successfully explained light propagation phenomena,
such as reflection, refraction, and diffraction off surfaces.
Later refinements reconciled Huygens’ principle with the
mathematical formulation of electromagnetic waves. Fresnel
[2] showed that upon adding an obliquity factor, Huygens’
principle agrees with Kirchhoff’s formulation of the scalar
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theory of electromagnetic waves. Love [3] and Schelkunoff [4]
generalized Huygens’ principle into the electromagnetic equiv-
alence principle, which states that the electromagnetic fields
within a region can be generated by equivalent sources in
the form of surface currents (typically both electric and
magnetic) at the region boundary. Today, the equivalence
principle is regarded as a fundamental pillar of classical
electromagnetics.

The recent development of electromagnetic metasurfaces
[5]-[25]—artificially engineered surfaces possessing designer
electromagnetic effects that are sometimes unfound in
nature—can be understood in the perspective of Huygens’
principle. Essentially, when illuminated by a known incident
electromagnetic radiation, the subwavelength features on a
metasurface produce the required secondary sources that inter-
fere to generate the desired scattered field. Various demon-
strations have showcased the metasurface as a ubiquitous
tool that can perform anomalous reflection, refraction, and
diffraction [6]-[10], lensing [11]-[13], subwavelength focus-
ing [14]-[16], polarization manipulation [17]-[19], antenna
beam shaping [20]-[22], holography, and image formation
[23]-[25], among other applications. These works show that,
by invoking Huygens’ principle through an artificial planar
structure, one can design an electromagnetic wave transfor-
mation device that is flexible, low profile, lightweight, and
low cost compared with its replacement. By extension, one
envisions that a greater degree of control can be achieved
when a metasurface takes on a curved geometry in 3-D space
[26]. More importantly, far greater flexibility can be endowed
when the equivalent sources are active (impressed) instead
of passively induced (secondary). Waveforms emanating from
hard-to-realize original sources can now be conveniently syn-
thesized by the metasurface; furthermore, these waveforms can
be dynamically controlled by reconfiguring their electronic
excitation. However, with few exceptions [27], [28], this area
has, heretofore, remain unexplored.

This article demonstrates equivalence-inspired total wave-
front control with a metasurface that wraps around a region of
interest. We use an active Huygens’” metasurface to excite the
requisite electric and magnetic currents at the boundary of a
square region that we call the Huygens’ box, thus achieving
unprecedented control of the fields inside the box. We show,
through numerical simulation and experimental measurement,
the synthesis of a standing wave, traveling waves, a Bessel
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Fig. 1. (Color) (a) Electromagnetic equivalence theory. A set of currents
{Js, M} can generate an electromagnetic field {E,, H,} within an enclosed
area without affecting {Ej, Hp} or adjust the electromagnetic field {Ej, Hp}
outside the area without affecting {E,, H,}. (b) Twin current filament that
serves as the 2-D active Huygens’ metasurface element. (c) Mirrored current
filament that serves as a simplified 2-D active Huygens’ metasurface element.
(d) Schematic of Huygens’ box, showing the 2-D environment and the
placement of the twin current filaments.

wave, and a subwavelength focus inside Huygens’ box. In par-
ticular, through the superposition of traveling waves, one can
construct an arbitrary waveform within Huygens’ box. This
work demonstrates the direct usage of the electromagnetic
equivalence principle to generate a class of waveforms, includ-
ing waveforms whose existence is originally forbidden in
their native environments (in this case, a metallic cavity).
The Huygens’ box allows one to generate and control an
arbitrary electromagnetic waveform to unprecedented levels
inside an enclosed area, with far-reaching ramifications in
imaging, communication, and medical therapy.

II. THEORY
A. Electromagnetic Equivalence Principle

The equivalence principle is a fundamental principle in
electromagnetics and states that multiple (equivalent) sources
can produce the same electromagnetic field in a region of
space [29]. One way of generating such an equivalent source
is by exciting electric and magnetic currents at the boundary
of a region of interest that generates the required electric and
magnetic field discontinuities across it. When properly tuned,
such an equivalent source boundary electromagnetically sepa-
rates the regions inside and outside the boundary: each region
is then able to assume an electromagnetic field distribution
unaffected by the sources and field distribution in the other
region.

We formalize the discussion by referring the reader to
Fig. 1(a). Here, {E,, H,} and {Ey, Hp,} represent the waves
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inside and outside the boundary, respectively, fi denotes the
outward-pointing surface normal, and {Js, Mg} denote the
electric and magnetic surface currents, which are given by

Js = fi x (Hy — Hy)
M, = —ii x () — Ey). (1)

While the concept of electromagnetic equivalence is a
theoretical topic for classical texts in electromagnetics [29],
[30], recent advances in metasurfaces allow one to physically
realize such currents and achieve, to an unprecedented level,
the arbitrary generation and/or control of an electromagnetic
waveform inside an enclosed environment. Especially, with a
passive Huygens’ metasurface [31]-[34], one can design the
excited electric and magnetic currents along the surface that
arise from a predefined incident wave and, thereby, achieves
one-sided electromagnetic behavior. In this work, we demon-
strate that by: 1) wrapping the metasurface to enclose a region
and 2) using an active Huygens’ metasurface, we can directly,
actively, and arbitrarily tune the electromagnetic fields interior
to the metasurface boundary without affecting the electromag-
netic wave exterior to the metasurface boundary, and vice
versa. This approach can achieve extreme transformations
that are not possible with passive and/or planar Huygens’
metasurfaces.

B. Huygens’ Box Environment

To simplify the discussion of the conducted simulations
and experiments, we consider a 2-D, TMz electromagnetic
environment where all currents and fields remain invariant in
the z-direction and the set of fields {H,, H,, E,} is nonzero in
general. These conditions are met in a parallel-plate waveguide
environment that we will discuss later in this article. In this
environment, we define as our region of interest a square
boundary of side length L enclosing the area |x| < L/2,
|y| < L/2. We shall call this device the Huygens’ box: in the
following, we report arbitrary waveform generation inside this
region through the proper excitation of electric and magnetic
currents on its boundary.

C. Active Huygens’ Metasurface

1) Twin Current Filament: We form a simple active Huy-
gens’ metasurface using the twin current filament as a Huy-
gens’ source element [35], [36]. As depicted in Fig. 1(b), this
element consists of two line currents along the z-direction,
equidistant from the metasurface boundary, which, for illus-
trative purposes, runs along the y-direction. The line source
with current I, is located just inside the Huygens’ box, and
the one with current [, is located just outside. The currents
I, and I, running through this source can be separated into
an even (or copropgation) mode (/,), which corresponds to
an effective electric current in the z-direction, and an odd
(or counter-propagation) mode (/,,), which corresponds to an
effective magnetic current orthogonal to z and tangential to
the metasurface direction. The even and odd mode currents
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are obtained from the filament currents through

l,=1,+1,
Iy — 1
I, = B . (2)
and the corresponding electric and magnetic surface currents

are

I,
Js = —12
s
j Ifn A A
M, = M(n x 7). (3)
s

Here, @ = 2z f is the angular frequency and pug is the
permeability of free space. As shown in Fig. 1(d), &, w, and
s, respectively, denote the parallel-plate separation, line source
separation, and unit cell size, and fi points outward (i.e., from
current filament a to b). Upon rearranging (2) and (3),
we arrive at

sJy o sM;
Ia =—++7J
2 oW
s Jg . sM;
I ==" - @
2 [y

where s represents the separation between adjacent meta-
surface elements, J; = Js -2, M; = M - (i x Z), and -
denotes the inner product. Using (1) and (4), one can find
the necessary surface currents, and then the corresponding
excitation currents to the active Huygens’ metasurface, that
will synthesize or control the electromagnetic waveform in a
desired manner.

2) Mirrored Current Filament: For situations where one
wishes to synthesize an arbitrary waveform inside the enclosed
region, but is unconcerned with electromagnetic waves outside
the region, the twin current filament can be simplified into
the mirrored current shown in Fig. 1(c). One arrives at the
mirrored current filament by dissecting the twin current fila-
ment with a perfect conductor. Applying the electromagnetic
image theory [29], one concludes that the perfect conductor
serves as an antimirror to the single current filament. This
effectively suppresses the electric surface current, doubles
the magnetic surface current, and leaves unaffected the elec-
tromagnetic fields inside Huygens’ box. Hence, somewhat
counterintuitively, the remaining electric current filament /
actually excites the odd mode, which synthesizes the mag-
netic surface current. Mathematically, in this arrangement,
(4) simplifies to

sM
ouow’

= (5)

Equations (1) and (5) can be used to calculate the currents
required for waveform synthesis in Huygens’ box excited with
mirrored current filaments.

III. SIMULATIONS
A. Simulation Setup

Using the twin current filament configuration, we investi-
gate the synthesis of electromagnetic waveforms inside the
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Huygens’ box using the commercial full-wave electromag-
netic simulator ANSYS High Frequency Structure Simulator
(HFSS). Fig. 1(d) shows a diagram of the simulation. The
simulation is performed at f = 1 GHz, with a corresponding
free-space wavelength of 4 = 300 mm. Two metallic conduc-
tors, spaced less than half-wavelength apart (A = 44.5mm =
0.1481), form a parallel-plate environment that enforces the z-
direction electromagnetic field invariance for all propagating
modes. The simulation area is 24 by 24 in the xy plane and is
terminated by a perfectly matched layer absorbing boundary.
A Huygens’ box with size L = 1 is generated at the center
of the simulation domain, with element dimensions s = 1/4
and w = 1/20. In the following, we show simulation results
using line sources, as depicted in Fig. 1(b), but, in practice,
we find that the current filament can be replaced by a dipole
or a monopole. We hypothesize that any small antenna with a
matching current direction and a reasonably isotropic radiation
pattern would serve the purpose since the field emanating from
such an antenna would couple similarly into the propagating
modes of the parallel-plate environment.

B. Synthesizing Arbitrary Traveling Waves

We first demonstrate the generation of traveling plane waves
within the Huygens’ box. The electric and magnetic fields for
a plane wave propagating at an angle 6 with respect to the
x-axis can be written as follows:

E(x,y) = Eoe*j(kxerkyy) 5
E .

H(x,y) = —e /() (sin 0 & — cos 0 §) ©)
Mo

where n = /uo/eo is the characteristic impedance of free
space, ky = kocos®, k, = kosin@, and kg = 2z /. In this
article, we assume an e/® time dependence. To synthesize
such a traveling plane wave in the Huygens’ box, we find
{Ea(x, y), Ha(x, y)} by solving (6) at the metasurface bound-
ary, and setting {Ey,, Hp} to zero, we can write (1) as

Js(x,y) = —h x Ha(x, y)
M;(x, y) :ﬁXEa(x,y) (7

Solving (7) yields the surface currents {Js(x, y), Ms(x, y)}
along the metasurface boundary. To implement this surface
current, the surface is discretized into a finite set of locations,
each of which will be synthesized with a pair of current
filaments, as shown in Fig. 1(b) and (d). In general, an ele-
ment spacing of less than half-wavelength is sufficient to
generate the desired waveform. We will elaborate on this
topic in Section VI. Upon determining the unit cell locations,
the results of (7) can be substituted into (4) to calculate a
set of filament currents {/,, I}, which forms our excitation to
the active Huygens’ metasurface. Thereafter, we observe the
generation of the field profile {E, (x, y), Ha(x, y)} upon apply-
ing the excitation currents {/,, I} in the simulation. Fig. 2
shows, at four time instants, the time-varying electric field in
the simulation environment, corresponding to the generation
of three plane waves, with propagation angles of ¢, = 0°,
6, = 30°, and 65 = 45° with respect to the x-axis (horizontal).
From these plots, it is clear that a traveling wave is produced
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Fig. 2.

(Color) Full-wave simulation results for generating plane waves inside the Huygens’ box. Generation of three plane waves, propagating at

(a)-(d) 6, = 0°, (e)—~(h) 6 = 30°, and (i)—(1) 63 = 45° from the x-axis (horizontal). For each angle of propagation, the instantaneous electric field

E,(x,y,t) is plotted at four different phase points, each spaced 90° apart.

inside the parallel-plate environment at the prescribed angles;
it is also clear that the traveling wave is generated only inside
the confines of Huygens’ box, even without the presence of a
hard boundary (such as a perfect conductor) at the edge of the
box to preclude the penetration of the electromagnetic wave.
As expected, regions of large field amplitudes exist in the
vicinity of the line sources, but the field level decays quickly
away from these elements, such that at about an eighth of
a wavelength away from the current locations, the traveling
plane wave profiles can be clearly observed. By enabling the
generation of arbitrary plane waves in an enclosed region, any
electromagnetic wave can be synthesized as a superposition of
plane waves.

C. Mimicking and Cloaking Electromagnetic Fields

The functionality of the Huygens’ box is not limited to cases
where external fields are absent. Fig. 3(a) shows a case where
a traveling wave at 6; = 60° is twisted 90° clockwise within
the confines of the box. In this case, the metasurface excitation
{1,, I} synthesizes within the Huygens’ box the superposition
of two plane waves: 1) a traveling wave at §; = 60° with the
same amplitude but opposite phase to that of the incident wave
and 2) another traveling wave at 8y = 150°. The first wave
cancels the incident electromagnetic field, while the second
generates the field profile, as shown in Fig. 3(a). Fig. 3(b)—(d)
shows that, in this situation [see Fig. 3(b)], an object inside the
Huygens’ box would assume a scattering pattern that differs
from the scattering pattern upon illumination at §; = 60°

[see Fig. 3(c)] and approximates the scattering pattern upon
illumination at 8; ;s = 150° [see Fig. 3(d)]. Small imper-
fections lead to slight spurious scattering that causes rip-
ples in Fig. 3(a), as well as slight deviations between
Fig. 3(b) and (d). We expect that these deviations would
diminish for a larger Huygens’ box. Since the waveform inside
the Huygens’ box can be synthesized at will, the Huygens’ box
facilitates endless possibilities for mimicking or engineering
the scattering profile of any contained object.

Fig. 3(e)-(h) shows the special case where the total field
vanishes inside the Huygens’ box. Because of this absence
of electromagnetic fields, the objects inside the box do not
scatter and are effectively cloaked from the external illumi-
nation. Fig. 3(f)—(h) shows the absence of scattering when a
metal box [see Fig. 3(f)], a cluster of metallic cylinders [see
Fig. 3(g)], and a cluster of ceramic cylinders [see Fig. 3(h)]
are, respectively, placed inside the Huygens’ box. We empha-
size that the same set of currents is used in all four situations.
This shows that while the currents depend on the cloaking
boundary and the external field, they do not change with the
size, shape, or material of the cloaked object. The cloaking
and mimicking properties of an active source boundary were
proposed in [37]-[39], as theoretical works involving scalar
(for example, acoustic) waves. In the electromagnetic domain,
similar functionalities were investigated under the study of
transformation optics [40], [41] and, more recently, active
electromagnetic cloaking [28], [42]. The Huygens’ box that
we hereby propose, represents an advancement over previ-
ous explorations in which: 1) we have shown that many
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(Color) Mimicking and cloaking with the Huygens’ box. (a) Electric field distribution when the Huygens’ box is excited to turn an incident plane

wave at §; = 60° into one propagating at dys = 150° inside the box. (b) Scattering from a metallic plate placed inside the Huygens’ box of (a). (c) Scattering
from the same metallic plate without the Huygens’ box (¢; = 60°). (d) Scattering from the same metallic plate when the incident wave impinges at §; = 150°.
(e) Electric field distribution when the Huygens’ box is excited to generate a zero-field region upon plane wave incidence at 6; = 60°. (f)—(h) Electric field
distribution of the Huygens’ box in (e) when (f) a metallic box, (g) a collection of metallic cylinders, and (h) a collection of ceramic cylinders (AlO3,
& = 9.8) are placed inside the Huygens’ box. The instantaneous electric field is plotted for (a) and (e)—(h) (the color bar on the left applies); the electric
field phasor amplitude is plotted for (b)—(d) (the color bar on the right applies). For (b)—(d), the region inside, and immediately outside, the Huygens’ box is
shaded in gray to emphasize the scattering pattern, which is best seen at some distance away from the Huygens’ box.

of the tantalizing possibilities achievable with transformation
optics are also achievable with a Huygens’ box arrangement
with dramatic improvements in simplicity and compactness
compared with the former and 2) we have shown, in full-
wave simulation analysis, that arbitrary waveform generation,
cloaking, and scattering engineering are possible with vectorial
electromagnetic waves.

1V. EXPERIMENT
A. Experimental Apparatus

We proceed to experimentally demonstrate the generation
of arbitrary waveforms within a Huygens’ box. To simplify
the experiment, we adopt the mirrored current filament as
our Huygens’ metasurface element. A schematic of the exper-
imental apparatus is shown in Fig. 4(a). The experiment
is facilitated by a two-port Agilent programmable network
analyzer (PNA). For the purpose of this experiment, we use
ports 1 and 2 as the transmit and receive ports, respectively.
A signal at the test frequency is sent from port 1 of the PNA
and then evenly split into 16 portions by a 1-to-16 power
divider. The 16 channels are fed into an RF circuit board
shown in Fig. 4(b). On this circuit board, computer-controlled
bias signals regulate the attenuators and phase-shifters to
attenuate the amplitude and shift the phase of each RF signal
as desired. Hence, complete amplitude and phase tuning is
afforded to individually control all 16 RF channels. After
amplitude and phase adjustment, the 16 RF signals drive
16 monopole antennas located within the Huygens’ box,
which is shown in Fig. 4(c) and (d). As previously explained,
monopole antennas function similar to current filaments with
respect to their coupling to propagating modes within the
parallel-plate environment. They are chosen in this implemen-
tation of Huygens’ box because of their easy installation. Since
the mirrored current filament metasurface element features a

metallic backing, this effectively turns the Huygens’ box into
a metallic cavity, with monopole antenna excitations spaced
at subwavelength separations. The key device dimensions are
L = 300 mm, s = 75 mm, wy, = w/2 = 20 mm, and
h = 44.5 mm. An aluminum plate with hexagonal perforations
serves as the top cover of Huygens’ box. The perforations are
deeply subwavelength to forbid the leakage of electromagnetic
waves but allow the penetration of a coaxial cable probe
that measures the electric field within the Huygens’ box.
A mechanical scanner scans the measurement probe across the
xy plane located at the vertical center of the Huygens’ box.
The probe electrically connects to port 2 of the PNA, such
that the resultant S,; reading on the PNA correlates linearly
to a measurement of the z-directed electric field phasor (E,)
within the Huygens’ box.

B. Plane-Wave Excitation

We first demonstrate the synthesis of a plane wave within
the cavity. Fig. 5(a) and (c) shows, at one moment in time,
the experimentally measured E, over the cavity for two travel-
ing plane waves, with 8; = 0° and 6, = 45° with respect to the
x-axis. Fig. 5(b) and (d) shows the corresponding simulation
results. As one can observe, good agreement is obtained
between experiment and simulation, and both demonstrate the
generation of a traveling wave inside our Huygens’ box. The
superposition of such traveling waves leads to the generation
of other interesting waveforms. For example, Fig. 5(e) and (f)
shows the experimental and simulated generation of a standing
wave pattern formed by the equiamplitude superposition of
two traveling waves in the +x- and —x-directions. It is
of interest to note that the demonstrated waveforms feature
very strong electric field components tangential to and in
subwavelength proximity to the metallic cavity walls. While
such waves would not exist in a conventional metallic cavity,
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Fig. 4. (Color) Experimental demonstration of the Huygens’ box. (a) Signal
flow diagram for the Huygens’ box experiment. Solid, dashed, and dotted
lines, respectively, denote RF signals, control signals, and dc biases. (b) The
16-channel RF tuning circuit. (c) The 3-D scanner and the Huygens’ box.
(d) The Huygens’ box with the top plate removed, showing the box geometry
and the monopole antenna elements.

they can be excited as unconventional “modes” when the
corresponding excitation is applied to the active metasurface.
Furthermore, their combination allows one to form a wide
range of waveforms within this Huygens’ box.

C. Bessel-Wave Excitation

We proceed to synthesize a Bessel function focus within
this Huygens’ box. The electromagnetic profile for the Bessel
focal waveform is [29]

E(r) = Eo Jolko 1) 2
E n
H(r) = jn—jfl (kor) ¢ (8)

where J,, () represents the nth-order Bessel function of the first
kind, r = /x> + y2, and ¢ = —sin® & + cos@d §. One may
calculate the necessary Huygens’ box excitation by directly
substituting (8) into (1) and (5). Alternatively, one may invoke
the Fourier—Bessel transform to express the Bessel waveform
as an integral over a continuum of plane waves that travel in
every direction orthogonal to z and constructively interfere at
the origin

2
|E(r)| = Eo Jo(ko 1) = Ep / g Jholreostysing) gg (9
0
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We adopt the latter method and then find the excitation
currents as a superposition of the excitation currents needed
to generate the constituent plane waves.

Fig. 5(g) and (h) demonstrates the measured and simulated
electric field profile of a Bessel waveform. Again, simulation
and experiment agree to show the successful generation of the
Bessel waveform inside the Huygens’ box. The Bessel wave-
form is typically generated as modes in a circular waveguide;
furthermore, only a discrete set of Bessel waveforms, whose
electric field nulls appear at the waveguide walls, can be
generated for a circular waveguide of a specific size. How-
ever, with our method, a Bessel waveform with an arbitrary
spatial frequency ko can be synthesized within a rectangular
cavity, as long as the corresponding frequency lies within the
operation bandwidth of the Huygens’ box. Once again, this
exemplifies the versatility of the Huygens’ box as a device for
the generation of arbitrary electromagnetic waveforms.

V. SUBWAVELENGTH FOCUSING IN THE HUYGENS’ BOX

Finally, we demonstrate the generation of a
subwavelength-focused  superoscillation  electromagnetic
waveform in the Huygens’ box. Due to the unique scientific
contribution associated with this waveform, we have grouped
into this section the background, simulation, and experimental
aspects of this work.

A. Background and Motivation

Since the pioneering works of Abbé [44] and Rayleigh [45]
on the resolution of imaging systems, it has long been under-
stood that the resolution of an electromagnetic wave is limited
to about half its wavelength. In recent decades, we witnessed
the emergence of electromagnetic imaging systems with much
higher resolution, which makes use of evanescent electro-
magnetic waves, chemical fluorescent labels, and other forms
of prior information [46]-[52]. However, these methods are
plagued by some combination of drawbacks, such as the
requirement of prior sample preparation, fine-step scanning
with step sizes of 1/10 or less, short working distances of
A/10 or less, intensive data postprocessing, and restriction to
a very specific class of imaged objects.

More recently, it has been shown that propagating waves
can achieve super-resolution using a wave phenomenon called
superoscillation [53]-[56]. By interfering slow-varying waves,
regions of sharp variations can be obtained wherein the
waveform oscillates faster than the fastest constituent wave-
form. Through this phenomenon, propagating plane waves
of relatively slow spatial variation can interfere to form fast
variations of multiple oscillations per wavelength, or hotspots
of a smaller size than predicted by the Abbé diffraction limit,
over a selected region. In this manner, super-resolution can
be obtained inside a selected region without the involve-
ment of evanescent waves, hence alleviating drawbacks
involved with highly reactive energy components. Using EM
waves that are superoscillatory in the spatial and/or temporal
domains, researchers have demonstrated the formation of
subwavelength hotspots as well as far-field super-resolution
microscopes [16], [57]-[64]. However, a major drawback to
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Fig. 5.
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[=]

(Color) Experimental and full-wave simulation results of electromagnetic wave synthesis with the Huygens’ box. The black rectangles indicate the

coverage extent of the measurement probe in the experiment. (a) Measured and (b) simulated synthesis of a plane wave propagating with #; = 0°. (c) Measured
and (d) simulated synthesis of a plane wave propagating with ¢; = 45°. (e) Measured and (f) simulated synthesis of a standing wave. (g) Measured and
(h) simulated synthesis of the zeroth-order Bessel function focus. The instantaneous electric field is plotted for (a)-(d). The electric field phasor amplitude is

plotted for (e)—(h).

such superoscillation waveforms is the existence of a non-
superoscillatory high-energy region [65]. The existence of this
high-energy region is proven to be mathematically inevitable;
furthermore, the waveform energy is proven to scale aggres-
sively with the rate and duration of the superoscillation feature.
Examples of superoscillation waveforms, constructable with
propagating waves, are shown in Fig. 6(a) and (b). In both
cases, subwavelength features are generated at the expense
of high wave amplitudes outside the superoscillation region.
The high-energy region poses a stringent limit to the rate
and duration of the superoscillation. Moreover, its existence
highly increases the energy and/or sensitivity cost of the
super-resolution system and can lead to spurious scattering
by particles that fall in the high-energy region. While meth-
ods have been proposed to sidestep disadvantages associated
with the high-energy region, its existence remains a hur-
dle for the widespread deployment of superoscillation-based
imaging systems [66]. This work presents, to the best
of our knowledge, the first experimental demonstration on
synthesizing a subwavelength focal spot using superoscil-
lations, without generating the accompanying high-energy
region.

B. Selective Superoscillation Generation

Although the existence of the high-energy region is shown
to be unavoidable in a mathematical analysis of waves with
infinite support (for example, a wave in free space) [65],
the presence of a metasurface boundary introduces new pos-
sibilities for waveform synthesis. In a previous work [67],
we have theoretically shown that one can strategically place
a closed metasurface boundary such that it encloses the
super-resolution region of a superoscillation waveform but
excludes the high-energy region. In this manner, the super-
oscillatory hotspot is synthesized devoid of the high-energy

region, hence eliminating the possibility of spurious scattering
from the high-energy region and dramatically reducing the
energy cost of generating such superoscillation hotspots [67].
Fig. 6(b) shows the electric field profile for a superposition
of plane waves that form a 1-D subwavelength focus at a
prescribed focal plane x = 0. This superoscillation waveform
is designed as a combination of plane waves

N—1
E(x,y) = Z E,e kX cos(k,,yy) Z
n=0
N—1
En — ik .kny . A
H(x,y) = —e I —j—=sin(k,yy) X
; 1o ko (k)

- ]Z—lx cos (knyy) y) (10)
0

1 2k
b=t (0+3) ()
kny =V k02 - knx2 (11)

and {E,} is a set of complex coefficients chosen through a
zero-placement method adapted from antenna array design
[43], [58]. Table I tabulates the values for {E,}.

The electric field profile along the image plane is displayed
in Fig. 6(e) (red dotted line) and compared with the diffraction
limit (black dashed—dotted line). As one can observe from
Fig. 6(e), this waveform is squeezed beyond the diffraction
limit at the focal plane. If this waveform is generated in
free space, one must tolerate the accompanying high-energy
regions along the y-axis. Beyond this, it is also typical to
find higher energy regions at some longitudinal distance (in
the x-direction) away from the focal plane. To avoid these
high-energy regions, we strategically place a Huygens’ box

where
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Fig. 6. (Color) Superoscillation function generation using a Huygens’ box.
(a) Example of a time-domain superoscillation waveform with a bandwidth
of 500 MHz (blue solid line). The boxed section in the top panel is shown in
a close-up in the bottom figure and found comparable to a sinusoid oscillating
at 650 MHz (red dashed lines) (adopted from [43]). (b) Superposition of plane
waves leading to a superoscillatory subwavelength focus along the imaging
plane (white solid line). The electric field distribution is plotted in a region
surrounding the image plane. The proposed Huygens’ box location is also
depicted (black double-box). (c) Simulated electric field distribution within
the Huygens’ box. (d) Measured electric field distribution within the Huygens’
box. (e) Electric field distribution at the focal plane. The compared waveforms
are obtained from theory (red dotted line), simulation (green dashed line) and
measurement (blue solid line), and the theoretical 1-D diffraction-limited sinc
(black dashed—dotted line).

[as outlined in Fig. 6(b)] to include the region with the
subwavelength hotspot but exclude the region of high-energy
sidelobes. As before, we find the current excitations required
to synthesize this subwavelength hotspot by substituting (10)
into (1) and (4). Fig. 6(c) shows the simulated selective
generation of this superoscillation waveform in the Huy-
gens’ box. As demonstrated here, one can include only the
superoscillation region in the Huygens’ box and, thereby,
exclude the high-energy regions. Fig. 6(d) and (e) shows
the experimental measurement that confirms the simulation
result and demonstrates the generation of a waveform that is
focused beyond the diffraction limit. Again, in a departure
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TABLE I

ELECTRIC FIELD WEIGHTS FOR A SUBDIFFRACTION
SUPEROSCILLATION WAVEFORM

n E, [nu] n  E, [nu] n E, [nu]
0 1.0000 21 0.0352 42 0.0183
1 -0.4961 22 0.0465 43 -0.0017
2 -0.3302 23 0.0510 44 -0.0218
3 -0.1917 24 0.0481 45 -0.0389
4 -0.0768 25 0.0388 46 -0.0496
5 0.0108 26 0.0247 47 -0.0515
6 0.0689 27 0.0080 48 -0.0433
7 0.0989 28 -0.0086 49 -0.0251
8 0.1042 29 -0.0227 50 0.0016
9 0.0908 30 -0.0320 51 0.0331
10 0.0648 31 -0.0353 52 0.0648
11 0.0331 32 -0.0320 53 0.0908
12 0.0016 33 -0.0227 54 0.1042
13 -0.0251 34 -0.0086 55 0.0989
14 -0.0433 35 0.0080 56 0.0689
15 -0.0515 36 0.0247 57 0.0108
16 -0.0496 37 0.0388 58 -0.0768
17 -0.0389 38 0.0481 59 -0.1917
18 -0.0218 39 0.0510 60 -0.3302
19 -0.0017 40 0.0465 61 -0.4961
20 0.0183 41 0.0352 62 1.0000

from earlier works on superoscillation, we have constructed a
subwavelengh hotspot without the generation of a high-energy
region. Fig. 6(e) shows the plots of the waveform distribution
along the focal plane and shows good agreement among the
theoretical (red dotted line), simulated (green dashed—dotted
line), and measured (blue solid line) electric field profiles. All
these profiles achieve subwavelength focusing: the spot widths
are clearly reduced from the sinc waveform that characterizes
the 1-D Abbé diffraction limit (black dashed—dotted line).
Stronger subwavelength focusing is achievable with a more
aggressive design of the current weights.

VI. DISCUSSION

In Sections II-V, we have presented theory, simulation, and
experimental measurements, showing the ability to produce
arbitrary EM waves within an enclosed region using the
concept of the Huygens’ box. Here, we discuss a few features
of interest and present results that can form the basis of further
investigations.

A. Relation to the Total-Field/Scattered-Field Scheme

The numerical implementation of generating electromag-
netic fields inside a boundary of field or current sources
has been known in computational electromagnetics as the
total-/scatter-field method [68]. Using this method, arbitrary
soft sources are implemented in the “total-field” computation
region only. This helps avoid expansive simulations involving
far-field sources and alleviates unwanted effects, such as the
source field’s interaction with the boundary of the computation
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Fig. 7. (Color) Waveform generation in Huygens’ boxes of different shapes
and sizes. (a) Traveling wave with § = 0 within a cylindrical Huygens’ box.
(E, plotted at four time instants.) (b) Traveling wave with § = 0 (E; plotted
at an instant in time). (c) Bessel wave centered at x = A, y = 4 (phasor
amplitude of E;, plotted). In (b) and (c), both waves are generated in a 44 x 41
Huygens’ box, with ten elements on each side spaced 0.4/ apart.

domain. While both the electromagnetic equivalence theory
and the total-field/scattered-field method find applications in
theoretical and computational electromagnetics, the current
work proposes a physical implementation through the concept
of the Huygens’ box. Similar to the TF/SF formulation,
the Huygens’ box can be used to synthesize an arbitrary
incident waveform in a compact space, without spurious
interactions between the source and the scattered waveform,
the measurement apparatus, or structures outside the total-field
region. In addition, we also expect the Huygens’ box to share
similar properties to the TF/SF formulation in aspects such
as relation to external fields and implementation possibilities
for an enclosed region of arbitrary size and shape. We shall
elaborate on these aspects in Sections VI-B and C.

B. Interaction With External Fields

Having situated the current work with respect to the TF/SF
formulation in Section VI-A, we proceed to comment on
the Huygens’ box’s interaction with external fields also in
this context. In essence, the open Huygens’ box (as dis-
cussed in Sections II and III) generates an electromagnetic
field {E, — Ey,, H, — Hy,} independent of external fields [see
Fig. 1(a)]. This EM field superimposes with fields {Ej;, Hp}
already inside the box due to the presence of external sources.
The overall result is the generation of a total field {E,, H,}
inside the Huygens’ box.

In actual implementation, external fields may couple into
Huygens’ metasurface sources and, thereby, perturb the fields
generated by the Huygens’ box. Care must be taken in feed
network design, such that excitation to Huygens’ sources
by external fields is properly treated. In the current work,
the sources are made nonresonant such that there is weak
coupling among the sources and between the source and any
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Fig. 8. (Color) Effects of element spacing on the synthesized waveform.
(a) Plot showing the discrepancy region as a function of element spacing.
A metasurface thickness wgep = 0.054 is assumed. (b)-(d) Few waveforms
generated by Huygens’ box (simulation results) with the extent of the
discrepancy region denoted by the dashed lines. (The discrepancy region is
exterior to the dashed line.)

external field. Furthermore, the feed network is impedance
matched to minimize spurious reradiations, which may alter
the field generated inside the Huygens’ box. An interesting
future direction involves using Huygens’ sources as both
receivers and transmitters. A receive circuit deciphers infor-
mation of the external field as received from the sources. After
processing by electronic circuitry and/or computer calculation,
the transmit circuit drives the same source elements to generate
the corresponding electric and magnetic currents, which will
generate the desired field {E,, H,} according to (1). This
achievement may, for example, render adaptive the active cloak
displayed in Fig. 3(e)—(h) and lead to a host of powerful
applications limited only by designer imagination.

C. 3-D Huygens’ Box of Arbitrary Size and Shape

While in this work, we present investigations of the Huy-
gens’ box in a 2-D square formation, we envision further
development toward a 3-D closed surface of arbitrary size
and shape. To begin with, one can straightforwardly construct
a Huygens’ box of an arbitrary 2-D profile. For example,
Fig. 7(a) shows the simulated traveling wave in a cylin-
drical Huygens’ box [69]. To synthesize a Huygens’ box
in 3-D space, one needs a metasurface that can generate
electric and magnetic currents in arbitrary directions. The
currents can be synthesized by various sources: while in this
work, we build our active Huygens’ metasurface element
from ground-backed monopoles, various Huygens’ sources
and magnetodielectric antennas [34], [70] would also serve
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function focus and the superoscillatory hotspot (second and third rows).

well as active Huygens’ metasurface elements. As we will
discuss in Section VI-D, as long as these metasurface elements
are spaced less than half-wavelength apart, the metasurface
satisfies the Nyquist-Shannon sampling theorem [71] and,
hence, can faithfully synthesize all propagating waveforms.
The viability of the 3-D Huygens’ box has been amply
demonstrated in many numerical simulations involving the
TF/SF method. Notwithstanding, to arrive at a physical imple-
mentation, one needs to resolve various practical issues, such
as efficiently exciting a large number of sources with the
required amplitude, phase, and current directions, avoiding
or compensating for mutual coupling effects, and so on.
A practical 3-D Huygens’ box of arbitrary shape may open
doors to numerous applications, including imaging, sensing,
and extreme RCS design.

D. Effects of Element Spacing

We now investigate the effect of element spacing on the
waveform generated inside the Huygens’ box. In simple terms,
the Nyquist—Shannon sampling theorem states that a sampling
frequency of double the spectrum of a signal suffices to repre-
sent the signal accurately [71]. Applied to the space and spatial
frequency domains, a discrete source of element spacing s
suffices to synthesize an electromagnetic waveform with a
transverse spatial frequency spectrum k; € [—k:maxs Kemax]s
where

12)

kt,max = 7Z'/S .

As the Huygens’ box generates an arbitrary waveform through
the superposition of propagating waves, the waveform has a
transverse wavevector spectrum k;, € [—ko, ko]. Through (12),

we see that a waveform covering this spectrum can be
accurately generated by the Huygens’ box with an element
spacing s = 1/2. However, near the Huygens’ box bound-
ary, the near-field of the discrete electric and magnetic cur-
rent sources will cause deviations from the desired wave-
form. A finer element spacing shall reduce this region of
discrepancy by extending the synthesized spatial frequency
spectrum to also include a part of the evanescent wave
spectrum.

While the exact extent of this region of discrepancy depends
on the desired waveform and the near-field of a Huygens’
source element, in the following, we present a reasonable
estimate on how far this discrepancy region should extend
from the boundary of the Huygens’ box. We first represent
with ¢ and p the transverse and longitudinal directions of the
metasurface in consideration; the p > 0 region represents
the interior of the Huygens’ box. Suppose that, with the
element spacing sy, where so < 4/2, along the metasurface,
we achieve accurate spatial spectrum representation across the
range [—k;o, k;0]. The most gradual decay component of the
discrepancy will come from an evanescent plane wave with
a transverse spatial frequency k. Through the constitutive
relationship, we find the corresponding longitudinal spatial
frequency as k, = ,/kj — k2. k, is purely imaginary as
kio > ko. Thus, the attenuation constant is a, = |3{k,}|. The
evanescent wave can, thus, be written as

Eewnst (£, p) = Ege /k0le=7 (13)

This wave will attenuate in the + p-direction and will decay
to e~! of the original field amplitude at a distance 1/a,
from the Huygens’ box boundary. Other components of the
discrepancy will feature k, > k,o and, therefore, decay more
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rapidly. Accounting for our use of a metasurface element with
a nonzero thickness of wy.,, we, hence, estimate with
1

0= Wsep + —
Gp

(14)

the region from the Huygens’ box boundary within which we
may expect appreciable discrepancy due to the discreteness of
Huygens’ sources. Applying simple algebra with the above-
mentioned relations, we find that

N

/1 — (25/2)*

e = vt = (142(5)).

Here, d,p, is the first-order Taylor’s series approximation of &
for (25/2)> « 1.

Fig. 8(a) shows the plots of 6 and J,,, as a function
of element spacing for 0.011 < s < 0.4, for a typical
value of w,, = 0.054. We observe that, for a relatively
large separation of s = 0.44, 0 >~ ws, + s/2, but, for
smaller separations (s < 0.21), 6 =~ wsp + s/x. The
approximation Jgp, closely matches o, especially for small
values of s: it approaches within 4% of ¢ for s < 0.31.
Fig. 8(b)—(d) overlays the respective discrepancy regions atop
the simulated wave generated in Figs. 5(d), 6(c), and 7(b).
For Fig. 8(b), the Huygens’ box size, element spacing, and
estimated discrepancy region are 44, s = 0.4/, and 6 = 0.22/,
respectively. For Fig. 8(c) and (d), respective figures are
box size: 14, elemental spacing: s = 0.254, and discrep-
ancy region: 0 = 0.164. It can be observed that all three
waveforms are faithfully generated beyond the discrepancy
region.

While the true extent of such a discrepancy region depends
on the actual waveform and the Huygens’ sources used,
the discrepancy distance J that we derive here serves well as
a conservative limit: it tends to overestimate the discrepancy
region since it considers the evanescent wave component that
decays the most gradually. In most situations, a substantial
amount of the near-field lies in evanescent components with
more rapid decay, which tends to reduce the discrepancy
region.

0= Wysep +

15)

E. Sensitivity Analysis

We now investigate, through simulation, the sensitivity of
the generated waveforms with respect to the current weights.
We do this by adding a random-phased white Gaussian error
signal to each complex current weight in the 16-element
Huygens’ box. Fig. 9 shows the plots of the synthesized
waveform in the presence of typical error signals. The mean
powers of the error signal, as labeled on the figure, are
referenced as a percentage of the highest of the 16 excitation
currents. Fig. 9 represents the typical waveform distortion due
to imprecise current excitation. As can be observed, the plane
wave (first row) retains its shape upon the addition of an error
signal whose mean current is 30%—40% of the signal current.
The Bessel wavefront, formed by constructive interference of
plane waves, is more robust: the focal spot undergoes only
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Fig. 10. (Color) Bandwidth estimation for the Huygens’ box. (a)—(d) Exper-
imentally measured waveform at (a)-(d) 920 MHz, (e)-(h) 960 MHz, and
(1)—(1) 1.03 GHz. The waveforms generated are a traveling wave with 6 = 45°
(a), (e) and (i), a standing wave in the x-direction (horizontal) (b), (f), and (j),
(c) Bessel waveform (c), (g), and (k), and (a) superoscillation subwavelength
focus (d), (h), and (1). (m) Focal width of the superoscillation waveform as a
function of frequency. The shown frequencies are 920 MHz (red dotted line),
960 MHz (green dotted line), 1 GHz (blue solid line), 1.03 GHz (purple
dashed—dotted line), and the 1-GHz diffraction limited sinc function (black
thin line).

minor changes at an error strength of up to 40% and shifts
by a small distance of 0.084 when the error signal’s mean
strength reaches 50%. On the other hand, the subwavelength
superoscillatory focal spot, which attains its subwavelength
size through an intricate destructive interference of the con-
stituent plane waves, is less tolerant to error. Notwithstanding,
the hotspot and its surrounding silent region remain intact with
the addition of a 5% mean error. Beyond this level, the hotspot
and its surrounding silent region start to shift in location,
but the hotspot remains visible at a mean error as large as
20%. The analysis suggests that the waveforms generated
are reasonably robust to imprecise current excitations, which
bodes well for the practical generation of a wide range of
waveforms.

F. Bandwidth Analysis

We also briefly discuss the typical bandwidth for the Huy-
gens’ box. The bandwidth for an arbitrary waveform synthesis
device depends on many factors, including the nature of the
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waveform one wishes to generate, the spectral response of
the source, the tuning circuit, and the metasurface element.
In this work, while we design the metasurface current weights
to synthesize waveforms at an operational frequency of 1 GHz,
we find that waveform synthesis is achieved over a reasonable
bandwidth of about 11% surrounding this frequency, both
for the traveling plane waves and the subwavelength-focused
superoscillatory wave. Fig. 10 shows the experimentally
measured electric field profile for the generation of four
waveforms—the 45° traveling plane wave, the standing
wave, the Bessel wave, and the superoscillatory subwave-
length focus—at frequencies of 0.92 [see Fig. 10(a)-(d)],
0.96 [see Fig. 10(e)—(h)], and 1.03 GHz [see Fig. 10(i)—(1)],
respectively. Despite slight deviations, the traveling plane wave
is reasonably synthesized. For the superoscillatory subwave-
length focus, Fig. 10(m) shows the focal field pattern at
the image plane as a function of frequency. As shown, for
a bandwidth of 11% around 1 GHz, subwavelength focus-
ing is achieved with the selective excitation of propagating
waves. While the bandwidths quoted here are achieved without
spectral considerations at the design stage, the operational
bandwidth of the Huygens’ box can be dramatically extended
when one takes care to employ broadband components and
frequency-tuned excitations [70]. In this latter case, one can
further tune a broadband version of the Huygens’ box to
achieve frequency-dependent waveforms, hence unlocking an
extra dimension of waveform control of great importance to
many applications [72].

VII. CONCLUSION

In this article, we examined the synthesis of arbitrary
electromagnetic waveforms inside a region enclosed by an
active Huygens’ metasurface. We introduced an effective 2-D
environment that we name the Huygens’ box, within which we
have demonstrated, by calculation, simulation, and experimen-
tal measurement, the generation of arbitrary electromagnetic
waveforms through proper excitation of the enclosing active
Huygens’ metasurface. We have shown the ability of the
Huygens’ box to perform cloaking and electromagnetic-field
mimicking operations. We have also demonstrated the gen-
eration of traveling, standing, and Bessel waveforms inside
a Huygens’ box enclosed within a metallic cavity even
though these waveforms cannot exist within a conventional
metallic cavity. Finally, we used a Huygens’ box to gen-
erate a subwavelength focus of propagating waves without
exciting the corresponding high-energy region, thus achiev-
ing a wave profile very useful for super-resolution elec-
tromagnetic focusing and imaging. We emphasize that all
waveforms are synthesized by applying suitable dc electronic
biases to configure the metasurface excitation. The presented
Huygens’ box, hereby, takes electromagnetic waveform con-
trol and synthesis to an unprecedented level. We expect it
to find promising applications in controlling electric and/or
magnetic field profiles in various cloaking, medical imag-
ing, and antenna applications that feature the use of elec-
tromagnetic waves in open, enclosed, or partially enclosed
geometries.
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